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HIGHER ORDER RIESZ TRANSFORMS
FOR THE DUNKL HARMONIC OSCILLATOR

Walid Nefzi

Abstract. The aim of this paper is to extend the study of Riesz transforms asso-
ciated to the Dunkl harmonic oscillator considered by A.Nowak and K. Stempak
to higher order. The methods used to establish the Lp-boundedness of these
transforms call the Calderón-Zygmund theory.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let Tα
j , j = 1, ..., d, α ∈ [−1

2 ,∞)d, be the Dunkl differential-difference operators
defined by

Tα
j = ∂jf(x) + (αj +

1
2
)
f(x)− f(σjx)

xj
, f ∈ C1(Rd),

here ∂j is the jth partial derivative and σj denotes the reflection in the hyperplane
orthogonal to ej , the jth coordinate vector in R

d.
In Dunkl’s theory the operator :

Δα =
d∑

j=1

(Tα
j )2

plays the role of the Euclidean Laplacian.
We recall the definition of the Dunkl-Hermite oscillator, given in [8] by

Lα = −Δα + ‖x‖2.

The corresponding weight ωα has the form

ωα(x) =
d∏

j=1

|xj|2αj+1.
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Given α ∈ [−1
2 ,∞)d, the associated generalized Hermite functions are tensor products

hα
n(x) = hα1

n1
× ...× hαd

nd
, x = (x1, ..., xd) ∈ R

d, n = (n1, ..., nd) ∈ N
d,

where hαi
ni

are the one-dimensional generalized Hermite functions

hαi
2ni

(xi) = (−1)ni
( Γ(ni + 1)
Γ(ni + αi + 1)

) 1
2 e−x2

i /2Lαi
ni

(x2
i ),

hαi
2ni+1(xi) = (−1)ni

( Γ(ni + 1)
Γ(ni + αi + 2)

) 1
2 e−x2

i /2xiL
αi+1
ni

(x2
i ),

here Lαi
ni

denotes the Laguerre polynomial of degree ni and order αi.
The system {hα

n : n ∈ N
d} is an orthonormal basis in L2(Rd, ωα) consisting of

eigenfunctions of Lα, (see [8])

Lαh
α
n = (2|n|+ 2|α|+ 2d)hα

n,

where we denote |α| = α1 + ...+ αd.
We define the jth partial ”derivative” δα

j , for 1 ≤ j ≤ d, related to Lα by

δα
j = Tα

j + xj.

The formal adjoint of δα
j in L2(Rd, ωα) is

δα
−j = −Tα

j + xj.

This precisely means that

〈δα
j f, g〉α = 〈f, δα

−jg〉α, f, g ∈ C1
c (Rd),

where 〈., .〉α is the canonical inner product in L2(Rd, ωα).
As a direct computation shows, we have

Lα =
1
2

d∑
j=1

(δα
−jδ

α
j + δα

j δ
α
−j).

We recall that for 1 ≤ j ≤ d (see [6])

δα
+jh

α
n = m(nj , αj)hα

n−ej

δα
−jh

α
n = m(nj + 1, αj)hα

n+ej

where

m(nj, αj) =
{√2nj if nj is even,

√
2nj+4αj+2 if nj is odd.
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The self-adjoint extension of Lα initially considered on C∞
c (Rd) is given by the operator

Lαf =
∑
ν∈Nd

(2|ν|+ 2|α|+ 2d)〈f, hα
ν 〉αhα

ν ,

and defined on the domain

Dom(Lα) =
{
f ∈ L2(Rd, ωα) :

∑
ν∈Nd

|(2|ν|+ 2|α|+ 2d)〈f, hα
ν 〉α|2 <∞

}
.

The semigroup e−tLα , t ≥ 0, (in the one dimensional one can see [1]) generated by
Lα is a strongly continuous semigroup of contractions on L2(Rd, ωα). By the spectral
theorem,

e−tLαf =
∞∑

m=0

e−t(2m+2|α|+2d)Pα
mf, f ∈ L2(Rd, ωα),

where the spectral projections are

Pα
mf =

∑
|n|=m

〈f, hα
n〉αhα

n.

The integral representation of e−tLα on L2(Rd, ωα) is

e−tLαf(x) =
∫

Rd

Gα
t (x, y)f(y)dωα(y), x ∈ R

d,

where the heat kernel is given by

Gα
t (x, y) =

∞∑
m=0

e−t(2m+2|α|+2d)
∑

|n|=m

hα
n(x)hα

n(y).

It is shown in [6] that
Gα

t (x, y) =
∑

ε∈{0,1}d

G
α,ε
t (x, y),

where

Gα,ε
t (x, y) =

1
(2 sinh2t)d

exp
(− 1

2
coth(2t)(‖x‖2+‖y‖2)

) d∏
i=1

(xiyi)εi
Iαi+εi(

xiyi
sinh2t)

(xiyi)αi+εi
,

with Iβ being the modified Bessel function of the first kind and order β,

Iβ(z) =
∞∑

κ=0

(z/2)β+2κ

Γ(κ + 1)Γ(κ+ β + 1)
.
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The Schlafli’s integral representation of Poisson’s type for the modified Bessel function
is (see [9])

Iμ(z) = zμ

∫ 1

−1
exp(−zs)Πμ(ds), z > 0, μ ≥ −1

2
,

where Πμ is the measure given by

Πμ(ds) =
(1 − s2)μ− 1

2√
π2μΓ(μ+ 1

2 )
ds, s ∈ (−1, 1),

when μ > −1
2 , and in the limiting case of μ = −1

2 ,

Π− 1
2

=
1√
2π

(η−1 + η1),

where η−1 and η1 denote point masses at −1 and 1, respectively.
In [6], Nowak and Stempak deduced the following expression for the kernel Gα,ε

t

(x, y), for α ∈ [−1
2 ,∞)d

Gα,ε
t (x, y)

=
(xy)ε

2d(sinh2t)d+|α|+|ε|

∫
[−1,1]d

exp
(
− 1

2
coth(2t)(‖x‖2+‖y‖2)−

d∑
i=1

xiyisi
sinh(2t)

)
Πα+ε(ds),

where Πα denotes the product measure
⊗d

i=1 Παi . And by the change of variable

(1) t(ξ) =
1
2

log
1 + ξ

1 − ξ
, ξ ∈ (0, 1),

they obtained the following symmetric formula

Gα,ε
t (x, y)

=
1
2d

(1−ξ2
2ξ

)d+|α|+|ε|
(xy)ε

∫
[−1,1]d

exp
(
− 1

4ξ
q+(x, y, s)−ξ

4
q−(x, y, s)

)
Πα+ε(ds),

with

q±(x, y, s) = ‖x‖2 + ‖y‖2 ± 2
d∑

i=1

xiyisi.

In [6] Nowak and Stempak introduced the Riesz transforms of order one related to
the Dunkl harmonic oscillator Lα and they proved that these transforms are Lp bounded
with 1 < p <∞. The aim of this paper is to present an extension of this result to the
Riesz transforms of order k with 1 ≤ k ≤ d.
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According to a general principle we now define higher Dunkl-Riesz transforms in
the following way: given k, 1 ≤ k ≤ d and τk = (i1, ..., ik) ∈ {1, ..., d}k such that
ij 
= im if j 
= m, the family of the Dunkl-Riesz transforms {Rα,τk± } of order k is
given by

Rα,τk± = δα,τk± L−k
2

α

where δα,τk± = δα
±i1
.....δα

±ik
and δα

±j = ±Tα
j + xj .

We note that for technical reasons, we have considered the vector τk = (i1, ..., ik) ∈
{1, ..., d}k such that ij 
= im if j 
= m.

In section 2 we define the kernel Rα,τk±,ε (x, y) and we give a Calderón-Zygmund
type estimations for this kernel which will be used to study the operators Rα,τk± .

The aim of the next section is to prove that the operators Rα,τk± have associated ker-
nels satisfying the Calderón-Zygmund standard conditions and, in consequence, bound-
edness properties of these higher Dunkl-Riesz transforms are analogous to those of the
Dunkl-Riesz transforms of order one studied in [6].

We point out that the methods used to establish our results, are borrowed from
[5] and [6]. Consequently, these results extend naturally those established in [6] by
A.Nowak and K.Stempak.

2. KERNEL ESTIMATES

In this section we define and study the kernel Rα,τk±,ε (x, y) and we give a Calderón-
Zygmund type estimations for this kernel.

Notation 1. We denoted by :

• βk
d,α(ξ) for α ∈ [−1

2 ,∞)d, 1 ≤ k ≤ d, the function on ξ given by

βk
d,α(ξ) =

21−d−k
2

Γ(k
2 )

(1 − ξ2

2ξ
)d+|α| 1

1− ξ2
(
log

1 + ξ

1 − ξ

) k
2
−1
.

We point out that the definition of βk
d,α agrees for k = 1 with βd,α introduced in

[6], p.550.

• ψε
ξ(x, y, s) for ε ∈ {0, 1}d, the function on x, y, s given by

ψε
ξ(x, y, s) = (xy)ε exp

(− 1
4ξ
q+(x, y, s)− ξ

4
q−(x, y, s)

)

Definition 1. Let α ∈ [−1
2 ,∞)d, 1 ≤ k ≤ d, ε ∈ {0, 1}d and τk = (i1, ..., ik) ∈

{1, ..., d}k such that ij 
= im if j 
= m. We define the kernel Rα,τk±,ε (x, y) by

Rα,τk±,ε (x, y) =
∫

[−1,1]d
Πα+ε(ds)

∫ 1

0
βk

d,α+ε(ξ)δ
α,τk±,x ψ

ε
ξ(x, y, s)dξ
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where
δα,τk± = δα

±i1 .....δ
α
±ik
,

δα
±j = ±Tα

j + xj.

The following lemmas are just Lemma 5.2 and Lemma 5.3 in [6], p. 551, corre-
spondingly for k ≥ 1.

Lemma 1. Assume that α ∈ [−1
2 ,∞)d. Let b ≥ 0 and c > 0 and k ≥ 1 be fixed.

Then, for any j = 1, ..., d, we have

(2)
(|xj + yjsj |+ |yj + xjsj|

)b exp
(− c

1
ξ
q+(x, y, s)

)
� ξb/2,

(3)
(|xj − yjsj| + |yj − xjsj |

)b exp
( − cξq−(x, y, s)

)
� ξ−b/2,

(4) (xj)b exp
( − c

1
ξ
q+(x, y, s)− cξq−(x, y, s)

)
� ξ−b/2,

(5)
∫ 1

0

βk
d,α(ξ)ξ−b−k

2 exp
( − c

1
ξ
q+(x, y, s)

)
dξ � (q+(x, y, s))−d−|α|−b,

uniformly in x, y ∈ R
d
+, s ∈ [−1, 1]d and except of (5), in ξ ∈ (0, 1).

Lemma 2. Assume that α ∈ [−1
2 ,∞)d and let γ, κ ∈ [0,∞)d be fixed. If a

complex-valued kernel K(x, y) defined on R
d
+ × R

d
+\{(x, y) : x = y} satisfies

(a)

|K(x, y)| � (x+ y)2γ

∫
[−1,1]d

Πα+γ+κ(ds)(q+(x, y, s))−d−|α|−|γ|,

then also

|K(x, y)| � 1
ω+

α (B+(x, ‖y − x‖)) , x, y ∈ R
d
+ and x 
= y

with ω+
α being the restriction of ωα to R

d
+ and B+(x, ‖y− x‖) the intersection of the

The Euclidean balls B(x, ‖y − x‖) with Rd
+.

(b) Similarly, the estimate

‖∇x,yK(x, y)‖ � (x+ y)2γ

∫
[−1,1]d

Πα+γ+κ(ds)(q+(x, y, s))−d−|α|−|γ|−1/2,

implies

‖∇x,yK(x, y)‖ � 1
‖x− y‖

1
ω+

α (B+(x, ‖y − x‖)) , x, y ∈ R
d
+ and x 
= y.
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Remark 1. Notice that for λ ∈ [−1/2,∞)d and μi ≥ 0, i ∈ {1, ..., d},

(6) βk
d,λ+

∑d
i=1 μiei

(ξ) ≤ ξ−
∑d

i=1 μiβk
d,λ(ξ), ξ ∈ (0, 1).

This property follows directly from the exact formula for βk
d,α.

Theorem 1. Let α ∈ [−1
2 ,∞)d, 1 ≤ k ≤ d, ε ∈ {0, 1}d and τk = (i1, ..., ik) ∈

{1, ..., d}k such that ij 
= im if j 
= m.
Then the kernel Rα,τk±,ε (x, y), satisfy
i)

|Rα,τk±,ε (x, y)| � 1
ω+

α (B+(x, ‖y − x‖)) , x, y ∈ R
d
+ and x 
= y

ii)

‖∇x,yR
α,τk±,ε (x, y)‖ � 1

‖x− y‖
1

ω+
α (B+(x, ‖y − x‖)) , x, y ∈ R

d
+ and x 
= y.

Proof.
To compute δα,τk±,x ψ

ε
ξ(x, y, s), observe that the derivative δα

j may be replaced either
by δe,α

j = ∂
∂xj

+ xj or by δo,α
j = ∂

∂xj
+ xj + 2αj+1

xj
, depending on whether εj = 0 or

εj = 1, respectively. Then we prove that

δα,τk±,x ψ
ε
ξ(x, y, s) = δα

i1...δ
α
ik
ψε

ξ(x, y, s)

=
{
(xy)ε

k∏
j=1

(
xij −

1
2ξ

(xij + yijsij ) −
ξ

2
(xij − yijsij )

)

+
k∑

j=1

χ{εi1=εi2=...=εij
=1}

j∏
r=1

(2αir + 2)yir(xy)
ε−∑j

r=1 eir

×
k∏

p=j+1

(
xip − 1

2ξ
(xip + yipsip) −

ξ

2
(xip − yipsip)

)}

exp
( − 1

4ξ
q+(x, y, s)− ξ

4
q−(x, y, s)

)

i) The growth estimate

|Rα,τk±,ε (x, y)| �
∫

[−1,1]d
Πα+ε(ds)

∫ 1

0
βk

d,α+ε(ξ)(xy)
ε

[ k∏
j=1

(
xij +

1
ξ
|xij + yijsij | + ξ|xij − yijsij |

)]
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× exp
( − 1

4ξ
q+(x, y, s)− ξ

4
q−(x, y, s)

)
dξ.

+
k∑

j=1

χ{εi1=εi2=...=εij
=1}

∫
[−1,1]d

Πα+ε(ds)

∫ 1

0
βk

d,α+ε(ξ)
j∏

r=1

yir (xy)
ε−∑j

r=1 eir

×
k∏

p=j+1

(
xip +

1
ξ
|xip + yipsip | + ξ|xip − yipsip |

)

exp
( − 1

4ξ
q+(x, y, s)− ξ

4
q−(x, y, s)

)
dξ

≡ I1 +
k∑

j=1

Ij
2

we treat the integrals I1 and Ij
2 , 1 ≤ j ≤ k separately. we treat the integrals I1 and Ij

2 ,
1 ≤ j ≤ k separately.

Applying Lemma (1), inequalities (2) − (3)− (4), we get
(
xij +

1
ξ
|xij +yij sij |+ξ|xij −yijsij |

)
exp

(− 1
8kξ

q+(x, y, s)− ξ

8k
q−(x, y, s)

)
� ξ−

1
2 .

So

I1�(xy)ε

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0

βk
d,α+ε(ξ)ξ

−k
2 exp

(− 1
8ξ
q+(x, y, s)−ξ

8
q−(x, y, s)

)
dξ.

Next, using Lemma (1), inequality (5) and observing that (xy)ε � (x+ y)2ε gives

I1 � (x+ y)2ε

∫
[−1,1]d

Πα+ε(ds)(q+)−d−|α|−|ε|.

Now Lemma (2) − (a), taken with γ = ε and κ = (0, ..., 0) provides the required
growth bound for I1.

To estimate Ij
2 we assume that εi1 = εi2 = ... = εij = 1 and use inequality (6) for

λ = α+ ε− ∑j
r=1

eir
2 and μj = 1

2 , with Lemma (1), inequalities (2)− (3)− (4), we
obtain that

Ij
2 = χ{εi1=εi2 =...=εij

=1}
∫

[−1,1]d
Πα+ε(ds)

∫ 1

0
βk

d,α+ε(ξ)
j∏

r=1

yir (xy)
ε−∑j

r=1 eir

×
k∏

p=j+1

(
xip +

1
ξ
|xip + yipsip | + ξ|xip − yipsip |

)
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exp
( − 1

4ξ
q+(x, y, s)− ξ

4
q−(x, y, s)

)
dξ

�
∫

[−1,1]d
Πα+ε(ds)

∫ 1

0
βk

d,α+ε−∑j
r=1

eir
2

(ξ)(x+ y)2ε−∑j
r=1 eir ξ−

k
2

× exp
( − 1

8ξ
q+(x, y, s)− ξ

8
q−(x, y, s)

)
dξ.

Then Lemma (1), inequality (5) shows that

Ij
2 � (x+ y)2(ε−∑j

r=1

eir
2

)

∫
[−1,1]d

Πα+ε(ds)(q+)−d−|α|−|ε−∑j
r=1

eir
2

|.

Combining the above with Lemma (2) − (a), applied with γ = ε − ∑j
r=1

eir
2 and

κ =
∑j

r=1
eir
2 , produces the relevant bound for Ij

2 , 1 ≤ j ≤ k.
This finishes proving the growth estimate for Rα,τk±,ε (x, y).

ii) The smoothness estimate
Passing with ∇x,y under the integral signs is legitimate, the justification being

implicitely contained in the estimates that follow.
To simplify the writing we note

exp(q±) = exp
( − 1

4ξ
q+(x, y, s)− ξ

4
q−(x, y, s)

)

and
ϕj

ξ(x, y, s) = xj − 1
2ξ

(xj + yjsj) − ξ

2
(xj − yjsj).

To proceed, we need to compute the relevant derivatives. Denoting Φα,ε
ξ,τk

= δα
i1
...

δα
ik
ψε

ξ(x, y, s), we get:
For 1 ≤ l ≤ k

∂

∂xil

Φα,ε
ξ,τk

=
{
χ{εil

=1}yil(xy)
ε−eil

k∏
j=1

ϕ
ij
ξ (x, y, s) + (xy)ε(1− 1

2ξ
− ξ

2
)

k∏
j=1,j �=l

ϕ
ij
ξ (x, y, s)

+
l−1∑
j=1

{
χ{εi1=...=εij

=εil
=1}

j∏
r=1

(2αir + 2)yiryil(xy)
ε−∑j

r=1 eir−eil

k∏
p=j+1

ϕ
ip
ξ (x, y, s)

+ χ{εi1=...=εij
=1}

j∏
r=1

(2αir + 2)yir(xy)
ε−∑j

r=1 eir (1 − 1
2ξ

− ξ

2
)

k∏
p=j+1,p �=l

ϕ
ip
ξ (x, y, s)

}}
exp(q±)

− ( 1
2ξ

(xil + yilsil) +
ξ

2
(xil − yilsil)

)
Φα,ε

ξ,τk
.
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∂

∂yil

Φα,ε
ξ,τk

=
{
χ{εil

=1}xil(xy)
ε−eil

k∏
j=1

ϕ
ij
ξ (x, y, s)− (xy)ε(

sil
2ξ

− ξsil
2

)
k∏

j=1,j �=l

ϕ
ij
ξ (x, y, s)

+
l−1∑
j=1

{
χ{εi1=...=εij =εil

=1}
j∏

r=1

(2αir+2)yirxil(xy)
ε−∑j

r=1 eir−eil

k∏
p=j+1

ϕ
ip
ξ (x, y, s)

+ χ{εi1=...=εij
=1}

j∏
r=1

(2αir+2)yir(xy)
ε−∑j

r=1 eir (−sil
2ξ

+
ξsil
2

)
k∏

p=j+1,p �=l

ϕ
ip
ξ (x, y, s)

}

+
k∑

j=l

{
χ{εi1=...=εil

=1}
j∏

r=1,r �=l

(2αir+ 2)yir(xy)
ε−∑j

r=1 eir

k∏
p=j+1

ϕ
ip
ξ (x, y, s)

}}
exp(q±)

− ( 1
2ξ

(yil + xilsil) +
ξ

2
(yil − xilsil)

)
Φα,ε

ξ,τk
.

For k + 1 ≤ l ≤ d

∂

∂xil

Φα,ε
ξ,τk

=
{
χ{εil

=1}yil(xy)
ε−eil

k∏
j=1

ϕ
ij
ξ (x, y, s)

+
k∑

j=1

{
χ{εi1=...=εij

=εil
=1}

j∏
r=1

(2αir + 2)yiryil(xy)
ε−∑j

r=1 eir−eil

k∏
p=j+1

ϕ
ip
ξ (x, y, s)

}}
exp(q±)

− ( 1
2ξ

(xil + yilsil) +
ξ

2
(xil − yilsil)

)
Φα,ε

ξ,τk
.

∂

∂yil

Φα,ε
ξ,τk

=
{
χ{εil

=1}xil(xy)
ε−eil

k∏
j=1

ϕ
ij
ξ (x, y, s)

+
k∑

j=1

{
χ{εi1=...=εij

=εil
=1}

j∏
r=1

(2αir + 2)yirxil(xy)
ε−∑j

r=1 eir−eil

k∏
p=j+1

ϕ
ip
ξ (x, y, s)

}
exp(q±)

− ( 1
2ξ

(yil + xilsil) +
ξ

2
(yil − xilsil)

)
Φα,ε

ξ,τk
.

We have
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‖∇x,yR
α,τk±,ε (x, y)‖ = ‖

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0
βk

d,α+ε(ξ)∇x,y(δ
α,τk±,x ψ

ε
ξ(x, y, s))dξ‖

≤
∫

[−1,1]d
Πα+ε(ds)

∫ 1

0
βk

d,α+ε(ξ)‖∇x,y(δ
α,τk±,x ψ

ε
ξ(x, y, s))‖dξ,

we will estimate separately the four case of integrals resulting from replacing ∇x,y by
one of the above derivatives. Denote these integrals by Jxil

and Jyil
for 1 ≤ l ≤ k or

k + 1 ≤ l ≤ d and assume that εi1 = ... = εil = 1.
For 1 ≤ l ≤ k, applying (2)− (3)− (4) of Lemma (1) we get

Jxil
� (x+ y)2ε−eil

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0
βk

d,α+ε(ξ)ξ
−k

2

√
exp(q±)dξ

+ (x+ y)2ε

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0
βk

d,α+ε(ξ)ξ
−k+1

2

√
exp(q±)dξ

+
l−1∑
j=1

{
(x+y)2ε−∑j

r=1 eir−eil

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0
βk

d,α+ε(ξ)ξ
−k−j

2

√
exp(q±)dξ

+ (x+ y)2ε−∑j
r=1 eir

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0
βk

d,α+ε(ξ)ξ
−k−j+1

2

√
exp(q±)dξ

}

+
∫

[−1,1]d
Πα+ε(ds)

∫ 1

0

βk
d,α+ε(ξ)ξ

− 1
2 |Φα,ε

ξ,τk
| 1√

exp(q±)
dξ

≡ J1
xil

+ J2
xil

+
l−1∑
j=1

J3,j
xil

+ J4
xil
.

To estimate J1
xil

we use (6) and inequality (5) of Lemma (1), obtaining

J1
xil

� (x+ y)2ε−eil

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0

βk

d,α+ε− eil
2

(ξ)ξ−
k+1
2

√
exp(q±)dξ

� (x+ y)2(ε− eil
2

)

∫
[−1,1]d

Πα+ε(ds)(q+)−d−|α|−|ε− eil
2
|− 1

2 .

The expression of J2
xil

give that

J2
xil

� (x+ y)2ε

∫
[−1,1]d

Πα+ε(ds)(q+)−d−|α|−|ε|− 1
2 .

For 1 ≤ j ≤ l− 1 we give this inequality for J3,j
xil

,

J3,j
xil

� (x+ y)2ε−∑j
r=1 eir−eil

∫
[−1,1]d

Πα+ε(ds)
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∫ 1

0
βk

d,α+ε−∑j
r=1

eir
2

− eil
2

(ξ)ξ−
k+1
2

√
exp(q±)dξ

+ (x+ y)2ε−∑j
r=1 eir

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0
βk

d,α+ε−∑j
r=1

eir
2

(ξ)ξ−
k+1
2

√
exp(q±)dξ

� (x+ y)2(ε−∑j
r=1

eir
2

− eil
2

)

∫
[−1,1]d

Πα+ε(ds)(q+)−d−|α|−|ε−∑ j
r=1

eir
2

− eil
2
|− 1

2

+ (x+ y)2(ε−∑j
r=1

eir
2

)

∫
[−1,1]d

Πα+ε(ds)(q+)−d−|α|−|ε−∑j
r=1

eir
2

|− 1
2 .

Finally, estimatingJ4
xil

is completely analogous to estimating the growth of |Rα,τk±,ε (x, y)|
performed earlier. The result is

J4
xil

� (x+ y)2ε

∫
[−1,1]d

Πα+ε(ds)(q+)−d−|α|−|ε|− 1
2

+
k∑

j=1

(x+ y)2(ε−∑j
r=1

eir
2

)

∫
[−1,1]d

Πα+ε(ds)(q+)−d−|α|−|ε−∑j
r=1

eir
2

|− 1
2 ,

combining the above estimates of J1
xil

, J2
xil

, J3,j
xil

and J4
xil

with Lemma (2) − (b),
specified to either γ = ε and κ = (0, ..., 0) or γ = ε − eil

2 and κ =
eil
2 or γ =

ε− ∑j
r=1

eir
2 and κ =

∑j
r=1

eir
2 or γ = ε− ∑j

r=1
eir
2 − eil

2 and κ =
∑j

r=1
eir
2 +

eil
2

provides the required smoothness bound for Jxil
.

Considering Jyil
, items (2)− (3)− (4) of Lemma (1) lead to

Jyil
� J1

xil
+ J2

xil
+

l−1∑
j=1

J3,j
xil

+ J4
xil

+
k∑

j=l

(x+y)2ε−∑j
r=1,r �=l eir−2eil

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0

βk
d,α+ε(ξ)ξ

−k−j
2

√
exp(q±)dξ.

Thus it suffices to bound suitably the last term of the sum, witch we denote by J5
yil

,
making use of (6) and then applying item (5) of Lemma (1) gives

J5
yil

�
k∑

j=l

(x+ y)2(ε−∑j
r=1,r �=l

eir
2

−eil
)
∫

[−1,1]d
Πα+ε(ds)

∫ 1

0
βk

d,α+ε−∑j
r=1,r �=l

eir
2

−eil

(ξ)ξ−
k+1
2

√
exp(q±)dξ

�
k∑

j=l

(x+y)2(ε−∑j
r=1,r �=l

eir
2

−eil
)
∫

[−1,1]d
Πα+ε(ds)(q+)−d−|α|−|ε−∑j

r=1,r �=l

eir
2

−eil
|−1

2 .
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Now Lemma (2)−(b) employed with γ = ε−∑j
r=1,r �=l

eir
2 −eil and κ =

∑j
r=1,r �=l

eir
2 +

eil implies the desired bound of J5
yil

.
For k + 1 ≤ l ≤ d, passing to Jxil

, items (2)− (3)− (4) of Lemma (1) reveal that

Jxil
� (x+ y)2ε−eil

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0
βk

d,α+ε(ξ)ξ
−k

2

√
exp(q±)dξ

+
k∑

j=1

(x+ y)2ε−∑j
r=1 eir−eil

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0
βk

d,α+ε(ξ)ξ
−k−j

2

√
exp(q±)dξ

+
∫

[−1,1]d
Πα+ε(ds)

∫ 1

0
βk

d,α+ε(ξ)ξ
− 1

2 |Φα,ε
ξ,τk

| 1√
exp(q±)

dξ

≡ J1
xil

+
k∑

j=1

J2,j
xil

+ J3
xil
.

Treatment of J1
xil

and J3
xil

is the same as in case of 1 ≤ l ≤ k. Thus it remains to
deal with J2,j

xil
for k + 1 ≤ l ≤ d.

Let γ = ε − ∑j
r=1

eir
2 − eil

2 , in view of (6) and Lemma (1), inequality (5), we
have

J2,j
xil

� (x+ y)2γ

∫
[−1,1]d

Πα+ε(ds)
∫ 1

0
βk

d,α+γ(ξ)ξ−
k+1
2

√
exp(q±)dξ

� (x+ y)2γ

∫
[−1,1]d

Πα+ε(ds)(q+)−d−|α|−|γ|− 1
2 .

This, together with Lemma (2) − (b) taken with κ =
∑j

r=1
eir
2 +

eil
2 provides the

relevant estimates of Jxil
for k + 1 ≤ l ≤ d.

Eventually, the analysis related to Jyil
for k + 1 ≤ l ≤ d is analogous to that for

Jxil
for k + 1 ≤ l ≤ d.

We now come back to explaining the possibility of exchanging ∂xil
with the integral

over [−1, 1]d × (0, 1). To apply Fubini’s theorem and then use the argument invoked
earlier, it is sufficient to show that

∫ ν

μ

(∫
[−1,1]d

Πα+ε(ds)
∫ 1

0
|∂xil

(δα,τk±,x ψ
ε
ξ(x, y, s))|βk

d,α+ε(ξ)dξ
)
dxil <∞

for any 0 < μ < ν <∞ such that yil is not in [μ, ν] when xij = yij , 1 ≤ j ≤ d, j 
= l.
This estimate, however, may be easily obtained with the aid of the bound for Jxil

established above.
This completes the proof of Theorem (1).
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3. HIGHER ORDER RIESZ TRANSFORMS FOR THE DUNKL HARMONIC OSCILLATOR

In order to study the Dunkl-Riesz transform Rα,τk± of order k, 1 ≤ k ≤ d, we begin
by observing that :

δα,τk± hα
n = m±(n, α, τk)hα

n∓∑k
j=1 eij

,

where

m+(n, α, τk) =
k∏

j=1

m(nij , αij), m−(n, α, τk) =
k∏

j=1

m(nij + 1, αij).

It is readily seen that there exists a constant Ck,α such that

(7) m±(n, α, τk) ≤ Ck,α(2|n|+ 2|α|+ 2d)
k
2 ,

the higher Dunkl-Riesz transform of hα
ν , is defined by

(8) Rα,τk± hα
ν =

m±(ν, α, τk)

(2|ν|+ 2|α|+ 2d)
k
2

hα
ν∓∑k

j=1 eij

,

therefore the higher Dunkl-Riesz transform of f =
∑
ν∈Nd

〈f, hα
ν 〉hα

ν , on L2(Rd, ωα), is

given by

(9) Rα,τk± f =
∑
ν∈Nd

m±(ν, α, τk)

(2|ν|+ 2|α|+ 2d)
k
2

〈f, hα
ν 〉αhα

ν∓∑k
j=1 eij

.

We know that the negative power of Lα is defined by

L−k
2

α f(x) =
1

Γ(k
2 )

∫ +∞

0
e−tLαf(x)t

k
2
−1dt,

so
L−k

2
α f(x) =

∫
Rd

( 1
Γ(k

2 )

∫ +∞

0
Gα

t (x, y)t
k
2
−1dt

)
f(y)dωα(y),

and
Rα,τk± f(x) = δα,τk± L−k

2
α f(x).

Note that the proof of Theorem (1) above contains the proof of

(10)
∫ +∞

0
|δα,τk±,x G

α
t (x, y)|tk

2
−1dt � 1

ωα(B(x, ‖y − x‖)) , x 
= y

because
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Gα
t (x, y) =

∑
ε∈{0,1}d

Gα,ε
t (x, y),

and for each ε ∈ {0, 1}d, Gα,ε
t (x, y) verify the last inequality.

To proceed to a deeper analysis of these definitions, in particular to consider Rα,τk±
on a wider class of functions, we define the kernels Rα,τk± (x, y) by

(11) Rα,τk± (x, y) =
1

Γ(k
2 )

∫ +∞

0
δα,τk±,x G

α
t (x, y)t

k
2
−1dt.

The following result shows that the kernel Rα,τk± (x, y) is associated, in the Calderón-
Zygmund theory sense, with the operator Rα,τk± . Its proof is an immediate modification
of the corresponding Proposition 4.1 in [6].

Proposition 1. Let α ∈ [−1
2 ,∞)d, 1 ≤ k ≤ d and τk = (i1, ..., ik) ∈ {1, ..., d}k

such that ij 
= im if j 
= m. Then for f, g ∈ C∞
c (Rd) with disjoint supports.

(12) 〈Rα,τk± f, g〉α =
∫

Rd

∫
Rd

Rα,τk± (x, y)f(y)g(x)dωα(y)dωα(x).

The next theorem says that the kernel of the higher Dunkl-Riesz tranform satisfy
standard estimates in the sense of the homogeneous space (Rd, ωα, ‖.‖). It corresponds
to Theorem 4.2 in [6].

Theorem 2. Let α ∈ [−1
2 ,∞)d, 1 ≤ k ≤ d and τk = (i1, ..., ik) ∈ {1, ..., d}k

such that ij 
= im if j 
= m. Then the kernel Rα,τk± (x, y), satisfy
i)

|Rα,τk± (x, y)| � 1
ωα(B(x, ‖y − x‖)) , x 
= y

ii)

‖∇x,yRα,τk± (x, y)‖ � 1
‖x− y‖

1
ωα(B(x, ‖y − x‖)) , x 
= y

Proof. We have
Rα,τk± (x, y) =

∑
ε∈{0,1}d

Rα,τk±,ε (x, y).

We can see that

|Rα,τk±,ε (x, y)| = |Rα,τk±,ε (ηx, ξy)|, η, ξ ∈ {−1, 1}d.

Similarly, we have

‖∇x,yRα,τk±,ε (x, y)‖ = ‖∇x,yRα,τk±,ε (ηx, ξy)‖, η, ξ ∈ {−1, 1}d.
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This, together with the symmetry of ωα,

ωα(x) = ωα(ξx), ξ ∈ {−1, 1}d,

proves that it is enough to show the relevant bounds only for x, y ∈ R
d
+.

The proof of the first estimate in Theorem (1) justify the application of Fubini’s
theorem that was nacessary to get

Rα,τk±,ε (x, y) = Rα,τk±,ε (x, y), foreach ε ∈ {0, 1}d.

So we deduce the result from Theorem (1).

We denote by Aα
p = Aα

p (Rd, ωα) the Muckenhoupt class of Ap weights related to the
space (Rd, ωα, ‖.‖). As a consequence of the Theorem 2, Proposition 1 and the general
theory (see [3]) we can deduce the main result which corresponds to Theorem 4.3 in
[6].

Theorem 3. Assume that α ∈ [−1
2 ,∞)d, 1 ≤ k ≤ d and τk = (i1, ..., ik) ∈

{1, ..., d}k such that ij 
= im if j 
= m.
Then the higher Dunkl-Riesz transform Rα,τk± defined on L2(Rd, ωα) by (9), are

Calderón-Zygmund operators associated with the higher kernels defined by (11). In
consequence, Rα,τk± extend uniquely to bounded linear operators on Lp(Rd, Wdωα), 1
< p < ∞, W ∈ Aα

p , and to bounded linear operators from L1(Rd, Wdωα) to
L1,∞(Rd, Wdωα), W ∈ Aα

1 .

The analogue of Proposition 4.4 in [6] is given in the following proposition which
we omit its proof.

Proposition 2. Let α ∈ [−1
2 ,∞)d, 1 ≤ k ≤ d, 1 < p <∞, and i1, ..., ik, j1, ..., jk

∈ {1, ..., d}, with in 
= im and jn 
= jm if n 
= m.
Then

‖(δα
±i1.....δ

α
±ik

)∗(δα
±j1 .....δ

α
±jk

)f‖Lp(Rd,ωα) � ‖Lk
αf‖Lp(Rd,ωα), f ∈ C∞

c (Rd).
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