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Answers to Kirk-Shahzad’s Questions on Strong b-metric Spaces
Tran Van An and Nguyen Van Dung*

Abstract. In this paper, two open questions on strong b-metric spaces posed by Kirk
and Shahzad |11} Chapter 12] are investigated. A counterexample is constructed to
give a negative answer to the first question, and a theorem on the completion of a

strong b-metric space is proved to give a positive answer to the second question.

1. Introduction and preliminaries

In 1993 Czerwik [4] introduced the notion of a b-metric which is a generalization of a

metric with a view of generalizing the Banach contraction map theorem.

Definition 1.1. [4] Let X be a nonempty set and d: X x X — [0, 00) be a function such
that for all z,y,2z € X,

(1) d(z,y) =0 if and only if x = y;
(2) d(z,y) = d(y,z);
(3) d(z,2) < 2[d(x,y) + d(y, 2)].
Then d is called a b-metric on X and (X, d) is called a b-metric space.

After that, in 1998, Czerwik [5| generalized this notion where the constant 2 was
replaced by a constant K > 1, also with the name b-metric. The convergence, Cauchy

sequence and completeness in b-metric spaces are defined as follows.
Definition 1.2. [5] Let (X, D, K) be a b-metric space.

(1) A sequence {x,} is called convergent to x, written lim,, o z, = x, if lim, o0 D(zp,
x) = 0.

(2) A sequence {z,} is called Cauchy if limy, ;00 D(Zp, Tm) = 0.
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(3) (X, D, K) is called complete if every Cauchy sequence is a convergent sequence.

The same relaxation of the triangle inequality in definition of a b-metric was also
discussed in 2003 by Fagin et al. [8], who called this new distance measure nonlinear
elastic matching. The authors of that paper remarked that this measure had been used,
for example, in [9] for trademark shapes and in 3] to measure ice floes. In 2009 Xia [13]
used this semimetric distance to study the optimal transport path between probability
measures.

In recent times, b-metric spaces and fixed point theory on b-metric spaces were studied
by many authors [1], [7], [10], [L11, Chapter 12], |12]. Some authors were also studied
topological properties of b-metric spaces. An et al. [2] showed that every b-metric space
with the topology induced by its convergence is a semi-metrizable space and thus many
properties of b-metric spaces used in the literature are obvious. Then the authors proved
the Stone-type theorem on b-metric spaces and obtained a sufficient condition for a b-
metric space to be metrizable. Notice that a b-metric space is always understood to be a
topological space with respect to the topology induced by its convergence and a b-metric
need not be continuous [2, Examples 3.9 & 3.10]. This fact suggests a strengthening of
the notion of b-metric spaces which remedies this defect. Recently Kirk and Shahzad

introduced the notion of a strong b-metric space.

Definition 1.3. |11} Definition 12.7] Let X be a nonempty set, K > 1 and D: X x X —
[0,00) be a function such that for all z,y,2z € X,

(1) D(z,y) =0 if and only if x = y;

(2) D(z,y) = D(y,z);

(3) D(z,z) < D(z,y) + KD(y, 2).
Then D is called a strong b-metric on X and (X, D, K) is called a strong b-metric space.
Remark 1.4. |11}, page 122] (1) Every strong b-metric is continuous.

(2) Every open ball B(a,r) ={z € X : D(a,z) < r} of a strong b-metric space (X, D, K)

is open.

In [11, Chapter 12] Kirk and Shahzad surveyed b-metric spaces, strong b-metric spaces,
and related problems. An interesting work was attracted many authors is to transform
results of metric spaces to the setting of b-metric spaces. It is only fair to point out that
some results seem to require the full use of the triangle inequality of a metric space. In

this connection, Kirk and Shahzad |11, page 127] mentioned an interesting extension of
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Nadler’s theorem due to Dontchev and Hager [6]. Recall that for a metric space (X,d)
and A,BC X,z € X,

dist(x, A) = inf {d(z,a) :a € A}, 0(A, B) =sup{dist(z,A):x € B}
and these notations are understood similarly on b-metric spaces.

Theorem 1.5. [11, Theorem 12.7] Let (X, d) be a complete metric space, T: X — X be
a map from X into a nonempty closed subset of X, and xg € X such that

(1) dist(xzo, Tzg) < r(1 — k) for some r > 0 and some k € [0,1);
(2) 6(Tz N B(xo,r),Ty) < kd(x,y) for all x,y € B(xg,r).
Then T has a fized point in B(xg,r).

Based on the definition of 6(A4, B) and the proof in [11, Theorem 12.7], Theorem [1.5{2)

is implicitly understood as
§(Tz N B(xo,r), Ty) < kd(z,y) for all z,y € B(xg,r) and Tz N B(xo,r) # 0.

The authors of [11] did not know whether Theorem holds under the weaker strong

b-metric assumption. Explicitly we have the following question.

Question 1.6. |11} page 128] Let (X, D, K) be a complete strong b-metric space, T: X —
X be a map from X into a nonempty closed subset of X, and zg € X such that

(1) dist(zo,Tzo) < r(1 — k) for some r > 0 and some k € [0, 1);
(2) 6(Tz N B(xzo,r),Ty) < kD(z,y) for all z,y € B(xg,r) and Tz N B(xzg,r) # 0.
Does the map 7" have a fixed point in B(zg,7)?

Recall that a map f: X — Y from a b-metric space (X, D, K) into a b-metric space
(Y,D',K") is called an isometry if D'(f(z), f(y)) = D(z,y) for all z,y € X. Also,
a b-metric space (X*, D*, K*) is called a completion of the b-metric space (X, D, K) if
(X*, D*, K*) is complete and there exists an isometry f: X — X* such that f(X) = X*.

A classical result is that every metric space is dense in a complete metric space. So it is

interesting to ask whether this result holds or not in the setting of strong b-metric spaces.

Question 1.7. [11, page 128] Is every strong b-metric space dense in a complete strong

b-metric space?
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Kirk and Shahzad [11, page 128] commented that if the answer of Question is
positive then every contraction map f: X — X on a strong b-metric space X may be
extended to a contraction map f: X* — X* on a complete strong b-metric space X*
which has a unique fixed point. Ostrowski’s theorem [11, Theorem 12.6] then would
provide a method for approximating this fixed point.

In this paper, the above two questions on strong b-metric spaces are investigated. A
counterexample is constructed to give a negative answer to Question [I.6] and a theo-

rem on the completion of a strong b-metric space is proved to give a positive answer to

Question [I.7]

2. Main results

First, the following example gives a negative answer to Question [I.6]

Example 2.1. Let X = {1,2,3}, the function D: X x X — [0,00) be defined by

and a map T: X — X be defined by T1 =2, T2 =3, T3 =1. Then
(1) (X, D, K) is a complete strong b-metric space with K = 4.
(2) T and (X, D, K) satisfy all assumptions of Questionwith xo=1,r=6k=1/2.
(3) T has no any fixed point.

Proof. (1) For all z,y € X, it follows from definition of D that D(x,y) = D(y,x), and
D(z,y) =0 if and only if z = y.

We also have

D(1,3)+ KD(3,2) =6+4-1=10>2= D(1,2),
KD(1,3)+D(3,2) =4-6+1=25>2=D(1,2),
D(1,2)+ KD(2,3) =2+4-1=6= D(1,3),

KD(1,2)+ D(2,3)=4-2+1=9>6= D(1,3),
D(2,1)+ KD(1,3) =244-6=26> 1= D(2,3),
KD(2,1)+D(1,3)=4-2+4+6=14> 1= D(2,3).

By the above, D is a strong b-metric on X. Since X is finite and discrete, X is

complete. So (X, D, K) is a complete strong b-metric space with K = 4.
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(2) Since TX = X, TX is a nonempty closed subset of X. We have
dist(zo, Txo) = dist(1,71) = dist(1,{2}) = D(1,2) =2

and r(1 — k) = 6(1 — 3) = 3. This proves that dist(zo, Two) < r(1 — k).

We also have B(zg,r) = B(1,6) = {1,2}. We will show that 6(Tx N B(xo,r),Ty) <
kD(x,y) for all z,y € B(xo,r) and Tx N B(xg,r) # () as follows.

If z =y =1 then Tx N B(zo,r) = {2} and

5(Tx N B(xo,r), Ty) =0({2},{2}) = D(2,2) =0 < kD(z,y).
If £ =y =2then Tz N B(xg,7) =0. If x =1, y = 2 then
8(Tx N B(zo,r), Ty) = 6({2},{3}) = D(2,3) =1= %D(l,Q) = kD(x,y).

If =2, y =1 then Tz N B(xzo,7) = 0.

By the above calculations we find that 6(Tx N B(zo,r),Ty) < kD(z,y) for all x,y €
B(zo,r) and Tz N B(xg,r) # 0.

(3) By definition of T we see that T has no any fixed point. O

Next, the following theorem is a positive answer to Question
Theorem 2.2. Let (X, D, K) be a strong b-metric space. Then
(1) (X, D, K) has a completion (X*, D*, K).

(2) The completion of (X, D, K) is unique in the sense that if (X7, DY, K1) and (X3, D3,
K») are two completions of (X, D, K) then there is a bijective isometry p: Xi — X3
which restricts to the identity on X.

Proof. Put
C = {{zn} : {zn} is a Cauchy sequence in (X, D, K)}.

Define a relation ~ on C as follows
{zp} ~ {y,} if and only if li_}m D(zy,yn) =0 for all {z,,},{y,} €C.

The relation ~ obviously satisfies reflexivity and symmetry. If {z,} ~ {y,} and {y,} ~

{zn} then lim,, o0 D(2yn,yn) = limy, 00 D(yn, 2,) = 0. Since
0< D(xna Zn) < D($n7 yn) + KD(yna Zn)

for all n, lim, 0o D(zpn,2,) = 0. Thus {z,} ~ {z,}. Therefore, the relation ~ is an

equivalent relation on C.
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Denote X* = {z* = [{zn}] : {xn} € C} where * = [{z,}] is the equivalence class of
{z,,} under the relation ~, and define the function D*: X* x X* — R by

(2'1) D*(x*,y*) = lim D(xnayn)

n—oo

We see that, for all n, m,

D(xp,yn) < KD(Zn, Tm) + D(Tm, yn)
< KD(ﬂjna l'm) + D($m7ym) + KD(ymvyn)

This implies that
(2-2) D(acn, yn) - D(xma ym) <K [D(xm xm) + D(yma yn)] .
Also

D(zm, ym) < KD(Zm, 2n) + D(20, yn)
< KD(l'naxm) + D($nyyn) + KD(ynaym)‘

Therefore,

(2.3) D(@m, ym) = D(@n,yn) < K [D(@n, 2m) + D(Ym, yn)] -
It follows from and that

(2.4) [ D(@m, Ym) — D(Tn, yn)| < K [D(zn, Tm) + D(Ym, yn)] -

Letting n, m — oo in (2.4) we get limy, y—so0 | D(Zm, Ym) — D(zn, yn)| = 0, i.e., {D(xn, yn)}
is a Cauchy sequence in R. Thus lim, o D(zy, yy) exists.
Moreover, if {z,} ~ {z,} and {y,} ~ {w,} then

(25) lim_ D, 20) = lim_ D(gs ) = 0.

n—oo n—oo

We see that

D(l‘n, yn) < KD(l'm Zn) + D(Znayn)

This implies that
D($n7yn) - D(Znawn) S KD(.’L‘n, Zn) + KD(wnyyn)

Similarly,
D(zp,wn) — D(xpn,yn) < KD(zpn, xpn) + KD(yp, wy).



Answers to Kirk-Shahzad’s Questions on Strong b-metric Spaces 1181

Therefore,
(2.6) |D(xp, Yn) — D(zn,wp)| < KD(2y, 2n) + KD (wy, yn).

Letting n,m — oo in (2.6) and using (2.5) we get lim,_ o0 |D(Zn, yn) — D(zn, wn)| = 0.
Thus lim;, 00 D(2n, Yn) = limy, 00 D(2,, wy). Therefore, the function D* is well-defined.
In the next, we shall prove that (X*, D* K) is a strong b-metric space. For all

¥, y*, z* € X* we have
1. D*(z*,y*) = limp—00 D(Zp, yn) > 0 since D(xy,y,) > 0 for all n.

2. D*(z*,y*) = 0 if and only if lim,_,oc D(zpn,yn) = 0, that is, {x,} ~ {yn}. This is

equivalent to x* = y*.

3. D*(z*,y*) = limp—00 D(Zn, Yn) = limy—y00 D(Yn, ) = D*(y*, 2*) since D(zp, yn) =
D(yp, xy,) for all n.

4. D*(x*, 2*) = limy—yo0 D(@n, 2n) < limy, 00 [D(Tn, Yn) + KD(yn, 2n)] = D*(z*, y*) +
, 2

KD*(y*, z%).
So (X*,D*, K) is a strong b-metric space.

For each z € X, put f(z) = [{z,z,z,...}] € X*. We see that f is an isometry
from (X, D, K) into (X*, D*, K) since D*(f(z), f(y)) = limy—00 D(z,y) = D(z,y) for all
z,y € X.

Next, we will prove that f(X)is dense in X*. If 2* = [{z,,}] € X* then lim,, ;00 D (2,
Ty) = 0. For each i € N, there exists n}) such that D(zy,,z,,) < 1/i for all n,m > nj.
This implies that

0 < D*(f(zy;),2%) = lim D(2,;,2n) <

n—o0 ]

So lim; 00 D*(f(:cné),x*) = 0. This proves that lim; , f(:z:né) = z*, that is, f(X) is
dense in X*.

Next, we will prove that (X*, D*, K) is complete. Let {z}} be a Cauchy sequence in
X*, where z7, = [{z'},] for some {z}}, € C. Then
(2.7) lim D*(z),xz),)=0.

7,Mm—00

Note that the open ball B(z}, ) is open by Remark (2) From the fact that f(X) is

dense in X*, for each n there exists y, € X such that

1

(23) D*(F (o). 3) < 7

By (2.8)), for all n, m, we have
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< KD*(f(yn), xy) + D™ (27, f(ym))
< KD*(f(yn), ay,) + D™ (25, 23,) + KD (@, f(yYm))

1 * * * 1
Letting n,m — oo in (2.9) and using (2.7]) we get
(2.10) lim  D(yn,Ym) = 0.

n,Mm—00

Thus {y,} is a Cauchy sequence in (X, D, K). Put y* = [{y,}] € X*. From ({2.8)) we have

D™ (27, y") < KD(a, f (yn)) + D" (f(yn), y7)

1 .
(2.11) < Koot lim D(yn, ym)

1 .
= —+ lim D(Yn,Ym).
n = m—oo

Letting n — oo in and using we have lim,_,oo D*(x},y*) = 0, that is,
limy, 00 ) = y* in (X*, D*, K). Therefore, (X*, D*, K) is complete.

Finally, we prove the uniqueness of the completion. Let (X7, Dj, K1) and (X5, D3, K2)
be two completions of (X, D, K). For each z] € X7, there exists {z,} C X such that
limy, 00 fi(xn) = @} where fi: X — X7 is an isometry. Since {fi(x,)} is convergent,
{fi(zn)} is a Cauchy sequence in X;. Since f; is an isometry, {z,} is a Cauchy sequence
in X. Note that there exists fo: X — X3 which is also an isometry. Then {fa(z,)} is
a Cauchy sequence in X3 and thus there exists x5 € XJ such that lim,_,o fo(zy) = 3.
Define ¢: X{ — XJ by ¢(x7) = 5. We will show that ¢: X7 — X3 is a bijective
isometry. Indeed, if y5 € X3 then y5 = lim, o f2(yn) for some {y,} C X. Since {f2(yn)}
is convergent, {f2(yn)} is a Cauchy sequence in X;. Since f is an isometry, {y,} is a
Cauchy sequence in X. Also, fi is an isometry, { f1(yn)} is a Cauchy sequence in X}. Then
there exists yi = limy o0 fi1(yn). Therefore, y5 = (y). This proves that ¢ is bijective.
Moreover, for every z*,y* € X with «* = lim,—,~ fi(z,) and y* = limy, 00 f1(yn), by

using the continuity of D] and D3, we have
Di(z*,y") = h_>m Di(f1(zn), fi(yn)) = lim D(zp,yn)
n—oo n—oo
= Tim D3(falan). folun)) = D3(e("). 0(")).

This implies that ¢: X7 — XJ is a bijective isometry which restricts to the identity on
X. O

Finally, the following example shows that techniques used in the proof of Theorem

may not be applied to b-metric spaces.
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Example 2.3. Let X = {O, 1, %, e %, .. } and

;

0 if ¢ =y,
Dia.y) = 1 if © #y € {0,1},

z—y| fz#ye{0}u{s n=12,..},

4 otherwise.

\

Then D is a b-metric on X [2, Example 3.9]. Put z, = 1, y, = o

om?

for all n. Then {z,}, {yn}, {2zn}, {wn} are Cauchy sequences and {z,} ~ {z,} and

zn =1 and w, =0
{yn} ~ {wy}. However,

n—00 n n—oo

1
lim D(xp,yn) = le D (1, 2) =4%#1=D(1,0) = lim D(zp,wy).

This shows that the formula (2.1)) is not well-defined for the above b-metric D.

Though the above example shows that techniques used in the proof of Theorem
may not be applied to b-metric spaces we do not know whether Theorem [2.2] fully extends
to b-metric spaces or not. So we conclude with the following question.

Question 2.4. Does every b-metric space have a completion?
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