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One Generalized Critical Point Theorem and its Applications on

Super-quadratic Hamiltonian Systems

Qin Xing, Fei Guo* and Xiaofei Zhang

Abstract. In this paper, we prove a generalized critical point theorem under the
condition (C), which is weaker than the (PS) condition. As its applications, we obtain
the existence of the solutions for the Hamiltonian systems with a new super-quadratic

conditions generalizing one in papers [2] and [12].

1. Introduction

Let p,q € CY(R,R"), z = (p,q) and H € C'(RxR?",R), then we consider the Hamiltonian
system

p - _H(/](tv Z)v

g = Hy(t,z2),

(1.1)

which also can be written as 2 = JH.(t, z), where H, = %—Ij = (H,, Hy) = (%—g, %—ZI) and
J = ( I(l *é”) with I, being the n x n identity matrix. For simplicity of notations, we de-
note (p,q) = (P1,- -+ s Py Q1,1 Gn), (Pisqi) = (0,...,piy...,0,...,¢,...,0), and whenever
without confusion we use the same symbols p;, ¢; to represent the vectors (0,...,p;,...,0),
(0,...,¢,...,0) and the numbers p;, g;.

In the pioneer work of paper |10], using minimax method, Rabinowitz established the
existence of periodic solutions of the autonomous Hamiltonian systems with a classical

super-quadratic condition, that is,

(S) there exist constants 6 € (0, 1) and R > 0 such that

OH!(t,2)-2> H(t,2) >0, (t,z) € R x R* with |2| > R.
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Besides the minimax method, several different methods have been introduced to study
system (L.I). In paper [1], Ambrosetti and Mancini got the solutions of minimal period
for convex super-quadratic Hamiltonian systems via the “Fenche dual” of Hamiltonian
functions introduced by Clarke in [4]. The Maslov-type index theory was applied to study
the minimal periodic solutions of the classical super-quadratic Hamiltonian system in [5,7].

Meanwhile, generalized super-quadratic conditions covering the condition (S) raised in
many literatures, such as |2,6,8}/12] and references therein. Zhang and Guo [12] considered

the existence of periodic solutions of the Hamiltonian systems with the super-quadratic
condition (S;), that is,

(S1) there exist constants ¢1,c2,0,7 > 0 and 3, u,v > 1 with i + % < 1 such that
(1.2)
1, 1_, 1 1 8 om
;Hp(t,z) -p+;Hq(t,z)-q— p—f—; H(t,z) > c1|z]” —ca, (t,2) € R xR,

H(t
(1.3) 1+E( = 1+Z
lp|"" + g

— +00, as |z| = oo uniformly in ¢.

An and Wang [2] considered the existence and multiplicity of periodic solutions of the

Hamiltonian systems with the super-quadratic condition (S2), that is,

(Sy) there exists a vector field V(z) with form

1
a 0 0 0
. 0 L 0 .. 0
V=)= 0 aon 1 0o|°
B
0 0 0 BL

and a constant R > 0 such that for [z| > R, t € R, 0 < H(t,z) < H.(t,2) - V(z),
n.

where «; and 5; are positive numbers satisfying a% + i =e<1,i=1,2,...,

An and Wang |2, Lemma 2.2] also showed that condition (S2) implies that there exist
constants aq, as > 0 such that

n ~
(1.4) Ht,2) 2 a1y (’pi\ai + \qi\ﬁi) —a, (tz) €RxR™,
i=1
The (PS) condition plays an important role in the critical point theory, and has a

weaker version called the condition (C). We recall the (PS) condition and the condition (C)
as follows.
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Definition 1.1. Let E be a real Banach space, I € C'(E,R), we shall say a functional I
satisfies the (PS) condition, if any sequence {z,,} satisfying that {I(z,,)} is bounded and

I'(z,) — 0 has a convergent subsequence as m — +00.

Definition 1.2. Let E be a real Banach space, I € C'(E,R), we shall say a functional
I satisfies the condition (C), if any sequence {u,,}, such that {I(uy,)} is bounded and

1T (wm)|| (1 + |Jum]|) — 0, has a convergent subsequence as m — +oo.

The second and third authors proved the existence results via a Generalized Mountain
Pass Theorem under (PS) condition in [12]. In Section [2, we will prove a generalized
critical point theorem under the condition (C) instead of the (PS) condition. In Section [3]
as the applications of the generalized critical point theorem to Hamiltonian systems, we
generalize the existence results of periodic solutions for system (1.1) in [12] with the

following conditions.
Theorem 1.3. The system (|1.1) possesses a nontrivial T-periodic solution, if H satisfies

(H1) H € CYR x R?*" [0, +00)) is T-periodic with respect to t;

(H2) there exist constants o1,...,0pn,T1,...,Tn > 1 such that
H(t, z) : .
m . . — 0, as|z| = 0 uniformly in t;
_l’_J J’_i@
> (Ipd" + 1l )
i=1
H(t
(H3) — (t,2) — 400, as |z| = +oo uniformly in t;
1+ 14+t
> (Il + )

=1

(H4) there exist a vector field V (z) and constants c1,c2 > 0 and B > 1 such that

H.(t,2) - V(2) — H(t,2) > c1 |2|]° — o, (t,2) € R x R?",

where

L 0 0 0
a

0 Lo 0

V(z) = t z
0 0 B 0
1

0 0O O o

with «;, B; > 0 satisfying a% + é =1(@G=12,...,n);
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Y ) o1

(H5) there exists a constant A € (max {‘;—11, T } 1+ ﬁ) such that
[H.(t2)] < x|z +1),  (t,2) € Rx R,
where 01,...,0n, T1,...,Tn, and co are as above.

Remark 1.4. Suppose min{o1,...,0n,71,...,Tn} > max{o},...,00,7,...,7,} > 0 and
o > 0, then we have

n n

1 / /
(1.5) Z(\pz| +|a|™) > o Z(\pz’% +1gi|""), where |z| > V2n,
=1 =1
and
1 n n
(1.6) o D (pl” +lal™) < 1217 < 2n)7 ) (Ipil” + lail”),
i=1 i=1

both of which will be used later.

Proof. Set L = max{|p1],...,|pnl,lq1l|,---,lanl}- By |z| > V2n, it is obvious that L > 1,

so we have that
1 n
%Z(‘pirri + |Qi|7—i) < Lmax{al,...,an,fl,..‘,f Z |pz Uz + |Qz )
1=1 i=1

Similarly, we get that

n

Z\pz +ail?) < 1217 < 2n)7 Y (Ipil” + lail)- -

=1
Remark 1.5. (1) If oy = B;, 0y = 7; (1 = 1,2,...,n), then o; = ; = 2, so (H4) and (H3)
become the super-quadratic condition in [6], that is, there exist constants dj,ds > 0 and
B > 1 such that

H(t,2)-2—2H(t,2) > di |2’ — do, (t,2) € R x R?",

H(t, z)
o — 400, as |z| = +o0.
z
2)lfoy=--=0p,=0,71=+--=1, =1, by (1.6), we have that
n
—— (P15 415 <7 (Inil T+ el
max{n1+?,n1+?} ;

<n(Ip"*% +1al*).

which implies that (H3) is equivalent to (1.3). At the same time, (H4) becomes (1.2)) if

o = ﬁ, Bi = 5 (i =1,2,...,n), so (S1) is a special case of (H3) and (H4), and

Theorem is an improvement of [12, Theorem 1.1].
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Claim 1.6. Function

n

1+t
(Ipid ™ + 1l 20 ) (1 + J2f)
=1

satisfies (H1)—(H5), but dissatisfies (S1) and (S2), where &, 1,04, 7; > 1, 0y, 7; satisfy that

0%4-%26(1':1,2,..., )andmax{ il FRRP i—:—gn‘}<2 and there exist two
integers i1 and ig (1 < i1, 72 < n) such that %1 # %, V(z) = d1ag{1+%,...,1+‘;—:,1+
71 Tn

0_717...75}-

Proof. Tt is obvious that H satisfies (H1)—(H3).
SetB:min{l—i—%,...,l—i—i—:,l—i—%,...,l—i—;—z} and b =max{Z,... 2= L .,
;—’;}, it is obvious that b < 1+ f and 1 < 5 < 2.
Step 1. We will check that H satisfies (H4). Set a; = 1+ 7 and 3; = 1 +
(i=1,2,...,n), for (t,z) € R x R?" with |z| > v/2n, by (1.5) and (1.6)), we have that

H(t,2) - V(2) — H(t,2)

z) -

1 gi ER 3

— |\ 1+ =) Ipl7 "1+ ]z)
1 (67 T;

g _ = 1+Z 14+ 2%
U 14 193 (1 1) )

1+\ 142 —

617, ((1 + z> |q2|<71 lnn(l + ‘Z|§)
577’2‘ 1 1+ ‘z‘g)z <\p2] i+ ‘Qz‘ ‘”)) il ]

n

7

1
1+‘ | i=1
n 149 LT
++ +=t
=30 (Il bl ) m( [219)
=1
n
1 1
S (ol 5 il
_fnln”—1(1+|2|£) |Z|E =1 i ‘ Zn:(|p-|1+?+|q-|1+;i’>
1+rz|£ 22 2\ :
> S -1y f (1 D R
=1
&n 1 I
> 5501 g W2 §Z<|pzrﬁ+\qz\ﬁ>
=1
gn(1n2)77*1 | |B
z
= Cn)fip+2)

o (H4) is proved.
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Step 2. We will check that H satisfies (H5). Choosing A € (b,1 + /), by Remark
we have that

n n

S (Ipil™ 1l ) w123 (ol ™+ il ) :
i=1 _ i=l (1 +[2])
|2 |2[° |2[A
n o i
Z(Uh”” +|Qi|‘”> ¢
< =l CIn(1 + |2]°)

(1.7) A—b

—_ n
95 Ti z
n?> (Ipi\” qu’!"") i
=1

_ (1 )
4n? 2|70

— 0, as|z| > +oo.

Similarly, we also have

- 2"

S (I ) Wt (1 () S

i=1 1+ |z]

2
(1.8) - 14
| S (Ind 7 el ) @ )
_ =1 . Z|
o1 1+ Joff

— 0, as|z| = +oo.

Assuming R is sufficiently large, if |z| > R, (1.7) and (1.8]) imply that

n
e ) < 3 (1 2 ) ot w0 149+ (10 2l w0+ 519
i=1 i
. 142 1+2 1 e |2
+2nen Y (Ipil "+l ) W71+ |49
P 1+ |z|
n o T
<463 (Inal™ + g™ ) W1+ ]2f)
=1
zn: 1 |Z’§_1
+ 200> (Il 7+l ) W 1) S —
A\ 1+ |26
SCQIZ‘/\v

thus (H5) is proved.
Step 3. We will check H dissatisfies (S1). Choosing arbitrary constants p,v > 1, we

O-'LO

know that there exists an integer ¢ such that £ ~ # —2. Without loss of generality, we may
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assume & > 2L Set p = (p1,0,...,0), ¢=(0,...,0) and 2 = (p,q), then we have

1 1 1 1

1 4 p1]¢
(1 " ) o] (1 [pa©) + €l W (1 4 \P1|£)7‘5
n 1+ [p1
1 1421
(53 Il ol
woov
42 ¢ o 1 Ip1[*
= pif " (L4 |paf*) [ — — — ) In(1 + |p1]) e e
KT 1+ |pi|
— —00, as |z| = +oo,
which violates (S1).
Step 4. We will check H disstatisfies (S3). Choose constants ay, ... ,@n,gl, ey Bn
with i +L1 =e<1(i=1,2,...,n). Without loss of generality, we assume a; > Bl‘

Bi

If"ollrf1 1<0,set p=(p1,0,...,0), ¢g=(0,...,0) and z = (p, q), then we have

H.(t,2)-V(z) — H(t, 2)

1+2L _ P
<1 + > ‘p | T1 lnn(l + |p1|5) +£77 |p1| +7—1 In” 1(1 n |p1‘£)1—’{_1|||E]
4!

1
o

1421
—[pa| T (1 | )

1+ _
= [pa| T N1+ [pa )

13
o1+ T Y41
<A —1>1n(1+|p1|)+€77| | 7

a171 L+ |p1

— —00, as |z| = +oo,

which violates (S2).
If 01+Tl — 1 > 0, which implies that ”1+Tl < 7,47, then we have

1 1 Qa
UL+71—1:<6—A> N <e—A> M _1<0.
Bio1 o1 ay ) a;—1

Similarly, set p = (0,...,0), ¢ = (¢1,0,...,0) and z = (p, q), then we have

H'(t,2) - V(2) — H(t, 2)

3
71 _ o1+ T
= g1 "o WL+ ) (A - 1) In(1 -+ Joa) + €20
g 1+ g

171

— —00, as |z| = +o0,

which violates (Sz2). Thus we complete the proof.
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Claim 1.7. Condition (S2) implies (H3) and (H4). That is, the super-quadratic conditions

are generalized in our paper.

Proof. Set o; = &y, 7, = //B\ia let
n n

1+7E 17t ~ a; B:
w(zx) =3 (Il 1l ) and 32) = (Il + lal”).

i=1 =1

we claim that g g — 400, as |z| = 4o00. If not, we have that

.. . w(2)
lim inf =a < +00.
|2|—>+oo w(2)

Then there exist a constant R € N* and a consequence {z,,} such that |z,| — 400 as
m — +o00, and &(zp) < (a + 1)w(zp,) for m > R. Meanwhile, note that = -+ % <1

(i=1,2,...,n), we have that 1+‘;Z = 0; (ai—l—[g%) < qj, 1+§—i <B\Z- (1=1,2,...,n).
Set zp, = (P, ..., 00", ¢1", - .., q)"), it is obvious that

0

V

O(zm) — (a+ 1)w(zm)

;[( F0wr ) (1 - )|

— 400, as m — +0o0,

which is a contradiction. So (S2) implies (H3).
Next, set a; = S, 8, = 962 and § = min {@1,..., @0, By, B}, by (TD), (T3

(3

and (L.6)), note that 1 = % (i=1,2,...,n), we have that

(673 1

H(t,2) - V(2) — H(t,2) =+ (HL(t.2) - V() — et (1, 2))

1
>~ CH(t,2)

€

a1(l — ¢€) — = 3. as(l — ¢
> @~ > <\pi\°‘l + ‘Qi‘ﬁl) _alz9

€ P €

a1(1 —€) — ( 3 5) az(1—e€)
> 22 7 ) ) A S
> T 2 (i o) -

a1(1 ) ‘ ’5 a2(1 — 6)

e(2n)B+1 e

for (t,z) € R x R?" with |z| > v/2n. So, (S2) indicates (H4). O



One Generalized Critical Point Theorem and its Applications on Super-quadratic Hamiltonian Systems 1101

2. One deformation theorem and generalized critical point theorem

Firstly, we introduce some notations. We denote by E a real Banach space, by E* its
dual, and by (-,-) the pairing between E* and E. Let Bgr(u) denote the open ball in
E centered at u with radius R > 0. For some ¢ € R, we set A, = {u € E | I(u) < c},
Ke={ueE|I'(u)=0,I(u)=c} and E={u € E | I'(u) # 0}.

Lemma 2.1. [3] If functional I € C*(E,R), then there exists a locally Lipschitzian con-
tinuous mapping ¢: E — E satisfying the conditions

(2.1) lé(ull < and (I'(u),é(w)) > 1, Yu € E.

2
1" ()

Remark 2.2. From the proof of [3, Lemma 2.4], we know that the above mapping ¢ is odd

in u, if I(u) is even in u.

The following Theorem is similar to |11, Theorem A.4] except for condition (C),
also similar to |3, Theorem 2.1] except for the following result (4) and (8).

Theorem 2.3. Let I € CY(E,R) and satisfy the condition (C). If c € R, € > 0 small
enough, and N is any neighborhood of K., then there exists an e € (0,2) andn € C([0,1] X
E,E) such that

(1) n(0,u) =u, Vu € E,
(2) n(t,u) =u, VYt €[0,1] and I(u) ¢ [c —E,c+E|,
(3) n(t,u) is a homeomorphism of E onto E for each t € [0,1],

(4) |In(t,u) —ul < ki + k2||ul|, where t € [0,1], k1 > 0 and ka > 0 are constants
independent of u, thus n: [0,1] x E — E is a bounded mapping,

(5) I(n(t,u)) <I(u),Vte€[0,1] andu € E,

(6) n(1,Acte \ N) C Ac—e,

(7) if Ke =2, then n(1, Aes2) C Ao,

(8) if I(u) is even in u, then n(t,u) is odd in u.

Proof. The idea comes from [8] and [11, pp. 82-85]. We assume K. # &.

First of all, we observe that K. is compact via condition (C). Let M, denote the o-
neighborhood of K, i.e., M, = {u € E | ||lu — K.|| < 0}. We choose o suitable small such
that M, C N, therefore it suffices to prove (6) with N replaced by M,. Choosing R > 0
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large enough such that (A.iz\ Ac_2) N (Br(0) \ M,/g) # 9, from the condition (C), we

can claim that there exist constants b > 0 and £ > 0 such that
(2.2) |7 ()| >0, ue (Aera\ Ac—z) N (Br(0) \ Myys).
If does not hold, then there exists a sequence {u,,} such that
Um € (Act1/m \ Aec1/m) N (Br(0) \ M,/5) and HI’(um)H — 0 as m — +oo.

Therefore we can get that {I(u,)} is bounded and (1+ [Jup,||) [|I'(um)| — 0 as m — +oo.
By the condition (C), there exists a subsequence of {u,,} converging to u € K.\ M, s.
But K.\ M, /3 = @, hence (2.2) holds. Similarly, we can get

(2‘3) HI/(U)H >b, ue (Achg\ Ac,g) N (MO' \ MO’/S)
and
(2.4) HI/(U)H >0, u€ (Acqae\ Ac22) \ Moo

Since (22.2), (2.3) and ([2.4)) still hold if € decreases, we can assume

~ . [b 1
(2.5) 0<€<m1n{g,a,s,2}.

Choosing any ¢ € (0,¢), we set A = {u€ E|I(u) >c+corI(u)<c—E}, B =
{u€e E|c—e<I(u) <c+e}, and the function

i — A
F(u) = ,
W = AT+ Tu=B]

then f = 0on A, f =1on B, and 0 < f(u) < 1, Vu € E. It is obvious that f
is locally Lipschitzian continuous. Similarly, there is a Lipschitzian continuous function

_ [[u—Mo s | - o
g(u) = ||u—Ma/sH+Hu—E\Ma/4'H with 0 < g(u) < 1, Vu € E. Note that if I is even, sets A,

B and M, will be symmetric with respect to the origin, so f and g are even functions.
Set U(u) = f(u) - g(u), Vu € E then

0, ifugd I ((c—Ec+E e M, s,
(2.6) () = if u ¢ ((c—E&c+E))oru /8
1, ifuel c—ec+e)) and u ¢ M, /4.

Furthermore, consider the mapping Vy: £ — FE defined by

~U(u)p(u), ueE,
0, ué¢ b,
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where ¢ is defined by Lemma [2.1] Obviously, Vj is locally Lipschitzian continuous in F
and Vj is odd if I is even. By the first inequality in (2.1)), we have

9 _
(2.7) [Vo(u)|| < m, VuekFE.

Next, we shall show that there exist two constants k1 > 0 and ks > 0 such that
(2.8) VoW < k1 + k2 [[u]l-

If u ¢ I"'((c—&c+E8)\ My, then Vo(u) = 0, so is trivial. Thus, we can
suppose that u € I"((¢c — & ¢+ &) \ My5. For R in (2.2), if [|ul| < R, then |[Vo(u)]|
is bounded via and (2.7). If |lul| > R, we can claim that there exists a constant
d > 0 such that ||[I'(u)|| > &/|lul|. Otherwise, there exists a sequence {u,,} such that
Um € I ((c =8¢+ 8)) \ Mys, llum|l > m and [|um | [I'(um)|] < 1/m (m large enough),
we can get that the sequence {u,,} has a convergent subsequence via the condition (C),
which contradicts to [[um| > m. So we get [|[Vo(u)| < 2 |Ju|| via (2:7). So we conclude
that holds everywhere.

Consider the following initial value problem,

dn(t,u)
o) 0) — Von(a, ),

n(0,u) = u.

The basic existence-uniqueness theorem for ordinary differential equations implies that for
each u € F, has a unique solution defined for ¢ in a maximal interval (t=,¢T). As
usual argument, we have t* = 4o0.

The continuous dependence of solution of on the initial value u implies n €
C(]0,1] x E,E) and implies (1) holds. Since € > &€, Vy(u) = 0 on A, so (2) is true.
The semigroup property for solutions of gives (3). Integrating on [0,¢] C [0, 1],
using and (1), we have

In(t,w) =00, w)l| < (k1 + ka [[ull) [t] <k + K [|u] -

Hence (4) holds. An argument similar to that in the proof of |3, Theorem 2.1] shows
that (5) and (6) hold. If I(u) is even in u, we know that Vj(u) is odd in u. We can get
n(t,u) is also odd in u via the basic existence-uniqueness theorem for ordinary differential

equations, hence (8) holds. O

Remark 2.4. (2.1) can be replaced by

(2.10) p(u)] < ma

(2.11) (I'(u), p(u)) > B,
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where a > 3 > 0. Moreover, the proof of Theorem [2.3]is essentially unchanged aside from
replacing (2.5) by 0 < £ < min {E, o, i—g, é )

The following result is similar to [11, Proposition A.18], the difference is the (PS) con-
dition replaced by the condition (C).

Lemma 2.5. Suppose E is a real Hilbert space, I € C1(E,R) satisfies the condition (C),
where I(u) = 1(Lu,u) + ¢(u), L is self-adjoint and ¢’ is compact. Then

n(ta ’lL) = exp(@(t, U)L)u + K(tv u)a
where 0 € C([0,1] x E,[0,1/b%]) and K: [0,1] x E — E is compact.

Proof. The idea comes from [11]. Because the (PS) condition is replaced with the condi-
tion (C), we must modify the proof in |11].

The mapping 7 is determined as the solution of the initial value problem

D= —wms(), nf0.u) =
where U is the mapping defined in , 0 < ¥(n) <1 and ¢ is the mapping defined in
Remark With a=2,p=1/2.

Case 1. Ifu ¢ D := {ueE|I(u)€|c—&c+& and u ¢ M,s}, then ¥(u) = 0.
From the basic existence-uniqueness theorem for ordinary differential equations, we know
that n(t,u) =u ¢ D, Vt € R. Thus, the orbit n(¢,u) cannot enter D for t € R.

Case 2. If u € D, we can claim that the orbit n(¢,u) cannot leave D for ¢ € R.

(2.12)

Otherwise, for some tg, 1(tg,u) ¢ D. Setting n(to,u) = up, we can check that 7(¢,u) = ug

is a solution to the ordinary differential equation

P = —wmon),
n(to,u) = up.

From the basic existence-uniqueness theorem for ordinary differential equations, we have
the solution n(t,u) = ug ¢ D, Vt € R. This contradicts to the fact that n(0,u) =u € D.

Considering Case 2, ¢ need only be defined on D. We note that ||I'(u)|| > 0 on D via
. We claim such a ¢ can be chosen so that

Lu+ W(u)
1 (u)®
where W: E — FE is compact. We will prove in Lemma later. Assuming this

for the moment, becomes

(2.13) o(u) = ueD,

Ln W(n)
— 4+ v = -V
at Y = Y e
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Considering 7 in the argument of ¥, I’ and W as being known, 7 satisfies an inhomogeneous

linear equation and therefore it can be represented as

n(t,u) = exp <<— /Ot mds> L> u+ K(t,u), YueD,

where K : [0,1] x D — E is defined by
Rt u) = —exp ((‘ /0 !\;J(:?(ii,lg)))IIQ ds) L)
: /o {exp <(/o Hfg((:g))u? ds) L) M”ﬁ?&)ﬁﬁﬁ? 2| ar
Now, we define a functional ¢ on [0,1] x E as follows:

_Vn(t )
Yt u) = 1T (n(t,w)|*

0, otherwise.

u € D,

By the definition of ¥ and (2.4)), it is obvious that ¢ € C([0,1] x E, E).
So we have that 7(¢,u) has the following form

0t u) = exp <(/Ot —(s, ) ds) L) u+K(tu), ueb,

where K: [0,1] x E — E is defined by

K(tu) = — exp <(/Ot (s, u) ds) L)
« /Ot [exp ((/OTWT, u) ds) L) D W)W ((r,w)) | dr.

To see that K: [0,1] x E — F is compact, suppose F' C E is bounded. Without loss
of generality, we may assume F' = Bp, (0) for every fixed Ry > 0. From Theorem [2.3|(4),
n([0,1]x Br,(0)) C Bg,(0), where Ry = Ry+k1+kaR1. Therefore W (n([0,1] x Bg,(0))) C
W (B, (0)) C W(Br,(0)).

(i) If DN Bg,(0) = @, we know that K(t, Bg,(0)) = 0.

(ii) If DN Bg,(0) # @, from (i), we have that K(t, Bg,(0)) = K(t, DN Bg,(0)) U{0},
we only need check K (t, D N Bg, (0)) is compact. It is similar to (2.2)), we can get

(2.14) |7 (uw)|| = b, Yue DN Bg,(0).

For any fixed ¢ € [0, 1], we set Y; = {exp((’y —y)L)wz | v, w € [0,1/b%],2 € W(BRz(O))},
where 7, is a constant and v, € [0,1/b%]. Since the mapping

(v, w, 2) = exp((y — 1) L)wz
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is a continuous function on the compact set [0, 1/b%]?> x W (Bg,(0)), its range Y; is compact.
Therefore the closed convex hull Y; of Y; is also compact. For every fixed u € DN B r,(0)
and V7 € [0,t], we have [] ¢(s,u)ds € [0,1/b% and fo s,u)ds € [0,1/b%] via the
definition of the functional ¥ and -, we can get

20(7) 1= exp <(/OT¢(3,U) ds — /Otw(s,u) ds) L) b(r, W)W (n(r, 1)) € Vi

Hence, fg zeu(T)dT € Y;. From (1) and (ii), we can get K is compact.
Finally, we can choose 6(t,u) = —fo s,u)ds, it is obvious that 6 € C([0,1] x
E,[0,1/6%). 0

Next, we will prove that (2.13)) holds, to this end, we first prove the following lemma.

Lemma 2.6. Let E be a real Hilbert space and operator T: E — E be compact. Then
given any vy, there erists a mapping T: E — F such that T is compact, locally Lipschitzian
continuous, and

HT(u) - f(u)H < #Hul! VueE.

Proof. The proof is similar to |11, Proposition A.23], except that we need replace the

open covering {S, | u € E} with the open covering {S, | u € E}, where S, := By(u) N

{ve B ITw) Tl < ¥ Ru = suep,w {I10]} }- 0
To complete the proof of Lemma [2.5, we need the following lemma.

Lemma 2.7. Suppose E is a real Hilbert space, I € C1(E,R) satisfies the condition (C),
I(u) = &(Lu,u) + ¢(u), L is self-adjoint and ¢' is compact. Then there exists a locally
Lipschitzian continuous mapping ¢: D — E defined by

b(u) = Lu+ W(Zu)
1 (w)]
where W: E — E is compact and ¢ satisfies (2.10) and (2.11)) with « =2 and g =1/2.

Proof. Tt is similar to , there exist constants A > 0 and £y > 0 such that
(2.15) At Jul) [P = B, Vu e Az, \ Acgy) \ M

Since still holds if €y decreases, we can set £y = £, so we have that
(2.16) (L4 flul) |[I'(u)|| = h, VueD.

Next, we will check ¢(u) = LH“;(*W satisfies (2.10]) and (2.11)) with « =2 and g = 1/2
on D. Set T'(u) = ¢'(u) and v = h/2, from Lemma we know that there exists a

mapping W: E — E such that W is compact, locally Lipschitzian continuous, and

h

w) < A+ ul)’ VueE.

" ()
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From the definition of ¢, we know that ¢ is Lipschitzian continuous. For every u € D,

using ([2.16[), we know that

[Lu+ W@l _ [[Lu+ ¢ (W] | ll¢'(w) = W)

(L (O] 12 ()
1 2

h
= Tl " 201 ) PGl =TTl

o)l =

and

(1) o) = (1), 2 - (1, E= )

11" (w) > 1 (w)|?
S L h 1_1
SRR TEN YIS 2 2
Thus we complete the proof. O

We have completed the proof of Lemma [2.5] via Lemmas [2.6|and 2.7] Next, we will give

a generalized critical point theorem under the condition (C) weaker than (PS) condition.

Theorem 2.8. Let E be a real Hilbert space with E = Ey ® Eo. Suppose I € C1(E,R)
with 1(z) = 4(Lz, z) + ¢(2) satisfying the condition (C) and

(I1) L is a linear, bounded and self-adjoint operator,

(12) ¢’ is compact,

(I3) B(v) = PyBy'exp(vL)By: Ey — Fa is invertible for any v € [0,+00), where
Py: E — Es is the projective operator, By: E — E (k = 1,2) is linear, bounded
and tnvertible.

(I4) there exists a constant k > 0 such that

(i) S={Biz|z€ Ey,|z|| =0} and I|s > K,

(i) @ ={Ba(se+2)|0<s<r|z|]| <M, ze Esy} and I|gpg <0, where e = (pT,
qt) € By, e#0,r > HBfligBﬁeH’ M > o and 0Q) refers to the boundary of Q
relative to {Ba(se +z) | s € R,z € Eay}, o > 0 is a certain constant.

Then I possesses a critical value ¢ = infper sup,eq I(h(1, 2)) > K, where I' is defined as

I''={h e C(]0,1] x E,E) | h satisfies (I'1)—(I'3)},

where

(T'1) h(0,2) =2z, z € Q,

(T2) h(t,z) =z, z € 0Q,

(T's) h(t,z) = exp(0(t,z)L)z + K(t,z), where § € C(]0,1] x E,[0,+00)) transforms
bounded sets into bounded sets and K : [0,1] x E — E is compact.
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Proof. The idea comes from [11].
Paper [8] shows that (I3) and (I4) imply

(2.17) h(1,Q)NS#@, VYhel.

By (2.17) and (i) of (I4), we have that ¢ > k. Book |11} p. 33] shows that (I12) and (I4)
1mply c < +o00.

Next, we claim that I' is an invariant set under 7(¢,-), where n(t,-): E — E is the
mapping in Theorem Because the (PS) condition is replaced by the (C) condition,
we must first show that n € T'. In fact, n satisfies (I'1) and (I's) via Theorem [2.3(1) and
Lemma From the choice of £, Theorem [2.3(2), the condition (ii) of (I4) and the fact
¢ > k> 0, we know that (I'z) holds. If h € ', |11} p. 33] shows that n(¢, h(t,u)) € I

Using the usual arguments and the above claim, we can prove that c is a critical value

of the functional /. The proof can be found in |11} p. 33], so we omit it. O

3. Applications to the Hamiltonian systems

After making change of variables ¢ = t/w with w = T'/(27), we seek T-periodic solutions

of the system (/1.1)) which correspond to 27-periodic solutions of the system
p(s) = —wH(ws, 2),
i(s) = wH(ws, 2).

We can hence-force focus our attention on 27-periodic solutions of the system (|L.1).

We introduce some notations and conclusions which are used later:
— WS R = { z € LS, R*™) | 2| = > lilla]* + laol* < +oo p
JEZL
where St :=R/277Z, 2(t) = > jezajexp(ijt), a; € Cc?".
Et = span® {(sin jt)ey — (cOS jt)epin, (cos jt)ey + (sinjt)egsn, j € N1 <k <n},
E° =R
E~ :=span” {(sinjt)ex + (oS jt)epin, (cos jt)ey — (sinjt)egpsn, j € N*, 1 <k < n},

where {eg};<p<q, is the canonical basis in R?". Set

2m 1 2m
Blz,(] = ; ¢-(=J2)dt and A(z):= 2B[Z,z}:/o p-qdt,

for z = (p,q), ¢ € C*°(S1,R?"), both of which can be continuously extended onto E. So

B is a bounded bilinear form.
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Set By = E*, By = E°® E~ and Ly: Ey — Ey, (Lyz,¢) = B[z, (] (k = 1,2), where
(+,-) denotes the induced inner product. References [10] and [11] indicate the following
conclusions. £ = Et ® E°® E~ = E| ® E,, and E*, E° and E~ are orthogonal
and B-orthogonal respectively. A is positive on ET, null on E° and negative on E~. If
z =2t 420427, then A(2) = 1(Lz,2) = A(z*)+A(z7) and | 2| = A(z“‘)—l—‘zof—A(z_),
where Lz := L1Piz + LoPsz and Py: E — Ej, (k= 1,2) is the projective operator.

Lemma 3.1. |11, Proposition 6.6] E can be compactly embedded into L*(S*,R*") (s > 1),
in particular, there exists a constant Cs > 0 such that ||z||;. < Cs||2|| holds for z € E.

Set I(z) = A(z) — 02” H(t,z)dt = 3(Lz,z) + ¢(2), book [11] tells us that finding
2m-periodic solutions of the system is equivalent to finding critical points of the
functional I(z) in E. Also, book [11] indicates that I € C*(E,R) satisfies (I1) and (I12) in
Theorem [2.8] if H satisfies (H1) and (H5).

Choose a fixed

e="q") =, ....00q ,...,qf) € BT

satisfying |le|| = 1, set E =span{e} ® By and W = {z € E |1 < |z]| <2 and |z7|| <
1%+ =013

Lemma 3.2. [12] There exists a constant 1 > 0 such that
measure {t € [0,27] | |2(t)] > 1} > €1, ze€W.

Lemma 3.3. Functional I satisfies the condition (C), if function H satisfies (H1), (H4)
and (H5).

Proof. The idea comes from [9].
Condition (H4) implies that

2m
/ (—=J2)-V(z)dt +/ (HL(t,z)-V(z) — H(t, 2)) dt
0 0
2r N 27
/ Qi'pidt+/ (HL(t,z) - V(z) — H(t,2))dt
0 =1 0

2m 2m
:A(z)—/o p-cjdt—i—/o (HL(t,z)-V(2) — H(t, 2)) dt
2m
:/O (HL(t,2) - V(2) — H(t,2)) dt

2
ch/ ‘Z|ﬂ dt—Qﬂ'CQ.
0
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Let {zpn} be a (C) sequence, that is, {I(zp,)} is bounded and (1 + ||z ||) [[I'(zm)]] — O as
m — +o00. We first claim that {z,,} is bounded. If not, there exists a subsequence {zn, }
of sequence {zp, } such that ||z, || = +00 as k — +o00. For simplicity of notations, we use

sequence {z,, } represent subsequence {z,, }, so we have ||I'(z,)| — 0 as m — +oo.
Inequality (3.1)) implies that

27
(3.2) t/ 2P dt < dy,
0

where d; is a positive constant. For 5, A in (H4) and (H5), set p = gﬁ—ﬂ > 1 and

= — _2p+1 B _ M8 By _ M8 S a
q = ]% = G then we have A — = = 7525 and 2q(\ — 5) = 5 x7- Holder’s

inequality, Lemma, and (3.2) imply that
2m A\
/ |2m| ‘z];’ dt
0
2 8 B
— [ el Pl 5
0
1 1
2m B\ D P 2w B q
< </ <‘Zm‘;) dt) (/ ’zm’(/\ p)q‘z;’;‘q dt>
(33) 0 1 0 1 1
27 » 27 8 2¢ 2q 27 2q
< ( [l dt) ( [ (1zn5) dt) ( |l dt)
0 0 0

1 B
< df lzml *Hin N2l 20
LB—2+1

1 B+
< df O \lzm || 227 ||z |,
where C' > 0 is the product of two powers of embedding constant in Lemma Lemmal3.1
(3.3) and (H5) imply that

2T
1T ) || |2 ]] = T (2m) - 28y = Al ) - 2y — | HL(t, 2m) - 27t

" 0
27
= (Lzp, z;;) — HL(t, zm) - z,,fl dt
0
27
(3.4) > 2|22 / |HL(t, 2m)| - | 5]
0

2
zzuzggyf_/o (c2 |zml + e2) |21 dt

> 2|2 — eadl C el 55 25| — eaCh ||

)

where C] is the embedding constant in Lemma (3.4) implies that

(3.5) Izt < (17| + exd? C 2|55 + eaC.
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Since 0 < 2%1’\1 <1 and [|[I'(zm)|| = 0 as m — 400, (3.5]) implies that
24

1z

(3.6) — 0, asm — +oo.

Similarly for z,,, we can obtain that

(3.7) |2 — 0, asm — +oo.
1zl

Since E? is finite-dimensional, there exists do > 0 such that

(3.8) |u|| < dz||ul|2, forallue E°.

(3.8), Holder’s inequality, (3.2]) and Lemma imply that

1 27 27 27 8 B+2
ZHZ,(;HZS/ 1202 dtg/ 2 2 dt:/ o [T (|52 at
d; 0 0 0
27 ﬁ 27 B+2 % 1 B+2
= (/ oml” dt) (/ lzm| 7 dt) < dit Cpaz ||zm]| 51,
0 0 5

where Cpi2 is embedding constant in Lemma (3.9) implies that
]

B

[[2m |
Hence, and (3.10) imply that

_ uz,mﬁ + 290" + 2l

2
[z

(3.10) — 0, asm — +oo.

—0 asm — +oo,

which is a contradiction. Hence {z,,} must be bounded.

Now we show that {z,,} has a convergent subsequence. We may suppose that z,, — 2
in E as m — +oo. Since 2|z — 2> = (I'(zm) — I'(2)) - (2} )+ JET(HL(t 2m) —
H.(t,2)) - (2 — 2T)dt, which implies that 2z — 2% in F as m — +oo. Similarly,

2 — z~ in E as m — +oo. Furthermore, the fact that E? has finite dimension implies

that 20, — 2% in E as m — +oco. Thus {z,,} has a convergent subsequence. O

Set M = max{o1 + 71,...,0, + Tn}, then there exist positive constants p; > o, v; >
Ti,x; > 1 (i =1,2,...,n) such that p; = z;0;, v; = ;7 and p; +v; =M (i=1,2,...,n).
Define operator 31: E — EasB1(p1,--sPnsq1y- -5 qn) = (0 1p1, .o, 0" ipp, 01 gy,

., 0" 1q,), where (p1,...,pn,q1,-..,qn) € F, and constant g is determined in Lemma
Then Bj is linear, bounded, invertible. Set S = {Bjz | ||| = ¢ and z € E }.

Lemma 3.4. There exist constants ¢ > 0 and x > 0 such that I|s > k, if H satisfies
(H1), (H2) and (H5).
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Proof. The idea comes from [12]. (H5) implies that there exist constants c¢5 > 0 and c¢g > 0
such that

(3.11) H(t,z) < cs+c6 2™, (t,2) € R x R¥.

For arbitrary € > 0 and using (H2), there exists a constant d. > 0 such that
n o i
(3.12) H(t,z)<ey. (ypi|”f7 + \ql-f*a) . (t,2) € R x R¥ with |2| < 6..
i=1
Choosing M, > max {2¢56-*"1, 2¢ }, and using (3.11)), (3.12) and (1.6)), we see
3
n ) ™
Ht,2) <23 (Il + gl 7o) + Moo
=1
- 14 Z 145
(3.13) <e> (Il 7 + el
i=1
n
+ M@ YT (I ) (2) e R xR
i=1

For z = (0" p1,..., 0" pp, 0 tq1,..., 0" 1q,) € S, note that ‘lf—z =2 (4 =

Ti

1,2,...,n), (3.13) and Lemmaimply that
2m 2m
I(z) =/ (@ 'pry 0 T ) (@ T 0P T ) dE - H(t,z)dt
0 0
n 27
2 Z/ Oy gy dt
i=170
n 27 " s - vi vi
_52/ (D050 ¥ DD g 145 g
i=170
n 27
_ME(Qn)% Z/ ( ()\+1)(VL71)| |1+/\ oD (ki=1) |qi|1+/\) dt
i=1"0
27
(3.14) > QM_Z/ p-gdt
0

- i M 128 o L
=3 Clpiora) [0V (i, 0) 1 E 4 e

14 Xi
(0, 0:) "+ |
At - v o
— M20) oy D (00D [y, ) 4 o (0,40
i=1

n At n o _
> oM =Y Clui,vi) (@™ + ™) = M272 Chya Y (@(”1) ‘4 Q(AH)M)

i=1 i=1
M (1 - QEZH:C(M, v;) — M( C,\+ z”: ( AFDvi— Q(/\+1)m—M)>
i=1 pat

where C(u;,v;) > 0 and Cy41 > 0 are embedding numbers.
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7Tn70-1 ,0-77.
Dpi—M =0and A+ 1y, =M > (2 + 1Ly, — M =0 (i =1,2,...,n). If we choose
g, 0 € (0,1) satisfying that

Note that)\>max{ﬂ T T—"}, so we have that (A + 1)pu; — M > (;—14-

n
1 _ 1
QEZC(M,W) <3 M(2n) 1 Chpq Z < Ot Dpi=M (AL M) <3
i=1 i=1
then (3.14)) implies that I|g > k= o™ /3 > 0. O
Define operator By: F — F as
BZ(pl) ey Pnyqly .- 7qn) — (ryl_lplu ce. 7ryn_1pn7 Tul_lql) cee 7T/1n—1qn)’

where (p1,...,Pn,q1,---,qn) € E, and constant r > 0 is determined in following Lemma
Then B, is linear, bounded, invertible. For s € R, 2+ = (pf, e 7p,il,qf[, .. .,qff) € E*
and 20 = (p¥,...,p%,40,...,4%) € E, define

f(s,e,z,zo) = s(r”lflpf,...,r”" 1pz,r‘“*1q+ ...,r“”*lq:{)
+(T”1_1pf,...,rl’" 1p pH1T 1ql, ..,T“"_lqg)

v—1_0 vn—1_0 ~1.0 -1.0
+ (Mg, T, T T g, TR T ).

Set Q = {f(s,e, 27,20 ]0< s <, Hz‘ + zOH < 7“}, 0@ refers to the boundary of @
relative to {f(s,e,z_,zo) |seR, 2" € E-,2% ¢ EO}.

Lemma 3.5. There exists a constant r >
(H1) and (H3).

m such that Ilaqg < 0, if H satisfies

Proof. The idea comes from [12].

94

1+ 1+ o
Set m = minj<j<p, { (%) i (%) g } and A1 = = m, where £1 is as in Lemma

Condition (H3) implies that there exists a constant Ay > v/2n such that

(3.15) H(t,2) zAlz(\pA T g ) (t,2) € R x R?™ with |z| > Ay.
=1

Fix r > max{ff +1, ||BllgB2€H}’ for any z = f(s,e,27,2°) € 9Q, we have
2w N
A(2) :/ Z (rHitvi2spt st et T2 ) dt

o1 _ M- 2/0 (sp* - st +p= ) dt
= M2 [A(s(p™,¢%)) + Al(p™.q7))]

M5+ P lef2
r ‘;(p .q )H - Tan)
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We will check I(z) < 0. The process is divided into several cases.

Case 1. If s = 0, then and (H1) imply that I(z) < 0.

Case 2. If s # 0, then z € 0Q indicates that either s = r and Hz* +ZOH < ror
0<s<rand Hz‘ + ZOH = r. Whatever the case is, we have 1 < [|Z]| < 2, where

= (517"'7ﬁn721vl7"'7an)
Lo~ 0 + =00 o~ 0 + 40
= ;(spl +p1 +p17"‘78pn +pn +pn73q1 +q1 +q17"'78qn +qn +qn)

Next, we will consider two subcases below.

Subcase 1. If ||(sp™ +p",s¢* + ¢°)|| < [[(p~,q7)|, then and (H1) imply that
I(z) <0.

Subcase 2. If H spT+ % sqT + 0| = (07 a7, set Qz = {t € [0,2n] | |2(t)| > &1},
L225(1)| = Van

€1

then Lemma implies that measure(Qz) > 1. For ¢t € Qz, we have

and

l2(t)] = | (" spf (8) + o7 (8) + 1Y), .. P T (st () + iy (£) + 1),
(3.17) P (sgi (1) + g7 (8) + @), - i (sg (1) + g (8) + 62))|
=r|z(t)] = re1 > As.

Using (3.17)), (3.15)), (1.5) and the choice of A;, we have

2A1Z(!m Y(spf ()+p;(t)+p?(t))]1+%+|r‘“_1(sqj(t)+q;(t)+q?(t))|1+%)

So (3.16)), (3.18) and (H1) imply that

2w
I(z) =A(z)— | Ht,z)dt<r™— [ H(t z)dt<0. 0
0 Qz
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Lemma 3.6. If H satisfies (H1)-(H3) and (H5), then (I3) in Theorem holds for I.
Proof. As |2, Lemma 2.8] demonstrates, for ¢ and r as in Lemmas B(v) (v >0)

has an explicit formula, that is,

B) ((p™,¢") + (@°,d"°)) = P.B; " exp(vl) By ((p~ %,4%))
= mi(o,7,s) r " . O>
; (0.7, 8) (D7, q;) ((Q) ( ) @),

where (p~,q7) € E~, (p°,¢") € E® and

r vi—1 r uiil T/J“i_l ,rI/i—l
2mi(o,1,8) = (g> + <Q) cosh(v) — 7 + F sinh(v).

We note that ¢ < 1 and r > 1, thus we have

vi—1 ,U'ifl p,i—l l/i—l
r r r r exp(v)
2m;(o,1,8) = <) + () -+ —
z( ) 0 0 Qul—l Qéh 1 2
v;—1 pi—1 wi—1 v;—1 _
r r r r exp(—v)
i () i (g) iz w] 2
9;
i—1 i—Vi
<T>V (rHivi — 1) (1)M ’ 1 exp(v)
0 0 2
Mi_l p,i—l v;i—1 _
r r exp(—v)
; ( ) ( ) Lo +Qw] L9 oo
K
So B (v): B9 — FEj3 is linear, bounded and invertible for v > 0. O

Finally, we shall give the proof of Theorem

Proof of Theorem [1.3] Book [11] and Lemmas imply that I € C'(E,R) satisfies
all conditions of Theorem [2.8] if H satisfies ( 1)-(H5). So there exists a critical point z of
I which is a weak solution of the system (1.1)) and I(z) > x > 0. [11, pp. 40-41] indicate
that z is a nontrivial classical 2w-periodic solution of the system . ]
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