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ON THE CONVERGENCE OF A MODIFIED CHEBYSHEV-LIKE’S
METHOD FOR SOLVING NONLINEAR EQUATIONS

Lin Zheng*, Ke Zhang and Liang Chen

Abstract. In this paper, we introduce a modified Chebyshev-like’s method with
order four and study the semilocal convergence of the method by using majoriz-
ing functions for solving nonlinear equations in Banach spaces. We prove an
existence-uniqueness theorem and give a priori error bounds which demonstrates
the R-order of the method. Moveover, the local convergence of this method is
also analyzed. Finally, numerical application on nonlinear integral equations is
given to show our approach.

1. INTRODUCTION

Many scientific and engineering problems can be brought in the form of a nonlinear
equation

1) F(z) =0,

where F' is a third order Fréchet-differentiable operator defined on a convex subset €2
of a Banach space X with values in a Banach space Y.

There are kinds of methods to find a solution of Equation (1). Generally, iterative
methods are often used to solve this problem ([1]). The most well-known iterative
method is Newton’s method

() Tptl = Ty — F'(a:n)_lF(a:n),
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which has quadratic convergence. Recently a lot of research has been carried out to
provide improvements. Third-order iterative methods such as Halley’s method, Cheby-
shev’s method, super-Halley’s method, etc [2-10] are used to solve Equation (1). To
improve the convergence order, fourth-order iterative methods are also discussed in [11-
15]. The convergence of these iterative methods in Banach spaces is established by
using recurrence relations. An alternative approach is developed to establish this con-
vergence by using majorizing functions. The approach is also a very popular technique
to establish the convergence of iterative methods. For example, it has been successfully
applied to the convergence analysis of Newton’s method and some high-order methods
[16-27].

Ezquerro, etc studied a Chebyshev-like’s method in [28], which is given by the
following algorihtm

1 1
3) Tyl = Ty — [I + 5 Lr(@a) + 5L @) D F (o),

where T, = [F'(z,)] 7! and Lp(z,) = T F" (2,)T, F(x,). Method (3) has R-order
of convergence at least three, but if F is a quadratic operator, its R-order of convergence
is at least four ([29]).

Kou, etc [30] presented a variant of the super-Halley method which improves the
order of the super-Halley method from three to four by using the values of the second

derivative at (a:n — 2 f(za)/f (a:n)> instead of x,,. Wang, etc [12] established the

semilocal convergence of the fourth-order super-Halley method in Banach spaces by
using recurrence relations. This method in Banach spaces can be given by

4) Tpi1 =T — |+ lKF(a:n)[I — Kp(2,)] T F (),
2

where T, = [F'(2,)] 7Y, Kp(2y) = Ty F"(up)T, F () and u, = 2, — %FnF(a:n)

In [27], we establish the Newton-Kantorovich-type convergence theorem for the
method (4) by using majorizing functions. Motivated by the super-Halley method (4),
we introduce a modified Chebyshev-like’s method with fourth-order in this paper and
consider the convergence of the method which can be written as

1 1
(5) Tl = Ty — [I + 5 Kr(wn) + 5 K3 (n) TP (),

where Ty, = [F'(z,)]7Y, Kr(2n) = TpF" (un)UnF(20), Yn = 2n — DnF(2,) and
Compared with the Chebyshev-like’s method in [28], this method requires nearly
the same costs, but the convergence order is increased to at least four. Therefore the
modified Chebyshev-like’s method can be more efficient and of practical interest.
The basic advantage of this method is that, as the matrix that appears at each
iteration is the same, the number of associated linear systems that we need to solve
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is smaller. This happens because, at each iteration, only one LR decomposition is
computed. In most cases, the computational cost of solving a linear system is more
expensive than that of the evaluations of the operator.

The modified Chebyshev-like’s iterative method (5) requires in the finite dimen-
sional case the computations which appear in Table 1. We also compare it with the
super-Halley method (4) and the Chebyshev-like’s method (3). We observe that the
modified Chebyshev-like’s method (5) can be superior.

Table 1: Computational cost and R-order of convergence

Method R-order Ev. of I/ Ev. of I’ Ev. of I LR-dec.
Method (3) 3 1 1 1 1
Method (4) 4 1 1 1 2
Method (5) 4 1 1 1 1

We shall use majorizing functions to prove the semilocal convergence for modi-
fied Chebyshev-like’s method with order four. Based on it, an existence-uniqueness
theorem is given to establish the R-order of the method to be four and a priori error
bounds. Furthermore, we also analyse the local convergence of this method. In the
end, numerical example is presented to demonstrate our approach.

2. SEMILOCAL CONVERGENCE

Definition!!! Let IT be an iterative process for the nonlinear operator F with limit
point z*. The R-order of II is defined by the quantity

o0, if Ry(II,2*) =0, V¢ € [l,00),
inf { ¢ € [1,00)| R(I1, 2*) = 1}, otherwise,

Ogr(Il,z*) = {
where
lim sup,, o ||n — Hf*Hl/n, if q=1,

R,(I1, ) = {

limsup,, || — 2*||"/", if ¢ > 1.
If 0 < Ry(II, 2*) < 1 holds for some g € [1, 00), then the R-order of convergence
of II is gq.

We firstly give an approximation of the operator F' in the following lemma, which
will be used in the next derivation.

Lemma 1. Assume that the nonlinear operator F : ) C X — Y is continuously
third-order Fréchet differentiable where ) is an open set and X and Y are Banach
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spaces, and the sequence {x,} generated by (5) is well defined. Then we have

1

F(zpi1) = _5 [Fﬂ(un> - F”(xnﬂ (Yn — 20) Kp(zn) (Yn — Tn)

F//($n>(yn )KF(xn>(yn — Tp)
/ yn +t(Tnt1 — Yn ))(1 —t)dt(zp41 — yn)2
(6)
o b a) - ot

= /0 7"+ (g — ) = " () | (1= 0)%dt (. — 0)°

+/ F’”(a:n + t(yn — xn))(l — t)dt(yn — xn)2(a:n+1 — Yn),
0

where y, = x,, — F'(x,) " F(2,,) and u, = x, + %(yn — Tp).

Proof. By Taylor expansion, we have

F(xn—I—l) - F(yn> + F/(yn>(xn+1 - yn)

7 1
+/ F”(yn + t(xn—l—l - yn>)(1 - t>dt(xn+1 - yn>2u
0
F(yn) = 7 @a)on — 20)” + 5 P (2a) o — 20
(8) 1
+1/ [P (0 + g — @) — F” ()] (1 — £)2dt (g — )",
2 Jo
and
F/(yn> = F/(xn> + F”(xn>(yn - xn)
)

1
+/ F" (20 + (g — 20)) (1 — )dt(yn — 20)
0
We also noticed that

1
F//(xn> = FH(“?L) - gF'"(an)(yn — Tn)
(10) 1

—3 /01 [F”/ (a:n + %t(yn - xn)) - F”/(xnﬂ dt(yn — xn).

Substituting (8)—(10) into (7), we can obtain (6).
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Let zg € 2 and the nonlinear operator F' : 2 C X — Y be continuously third
order Fréchet differentiable where € is an open set and X and Y are Banach spaces.
Assume that

(C1) |ToF(z0)l| <,

(C2) Tl < 8,

(C3) |F"(z)]| < M,z € Q,
(C4) [[F"(z)| < N,z € Q,

(C5) there exists a positive real number L such that
I1E (2) = F (W)l < Lllz — yl,V 2,y € Q.

Denote

g ton
(11) 9(t) = 3KE = S+ 2,

where K are the positive real numbers, and

I3MN | 5L 11/3
123 ' 36p52)

(12) K> [M3 +

Leth=Kp@n. If h < %, then polynomial equation ¢(¢) has two positive real roots
. 1—=+1-2h . 14++1-2h
ey ="

Now we consider the majorizing sequences {¢,}, {sn} (n > 0),

g(tn)
n — ln — 5 =0
’ g (tn) "
(13) hy, = _g/(tn>_lg”(rn><3n - tn)
1 157 9(tn)
=t — |14+ = Zp2
e =t L+ it i e

where r,, = t,, + %(sn —tn).

Lemma 2. Suppose the sequences t,, s, are generated by (13), if h < % —

1( ¥5-1
23 V541

(14) 0<ty < sp <tnyr <t

2 .
) , then the sequences t,, and s,, increase and converge to t*, and

Furthermore, we have

(1 _92>77 3 qn—1
15 t—t, < ——— 2L 1{/50 ,n=0,1,--,
(1 1o _%[\3/59]4"[ o
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where § = t*/t** = (1 — /1 —2h)/(1+ V1 — 2h).

Proof. Leta, =t*—1t,,b, =t —t,, we have

o(tn) = S 1) — 1) = S,

§lt) = = [t = ta) + (" = t)] = = (a0 + bu).
We can obtain

ty anbn
(16) S 5’((tn>) = b
twer =t = =[1+ g+ 302 762
an ~ (an + b))t + anbp(an + bp)? + 24202 . anbn
(an + bp)* an + by
and
tnt1 — Sn = tnt1 — tn — (Sn — tn)

(18) B nbn (an + bn)? + 20202 anbn

(an + bn)? an + by
Therefore, we have

an+1 = t* — tn—l—l =t" - ty — (tn—l—l - tn)

(19) ak (a2 + 4apb, + 5b2)
(an + bn)®

)

and
bn+1 =t — tn—l—l =t — ty — (tn—l—l - tn)

(20)  bA(B2 + danb, + 5a2)
B (an +bn)3

By (16)-(20), tg = 0 < t*, and by induction, we know (14) holds.
From (19) and (20), we get

" —tpy1 < 5[t* —ty }4.
PEF — tn—i—l - PEF — tn

21

Because t** —t,, = t* —t, +1** —t* =t* —t,, + (1 — 6)n/0, we easily see that
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(1 _92>77 3 4n—1
ot < ——— 2T 1{/50 ,n=0,1,---
- \3}5[\3/59]4"[ | "

And since /5 6 < 1, we get t,, and s,, increase and converge to t*. That completes
the proof of the lemma 2.

Lemma 3. Under the above assumptions and the sequences t,,, s, are generated
by (13). Then the following items are true for all n > 0:

(1) [Jzn = ol < tn,

)
(1) [|F" ()7 < =g'(tn) 71,
(II1) |lyn — znll < 8n — tn,

(IV> Hxn-f—l - yn” <tpt1 — Sn,
(V> Hxn—f—l - an < tn—f—l —tn.

Proof.  Estimate (I)-(V) are true for n = 0 by initial conditions. Now assume that
(D-(V) are true for all integer k < n.
() From the above assumptions, we have

[Zn+1 — @oll < |21 — 2ol + |20 — 2ol| < tnt1 —tn +tn = tgr.
(I) By condition (C3) and (12), we can obtain

IF" (zn41) = F'(wo)[| < Mllwni1 — zoll < Mtyiy < Kt*

1—\/1—2h<1 1

=K B - ——
T B T P @)

By Neumann Lemma, we get F’(x,41)~! exists, and

1F (i)
|7 o) g 5
@) = T E ) TIF ) = o)l = 1= 6y — ol

= _g/(tn+1>_1~

< <5
U= BKbyi1 ~ 5= Kty

(IIT) By lemma 1 and using induction hypothesis, one has
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F(zni1)

IN

N M
v = 2l 1K e (@) + - llyn = 2all 1K p (20) |

M , 5L ., N )
et = ynll” + =S lyn = 2all® + S lyn = 2alPllens = ynll

il

IN

N
2 Ny =l + Sl = alPlznss =yl
(23)
M

IN

M2y, — ) NM —, 4

2
[5—Mllzn — ol

N
22 =l g =21~

6 5 — M|z, —ao

N
- | 1Er@n) Py —2al* + H$n+1—ynHQ} +gHyn—fEnHSHKF(an)H

M 13MN 5L 71 1 |y — 2|
< 2 o 2 [MS i| L. n n
= e I s 35 ) 2 T M — ol
8 n 0
K 1 K3(s 4
Ko L )
1 _ Kt
{5 -t}
Hence, we get
[yni1 — zniall = || = F'(@ng1) " Flang)|
(24) _9tan) _ L=t
g(tay)
(IV) Since
1 _
1 = Kp(zna)| 2 1 = [[Kp(zns)]| 21— 5(—gl(tn+1>) L9 (rni1) (Sni1 — tnsn)
1
=1+ §gl(tn+1> L9 (rn1) (Sn41 = 1) = 1= his,
then
Hxn+2 - yn-HH
1 _
o alEe e = Kelan)] [ ) F )]

< 1 hnt1 ) 9(tnt1)
21— hn-l—l _g/(tn—i—l
(V) From (24) and (25), we can obtain

) =1tn+2 — Sn+1-

(26) H$n+2 - $n+1H < H$n+2 - yn+1H + Hyn+1 - $n+1H

< tn+2 - tn+1~
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Theorem 1. Let X and Y be two Banach spaces and F : Q C X — Y be a third
order Fréchet differentiable on a non-empty open convex subset Q). Assume that all

conditions (C1)-(C5) hold and xo € Q. If h = Kfn < 3 — 3( %3)2, B(zo,t*) €

), then the sequence {x,} generated by (5) is well defined, {x,} € B(xq,t*) and
converges to the unique solution x* € B(xo,t™) of F(x), and ||z, — z*|| < t* —t,,.
Furthermore, we have

(1_92>77 3/F 4" —1
27 gl < ——— 2L (VB0 n=0,1,---
27) % — an|| < 1_ \3}5[\3/59]%[ ] n

where = t*/t** = (1 — /1 —2h)/(1+ 1 — 2h).

Proof.  From the lemma 3, we can obtain that the sequence {z,},>0 generated
by (5) is well defined, x,, € B(xg,t*) and converges to the solution z* € B(xg, t*) of

Now we prove the uniqueness. Suppose y* also is the solution of F(x) on
B(zg, t**). Then, we have

HF'(;B@—I /01 Fl(z* + t(y* —2*))dt — IH
< ¥ (o)™ /0 [P+t - 0) - et
< Mﬂ/o1 Ha:* +t(y* —a*) — a:ngt
< % / [0l = a0l + ey - zollat

<5 () <L

By Neumann Lemma, we get the inverse of fol F'[x* 4+ t(y* — x*)]dt exists. Because

0=F(y") - F(z") = /01 F'(a" +t(y" — 7)) dt(y" — 27),
so, y* = x*. That completes the proof of the unique solution. Moreover, when m > n,
@28) [Jzm —xnll < l2m —2mall+ |l2m —2mall+- -+ 2041 = Znl < tm —tn,
and let m — oo, we get
(29) [zn — 2" < ° 15

From the lemma 2, we obtain
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(1-6*)n 3/5 4" —1
t — x| < V50 ,n=0,1,---

This completes the proof of the theorem.

3. LocaL CONVERGENCE

Assume that F' : D C X — Y has the following property: there is an x* € D
such that

and F’(x*) is nonsingular.

Theorem 2. Assume that the operate F satisfies (C3)-(C5) and there exist § and
G* such that
lzn — 2*|| < & and || F'(z*) 71| < 67,

then xy 1 is well defined and converges to x* with order of convergence four. We also
have the following error estimate:

(30) [Zni1 — 2¥|| < C*|lan — 2%,
where
[Mse*z 4 M3 | 13MN , 5L } L+ MBS
2 2 243" 2 *
31) o — B _ 7203 + ’
[ﬂ—{ - 2M5} a

and e* =1+ 2MB*5 + 2(M[3*6)%, a > 0.
Proof.  Since

1 (2n) = F'(a")|| < M|z — 27| < MG,

we can choose ¢ > 0 such that § < ﬁ Thus F’(z,)~! exists and

- 1E" ()1

17 ) < — *
DS T TE ) — 6]
(32) > ,
< = <20,
1—(B*M$§ % — M6

then

I r (@)l < F ()~ IE" Cun) [l = @nll < 2M B[y — -

We also have
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1
lzn1 = ynll < SIEE@a) |1+ 1K e (@) []llyn — 2n]

MB* ||yn — zn]|?

< 1+2Mp3* —
(33) = 1-2MpB* ||z — a*|| [ + B lyn an]
M 2
< yn — 2| [1+2MB*5 + 2(MB*5)?].
g* —2M ||z, — 2*|]
From the lemma 1, we have
1 @)l —
< Dz M } =
< el M 125 36520 2 [ Mg - o]
13MN 4
M3e*? [y — x| [ t g T 72,@*2} 1 =
34 ) 2
G [ﬁi —2M g — o] [ = M o — 1]
M3e*? 13MN 5L
+ M2 +
= N+ it
< 1 5 [Yn — 2 *
[ﬁ_l_ 2M5}
= Cllyn — znll,
where

M3e*? 13MN 5L
2 + + 24ﬁ* +72ﬁ*2

C:

[ i’ 2M5}
On the other hand, by the continuity of F’(x*)~!, there is an o such that

1F(#nt1) = F(2)[| > eflzna — 27,

and so
[Fn)l _ 1 F(@ng1) = FE)| o aflzngn — 27|
1Y — 2l lyn =2l 7 yn —zall*
% lznt1—z* ||
af|zni — 2| _ =21
= [lyn — 2*(| + |z — 2*(]* [1 n Hyn:xj\r
‘afn z H

It follows that

* 4
[ P e | LA RN
lzn—z*|* = o H[L’n — IL'*H Hyn - [BRHZL
* 4
M@:&H.

[ — 2|

(39)
ot fis
«

203
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In view of the identity

1
o — 3y = —F’(a:n)_l/ P2+ tan — 29t — 20)%)
0
we get
lyn — 2*| < MB*|[zy — 27|,
Hence, we deduce

Tpy1 — C N .
|n — ||

<

el |

(1+MpB*s) =C*.
This completes the proof of the theorem.

4. APPLICATIONS

In this section, we illustrate the previous study with an application to the following
nonlinear integral equations.
We now consider the nonlinear integral equation F'(x) = 0, where

(36) F(z)(s) =z(s) —4/3+ %/0 s cos(z(t))dt,

where s € [0,1] and 2z € Q = B(0,2) C X. Here, X = C[0,1] is the space of
continuous functions on [0, 1] with the max-norm,

o = mas. Ja(s)

We can obtain the derivatives of F' given by
1 1
Flla)y(s) = y(s) — 5 / s sin(e(t))y(t)dt, y € 9,
0
1 1
F(@)ye(s) = —3 / s cos(@(®)y(t)=(t)dt, v,z € 2,
0

F'"(z)yzu(s) = %/0 s sin(z(t))y(t)z(t)u(t)dt, y, z,u € Q.

Furthermore, we have
[1F" ()] <

[1E" ()] <
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and the Lipschitz condition with L = %

1
1" () = F" ()]l < 5llz = yll, @,y € Q.

A constant function, i.e. zo(t) = 4/3, is chosen as the initial approximate solution.
It follows that

()| < 5 cos(a/3).

In this case, we have .
1= F'(z0)l| < 5 sin(4/3),

and then by the Banach lemma, we include that I'y exists and obtain

2 cos(4/3)

ol < = IoF < = d K = 0.6562.
IToll < 5— 8, INoF(a0)| € 5= s = an

sin(4/3)

Note that h = Kfn = 0.2921 < § — &( %;1)2, therefore t* = 0.2782, t** =
1.2884. This means that the hypotheses of Theorem 1 is satisfied. Hence the solution x*
belongs to B(zg, Rn) = B(4/3,0.2782) C 2 and it is unique in B(4/3,1.2884) N .

Using the trapezoidal rule of integration with step h = 1/m to discretize (36), we
obtain the following system of nonlinear equations

m—1

BN 0=ux;—4/3+ ;_Tln, (%cos(wo) + Z; cos(xj) + %cos(xm)>, i=0,1,---,m,
=

where s; = t; = i/m and x; = z(t;).

Now we apply the modified Chebyshev-like’s method given by (5) to compute
(37) and compare it with the Chebyshev-like’s method. We give the initial guess
x; = 4/3, i = 0,1,...,m. All computations are carried out with double arithmetic
precision. In the tests, we take m = 10, 15,20 in (37) respectively. Displayed in
Tables 2, 3 and 4 is the max-norm of vector functions at each iterative step. The
stopping criterion that we consider is || F(2,)]/co < 10715,

On the other hand, we analyze computational cost for these methods with Chebyshev-
like’s method in [28], super-Halley’s method in [12] and the modified Chebyshev-like’s
method (5), when they are applied to solve (37). Table 5 shows the comparison results
for computational cost. We observe that the cost of the super-Halley’s method in [12]
is expensive. Compared with the Chebyshev-like’s method in [28], the method (5)
requires nearly the same costs, but the convergence speed of method (5) is fast.

From the numerical results, we can see that the performance of our method is better.
This means that our method can be of practical interest.
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Table 2: Results of system (37) with m = 10

n Chebyshev-like’s method Modified Chebyshev-like’s method
1 7.519390e-005 5.170680e-007
2 1.860149¢-014 1.266747e-016
3 1.040409¢-016
Table 3: Results of system (37) with m = 15
n Chebyshev-like’s method Modified Chebyshev-like’s method
1 7.478519e-005 5.124295e-007
2 1.838788e-014 1.247163e-016
3 1.077939¢-016
Table 4: Results of system (37) with m = 20
n Chebyshev-like’s method Modified Chebyshev-like’s method
1 7.464214e-005 5.108072e-007
2 1.830851e-014 1.901605e-016
3 1.065761e-016

Table 5: Computational cost per iteration when these methods are applied to solve a

nonlinear system of m equations

Method m  Number of computations of functions LR-dec.
10 660 1
Chebyshev-like’s method 15 2040 1
20 4620 1
10 660 2
Super-Halley’s method 15 2040 2
20 4620 2
10 660 1
Method (5) 15 2040 1
20 4620 1
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5. CONCLUSION

In this paper, a modified Chebyshev-like’s method with fourth-order is introduced
and the semilocal convergence of the method for solving nonlinear equations in Banach
spaces is established by using majorizing functions. An existence-uniqueness theorem is
given to show the R-order convergence of the method. Moreover, the local convergence
of the method is also analyzed. From the numerical results, we can observe that the
performance of our method is better.
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