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NULL 2-TYPE HYPERSURFACES WITH AT MOST THREE DISTINCT
PRINCIPAL CURVATURES IN EUCLIDEAN SPACE

Yu Fu

Abstract. The goal of this paper is to prove null 2-type hypersurfaces with at
most three distinct principal curvatures in a Euclidean space have constant mean
curvature.

1. INTRODUCTION

Let z : M™ — E™ be an isometric immersion of an n-dimensional connected
submanifold M™ into a Euclidean space E™. Denote by A the Laplace operator with
respect to the induced Riemannian metric. A submanifold of E™ is said to be of finite
type [1, 2, 7, 9] if the position vector 2 of M™ in E™ can be decomposed in the
following form:

(1.1) x:xo—i—xl_i_..._i_xk’
where x is a constant vector and x4, . .., x; are non-constant maps satisfying Ax; =
Aixzi, 1= 1,..., k. In particular, if all eigenvalues A1, ..., \; are mutually different,

then the submanifold M™ is said to be of k-type and if one of \q,..., \x is zero, M"
is said to be of null k-type.

We now focus on null 2-type submanifolds A/™ in E™. By choosing a coordinate
system on E™ with x as its origin, we have the following simple spectral decomposition
of x for a null 2-type submanifold M™:

(1.2) r=x1+T9, Ax1 =0, Axy=axo,

where a is non-zero constant. After applying Beltrami’s formula Az = —nﬁ, where
H is the mean curvature vector, (1.2) implies the following equation

(1.3) AH = aH.

Chen proposed in 1991 the following interesting problem [2, Problem 12]:
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’Determine all submanifolds of Euclidean spaces which are of null 2-type. In
particular, classify null 2-type hypersurfaces in Euclidean spaces.”

In 1988, Chen [3] firstly proved that a null 2-type surface in E? is an open portion
of a circular cylinder S* x R. Later on, Ferrandez and Lucas [14] generalized Chen’s
results by showing that a null 2-type Euclidean hypersurface in E"*+! with at most two
distinct principal curvatures is a spherical cylinder SP? x R™~P. In 1995, Hasanis and
Vlachos [15] proved that null 2-type hypersurfaces in E* have constant mean curvature
(see also Defever’s proof in [11]). Recently, Chen and Garray in [8] characterized
d(2)-ideal null 2-type hypersurfaces in Euclidean space as spherical cylinders, where
5(2)-ideal hypersurfaces are a class of hypersurfaces whose principal curvatures take
three special values: 7, u and n + p. There are also some study on null 2-type
submanifolds with codimension greater one due to U. Dursun ([12, 13]). For more
work in this field, see Chen’s recent excellent survey [10].

A remarkable property obtained by Chen [4] says that a submanifold M™ of Eu-
clidean space satisfies (1.3) if and only if AM™ is 1) Biharmonic (in this case, a = 0);
2) 1-type; 3) null 2-type.

As pointed out by Chen et al., for example, in [8], a 1-type submanifold of a
Euclidean space E™ is either a minimal submanifold of E™ or a minimal submanifold
of a hypersphere in E"™. Biharmonic submanifolds in E™ are defined by the equation
AH = 0, which is equivalent to A%z = 0. Chen [2] in 1991 stated a well-known
conjecture: The only biharmonic submanifolds of Euclidean spaces are the minimal
ones. This conjecture is still open so far and the study of biharmonic submanifolds is
a very active field [10].

In this paper, we investigate null 2-type hypersurfaces with at most three distinct
principal curvatures in Euclidean space. Precisely, we will prove that

Theorem 1.1. Every null 2-type hypersurface with at most three distinct principal
curvatures in a Euclidean space must have constant mean curvature.

Remark that our result generalizes the results given in [3, 8, 14, 15].

2. PRELIMINARIES

Let z : M™ — E™*! be an isometric immersion of a hypersurface M™ into E"+1,
Denote the Levi-Civita connections of A" and E*t1 by V and V, respectively. Let
X and Y denote vector fields tangent to M™ and let £ be a unite normal vector field.
Then the Gauss and Weingarten formulas are given, respectively, by (cf. [5, 6])

2.1) VxY = VxY +h(X,Y),

(2.2) Vxé = —AX,
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where A is the second fundamental form, and A is the shape operator (or Weingarten
operator). It is well known that the second fundamental form % and the shape operator
A are related by

(2.3) (h(X,Y), &) = (AcX,Y).
The mean curvature vector H is given by
(2.4) H= ltrace h.
n
The Gauss and Codazzi equations are given respectively by
R(X,Y)Z = (AY, Z)AX — (AX, Z)AY,
(VxA)Y = (VyA)X,
where R is the curvature tensor and (VxA)Y is defined by
(2.5) (VxA)Y = Vx(AY) — A(VxY)

for all X,Y, Z tangent to M.
—_—
Assume that H = H¢. Note that H denotes the mean curvature. By identifying the

tangent and the normal parts of the condition AH =aH (a # 0), we obtain necessary
and sufficient conditions for M™ to be of null 2-type in E"+1,

Proposition 2.1. Assume M™ is not 1-type. A hypersurface M™ in an n + 1-
dimensional Euclidean space E**! is null 2-type if and only if

(2.6) {AH + Htrace A = aH,

2A gradH 4+ n HgradH = 0,

where the Laplace operator A acting on scalar-valued function f is given by (e.g.,
[81)

n

2.7) Af == (eieif — Veeif).
i=1
Here, {e1,...,e,} is an orthonormal local tangent frame on A/™.

3. PrRooF oF THEOREM 1.1

In what follows, we work on null 2-type hypersurfaces M™ with three distinct
principal curvatures in Euclidean space E"+! with n > 4.
Suppose that the mean curvature H is not constant. We will derive a contradiction.
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By the second equation of (2.6), it is easy to see that grad H is an eigenvector of
the Weingarten operator A with the corresponding principal curvature —3 H. Without
loss of generality, we choose e; such that e is parallel to grad H, and therefore the
Weingarten operator A of M™ takes the following form with respect to a suitable
orthonormal frame {ey, ..., e}

A1
A2
(3.1) A= . )
An
where ); are the principal curvatures and A\; = —5H. Since e; is parallel to grad H,
we compute

n

grad H = Z ei(H)e;

i=1
and hence
(3.2) er1(H)#0, e(H)=0, i=2,3,...,n.
We write
n
(3.3) Ve € = wajek, i,j=1,2,...,n.
k=1

We compute V., (e;,e;) = 0 and V¢, (e;, e;) = 0, which imply respectively that
(34) Wi =0, wf; +wi; =0,

fori # jand ¢,5,k = 1,2,...,n. Furthermore, we deduce from (3.1) and (3.3) and
the Codazzi equation that

(3.5) ei(N) = (\i — Ao’

Jio
(3.6) (N = A)wi; = (e — Aj)wi,

for distinct i, 5, k=1,2,...,n.
It follows from (3.2) and (3.3) that

[€i,€j]<H>:0, ia.j:2737"'7n7 17&]7
which yields

(3.7) wij = Wi,
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for distinct i, =2,3,...,n.
We claim that A\; # Ay for j = 2,3,...,n. In fact, if \; = X\; for j # 1, by
putting 7 = 1 in (3.5) we have that

(3.8) 0= (A1 = A\wly = e1(A)) = e1 (M),

which contradicts to the first expression of (3.2).
By the assumption, M™ is a nondegenerate hypersurface with three distinct principal
curvatures. Without loss of generality, we assume that

/\2:/\3:~~~:/\p:a,
Aptl =App2 ==X\, =0

for "T“ < p < n. The multiplicities of principal curvatures « and 3 are p — 1 and
n — p, respectively.
—_—
By the definition (2.4) of H, we have nH = )" ; \;. Hence

3nH — (p—1)a
n—op '
Hence, by A\ = —5 H and (3.9), a # A1, 8 and 3 # A yield directly that

(3.9) 8=
n 3n n?—(p—3)n
(3.10) o ~2H, P

2(n—1)
Since n > 4, it follows from (3.9) thatp — 1 > 2. For¢,5=2,3,...,pand i # j
in (3.5), one has

(3.11) eila) =0, 1=2,3,...,p.

Depending on the multiplicity n — p of the principal curvature (3, we consider two
cases:

Case A.n—p > 2. Inthiscase, fori,j =p+1,...,nand i # j in (3.5) we have
(3.12) ei(f)=0, i=p+1,....n.
Hence, it follows directly from (3.2), (3.9), (3.11) and (3.12) that

(3.13) ei(la) =0, 1=2,...,n.

(3.14) ei(le) =0, 1=2,...,n—1.
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In this case, we will show that e,,(«r) = 0 in the following.

Let us compute [e, &;](H) = (Ve,ei— Ve,e1)(H) fori = 2,...,n. From the first
expression of (3.4), we have w} = 0. For j = 1 and i # 1 in (3.5), by (3.2) we have
wi; =0 (i # 1). Hence we have

(3.15) eier(H)=0, i=2,...,n.
By (3.14), with a similar way we can show that
(3.16) eierf(a) =0, 1=2,....n—1.
For j =1, k,i # 1 in (3.6) we have
(i = Awi; = (A = A)wi,
which together with (3.7) yields
(3.17) wh =0, i#j, ,j=2,...n
Combining (3.17) with the second equation of (3.4) gives
(3.18) W =0, i#j i,j=2,...n
It follows from (3.5) that

_ 61(/\i>
A — N

(3.19) wh i=2,...n.

For k. =2 and i = n in (3.6), we have

(A= X)), = (Aa = Aj)wis,
which yields
wh =0, j=3,..n—1
Hence, from the first expression of (3.4) and (3.17) we get
(3.20) wh =0, j=1,3,...n

Also, (3.5) yields
(3.21) Wi = enle)

In the following we will derive a useful equation.
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From the Gauss equation and (3.1) we have R(es, e,)e; = 0. Recall the definition
of Gauss curvature tensor

R(X,Y)Z =VxVyZ - VyVxZ —VxyZ.
It follows from (3.16), (3.18-21) and (3.4) that

e1(An)en(a)
(A1 = An) (A — @)

veg ven €1 =

ei(a) i) N\~ ok
Ve, Ve, €1 = en(/\l — a>€2 + N o Zwmek,

ol afa) s,

V[ewn]el = O — )M —a) 2 A —a ra n2€k-
Hence
€1 (a) _ 61(/\n> G <a> €n<a>
(3.22) €"</\1—04>_(/\1—/\n Al_o)An—a'

Note that \; = —2H and \,, = 8 = 3nH — (n — 2)a.
Equation (3.22) can be rewritten as

ene1(a) = { _e(a) n ( e1(Mn)  ei(a) )/\1 -« }enm)’

/\1—a /\1_/\n /\1—a /\n—a
and hence
e1(An) ene1(a)  e1(An)en(a)
2 B RCAZ2 R A
@23 el ) =~ >(/\1—/\n+ (Al—/\n)2>
en(a) re1(An)  er(@)\ A1+, —2a
- (n—2 ~ .
(n >/\1—/\n(/\1—/\n /\1—a> A—a

Consider the first equation of (2.6). It follows from (3.1) and (3.19) that

n—2)ei(w) e1(An)
/\1—a +/\1—/\n>€1<H>

—H(M?+ (n—2)a® + \,%) = —aH.

(
(3.24) erea(H) +

From (3.15) and w{, = w}; = 0, by computing [e1,e,|(e1(H)) = (Ve €n —
Ven€1)(e1(H)) = 0, we could deduce that e, (ere1(H)) = 0.
Now differentiating (3.24) along e,,, by (3.2), (3.15), (3.22) and (3.23) we get

2 ( e1(An) a

M=\ — N, A — a>€1<H>€n<a> +H( —3nH +2(n — 1)a)en(a) =0.
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If e, () # 0, then the above equation becomes

2 ( e1(An) o

2 —
(3 5) /\1_/\n /\1_/\n /\1—a

)el(H)+H(—3nH+2(n— a) =0.

Differentiating (3.25) along e,,, using (3.22) and (3.23) one has

2n(4—n)H +2(n—2)(n—1)a 7 e1(A\n) o
(M — M) — @) (/\1—/\n_/\1—a>el<H>
+H ((=7n+10)nH + 4(n — 1)(n — 2)a) = 0.

(3.26)

Therefore, combining (3.26) with (3.25) gives
3(n—2)H (3nH — 2(n — 1))’ = 0,

which implies that

3n
=" 7
T o1

This contradicts to (3.10). Hence, we have that e,,(«) = 0.
Now we are ready to express the connection coefficients of hypersurfaces.

Lemma 3.1. Under the assumptions above, we have

(&) /\‘ .
v6161 :07 veiel = A1<_ZA>iei7 Z:27"'7n;
p
Veej= > whew, i=1,...,n, j=2,...,p, i #j;

k=2,k#j

€1</\i> & k .
vﬁiei:_mel"i‘ Z W;i€k, 1=2,...,p;

k=2 ki
n
Veej= >, whep, i=1...n, j=p+1,...n i#j
k=p+1,k#j
n
Veiei:—%el—i— Z wfiek, i=p+1,...,n.
1= k=p+1,k£i

Proof. Forj=1andi=2,...,nin (35), by (3.2) we get w}, = 0. Moreover,
by the first and second expressions of (3.4) we have

(3.27) wh=wi, =0, i=1,...,n
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Fori=1,j=2,...,nin (3.5), we obtain

j 1 e1(A))

j=2,...,n.

Fori=p+1,...,n,7=2,...,pin (3.5), by (3.2) we have
(3.29) Wl = —wl; =0.
Similarly, fori =2,....p, j =p+1,...,nin (3.5), we also have
(3.30) Wl = —wi; = 0.
Fori =1, by choosing j,k=2,...,pork,j=p+1,...,n(j # k) in (3.6), we have
(3.31) wl) = wi; = 0.
Fori=2,....,pand j,k=p+1,...,n (j # k) in (3.6), we get
(3.32) wl; = wh,; = 0.
Fori=2,....p,j=1land k=p—+1,...,nin (3.6), one has
(o = Mwg; = (B = A )wi,
which together with (3.7) and the second expression of (3.4) gives
(3.33) Whi = Wiy = Wiy =Wl = 0.
Fori=2,....p,k=1and j=p+1,...,nin (3.6), we obtain
(8- 04)‘”{1‘ = (A1 — 04)‘%?17
which together with (3.33) yields
(3.34) wi; = wi; =0.
Combining (3.27-3.34) with (3.4) completes the proof of the lemma. ]

Define two smooth functions A and B as follows:

_er(a) _al(p)
(3.35) A={oL B=yg

One can compute the curvature tensor R by Lemma 3.1, and apply the Gauss equation
for different values of X, Y and Z. After comparing the coefficients with respect to
the orthonormal basis {ey, ..., e,} we get the following:
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° X:el,Y:eg,Z:el,
(3.36) e1(A) + A2 = —\ja;
e X =¢,Y =e,,7 = eq,

(3.37) e1(B) + B? = —\15;

e X =¢,Y =6y, 7 =e,,
(3.38) AB = —af.

Note that equation (3.38) can be obtained by calculating (R(e,, e2)en, €2).
Compute the first equation of (2.6) again. It follows from (3.1) and Lemma 3.1

that
(3:39) —ere1(H) —{(p— 1)A+ (n —p)B}ei(H)
+H(A + (p—1)a® + (n —p)B?) = aH.

Lemma 3.2. The functions A and B are related by

3n%(n+6 —p)
4(n —p)

3
Ha2— §CLH:0

(3.40) {(4—=p)A+B+p—n)B}ei(H)+ H?

_3n(n—2+4p) Ha + 3n(p—1)
2(n —p) n—p

Proof. From (3.35), (3.36) and (3.37) respectively reduce to
(3.41) erer(a) + 24e(a) — Aer(A1) + Ma(A —a) =0,
(3.42) erel (ﬂ) + 2Be; (ﬂ) — B€1</\1> + /\1ﬂ</\1 — ﬂ) =0.

By (3.9), it follows from the second expression of (3.35) that

(3.43) e1(a) = 2@3? erH) — ST BO - )
Similarly,
(3.44) e1(f) = %emm - 5:;A<A1 — a).

Substitute (3.9) into (3.42). Eliminating eje1 (H) and eje; (), from (3.38), (3.39) and
(3.41-44) we obtain the desired equation (3.40). ]
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Now we are in a position to prove Theorem 1.1.

Proof. By the second expression of (3.35) and (3.9), equation (3.44) reduces to

(3.45) ey(H) = —{p;1H+ 2<p3; Doya+ (- ”+§’ —PH 4 2<p3; Yors.

Substituting (3.45) into (3.40), by (3.38) we have

(4—p)(p—1)(nH + 2a)A?

(3.46)

+(3+p—n){n(n+3—p)H —2(p—1)a}B* = f(H,a),
where

_ 9n3(n+6 — p) 3 3n2(p—1)(2p—2n—15)
f(H,Ct)—WH + 5 ) H2a
(3.47) e = 1)(=2% 4+ 2pn 4 Up+n—12) o
n—p
2(p—-1)*2p—n-— 1)063 9
n—p 2

Multiplying A and B successively on the equation (3.40), using (3.38) one gets respec-
tively

(4 —p)A%ei(H) — (3+p —n)aBer (H)

(3.48) 2 _ _ _
{Sn (n+6—p) H3_3n(n 2 + 4p) Ho + 3n(p 1)Ha2 B §aH}A o,

4(n—p) 2(n —p) n—p 2

(3+p—n)B?e(H) — (4 — p)afBe,(H)

(3.49) 3n?(n+6—p) 3n(n—2+4 -
5 D) o 3n(p—1) 5 3 B
{ A(n—p) H 2(n—p) Ha 7n—p Ha 2aH}B—O.

Differentiating (3.40) along e;, and using (3.36-37) and (3.39) we get

{(4=p)(GHa - 4% + (3+p—n)(5HF — BY) fer (H)
~{a-pa+B+p-nBHE- 1A+ 0 -p)Ble(H)

(3.50) +{(4—p)A+ (3 +p—n)B}{%2H3+ (p— 1)Ha? + (n — p)HB? —aH}

2 _ —24+4 -1 3

(0O p) e =2y B ) 0 BNy
4(n —p) n=p nop ?

3n(n — 2 + 4p) bn(p—1)

MR T 2T P 2 (a) +

=) p— Haey(a) = 0.
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Substituting (3.40), (3.47), (3.48) into (3.49), and using the first expression of (3.35)
we obtain

209, _ _
{Sn (2n —2p+ 21)H2 ~ 3n(5p+ l)Ha N (p—1)(2n+7) 02 §a}el(H)
4(n — p) n—op n—p 2
2 9.2 2 _ _
+{n (2pn —2p* + Tn+ 17p+ 30)H3 ~ 3n(3np+2p° +4p —3n 6)H2a
4(n —p) 2(n —p)
+(p —D)@np—2n+p- 4)Ha2 + l(5p — S)aH}A
n—op 2
N n?(2(n — p)® 4+ 15(n — p) + 45) o 3n(n? +np —2p* + 10p +n — 8)H20z
4(n —p) 2(n —p)
_ 2 _ o
+(p D@2n? —2np+Tn—p—3) , o n 1(5n —5p— 3)GH}B _0.
n—op 2
Moreover, it follows from (3.45) that the above equation further reduces to
(3.51) L(H,a)A+ M(H,a)B =0,
where

L(H,a)=2n33n—2p+17)H? - 3n*(—6p*+11np+43p—11n—37) H
(3.52) +n(p — 1)(4np — 4n + 26p + 1)Ha? — 2(p — 1)3(2n + 7)a3
+2n(n —p)(2p — 3)aH + 3(n — p)(p — 1)ac,

M(H,a)=—2(2n—2p+3)H?—3n*(2p* + n*>—3np—Tp+n — 3)H?a
(3.53) +2n(p —1)(2n? — 2np + 4n — 13p — 18)Ha? + 2(p — 1)?(2n + 7)a®
—9n(n — p)?aH + 3(n —p)(p — 1)ac.

Multiplying LM on the equation (3.46), using (3.51-3.53) and (3.38) we can eliminate
both A and B. Hence, we have

A2 SnHa— (p—1)a?

n—p
(3.54) +(3+p—n){n(n+3—p)H —2(p— 1)a}L? %”Ha;_(pp_ Do

+LMf = 0.

(4—p)(p—1)(nH +20a)

In view of (3.54), we notice that the equation should take the following form:

cooH? + cs1 H3a + cro H'a? + cg3HOa? + csaHa* + cys H 0P
t+esgH3a8 + cor H2a™ + c15sHa® + cgoa® + a(070H7 + ce1HSa

(3.55) tesoH?o? + cqs HA o + essH3at + cos H?aP + cigHab + cora”
+050H5 + e Ha + 032H3a2 + 023H2a3 + cuHa® + co5a5
+e30H? 4 corH? oo+ croHa? + ¢g303) = 0,
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where the coefficients ¢;; (i, =0, ...,9) are constants concerning » and p.
From (3.54), (3.52), (3.53) and (3.47), we compute agq as follows

~ 729n%(n —p +6)(3n —2p +17)(2n — 2p + 3)

; 32(n — p)

C90 .
Since n > p, it is easy to see that cgg # 0.

Note that « is not constant in general. In fact, if « is a constant, then (3.55)
becomes an algebraic equation of H with constant coefficients. Thus, the real function
H satisfies a polynomial equation ¢(H) = 0 with constant coefficients, therefore it
must be a constant. We obtain the conclusion immediately.

Now consider an integral curve of e; passing through p = ~(to) as v(t),t € I.
Since e;(H) = ej(a) = 0 for i = 2,...,n and e;(H),e1(a) # 0, we can assume
t =t(a) and H = H («) in some neighborhood of ap = «(tp).

From the first expression of (3.35), (3.45) and (3.51), we have

dH_dH dt ()
da dt do ei(a)
—(BHH 4 M)A + (-5 + HEo)B

— 3n
(3.56) - CEH o

2p—1)  (“"EEH + 25a)B
3n (—5H —a)A

2p—1) 2((n+3—-pH—-2(p—1)a)L
3n 3n(nH +2a)M '

Differentiating (3.55) with respect to « and substituting ‘fl—g from (3.56), combining
these with (3.51) we get another algebraic equation of twelfth degree concerning H
and «

biooH 2 +b11 1 H  ad-bio o H 02 +-bo3 HO0P +bgs H3a  +-brs H o
+bes HOaP +-b57 H? o +-bys H* B +-b3g H3a +-bg 10H? a0 +-by 11 Hat!
+bo 1202 +c(b10,0H O 4+-bg1 Ha+-bgo H0? +brs H' o +-bga Ho ot

(3.57) +bssH P +-byg H 'S +-bg7 H3a 4+ bog H? B +-brgHa 4-bg 1000 +-bgo H®
+ by H o+ b HO 0 +bss HP o2 + by H* o +b3s H3 0P +bog H? O + b7 Ha”
+ boga®+bgo HO+-bs HO a4-byo HAa? + b3z H3 0 + oy H2 0 + b5 Ho®
+ boga® +bag H +b31 H3 o +-byg H*a? +b13H o +bgsa) = 0,

where the coefficients b;; (i, = 0, ..., 12) are constants concerning »n and p.

Note that equation (3.57) is non-trivial and different from (3.55).
We rewrite (3.55) and (3.57) respectively in the following forms
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(3.58) quH)a" =0, > gi(H)ol =0,

where ¢;(H) and g;(H) are polynomials concerning function H.

We may eliminate o between the two equations of (3.58). Multiplying gio(H)a?
and gs(H) respectively on the first and second equations of (3.58), we obtain a new
polynomial equation of « with eleventh degree. Combining this equation with the
first equation of (3.58), we successively obtain a polynomial equation of « with tenth
degree. In a similar way, by using the first equation of (3.58) and its consequences we
are able to gradually eliminate a.

At last, we obtain a non-trivial algebraic polynomial equation of H with constant
coefficients. Therefore, we conclude that the real function H must be a constant, which
contradicts our original assumption.

In conclusion, we complete the proof of Theorem 1.1. ]
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