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PARACONTACT METRIC MANIFOLDS
WITHOUT A CONTACT METRIC COUNTERPART

Ver6nica Martin-Molina

Abstract. We study non-paraSasakian paracontact metric (k, it)-spaces with kK =
—1 (equivalent to k2> = 0 but h # 0). These manifolds, which do not have a
contact geometry counterpart, will be classified locally in terms of the rank of h.
We will also give explicit examples of every possible constant rank of h.

1. INTRODUCTION

A remarkable class of paracontact metric manifolds (M, ¢, &, n, g) is that of para-
contact metric (k, p1)-spaces, which satisfy the nullity condition

(1.1) R(X,Y){=r(n(Y)X —n(X)Y) + pu(n(Y)hX — n(X)hY),

for all X,Y vector fields on M, where x and p are constants and h = %Lgcp.

This definition, which may appear quite technical, arises from the deep and mean-
ingful relationship between contact metric (k, u1)-spaces and paracontact geometry.
More precisely, it was proved in [7] that any non-Sasakian contact metric (&, u)-
space accepts two paracontact metric (%, f1)-structures with the same contact form. On
the other hand, under certain natural conditions, every non-paraSasakian paracontact
(K, ;i)-space carries a contact metric (&, u1)-structure compatible with the same contact
form ([8]). The class of paracontact metric (x, ut)-spaces includes the paraSasakian
ones (see [12] and [15]) and the ones satisfying R(X,Y)¢ = 0 for all X,Y (studied
in [16]), among others.

There are some notable differences between a contact metric (&, p)-space (M, ¢, &,
n,g) and a paracontact metric (%, f1)-space (M L&, .7, g). First of all, while they
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satisfy h2 = (k — 1)g? and h? = (K + 1)@2, respectively, the first condition means
that k < 1 but the second one does not give any type of restriction for K because the
metric of a paracontact metric manifold is not positive definite (see [2] for the contact
metric case and [8] for the paracontact metric one).

Another difference is that, in the contact metric case, s = 1 (i.e. h? = 0) is
also equivalent to the manifold being Sasakian (and thus & = 0). However, there are
paracontact metric (¥, f1)-spaces with & = —1 (and thus @2 = 0) but h # 0. The first
example of paracontact metric (—1, 2)-space (M?"*1 ¢, £, 7,g) with h # 0 was given
in [5] for n = 2. Later, an example with arbitrary n appeared in [8] (constructed by
deforming the contact metric structure defined on the unit tangent sphere bundle) and a
numerical example with n = 1 was shown in [13]. It is worth mentioning that all these
spaces have g = 2 and ranlj(ﬁ) = n. Lastly, an example of 3-dimensional paracontact
metric (—1,0)-space with i # 0 appeared in [10].

To our knowledge, no effort has been made to better understand the general be-
haviour of the tensor h of a paracontact metric (x, p1)-space when h? = 0 but h # 0,
which we will address in Theorem 3.2. We will study the form of the tensor A in this
remarkable situation and we will later construct explicit examples that illustrate all the
possible constant values of the rank of h (from 1 to n) when p = 2. Finally, we will
discuss the situation when p # 2 and show some paracontact metric (—1, 0)-spaces
with h # 0 in Examples 3.8-3.11. These are the first examples of this type with p # 2
and dimension greater than 3.

2. PRELIMINARIES

An almost paracontact structure on a (2n + 1)-dimensional smooth manifold M is
given by a (1, 1)-tensor field ¢, a vector field £ and a 1-form 7 satisfying the following
conditions [12]:

(ii) the eigendistributions D and D~ of ¢ corresponding to the eigenvalues 1 and
—1, respectively, have equal dimension n.

As an immediate consequence, 0§ = 0, n o o = 0 and the tensor ¢ has constant
rank 2n. If an almost paracontact manifold is endowed with a semi-Riemannian metric
g such that

9(pX,9Y) = —g(X,Y) + n(X)n(Y),

forall X, Y on M, then (M, p, &, n, g) is called an almost paracontact metric manifold.
Note that such a semi-Riemannian metric is necessarily of signature (n+ 1, n) and the
above condition (ii) of the definition of almost paracontact structures is automatically
satisfied. Moreover, it follows easily that n = g(-,&) and g(-,¢-) = —g(¢-,-). We
can now define the fundamental 2-form of the almost paracontact metric manifold by



Paracontact Metric Manifolds 177

(X,Y) = g(X,pY). If dn = ®, then 1 becomes a contact form (i.e. A (dn)™ # 0)
and (M, ¢, &, n,g) is said to be a paracontact metric manifold.

We can also define on a paracontact metric manifold the tensor field h := %Lg(p,
which is a symmetric operator with respect to g, anti-commutes with ¢ and satisfies
h& = trh = 0 and the identity V& = —@ + ph ([15]). Moreover, it vanishes identically
if and only if ¢ is a Killing vector field, in which case (M, ¢, &, n,g) is called a
K-paracontact manifold.

An almost paracontact structure is said to be normal if and only if the tensor
N, —2dn®¢& vanishes identically, where N, is the Nijenhuis tensor of p: N, (X,Y) =
[0, Pl(X,Y) = Q?[X, Y] + [pX, Y] — ¢[pX, Y] — [X,9Y] ([15]). A normal
paracontact metric manifold is said to be a paraSasakian manifold and satisfies

2.1 R(X,Y)E = —=(n(Y)X —n(X)Y),

for every X,Y on M. Unlike in the contact metric case, the condition (2.1) does not
imply that the manifold is paraSasakian, as will be seen in Examples 3.8-3.11.

It was also proved in [15] that an almost paracontact manifold is paraSasakian if
and only if

(2.2) (Vxp)Y = —g(X,Y)§ +n(Y)X,

so, in particular, every paraSasakian manifold is K -paracontact. The converse holds in
dimension 3 ([9]) and for (—1, u)-spaces (which will be proved in Theorem 3.1) but
we can construct explicit examples that show that these two concepts are not equivalent
in general.

Example 2.1. Let g be the 5-dimensional Lie algebra with basis {¢, X1, Y1, Xo, Yo}
such that the only non-vanishing Lie brackets are

(X1, Y] =26, [Xo,Yo] =26, [Xy, Xo] =Y.

If we denote by GG the Lie group whose Lie algebra is g, we can define a left-invariant
paracontact metric structure on G the following way:

9(§,§) = 9(X1,11) = g(X2,Y2) = 1,
9(§, Xi) = g(&Yi) = 9(X;, Xj) = g(Y3, ;) =0, i=1,2.

A simple computation gives that A = 0, so the manifold is K -paracontact.

However, although R(X, {){ = —X for all vector field X orthogonal to &, straight-
forward computations give that R(X;, X3)¢ = —2Y; # 0, so the manifold does not
satisfy (2.1). In particular, it is not paraSasakian.
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Finally, we recall that a notion of D.-homothetic deformation can be introduced
in paracontact metric geometry ([15]). Indeed, given a non-zero constant ¢, a D.-
homothetic deformation on a paracontact metric manifold (M, ¢, &, n, g) is the follow-
ing change of the structure tensors:

1
(2.3) o i=¢, €= -5 ni=cn, ¢ :=cg+clc—L)nan.

Then (¢',&',n',¢') is again a paracontact metric structure on M. Moreover, K-
paracontact and paraSasakian structures are also preserved under D.-homothetic de-
formations.
Although D.-homothetic deformations destroy curvature conditions like R(X,Y )&=
0, a D.-homothetically deformed paracontact metric (%, pt)-space is another paracontact
metric (x/, u’)-space with
K+1—c? M,_u—Q—i—Qc

/
(2.4) K= -

3. PARACONTACT METRIC (—1, 1t)-SPACES

We now present our main results.

Theorem 3.1. Let M be a paracontact metric manifold such that R(X,Y){ =
—(n(Y)X —n(X)Y), for all X,Y on M. Then M is paraSasakian if and only if € is
a Killing vector field.

Proof. If M is paraSasakian, it is in particular a K -paracontact manifold, hence
¢ is a Killing vector field.

Conversely, if ¢ is a Killing vector field, then h = 0 and Vx& = —pX holds for
every X on M ([15]). We also know from [14, p.259] that

R, X)Y = =VxVy&+ Vy,vé,

thus R(§, X)Y = (Vx)Y, for all X,Y on M.
Therefore, it follows from the previous formula and from R(X,Y){ = —(n(Y)X —
n(X)Y) that

9(Vx@)Y, Z) = g(R(§, X)Y, Z) = g(R(Y, 2)§, X) = g(—g(X, V) +n(Y) X, Z),
hence equation (2.2) holds and the manifold is paraSasakian. ]

Theorem 3.2. Let M be a (2n+1)-dimensional paracontact metric (—1, j1)-space.
Then we have one of the following possibilities:

(1) h =0 and M is paraSasakian
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(2) h # 0 and rank(hy,) € {1,...,n} at every p € M where h, # 0. Moreover,
there exists a basis {£, X1, Y1, ..., Xpn, Yo} of T,(M) such that

o The only non-vanishing components of g are

gp(§7€> = 17 gp(Xi7 E) = :tlu

0 0 00
h|<Xi7Yi> = <1 0) or h|<Xi7Yi> = <0 0) )

where obviously there are exactly rank(h,) submatrices of the first type.

e and

If n =1, such a basis {&, X1, Y1} also satisfies that
SDXIZZI:Xlu (PYIZ¢Y17

and the tensor h can be written as

(3.1) hie xi vy =

oS O O
—_— o O
o O O

Proof. We know from Lemma 3.2 of [8] that k2 = 0. We have now two
possibilities.

If h =0, then R(X,Y){ = —(n(Y)X —n(X)Y), for all X,Y on M and ¢ is
a Killing vector field. Therefore, it follows from Theorem 3.1 that the manifold is
paraSasakian.

Let us now suppose that h # 0. Since h is self-adjoint and Ker(n) is h-invariant,
we have from [14, p.260] that, at each point p € M, Ker(n,) = V1 @ --- @V, (for
some 1 <[ < 2n), where V} are mutually orthogonal subspaces that are h-invariant
and on which Ay, has a matrix of either type:

A
1 A 0
(3.2) LA

0 1 A

relative to a basis Xi,..., X, of Vi, r > 1, such that the only non-zero products are
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9p(Xi, Xj) = £1if i +j =r + 1, or of type

a b
-b a 0
1 0 a b
1 =b a
1 0 a b
(3.3) L =b a (b # 0)
0
1 0 a b
0 1 =b a
relative to a basis X1, Y1, ..., Xy, Yo, of Vi, such that the only non-zero products are

gp(Xi;Xj> =1= —gp(Y;, Y}) if ¢ +] =m+ 1.

We will first see that the second case is not possible. Indeed, if there existed a
subspace Vj such that hyy, had a matrix of type (3.3), then h2X; = (a® — b%) X —
2abY] + 2a Xy — 20Ys + X3 = 0, which cannot happen for any value of m because
b # 0.

If there exists a subspace Vj; such that |y, has a matrix of type (3.2), then h;X 1=
A2X| 42X\ X9 + X3 = 0, which is only possible if A =0 and dim Vj, = r < 2. Let us
distinguish between both subcases:

(1) If dimV; = 2, then V; = (X;,Y}), the only non-zero product is g,(X;,Y;) = +1

and
0 0
hyx v = (1 0)~

(2) If dimV; = 1, then V; = (X;) and h,X; = 0, with X; a vector satisfying
9p(Xi, X;) = £1. In fact, since Ker(7),) is of signature (n, n) and the subspaces
V; of the subcase (1) are of dimension two and signature (1, 1), then there is an
even number of subspaces of this type, half satisfying g,(X;, X;) = 1 and half
satisfying g,(X;, X;) = —1. Taking one of each type, for example V; = (X;)
and Vo = (X») with g,(X1, X1) = 1 = —g,(X2, X32), a simple change of basis
like X; = %(Xl +X,)and Y} = %(Xl — X5) would give us a basis such
that the only non-vanishing component of the metric is gp(f( 1, }71) =1.

Finally, since h|y, = 0 in the second subcase, the rank of &, depends on the number
of submatrixes of the first type, which have rank 1. Therefore, rank(h,) € {1,...,n}
at every point where h,, # 0.
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In dimension 3, the conditions over ¢ are the only ones that remain to be proved.
First of all, ¢£ = 0 on every paracontact metric structure. Hence ¢ .X; = aX; + bY1,
for some constants a, b.

It follows from g, (X1, pX1) = dnp(X1, X1) = 0 that b = 0, so ¢X; = aX;. On
the other hand, Y] = phX; = —hpX; = —ahX; = —aYi, hence ¢Y; = —aY;. We
can then compute:

gp(eX1, Y1) = —gp(X1, Y1) = F1,
90 X1, Y1) = gplaX1, —aYr) = —ag,(X1, Y1) = Fa?,

so a® = 1, and thus
SDXIZZI:Xlu (PYIZ¢Y17

which ends the proof. ]

Remark 3.3. A paracontact metric manifold satisfying

for all X, Y on M, can be either a (—1, uu)-space with h = 0 (thus paraSasakian by the
previous Theorem and p is undetermined) or a paracontact metric (—1, 0)-space with
h # 0 (not K-paracontact or paraSasakian). This last case is possible because (3.4)
does not imply h = 0, as can be seen in Examples 3.8-3.11.

Let us now see examples of all the possible constant ranks of A that appear in
Theorem 3.2. First of all, if A = 0, the standard examples of paraSasakian manifolds
are the hyperboloids

Hgﬁﬁl(l):{(a:g,yg,...,xn,yn) c R?+2 | x%—i—...—l—xi—yg—...—yi:l}

and the hyperbolic Heisenberg group H?"t! = R?” x R with the structures defined
in [11]. Other examples of (n-Einstein) paraSasakian manifolds can be obtained from
contact (k, u1)-spaces with |1 — §| < /1 —, as seen in Theorem 3.4 of [6]. In
particular, it was shown that the tangent sphere bundle 71 N of any space form N (c)
with ¢ < 0 admits a canonical 7-Einstein paraSasakian structure.

We can also construct paraSasakian examples by defining a paracontact metric
structure on a Lie group:

Example 3.4. (Canonical paraSasakian structure on the Heisenberg algebra). Let
g be the (2n + 1)-dimensional Lie algebra with basis {£, X1, ..., Xo,} such that the
only non-vanishing Lie brackets are

[Xoi—1,Xoi] =2¢, i=1,...,n.
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If we denote by G the Lie group whose Lie algebra is g, we can define a left-invariant
paracontact metric structure on G the following way:

=0, pXoj1=2Xo;, ¢Xoj=Xo; 1, 1=1,...,n,

n€) =1, n(X;) =0, i=1,...,2n,

the only non-vanishing components of the metric are
g(f,f)zg(Xgl,X21> :1, g(XQi_l,XQi_1> = —1, 1= 1,...,n.

A straightforward computation gives that h = 0. Moreover, using properties of para-
contact metric manifolds and Koszul’s formula, we obtain that

vX2i§ = _X2i—17 vXQi_lf - _XQZ, Z - 1, Lo,

Vx,X2i =Vx,, Xoi-1=0, Vx,, Xoj=-Vx, Xo; 1=065§ i=1,...,n.

Therefore,
R(X;,&)¢=-X;, i=1,...,2n,
R(XivXj>§:07 i,jZl,...,Qn,

We conclude that R(X,Y){ = —(n(Y)X — n(X)Y) for all X,Y on M, thus the
manifold is paraSasakian because of Theorem 3.1. Alternatively, we could check the
normality condition by proving that [, ¢|(X,Y)—2dn(X, Y )¢ = 0 for all vector fields
X,Y on M.

If we apply a D.-homothetic deformation to any of the previous paraSasakian
examples, we obtain again paraSasakian manifolds ([15]).

Let us now construct some examples of paracontact metric (—1, uu)-spaces with
h # 0. We will begin by adapting some paracontact metric (—1, 2)-spaces with i # 0
that appear in the literature and will afterwards construct explicitly (2n+1)-dimensional
paracontact metric (—1, 2)-spaces with 2 # 0 such that rank of h attains all values in
{1,...,n}. Lastly, the case u # 2 will be discussed.

Example 3.5. ((2n + 1)-dimensional paracontact metric (—1, 2)-space, rank(h) =
n). We will begin with the examples that were presented in [8]. Let us take a flat
Riemannian manifold M and construct on it the tangent sphere bundle 77 M with its
standard contact metric structure (¢, £, 7, g), which satisfies R(X,Y)& = 0 for every
X,Y on T1 M (see [2]). Then we can define a new structure by taking

w2="h, ga=dn(,h)+nemn,
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which is a paracontact metric (—1, 2)-space (Theorem 3.4 of [8]). We will now see
the form that ho has on these examples.

Let us first take a p-basis {&, X1, X1, ..., Xy, X, } of the contact metric (k, p)-
space such that hX; = X; and hpX; = —¢X; (which exists because of [2]). Then
{6, X1,Y1,..., X, Yy}, where X; := %Xi, Y; := v/2¢X;, is a basis for which the
only non-vanishing components of the metric go are

g2(6,6) =1, ¢2AX;, Vi) =1,

the tensor (o satisfies
o Xi = X, p2Y; ==Y

0 0
hoyx3) = (1 o)’

)

and

foralli=1,...,n.
Therefore,

— o
o O

ha

I
g

so rank(hg) = n.
In dimension 3, we also have Example 6.2 from [13], which is a 3-dimensional
paracontact metric (—1, 2)-space with h # 0 satisfying (3.1).

On the other hand, we can give examples using left-invariant paracontact metric
structures on Lie groups of (2n + 1)-dimensional paracontact metric (—1, 2)-spaces
with h # 0 and rank(h) =m € {1,...,n}.

Example 3.6. ((2n+1)-dimensional paracontact metric (—1, 2)-space with rank(h)
=m € {1,...,n}). Let g be the (2n + 1)-dimensional Lie algebra with basis
{&, X1, Y1, ..., X,,, Yy, } such that the only non-vanishing components are

€, Xi| =Y, [X;Y]]
0i (26 + V21 + 6im) Vi) + (1 = 6i)V2(0imYj + 0jm¥i), 6,5 =1,....m,
5 (26 +V2Y3), i, j=m+1,....n,
V2Y; i=1,...om, j=m+1,...,n.
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If we denote by GG the Lie group whose Lie algebra is g, we can define a left-
invariant paracontact metric structure on G the following way:

=0, X;=X;, ¢Yi=-Y; 1=1,...,n,

The only non-vanishing components of the metric are

9(&,8) =9(X;, ;) =1, i=1,...,n.

A straightforward computation gives that hX; = Y; if ¢ = 1,...,m, hX; = 0 if
i=m+1,...,nand hY; =0if j=1,...,n, so h? = 0 and rank(h) = m.

Moreover, by basic paracontact metric properties we obtain that Vx,§ = —X; - Y;
ifi=1,...m Vx,{=-X;ifi=m+1,...,nand Vy;{ = Y; ifi =1,...,n,
from which we deduce that

R(X;, )6 =—X; +2Y; = —X; +2hX;, i=1,...,m,
R(X;,8){=—-X;, i=m+1,...,n,
R(Y;,§)¢=-Y;, i=1,...,n.

Therefore, R(X,£){ = —X + 2hX for every X orthogonal to &.
Using Koszul’s formula, we can compute V,Y; and Vy,Y; for any i, j:

85 (€ +V2(1 + 6im V)
+(1 = 6;))V2(0imY; + 8jmYi), 4,5=1,...,m,
Vx,V; = V2V i=1,...,m, j=m+1,...,n,
0, t=m-+1,...,n, 7=1,...,m,
L 65§+ V2Y5), ij=m+1,...,n,

Vy,Y; =0, ij=1,...n
It follows that R(X;, X;)¢ = R(X;,Y;)¢ = R(Y;,Y;)¢ =0 forany i,j =1,...,n,
which is enough to conclude that the manifold is a (—1, 2)-space.

If we take m = 0 in the previous example, we will obtain a (2n + 1)-dimensional
paracontact metric (—1, 2)-space such that rank(h) = n, as in Example 3.5. However,
the construction of our manifold has been considerably different.

We can also change the Lie algebra and paracontact structure of Example 3.6 to
obtain other possibilities. For example, in the particular case m = 1, we have the
following one.
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Example 3.7. ((2n + 1)-dimensional paracontact metric (—1, 2)-space with rank
(h) =1). Letgbe the (2n+1)-dimensional Lie algebra with basis {£, X1, Y1, ..., X,
Y, } such that the only non-vanishing components are

[§7X1] :}/17 [Xlu}/l] :2§7
[Xlu}/;]:2<§+Xz>u [Xlqu]:}/lu ZZQuan

If we denote by GG the Lie group whose Lie algebra is g, we can define a left-
invariant paracontact metric structure on GG the following way:

ngZO’ SDXIZXlu gp}/l:—}/lu SOXZ:_XH @E:}/;u i:27"'7n7

The only non-vanishing components of the metric are
9(& 8 =9g(X1,h) =1, ¢g(X,Yi)=-1, i=2,...,n.

A straightforward computation gives that hX; = Y1, hY; = 0 and hX; = RY; = 0,
i=2,...,m,50h? =0 and rank(h) = 1.

Moreover, by basic paracontact metric properties and Koszul’s formula we obtain
that

VeXi= X1, VeVi=Y, VeXi=X,, V¥i=-Y;, i=2,...n,
Vv Y =26;;(1=6i1)Ys,  Vx,Yj = 6;5¢,

Vy, Xj=6i5(=§+2(1 - 61)Xy), i,5=1,...,n,

Vx, X1 =0, Vi X,=Yi, i=2...n,

which is enough to prove that

R(X1,6)¢ = —X1 +2Y1 = — X1 + 20 X7,
R(X$, 6 =—X;, i=2,...,n,
R(Y;, )¢ =-Y;, i=1,...n,

)

R(X;, X;)¢ = R(X;,Y;)¢§=R(Y;,Y;) =0, i,j=1,...,n.

Therefore, the manifold is also a (—1, 2)-space.

Note that all the examples constructed until now and most of the ones appearing in
the literature of paracontact metric (—1, j1)-spaces with k2 = 0 but h # 0 have p = 2.
Why is this particular value so important? First of all, given a non-Sasakian contact
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metric (k, f1)-space, we can define two canonical paracontact metric structures on M,
(@/17 fa 77;51) and (@27 fa 77752): in the fOHOWing way ([5] and [7])

1 1

D1 = h, g1 := Sh)+n®mn,

&1 — g1 mg( )+n@n
1 1

Do 1= h, go = ——g(-, ph ) +n@mn.

P2 — 92 mg( ph-)+n@n

Moreover, these new structures are paracontact metric (K, fi;)-spaces with

~ u>2 - ~ 1-4
=(1-%) -1, =2(1-vV1—k), h =— h,
( 9 H1 ( ) 1 1= r
7 or (1-H) 4, =2 Ty T2 Vi
Ko = K — +< __>7 = 4 + R
2 5 2 2 = \/1—<P ©-

Therefore, k; = —1 if and only if y = 2, which is equivalent to (¢1,&,7, 1) being
paraSasakian ([5, Th. 5.9] or Theorem 3.2). On the other hand, k3 = —1 if and only
if /1 — k =1— &, from which it follows that hy = @h + (1 — §)p. This means that

the only poss1b111ty of constructing a paracontact metric (%, fi)-space with h?=0and
h # 0 using these structures is to take the second one, which has 1 = 2.

Another reason for which the value © = 2 is special comes from the fact that
applying a D.-homothetic deformation to a paracontact metric (—1, 2)-space gives us
another paracontact metric (—1, 2)-space for any real ¢ # 0.

What happens when p # 2? Are there any examples of paracontact metric (—1, p)-
spaces with h £ 0 and p # 2? The answer is yes, as was shown in Example 4.6 of
[10] for the 3-dimensional case. We will provide proof in dimensions greater than 3 in
Examples 3.8-3.11. Before constructing them, note that given a (—1, u)-space with
p # 2, a D.-homothetic deformation with ¢ = 1 — & # 0 will give us a paracontact
metric (—1, 0)-space thanks to (2.4). Conversely, glven a paracontact metric (—1,0)-
space, if we D.-homothetically deform it with ¢ = ﬁ # 0 for some p # 2, we will
obtain a paracontact metric (—1, u1)-space with p # 2.

Lastly, the rank of h and i’ coincides because h' = ih ([8]) and a simple change of
basis will give us another one satisfying all the properties of Theorem 3.2. Therefore,
it makes sense to concentrate on the = 0 case, which is also special because the
paracontact metric (—1,0)-spaces with A # 0 satisfy (2.1) but are not paraSasakian
manifolds.

We can give examples using left-invariant paracontact metric structures on Lie
groups of (2n+1)-dimensional paracontact metric (—1, 0)-spaces with A # 0. We recall
that rank(h,) € {1,...,n} (Theorem 3.2) and we will first see the case rank(h) = 1.

Example 3.8. ((2n+1)-dimensional paracontact metric (—1, 0)-space with rank(h)
=1). Letgbethe (2n+1)-dimensional Lie algebra with basis {£, X1, Y1, ..., X,,, Y}
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such that the only non-vanishing components are

[é.?Xl] == Xl +}/17 [fa)/l] - _}/17 [Xlu}/l] - 2&7
(X3, Y| =2(6+Y), [Xp,Yi]=X1+Y, MY]=-", i=2,...,n

If we denote by GG the Lie group whose Lie algebra is g, we can define a left-
invariant paracontact metric structure on GG the following way:

The only non-vanishing components of the metric are
9(& 8 =9g(X1,h) =1, g X,Yi)=-1, i=2,...,n.

A straightforward computation gives that hX; = Y1, hY; = 0 and hX; = RY; = 0,
i=2,...,m,50h? =0 and rank(h) = 1.
Moreover, by basic paracontact metric properties and Koszul’s formula we obtain

that

VeX1=0, VY1 =0, VeX;=X;, VYi=-Y, i=2,...,n,

VY1 =06, VxY;=0d;(§+2Y),

VY1X1:_§7vY1X]:_5Z]§7 ia.j:27"'7n7

Vx, X;=0,Vy, Y1 =VyY; =0, VyY1=Y, i=2,...n,

and thus

R(qué.)f:_Xlu izlu"'ana
R(}/;ué.)g:_}/;u izlu"'ana
R(X;, X;)¢ = R(X;,Y;)¢E=R(Y;,Y;)6 =0, d,j=1,...,n.

Therefore, the manifold is also a (—1, 0)-space.

To our knowledge, the previous example is the first paracontact metric (—1, p)-
space with k2 = 0, h # 0 and p # 2 that has been constructed in dimensions greater
than 3. For dimension 3, Example 4.6 of [10] was already known.

Let us now see some other possibilities. In dimension 3, n = 1, so the previous
example gives the only possible value of the rank of ~. In dimension 5, we can construct
an example with rank(h) = 2 in the following way:
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Example 3.9. (5-dimensional paracontact metric (—1, 0)-space with rank(h) = 2).
Let us take the 5-dimensional Lie algebra g of basis {£, X1, Y1, X9, Y2} and whose Lie
brackets are

[, X1 =Y1 + X1 + X, €, Y1] = =Y1 + Y5,

[€, Xo] =Y, + X1 + Xo, €, Y] =Y - Ys,

X1, ¥i] = 26+ Xo + 2%, X, Ya] = 26 + X1 — Vi,
X1, %] = 55, + 5%, [¥i, Y2 = —Yi + %5,
X1, Y] = 2% + X ¥i, X2 = X1+ 1Y,

If we denote by G the Lie group whose Lie algebra is g, we can define on it a left-
invariant paracontact metric structure with

and whose only non-vanishing components of the metric are

9(&,8) =g9(X1, Y1) =1, g(Xa,Y2) =1

We can check that hX; = Y; and hY; = 0, i = 1,2, so h? = 0 and rank(h) = 2.
Moreover, long but straightforward computations give us that the manifold is a
(—1,0)-space.

We show below examples of dimension 7 with rank(h) = 2 and rank(h) = 3,
respectively. Higher-dimensional examples could be constructed analogously.

Example 3.10. (7-dimensional paracontact metric (—1, 0)-space with rank(h) = 2).
Let us define a 7-dimensional Lie algebra g of basis {&, X1, Y1, X2, Y5, X3, Y3} whose
only non-vanishing Lie brackets are

[€, X1] = [X1, X3] = Y1 + X1 + Xo, (£, V1] = [V1, X3] = -1 + Yo,
[§, Xo] = [Xo, X3] = Yo + X + X, €, Ya] = [Ya, X3] = Y1 — Y3,
(X1, V1] = 26 + V2(X2 + Ya), [Xa, Ya] = —2¢ + V2X),
[Xs, Y] = —2¢ — 2, [X1, Xo] = —[¥1, Xa] = V22X,
[X1,Ya] = V2(Y1 + Xa), [Y1,Ys] = V2(=Y) + Ya).

If we denote by G the Lie group whose Lie algebra is g, we can define on it a left-
invariant paracontact metric structure with
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and whose only non-vanishing components of the metric are
9(§, 8 =9(X1,11) =1, g(X2,Y2) = g(X3,Y3) = —1.
A direct computation gives that hX; =Y;, 1 =1,2, hXg=0and hY; =0,i=1,2,3,
so h? = 0 and rank(h) = 2.
Moreover, long but straightforward computations give us that the manifold is a
(—1,0)-space.

Example 3.11. (7-dimensional paracontact metric (—1, 0)-space with rank(h) = 3).
Let us define a 7-dimensional Lie algebra g of basis {&, X1, Y1, X2, Y5, X3, Y3} whose
Lie brackets are

[, X1] = Y1+ X1 + X, €, V1] = =Y1 + Ya,
€, Xo] = Yo + X1 + Xo, £, V2] = Y1 — Yo,
(€, X3] = X3+ Y3, €, Y3] = Y3,
[X1, V1] = 26 + V2(Xo + Ya), [Xo, Yo] = —26 + V22X,
[X3, V3] = =26 + V2(X; — X5 — V), (X1, Xo] = —[V1, Xo] = V2X1,
(X1, Y] = V2(Y1 + Xo), Y1, Ya] = V2(-Y; + Ya),
[X1, V3] = —[Xa, X3] = [Xo, V3] = V2X3,  [V1,Y3] = —[Ya, Xp] = [Va, V3] = V23,

If we denote by G the Lie group whose Lie algebra is g, we can define on it a left-
invariant paracontact metric structure with

and whose only non-vanishing components of the metric are

g(&8) =g(X1, Y1) =1, g(X2,Y2) =g(X3,¥3) = —1.

Therefore, hX; = Y;, i = 1,2,3and hY; = 0, i = 1,2, 3, thus h? = 0 and rank(h) = 3.
Moreover, direct computations give us that the manifold is a (—1, 0)-space.

Remark 3.12. It is worth mentioning that Theorem 3.2 is true only pointwise, i.e.
rank(h,,) does not need to be the same for every p € M. However, there are no known
examples of paracontact metric (—1, u1)-spaces where rank(h) is not constant.

4. ANOTHERMANIFOLD WITH h? = 0 BUT h # 0

Lastly, we would like to remark that, although the first examples of h> = 0 but
h # 0 appeared (quite naturally) in the context of paracontact metric (x, ut)-spaces,
it is not difficult to construct paracontact metric manifolds satisfying these properties
which are not (—1, u)-spaces.
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Example 4.1. Let us take the 5-dimensional Lie algebra g of basis {&, X1, Y1, Xo,
Y5} such that the only non-vanishing Lie brackets are

€, X1 =Y, [X1,Y1]=2( [Xo,Yo]=2({+Xy), [Xi1,Xo =Y.

If we denote by G the Lie group whose Lie algebra is g, we can define on it a left-
invariant paracontact metric structure:

e¢=0, ¢X;=X; ¢Yi=-Y;, n)=1 n(X)=nY;)=0, i=12
The only non-vanishing components of the metric are

9(£,6) = g(X1, Y1) = g(X2,Y2) = 1.

Therefore, hX; = Y} and hY; = hXy = hYo =0, so h2 = 0 but h # 0.
Although R(X,£){ = —X + 2hX for all vector field X orthogonal to £, we can
check that R(X1, X2){ = —2Y] # 0, so the manifold is not a (—1, 2)-space.

Remark 4.2. Note that the previous Lie algebra coincides with the one of Example
3.7 for n = 2 (hence the form of h coincides) but that the construction of the paracontact
metric structure is not the same, since both ¢ and g are defined differently.
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