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L-series for Vector-valued Modular Forms

Byungchan Kim and Subong Lim*

Abstract. Motivated by the recent works of Bringmann, Guerzhoy, Kent, and Ono [4]
and Bringmann, Fricke, and Kent [3], we introduce L-series for vector-valued weakly
holomorphic cusp forms, and mock modular period polynomials for vector-valued har-
monic weak Maass forms. In particular, we will discuss an integral representation of
this new L-series and the limiting behavior of special values. Moreover, we also give
relations between mock modular periods and L-series for vector-valued harmonic weak

Maass forms.

1. Introduction

Special values of L-series have played many important roles in analytic number theory. In

particular, after L. Mordell proved Ramanujan’s conjecture on 7 function
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many researchers have studied roles of L-series associated to modular forms in that 7(n)

is n-th coefficient of the unique cusp form of weight 12 on the full modular group. The
famous Birch-Swinnerton-Dyer conjecture is one of many examples showing that special
values of modular L-series are deep and important subject in number theory.

These L-series associated to modular forms have been defined for holomorphic mod-
ular forms for the convergence of L-series. However, in a recent work of K. Bringmann,
K. Fricke, and Z. Kent [3], they defined a modified L-series for weakly holomorphic modular
forms, which overcomes the difficulty arose from exponential growth of Fourier coefficients
of weakly holomorphic modular forms. Their main idea is using formal Eichler integral
and regularized period integral to define an L-series for weakly holomorphic cusp form

F(z) e S}c. More precisely, Bringmann, P. Guerzhoy, Kent and K. Ono [4] introduced the
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FEichler integral for weakly holomorphic cusp forms to study Eichler-Shimura theory for

harmonic weak Maass forms by defining the Eichler integral as a formal power series

Er(z) =Y a(n)n'~"¢",
n>>0
provided F'(z) has the Fourier expansion of the form ) . ja(n)q", where ¢ = exp(27iz)
with z € H, the upper half complex plane. Motivated from the fact that the period
polynomial for a cusp form encodes special values of L-series, Bringmann, Fricke, and
Kent [3] were able to extend L-series by regularizing the period integral.

On the other hand, vector-valued modular forms have played prominent role in number
theory like the classical modular forms have done. For example, R. Borcherds [2] used
vector-valued modular forms associated to the Weil representation to provide an elegant
description of the Fourier expansion of various theta liftings. M. Eichler and D. Zagier
in [9] showed that vector-valued modular forms are closely related with holomorphic Ja-
cobi forms through the theta expansion. In this light, it is natural to study L-series for
vector-valued modular forms. Bruinier and Stein [7] defined L-series for vector-valued
Hecke eigenforms associated to the Weil representation by using Hecke eigenvalues. In the
note we define vector-valued L-series for vector-valued modular forms using their Fourier
coefficients and study their basic properties. As an application, we show that the results
of Bringmann, Frick and Kent [3] can be extended to L-series associated to vector-valued
weakly holomorphic modular forms. This type of L-series has more applications includ-
ing the infinitude of sign changes for Fourier coefficients of Jacobi cusp forms [10] and a
relation between cuspidality and Hecke bound for vector-valued modular forms [11].

We also define Eichler integral for vector-valued harmonic weak Maass forms with Weil
representation, which extend Eichler integral for harmonic weak Maass forms in [4] to
vector-valued harmonic weak Maass forms. Let k be an even integer and let p: SLa(Z) —
GL,(C) be a p-dimensional unitary complex representation such that p(7") is diagonal,
where T'= (} 1). For any integer p > 1 let e; be the standard basis of CP. Let Sk denote
the space of weight k vector-valued weakly holomorphic cusp forms, i.e., those weakly

holomorphic modular forms whose Fourier expansion

(1.1) i Z )¢ Nie

2miz and

satisfies ag(j) =0 for all j € {1,2,...,p}. Here and throughout the paper, ¢ =e
Nj is a certain positive integer depending on p and j. For ¢y > 0 and F(z) € Sk’p with

Fourier expansion as in (|1.1)) we define L-series by

(1.2) L(F,s) :=
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with

= ST, (2mn)*
P an(§)T (k — s, f’;{,l,
et 3 i),
j=1 n>—M;

Here the incomplete gamma function, I'(s, z), is given by the analytic continuation (to an
entire function with respect to s and fixed z # 0) of fzoo e~'t*~1 dt. Absolute convergence
of L*(F, s) is guaranteed since I'(s,z) ~ 2 !e™® as x — oo and Lemma [3.5 implies that

an(j) =0 <eo ‘"') , as n — oo.

Using the modularity of F(z) we can show that is independent of ¢y (see the proof
of Theorem [1.1)).

Moreover, L*(F,s) has an integral representation. For this we require certain regu-
larized integrals motivated from [3]. Let F'(z) = 3°%_, Fj(z)e; be a continuous function

satisfying a growth condition: There is a ¢ € R* such that
(1.3) Fj(z) = O(e¥)

for each j uniformly in x as y — oco. Then we define the integral
100 )
(1.4) / e F(w) dw,
20

for each zy € H, where the path of integration lies within a vertical strip. The integral (|1.4))
is convergent for u € C with Re(u) > 0. If the integral (|1.4)) has an analytic continuation

to u = 0, we define the regularized integral by

R./ F(w)dw := [/ e F(w) dw] ,
20 20 u=0

where the right hand side means that we take the value at u = 0 of the analytic continu-
ation of the integral. Similarly, we define integrals at other cusps a. Specifically, suppose
that a = 04(ic0) for a scaling matrix o, € SLa(Z). If F(042) satisfies (1.3]), then we define

R. / " Fw)dw = R. / OO (Fla.y00) (w) dw,

20 Oq 20

where the slash operator |} , is defined by

(Flipy)(2) := (ez +d) Fp~ (y)F(72)
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for functions F on H and v = ( ) € SLy(Z). For cusps a, b, we set

R/ dw—R/ w) dw — R/

for any zg € H. This integral is independent of z5 € H. We now prove an integral
representation of L-series associated to a vector-valued weakly holomorphic cusp form
(c.f. Theorem [2.3)).

Theorem 1.1. If F(z) € S]

op? then

o0
(1.5) L*(F,s) = R./ F(iy)y* ' dy.
0
Furthermore, L*(F, s) satisfies the functional equation
L*(F,k —s) = i*p(S)L*(F, s).

Moreover, special values of L*(F, s) manifest a very interesting limiting behavior, which

is an analog of |3, Proposition 5.1].

Theorem 1.2. Let § =0 or 1, and F(2) = }7_; an—Mj an(§)q"Nie; € S,!€7p. Then,

. 2m(m; /N;)™ _, ) )
Jim, ZEEE L (Pn) = a0, () + (1) ),
n=¢ (mod 2)

for all j ={1,2,...,p}, where mj € N is minimal with am;(j) + (—1)°a_m, (j) # 0.

Before stating the next result, we recall properties of vector-valued harmonic weak
Maass forms. For details, look at Section |3| and the references therein. Every vector-
valued harmonic weak Maass form F(z) has the unique decomposition F(z) = F*(z) +
F~(z), where F1(z) (respectively F~(z)) is holomorphic (respectively non-holomorphic)
on H. Following Zagier, the holomorphic part FT(2) is called a mock modular form. The

2k8

differential operators D¥~1 with D := & and & = 2y > play important roles

in the theory. In particular, they deﬁne maps
D' Hy =Sy, and &_p: Hygp — Spp
For each v = (24) € SLa(Z), we define the y-mock modular period function for F*(z) by

(4m)k—1

P<]:+77;Z> = m(

]:+ - f+‘27k,p7)(z)'

We now consider vector-valued weakly holomorphic cusp form F(z) € S} , With Fourier
expansion as in (|1.1)). We use the formal Eichler integral of F(z) given by

Er(z) = Z _ (n7]@5§?€—1 qn/NjeJ"
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Then the period polynomial of F'(z) is defined by

r(F; z) = cx(EF — Erl|a—k,pS)(2),

where S = ((1) 51) and ¢ := — (12‘7(5);17)1' We then obtain the following theorem, which is

the vector-valued modular form version of |3, Theorem 1.2] and [4, Theorem 1.4].
Theorem 1.3. Suppose that F(z) € Ho_y .

(1) m = ZI:L;% w(Qﬂiz)k—Z—n‘

(k—2—n)!
(2) r(&a—k(F;2)) = —(El]j);l (D¥=1(F),Z) (mod 2"=2 — 1), where equivalence modulo
2%=2 — 1 means that the difference of the two functions is of the form c(z*=2 —1) for

a constant vector ¢ € CP.

(3) L({2—k(F),n+1)= (—1)"%L(Dk—1(}"),n + 1) for integers 0 <n < k — 2.

The rest of the paper is organized as follows. In Section [2, we introduce basic notion
of vector-valued modular forms and L-series associated to vector-valued cusp forms. In
Section [3] we introduce vector-valued harmonic weak Maass forms and review properties
of &_j, and DF~! operators. In Section |4 I, we prove Theorems [1.1] I . 1.2 and (1.3} . Besides

the proofs, we also introduce some implications of the results.

2. Vector-valued modular forms and their L-series

In this section, we introduce the basic notion of vector-valued modular forms following [12],
and define L-series associated to vector-valued cusp forms. We start with defining the

vector-valued modular forms.

Definition 2.1. Let k be an even integer and let p: SLy(Z) — GL,(C) be a p-dimensional
unitary complex representation such that p(T) is diagonal, where T = ({}). For any
integer p > 1, let e; be the standard basis of CP. A vector-valued weakly holomorphic
modular form of weight k& with respect to p on SLa(Z) is a sum F(z) = ? L Fj(2)e; of
functions holomorphic in H satisfying the following conditions:

(1) For all v = (2%) € SLy(Z) we have
(F'lr,p7)(2) = F(2).

(2) Each function F}j(z) has a convergent g-expansion holomorphic at infinity:

Fi(z)= ) an(j)g"™.

n>=—oo
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We write M,L p for the space of vector-valued weakly holomorphic modular forms of
weight & with respect to p on SLy(Z). There are subspaces My, and Sy, of vector-
valued holomorphic modular forms and vector-valued cusp forms, respectively, for which
we require that each a,(j) = 0 when n is negative, respectively, non-positive. We also let
Sl!a 0 denote the space of vector-valued weakly holomorphic cusp forms, which are weakly
holomorphic modular forms F(z) = ?:1 anfMj an(3)q"Nie; satistying ag(j) = 0 for
all j € {1,2,...,p}.

The following theorem is an analog of the elementary estimates for classical modular
forms of weight k, namely a(n) = O(n*) for holomorphic modular forms and a(n) =

O(n*/?) for cusp forms.

Theorem 2.2. |12, Section 1] Let F(z) = Z?Zl Fj(z)e; be a vector-valued holomorphic
modular form of weight k associated to a representation p of SLao(Z). Then the Fourier
coefficients a,(j) satisfy the growth condition a,(j) = O(n*) for every 1 < j < p, as
n — oo. If F(2) is cuspidal then a,(j) = O(n*/?) for every 1 < j < p, as n — .

N,

For a vector-valued cusp form F(2) = >20_; 3~ an( 7)q"Nie; we define an L-series

P .
_ an(J)
L(F, S) = Z Z WGJ
By Theorem we know that this series converges absolutely for Re(s) > 0.

Theorem 2.3. If F(z) € Sy, is a vector-valued cusp form of weight k, then

o0
d
LFs) = [ FnyY.
0 Y
Furthermore, L(F,s) has an analytic continuation and satisfies a functional equation

f(F, 3) = ka(S)g(F, k — 5)7

where {(F, s) = (l;gf))sL(F, s).

We omit the proof of Theorem [2.3|since it follows from the same argument for classical

modular forms.

For a cusp form F'(z) of weight k, we define the period polynomial

r(F,z):= /0200 F(r)(z —7)*2dr.



L-series for Vector-valued Modular Forms 711

A computation reveals that

r(F,z) = /OZOO F(r)(z — 1) 2dr = /000 F(iy)(z — iy)* 2 dy

[ (e

_ Z in+1 (k; - 2) rn(F)Zkufrz
o n

where r,(F) = [~ F(iy)y" dy is the nth period of F(z). The nth period r,,(F) encodes

the critical Value of L(F s s)
& I'(n
F) = [Ty =e(Fae ) = D LR ).
0

(
Therefore, we can rewrite the period polynomial r(F, z) in terms of the critical values of
L(F,s)

k—

r(F,z) = Z n+1< ) rn(F)2F27"

= Z ”*1( )WL(F,n + 1)k

L(F, 1
= (k — 2)li" 3 (2m)F ! Z 7_ ;j ))' (2miz)h27m,
G. Bol [1] stated the following theorem known as Bol’s identity.

Theorem 2.4. If f(z) is a smooth complex-valued function on H, then

k—1
st (e + ) 2 f(r2) = (ez + d) D (32),
fory = (‘Cl g) € SLo(Z) where vz = ‘ij:g as usual.

This implies that if f(z) is a (scalar-valued) modular form of weight 2—k then f*~1(z)
is a (scalar-valued) modular form of weight k. This identity can be written in terms of
slash operator and extended to the vector-valued functions: If F(z) =

F 1 Fj(2)ejis a

smooth vector-valued function, then we have the identity

akfl
92k— 1(F|2 koY) (2) = (F(k_1)|k:,p7)(z)a

where 2 5 (2) = f 1(%Fj)(z)ej. So we can say that if F'(z) is a vector-valued modular
form of weight 2 — k then F(*~1(2) is a vector-valued modular form of weight k. As in the
scalar-valued modular form case (see [8]) we can define Eichler integrals for vector-valued

modular forms by using Bol’s identity.
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Definition 2.5. Eichler integral of weight k is a holomorphic vector-valued function G(z)

on H such that (%G) (z) is modular of weight k where modular means that it is
invariant under the slash operator. In particular, if F(z) is modular of weight k, then we

say that G(z) is an Eichler integral of F(z) if <%G) (2) = F(z).
For example, let F(z) = Z§:1 Y >0 an(3)q"Nie; be a vector-valued cusp form of
weight k& > 2. Then the function

Er(x) = & / TR e — 2 dr

Ck
is an Eichler integral of F'(z) and its Fourier expansion is given by
(2.1) S ) (”) T e,
. j=1n>0 ! N; .
We can prove that Ep(z) is an Eichler integral by using induction on k — 2. Furthermore,
it is easy to check that the function is also an Eichler integral of F(z). Since both
Er(z) and are Eichler integrals of F(z), their difference is given by a polynomial

whose degree is at most k — 2. But this polynomial should be zero since Eg(ioco) = 0. This

completes the proof about Fourier expansion of £x(z).

3. Vector-valued harmonic weak Maass forms

Vector-valued harmonic weak Maass forms are studied by Bruinier and Funke [5] when p
is a Weil representation. In this section we define those for the general representation and
study their properties. For the most part, this is the review of [5] and [6].

Definition 3.1. A vector-valued harmonic weak Maass form of weight k is a real-analytic

— P

vector-valued function F'(z) = > 7_, Fj(z)e; which satisfies the followings

(1) F(z) is modular of weight k.
(2) F(z) is annihilated by the weight k hyperbolic Laplacian Ay where
0? ok 0 0
Ar =55+ =5 ky | — +1—
k Yy <8x2+8y2>+z y(ax—kzay)
and z = x + 1y.
(3) There is a C' > 0 such that the function Fj(z) = O(e“Y) as y — oo (uniformly in z).

(4) Each function F}j(z) has a convergent g-expansion at infinity:

FJ(Z) = Z an(J, y)e(n:l:/Nj)

ne”L

for positive integers N;. Here and below, e(z) = ™% as usual.
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We write Hy, , for the space of vector-valued harmonic weak Maass forms of weight k& with

respect to p.

Let F(z) € Hy,. Because of property (2) in Definition the coefficients a,(j,y)
satisfy the second order differential equation Agan(j,y)e(nz/N;) = 0 as functions in y.
Solving this differential equation we find that

ag (j) +ag (j)y' " if n =0,

an(j7 y) =
ait (j)e~2m/Ni 4 qr () H (2rny/N;) if n # 0,

with complex coefficients a(j) where H(w) = e [% e "t *dt. The function H(w)
has the asymptotic behavior
(2|w])"Fe vl for w — —oo,
H(w
(—2w)"Fe®  for w — +o0.
Then any vector-valued harmonic weak Maass form F(z) of weight k has a unique decom-
position F(z) = F*(z) + F~(z), where

-3 S aive,

j=1nez
(3.1) »
F~ Z ytF 4 Za H(2mny/Nj)e(nx) | e;.

j=1 neEL
n#0

Note that if F(z) satisfies property (3) in Definition [3.1] then all but finitely many a; (5)
(respectively a,, (7)) with negative (respectively positive) index n vanish.

Let us briefly recall the Maass raising and lowering operators on non-holomorphic
modular forms of weight k. They are defined as the differential operators

Ry = 22‘3 +ky™' and Ly = —2iy? aﬁ
0z 0z

The raising operator Ry maps Hy, to Hyis,, and the lowering operator L; maps to
Hy, to Hy_5,. The Laplacian Aj can be expressed in terms of Ry and L by —Aj, =
LyoRy+k = Ri_oLj. The following lemma is proved by a straightforward computation.

Lemma 3.2. Let F'(z) € Hy , be a vector-valued harmonic weak Maass form of weight k.
Then

LyF(z) = LpF~(z)

2k g k—1)a, (4) + g aT_L(j)(—47m/Nj)1_ke(n§/Nj) e;.
nez
n#0
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Using this lemma, we can prove the following result.

Proposition 3.3. The assignment F(z2) = & (F)(2) := y* 2Ly F(2) = R_1y"F(2) define
an anti-linear mapping
&kt Hyp — Méfk,ﬁ'

Its kernel is M,!Cp C Hgp.

We let H ,j o denote the inverse image of the space of vector-valued cusp forms Ss_ 5
under the mapping &. Hence, if F(z) € H lj ,» then the Fourier coefficients a,, (j) with non-
negative index n vanish, so F'~(z) is rapidly decreasing for y — oco. Clearly M, ,'C , CH Ij o

Now let F(z) € Hy, and write its Fourier expansion as in (3.1). Then we call the

Fourier polynomial

-3 S ave,

j=1nez
n<0

the principal part of F'(z). Observe that if F'(z) € H]jp, then F'(z) — P(F)(z) is exponen-

tially decreasing as y — oco. From the transformation behavior and the growth of F(z),

we prove the following lemma.

Lemma 3.4. If F(z) € Hy,,, then there is a constant C > 0 such that F(z) = O(e/Y) as
y — 0, uniformly in x.

Later, we will need the following growth estimate for the Fourier coefficients of vector-

valued harmonic weak Maass forms.

Lemma 3.5. Let F(z) € Hy,, and write its Fourier expansion as in (3.1)). Then there is
a constant C' > 0 such that the Fourier coefficients satisfy

at(j) =0 (ec |”|) , N — 400,
a, (j) =0 (ec |”|) , N — —oo.

If F(z) € H]:fp, then the a;, () actually satisfy the stronger bound a;, (j) = O(|n|*/?) as

n — —oQ.

Proof. To prove the asymptotic for a,, (j) we consider the vector-valued weakly holomor-
phic modular form &, (F)(z) € Mé—k,ﬁ' By Lemma and the formula for the Fourier

coefficients we have

N; .
(3.2) 2a; () (—4mn)1™F = - /O YL, (De(nz/N;) da
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Thus, according to Lemma @ we get
N
a, (j) < |”|k_1/ eClye=2mny/Nj 1.
0

for all positive 0 < y < 1 with some positive constant C' (independent of y and n). If we
take y equal to 1/y/|n|, we see that

az (f) < |n[F~LeCVInlg2m/Inl/N;

for all n < 0, proving the first assertion on the a;, (j).
From &, (F)(z) € Mé_k’ﬁ it can be deduced that the individual functions F*(z) and
F~(2) in the splitting F'(2) = F1(2) + F~(z) also satisfy the estimate of Lemma We

may apply the above argument to

Nj
alt(5) :/ Ff(z)e(fnz/Nj)dx
0
to derive the estimate for the a; (j) as n — 400 where F ]-Jr(z) is the jth component of
Fr(z).
If F(z2) € H,jp, then &§,(F)(z) € So—pp is a vector-valued cusp form. Hence Theo-

rem implies that the left hand side of (3.2)) is bounded by some constant time \n|1*k/ 2
for all n. < 0. Thus a;, (§) = O(|n|*/?) as n — —oo. O

1

57 az define a linear map

By Bol’s identity, we see that the differential operator D :=
k—1 ! !
D . MQ—kJ,p — Mk:,p'

This map may be extended to harmonic weak Maass forms.
Theorem 3.6. If2 <k € Z and F(z) € H;kp with Fourier expansion as in (3.1)), then
k—1 !

D" (F)(z) € My,
Moreover, assuming the notation in (3.1)), we have

Dk—l(F)( ) pk-1 F+ Z Z ( )kl qn/Njej.

j=1n>-
n#0

Proof. To prove this theorem, we compute the Fourier expansion of D*~1F(z). Since we

have
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it suffices to check that Dk_l(F—)(z) = 0. Note that
H(2mny/Nj)e(nz) =T(k — 1, 47T|n|y/Nj)627rinz/N]-

=TIk -1, 47T|n|y/Nj)€_47"”y/Nj627rinE/Nj

for n < 0 where I'(l,z) = [*e~"t'"! dt is the incomplete gamma function (Here F(z) is

of weight 2 — k). By partial integration, we obtain
D(l+ 1,4 |nly) = —e~ 4" (47 |n|y)! + ID(1, 47|ny)
for [ > 0. By the iteration, we have
T(1+ 1,4n(nly) = —e~ ™" (4x|n|y)’ — 1e= ™" (47 |ny) !

(1= V)Tl (grfly) 2 1 -
+1(1 —1)--- 3¢~V (47|n|y)? + 1T (1, 47| nly).
Since I'(1, 4w|n|y) = —e~*""¥ one can see that T'(I + 1, 47|n|y)e*™™¥ is a degree I poly-

nomial of y. This shows that T'(k — 1,4 |n|y/N;)e4mI"v/Ni is a degree k — 2 polynomial

of y. Since % =1 (8% — ia%), we have D¥~1(*=2) = 0. From this, one can see that

DF=Y(H(27ny/Nj)e(nz)) = 0 for every n < 0, which implies that D*~}(F~)(z) =0. O

4. L-series of vector-valued weakly holomorphic modular forms

In this section, we prove Theorems and and give implications of them. We
start with the proof of Theorem

Proof of Theorem [I.1 To prove (L.5]), we split the integral into two ranges. Inserting the

Fourier expansion of F'(z) = ?:1 an—M]- an(§)q"Ni e; yields that, for arbitrary ¢y > 0,
we have
OO 1 - % omny/N 1
R. [ Fliy)y 'dy=>_ an(j) [ / e 2Nyt s dy] ej
to j=1n>—M; to t=0

. E an(]) * —y s— )
[Z vty e

j=1n>—M; mnto/Nj+tto

t=0
. a”(]) S
= Z @) (N;)°T'(s, 2mnto/Nj)e;.
j=1n>—M;
Similarly we compute that
to p . an(j)r(k_svt%iNn-)
R. F . S—ld — —1 S —k N] k—s 01Vj .
/0 (iy)y* dy =p " (9)i > (N7) > @) €;

j=1 n>—M,
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This yields the integral representation of L*(F,s). Since typ > 0 is chosen arbitrarily, one
can see that the definition of L*(F,s) in (1.2)) is independent of tg.
Note that, by the definition of L*(F,s) in (L.2)), L*(F,k — s) is equal to

Zp:(Nj)kfs Z an(§)I'(k — s,2mnty/N;)

s €;
= > (27n)k
p an(])r S, t27]r\7[1j
+ N S) DTN Y (QTEH);) )ej

7j=1 n>—M;
1/t0 0
= p(S)i*R. / F(iy)y* tdy+ p~1(S)i"*R. / F(iy)y* ' dy.
0 /to

Since F'(z) is modular of weight k with respect to p and —I € SLo(Z), we have p(—1)F(z) =
F(z), where I = (}9 ). Therefore, we obtain

o0 [e.9]

R. F(iy)y*~"dy = p(=I)R. / F(iy)y® " dy.
1/t0 1/t0
Moreover, i%* = 1 since k is an even integer. Therefore, we have

pH(S)iTFR. | Fliy)y* " dy = p~ (S)p(=1)i** i R. [ F(iy)y*" dy
1/t0 1/t0

= p(S)ikR./ F(iy)y* ! dy.
1/t0

This implies that

o0

l/t()
L*(F,k = 5) = p(8)i" <R-/ Fiy)y"'dy+R. [ Fliy)y™" dy>
0

1/to
= p(S)i*R. /Om F(iy)y*~ dy
= p(S)i*L*(F,s).

This completes the proof. O

We define Eichler integral formally
i Z # q / J e
ST, /N

for F(z) € S ,'g ,- This Eichler integral also has an integral representation.

Proposition 4.1. For F(z) € S} _, we have

k,p’

Er(z) = ¢, R, - F(r)(1 — 2)*2dr.

z
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Proof. In the range of integration, the only possible pole of the integrand is at 7 — icc.
Thus we compute, writing F'(z) = >20_, Zn>7Mj an(§)g"Nie;,
100

R [ F)r—2)2dr = [ / e p(r) (7 — 2 dT]

z u=0

p 100
Z Z an(]) [/ eiuT+27rin'r/Nj (7_ _ z)k—Z dT:| e;

j=1ln>-M u=0

Il
vV

I
M%
M I

. (])qn/N] |:/OO eiT(u+27rn/Nj)Tk*2 dT:| ej'
0

1n u=0

[\
=

<.
I

The integral now converges at v = 0 and inserting the integral representation of the

gamma function yields the claim. O

Now we give a proof of Theorem Since our proof will proceed as [3, Proposition 5.1],

we will not give every detail.

Proof of Theorem [1.2] Throughout the proof, we choose ty = 1 and fix j € {1,2,...,p},
therefore we drop j from the notation. First, we examine the second part of (1.2]). Since

lim, 00 Z; = 0 for all z, and

) I'(k —n,2mm/N) ) 2rm\ "
(4.1) nl;n;o Z am, @rm/NYF :nlg{.lo Z amI'(—n,2rm/N) <N> )

m>—M m>—M

it suffices to show that the above limit exists. Let = 2rm/N. By [3, Proof of Proposi-
tion 5.1], |I'(—n,z)z"| < e” if |x| > 1. On the other hand, when |z| < 1, by [3| eqn. 5.3],

we see that

L(O,z)" | (1) e o (—1)!

| |
n. n. =0 xz

ID(=n, z)2"| = ‘(—1)”

A
S|~
S|~

3
]
L

7 N
3 s

N—

0
)
L&
2| 3
LlL
=

<=+ —.

Therefore, we can split the negative indexes from (@.1). Moreover, since |a,,| < ¢V

for some positive number C, by adopting the same argument in 3], we see that

. 2rm \"
7}1_{{)10 Z amI'(—n,2mrm/N) (N) =0.

m>1
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Now we examine the first sum of (1.2). For M > C?N?/72, we observe that

amr(nv QWm/N) N\" Cym, —n > —tyn—1
Z (2rm /N < (%) Z e m e ‘'t dt
m>M m>M 2mm /N
N\" >
<l=) Y m™m / e 21 gy
27 m>M 2rm/N
N\" N \"
— —1)! - -2 — .
<<<7r> (n—1) Z m "< (n—2) <7rM>

m>M

Therefore, for M > 2mj, the contribution for the limit is zero. For the remaining terms,

by combining mth and —mth terms, we obtain

(2mm; )" ; I'(n,27m/N) ; I'(n, —27mm/N)
m—1!\"  (27m)" - (=2mm)n
_ &)n amF(n, 2rm/N) n <_1)5a_mf‘(n,—2ﬂ'm/N)
(4.2) m (n—1)! (n—1)!
0, it m > m;j,
— as n — 0o
am; (J) + (_1)6a7mj (j), ifm=my,
since lim,,_yso % = 1. Note that if there are more negative terms with m < —2m;,

the contribution is zero by the first part of the proof. Thus, it remains to show that (4.2))

tends to 0 for 0 < m < mj. This can be easily seen from the following estimate

™, if x| > 1,

—T
I'(n,z) = T'(n,—x) = / e it dt <
x 1

if |z] <1.

)

Following two corollaries follows immediately from Theorem

Corollary 4.2. For F(z) € S}W we have

Jim [|L*(F,n)|| = oo

Corollary 4.3. For F(z) € S,!C’p, there are at most finitely many values n such that at

least one of components of L(F*,n) vanishes.
Now we give a proof of Theorem

Proof of Theorem [1.3 We let
G(2) :== —(20)'"*R. - ok (F)(w) (2 +w)* 2 dw
(4.3) L
+c.'R. DFY(F)(w)(z — w)F 2 dw,

z
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where g°(2) i= 3201 35y, an()a e for g(2) = 3201 3 s g, an(i)a N ej. We
first show that G(z) and F(z) are identical up to a constant term. Since &3 (G) = & (F)
and D¥=1(G) = D*=1(F), we see that

G(z) = F(2) +p(2),

where p(z) is a vector-valued polynomial of degree at most k — 2. Because G(z) and F(z)
are both invariant under |o_j, ,T', we have that p;(z) = a; is a constant for each 1 < j < p.
Let Fi(z) (respectively F»(z)) be the first (respectively second) summand of (4.3). Then
we observe that JFi(z) (respectively Fa(z)) is the same as G~ (z) (respectively G (z)) up
to constant.

From the transformation property of F(z), we derive that

0= (Flakp(l = 95))(2)
= (Filo—kp(1 = 9)(2) + (Fal2—k,p(1 = 5))(2) = (Pl2—r,o(1 = 5))(2),

where (pla—k (1 —S5))(2) is a constant multiple of 1 — 2k=2 A calculation shows that
0
(Filo-1,p9)(2) = —(20) "R S w(F)(w)(z + w) 2 dw,
and

0
FolaoipS)(2) = R [ D Pz~ w2

z

Therefore we have arrived at
(2i)F R. / E2 w(F)(w) (2 + w)F2 duw
0
= 'R, / DFY(F) (w)(z — w)2dw  (mod 1 — 24-2).
0

If we insert the binomial expansion, then we obtain

(k=2
Cklzil_n< . >L*(Dk_1(}"),n—|— 1)Zk—2—n
n=0

k—2
= (2i)1F Z i (k ; 2) L* (& (F)Sn+1)(=2) 2™ (mod 1 — 2F72).
n=0

Then the third claim follows by comparing coefficients and using the fact that for integers
0<n<k-—2we have

(4.4) L*(f&n+1) =L (fin+ 1).
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The second claim comes from the following representation of the period polynomial of

F(z) € S , in terms of its special L-values

k—2

-2
r(F;z) = Z it <k )L*(F, n+1)28727",
n

n=0

For the first claim note that by the definition of mock period polynomial we have

(47T)k—1 3 3
P(F,S;2) = o 2)!(.7: — F |o—k,pS)(2).
From this we obtain that
27rzk1k2k—2_ . _9_
P(F*,S;z2) = ((k_)Q).Z ( )Z”HL (bo—p(F),n+1)2F2m,
be=\ n
Using (4.4) we deduce that
— @m)P R k=2) 9
P(F+,8:7) = ((k_)z),Z( n >2 ML (& i (F),n+ 1)
= 5 . ,n—+1)
Z 2 k (27_[_,L-Z)k—2—n7
vt - 2 —n)!
which concludes the first claim. O
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