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Some Remarks on Measure-theoretic Entropy for a Free Semigroup Action

Huihui Hui and Dongkui Ma*

Abstract. In this paper, we study some properties about measure-theoretic entropy
for a free semigroup action. We show some properties like conjugacy, power rule and

affinity about the measure-theoretic entropy for a free semigroup action.

1. Introduction

The notion of entropy plays an important role in dynamic systems. In 1959, Kolmogorov
and Sinai introduced the notion of measure-theoretic entropy. In 1965, the notion of
topological entropy was introduced by Adler, Konheim and McAndrew [1]. Along with
the deepening of the study, some researchers tried to find some suitable generalizations
of topological entropy and measure-theoretic entropy for other systems and study these
entropies. For example, the entropy of countable amenable group actions was studied
by Ornstein and Weiss [15], Rudolph and Weiss [16], Dooley and Zhang [9] et al. The
entropy of countable sofic group actions was studied by Bowen [4,[5], Kerr and Li [11],
Chung and Zhang [7] et al. Kirillov [12] introduced the notion of entropy for the action of
finitely generated groups of measure-preserving transformations. Bis [2] and Bufetov [6]
introduced the notion of the topological entropy for a free semigroup action. Bi$ and
Urbariski [3], Ma and Wu [14], Wang, Ma and Lin [18,19] and so on further studied the
topological entropy for a free semigroup action. The notion of measure-theoretic entropy
for a nonautonomous dynamical system was introduced by Zhu, Liu, Xu and Zhang [20].
Lin, Ma and Wang [13] introduced the notion of measure-theoretic entropy for a free
semigroup action.

Since entropy appeared to be an important invariant in ergodic theory and dynamical
systems, on the basis of [13]|, we further study the property of the measure-theoretic
entropy for a free semigroup action. This paper is organized as follows. In Section [2, we
give some preliminaries. In Section 3] we give some properties of the measure-theoretic

entropy for a free semigroup action.
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2. Preliminaries

Before studying the measure-theoretic entropy for a free semigroup action, we introduce
some notations. Denote by F the set of all finite words of symbols 0,1, ..., m—1. For any
w € Fb |w| stands for the length of w, that is, the number of symbols in w. Obviously,
Ft with respect to this law of composition is a free semigroup with m generators. If
w,w’ € F, then let ww’ be the word obtained by writing w’ to the right of w. We write
w < w' if there exists a word w” € F,} such that w' = w"w.

Denote by ¥, the set of all two-side infinite sequences of symbols 0,1,...,m — 1, i.e.,
Y ={w=_(..,w_1,wp,w1,...) |w; =0,1,...,m — 1 for all integers i} .
A metric on X, is introduced by
dw, ) = o=, where k= inf {|n| : w, £, }
w,w') = oF where k£ = inf {|n| : wy, # w,, ;-
Obviously, ¥, is compact with respect to this metric. Recall that the Bernoulli shift

Om: 2m — 2 is a homeomorphism of Y, given by the formula:
(me)z' = Wij41-

Let w € 3, w € Ff, a,b integers, and a < b. We write w|[a7b} = wif w =
WaWa+1 * * * Wh—1Wp-

Let (X, %, ) be a probability space. Suppose that a free semigroup with m gener-
ators acts on X; denote the maps corresponding to the generators by fo, f1,..., fm—1;
we assume that these maps are measure-preserving transformations. Let w € F}, w =
wiwg - - - W, where w; =0,1,....m—1foralli=1,2,... k. Let f, = fwlfm---fwk,
St = fort k- far- Obviously, fuuw = fufu.

Let (X,,@,u) be a probability space. Let £ = {41,..., Ax} be a finite partition of
(X, %8, ). Let n ={C1,...,C;} be another finite partition of (X, %, u). The join of £ and
n is the partition

EVn={ANC;:1<i<k1<j<I}.
We write & < 1 to mean that each element of £ is a union of elements of n. Under the
convention that 0log 0 = 0, the entropy of the partition ¢ is

k

H,(§) = = p(A;)log p(Ay).

=1

The conditional entropy of £ relative to 7 is given by

Hy(§lm =~ ) ZHA aleh (Aglo).
pu(Cj)#0 i=1 Hc;)
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We denote the set of all finite partitions of X by L, then p(&,n) := H,(&|n) + Hu(n|§) is
a metric on L.

Let (X, %, ) be a probability space and [y, f1, ..., fm—1 measure-preserving transfor-
mations on X. If all f;, ¢ = 0,1,...,m — 1, preserve the same probability measure p,
then we say that fo, f1,..., fm—1 preserve u, or u is an f;-invariant measure. Denote by
M(fo,..., fm—1) the set of all probability measures which are invariant under all f;.

The following example shows that M(fo,..., fin—1) can be nonempty even if some f;

and f; do not commute with each other.

Example 2.1. |13] Example 5.4] Let A and B be the endomorphisms on the two-

dimensional torus T? introduced by the matrices

1 2 1 -1
and
-1 4 -1 -3
respectively. Let H be the semigroup generated by A and B. Obviously, H is a non-
Abelian semigroup. Let i be the Haar measure defined on T?. Then we have u € M (A, B),

i.e., M(A,B) # 0.

If £ € L, denote

hu(fos .-+ fine1,€) = lim 1L BV £

|lw|=n w’' <w

In the paper [13], the measure-theoretic entropy for a free semigroup action is defined by
hu(fos- -y fm—1) = zug hu(fos -, fm=1,8)-
€

If we let # :={fo,..., fm—1}, then we also denote h,(fo,..., fm—1) by hu(F).

Remark 2.2. If m = 1, then h,(fo) is the classical measure-theoretic entropy of a single

transformation (see e.g., [17]).

Let X be a compact metric space with metric d. Assume that fy, f1,..., fm_1 are

continuous maps on X. To each w € F,}, a new metric d,, on X (named Bowen metric)

m
is given by

dw (71, 72) = max d(fu (71), fur (T2))-
w’' <w
Let ¢ > 0, a subset E of X is said to be a (w,e¢, fo,..., fm—1)-spanning subset if, for

Ve € X, dy € E with dy(z,y) < e. The minimal cardinality of a (w,e, fo, ..., fm—1)-
spanning subset of X is denoted by B(w,e, fo,..., fm—1). Let

B(n,e, for. .. fno1) = % S Blw,e, fore o ).

|lw|=n
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In the paper [6], the topological entropy for a free semigroup action is defined by

1
h(fos---s fm—1) = hrr(l)hmsup log B(n, e, fo,- -y fm—1)-

n—oo TN

By the Partial Variational Principle from the paper [13], we have

sup hu(fo, -y fm=1) < h(fo, .-, frm—1).
reEM(fo,sfm—1)

Let (X, %, 1) be a probability space. Define an equivalence relation on 4 by saying A
and B are equivalent if and only if u(AAB) = 0. Let 2 denote the collection of equivalence
classes. Then 4 is a Boolean o-algebra under the operation of complementation, union and
intersection inherited from 2. The measure 1 induces a measure i on 2 by i(B) = pu(B).
(Here B is the equivalence class to which B belongs.) The pair (@, ) is called a measure
algebra.

Let (X1, %1, 1) and (Xo, Ba, u2) be probability spaces with measure algebras (%1, i),
(%‘2, w2). The measure algebras are isomorphic if there is a bijection ®: 352 — %1 which
preserves complements, countable unions and intersections and satisfies ,ul(CDB) = MQ(B),
VB € B,.

Let T; be a measure-preserving transformation of the probability space (X;, %, i),
i = 1,2. We say that 77 is conjugate to 15 if there is a measure-algebra isomorphism
O: (Fo, 1) — (B, 7i7) such that ®Ty = T, ®, where T, : (%, /5}) — (%, fi;) de-
fined by T, (B) = (I 1(B))™, i = 1,2 (see [17]).

3. Main results

In this section, we give some results about the measure-theoretic entropy for a free semi-
group action. Let us consider the following situation: (X, %1, u1) and (Xo, Ba, pe) are
probability spaces. Assume that fo,..., frn—1 are measure-preserving transformations on
(X1, %1, 1) and go, . . . , gm—1 are measure-preserving transformations on (Xo, %a, u2). We
say that fy,..., fm—1 is conjugate to gg,...,gm—1 if there is a measure-algebra isomor-
phism &: (%,ﬁé) — (:%Tl,ﬁf) such that for any i = 0,1,...,m — 1, ®g; ! = ﬁ-il@

Observe that if m = 1, this definition coincides with the classical case [17].

Theorem 3.1. The measure-theoretic entropy for a free semigroup action is a conjugacy

mvariant.

Proof. Let (X1, %1, 1) and (Xo, Bo, n2) be two probability spaces. Let fo,..., fin—1 be
measure-preserving transformations on (X1, %1, u1) and go, . .., gm—1 Mmeasure-preserving

transformations on (Xy, Ao, 2).
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Since (X1, %1, p1) is conjugate to (Xa, Bo, p2), then there is an isomorphism of mea-
sure algebras ®: (:@Z,ﬁi) — (:@71,/71) such that ®g; ! = ffl@ (Vi=0,1,...,m—1). Let
¢ ={Ai1,...,A,} be any finite partition of Xs. Choose B; € %, such that E = (ID(E)
and so that n = {By,..., B, } forms a partition of (X, %1, p1).

For any w € F, [w| = n, Ny<y f' By has the same measure as Nuw<w 9o Aurs

where B, € n, Ay € &, since

e () (gtdw)™ | =2 () gw "Aw | = [ 200 " (Aw)
w'<w w'<w w'<w
—1 . — S B N
= m Jur (I)(Aw’): ﬂ fw  Buw = ﬂ (fw/le’) :
w'<w w'<w w'<w

Thus, H,, (\/w, <w f;,ln) =H,, (\/w, <w g;,lg) which implies that
h/‘«l(fO? ey f'mflv 77) = hu2(90> v >gm717£)'

And then
SlélphMQ(g(b cee 7g’m—17§) S sup hMl (f07 .. ‘7fm—17n)’
n

That is
th(f07 .. '7fm—1) 2 hM2(go7 ce. 7gm—1)~

By symmetry we then get that

hu1(f07-~7fm—1) :huz(QO)"wgm—l)~ O

Remark 3.2. If m = 1, the above result coincides with the result that the classical measure-

theoretic entropy (see, [17, Theorem 4.11]).

It is well known that there is a power rule for the measure-theoretic entropy of the
classical measure-preserving system, that is, for any transformation f which preserves p
we have hy,(f*) = kh,(f), where k € N [17]. For the measure-theoretic entropy for a free

semigroup action, we can get the following result.

Theorem 3.3. Let (X, %, u) be a probability space and fo,..., fm—1 preserve . Let
F = {fo,.. ., fm-1} and F* = {go,...,gmr_1} (k € N), where g; € {fu | fu =
Jwo © fuwr © 20 fup_sw € Ff|Jw| = kywj =0,...,m—1Vj =0,...,k — 1}, then
hu(F*) < khy ().

Proof. Let £ be any finite partition of X. For any w € F}, |w| = nk, w = wowy - - - wg_1wy,

o Wpp_1, denote w? = w8w[1)-~-w2_1, where w? = WikWik+1 - Wik+k—1, then g,o =
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Gu © Guf © O Gy | = fw. We have

|wO|=n ! <wO
k lim — H, o
=k lim — mnk > VA
|wO|=n w’ <wd

: 1 _
ﬂ%mnMZH VR

|w|=nk w!' <w

khy(F). O

It is natural to ask if we can get the opposite inequality, i.e., h,(F*) > kh,(F)? And
then h,,(F*) = kh, (%) holds. But up to now we haven’t solved it.

Lemma 3.4. Let (X, %, u) be a probability space and fo, ..., fm—1 transformations pre-
serve . If € is a finite partition of X, for any w € F\, |lw| =n —1, n € N, we have

n—1
Hy |\ 1) =H O+ Y H,

w’'<w |lw*|=1

\ it
w’ <w*
lw'|>1
where w* satisfies that there is a w** such that w = w*w**
Proof. We show by induction that the formula holds for all n.
For n =1 it is clear, and if we assume it true for n = p then it also holds for n = p+1

because for any w, w’ € Fliw=iy_q-- iy, w? = ip—1 -+ 11, we have

Ho| \ el =H\ (ft V f'e) Ve

w!' <w w/ <w?

=H, figl \/ f;/lé +H, | €

AV e

w’ <wY w' <w
w1
=H |\ L+ H €)1
' <wO w'<w
lw’|>1
p—1
+ > Hy V fe |+ Hy V fu'e

|w*|=1 w’ <w* w' <w

lw'[>1 lw'|>1
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:HM(§)+ Z H, ¢

lw*|=1

Vot

w' <w*
|w’|>1

where w* satisfies that there is a w** such that w = w*w**. That is, it also holds for
n = p+ 1, thus the formula holds for any n € N. O

Theorem 3.5. Let (X, %, 1) be a probability space and fo, ..., fm—1 transformations pre-
serve u. If &€ is a finite partition of X, we have

1|1 - _
b for s fm1,€) = Tim — | — % 0 > Hu |6\ £ |
|lw|=n |w*|=1 w’ <w*
[w'[>1
where w € Y, w =1i,_1---ig and w* satisfies that there is a w** such that w = w*w**.

Proof. By Lemma [3.4] for any w € F}, |w| = n, w* satisfies that there is a w** € F}
such that w = w*w**, we have

Hy |\ 6] =Hu O+ Y Hul¢

w! <w |lw*|=1 w! <w*
|

|w|=n w’ <w |lw]|=n |w*|=1 w’ <w*
[w'[>1
That is,
m Ly Z” 1
h#(fow"afm—lvf):,r}l_)rgog mn HH f \/ fw’g s
|w|=n |w*|=1 w' <w*
[w'[>1

where w € F', w = i,_1 - - - ip and w* satisfies that there is a w** such that w = w*w**. 0O

Similar to the classical measure-preserving systems, we can show that the measure-

theoretic entropy map for a free semigroup action is affine.

Theorem 3.6. Let (X, B) be a measurable space and fo,. .., fm—1 measurable transfor-
mations of X. Then for any f;-invariant probability measure p1, ps and p € [0,1], where

1=0,....,m—1, we have

hpﬂl*F(l*p),U«Z (f07 cee 7fm—1) = phMl (f07 o 7fm—1) + (1 _p)hNQ (f07 e 7fm—1)~



436 Huihui Hui and Dongkui Ma

Proof. Without loss of generality, assume 0 < p < 1. As in the proof of Theorem 8.1
of [17], for any finite partition £ of X we have

0< HP#H‘(l—P)uz (5) 7pHM1 (5) - (1 *p)H/u(f) <log2.

If n is any finite partition of X, then for any w € F}, |w| = n, by putting £ =

\/wfgw fq;,ln in the above formula, we have

1 1
0< ooy Z Hpu1+(1—p)u2 \/ f;/177 -D ooy Z H,, \/ f;,ln

|w|=n w’' <w |w|=n w’'<w

—(1—p) # Z Hm \/ f,}ln

|w|=n w’' <w
1
< poorr Z log 2

lw|=n

= log 2.
Thus

0 < hplu,1+(17p),u2(f07 .. ‘7fm—177]) _phul(fba <. '7fm—1777) - (1 _p)h,uz(fo) .. ~7fm—1777)

1
< lim —log2 =0.

n—oo n

That is,

(3-1) hpm+(lfp)u2(f07 .- ‘7fm—1777) = phm(fO» B fm—lﬂ]) + (1 _p)hm(fm e afm—1777)-

Clearly,

(32) hpul—i-(l—p),ug(fo’ ceey f’m—l) S ph#l (f07 veey fm—l) + (1 - p)h#2(f07 ey fm—l)-
We now show the opposite inequality. Let € > 0, choose 71,72 > 0 such that
h#l(fow-'afm—l)_g hl»tl(f()?'-'afm—l)<ooa

1

z by (fos - -+, fm—1) = 00,

h

o fme1) =€ Ry (fose o e ,
hys (fo, -+ fm—1,m2) > 1u2(f0, s fm—1) —€  hu,(fo fme1) < 00
e Py (fos -+ vy fn—1) = 0.

h#l(f()a coos fm—1,m) >

Putting n = n; V12 in (3.1) gives

hp,u,1+(1fp)u2(f07 o 7fm—1777) :phul(foa .. ‘7fm—1777) + (1 _p)hﬂ2<f07 o 7fm—1777)
Z phm(va .. ‘7fm—1)771) + (1 _p)huz(f()u “e. 7fm—17772)-
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If hMl (f(), ce ,fm_1), hu2(f0, e 7fm—1) < 00, then
hpul—i-(l—p)uz(f()a ) fmflan) > phll«l (f07 cee >fm71) + (1 _p)h,LQ(an . wfmfl) —&.

If hm (f(), - ,fm_1) = 00 Or h,uz(f(), .. ~,fm—1) = oo, then

1 .
Pops+(1=pyps (for -+ -5 fn—1,m) > - -in {p,1-p}.

Therefore

(33) hp/»ll-i-(l—p),u,g(f()) ) fm—l) > phul (f07 ) fm—l) + (]— - p)h,U«Q(fO) ) fm—l)'
From (3.2)) and (3.3]), the desired equality holds. ]

Example 3.7. Let K be a unit circle, f1: x — x4+ a1 (mod 1), fo: x — x +ay (mod 1),
where a,a2 € K. Let G be a free semigroup generated by f; and fa. Then G is equicon-
tinuous and preserves Haar measure p. We can get h(f1, fo) = 0, and then by the Partial
Variational Principle we have h,(f1, f2) = 0.

Proof. By the definition of equicontinuity, Ve > 0, 36 > 0, Vx,y € K, if d(x,y) < J,
then d(f(z), f(y)) < e. For any f € G, since K is a compact space, 3M > 0 such
that for any w € Fy, B(w,e, f1, f2) < M, we have B(n,e, f1,f2) < M. And then
lim sup,,_, %log B(n,e, f1, f2) = 0, therefore h(fy, f2) = 0.

By the Partial Variational Principle of [13], we have sup,car(s, o) (15 f2) < h(f1, f2).
Thus h,u(fl, fg) = 0. O

For convenience, we give the following lemma.

Lemma 3.8. [19, Theorem 5.9] Let Ag,...,An—1 be surjective endomorphisms of TP.
If for each 0 < i < m — 1 all eigenvalues of the matriz [A;] which represents A; are of

modulus greater than or equal to 1, then

m—1 m—1
1 (4) 1 p
log — ZH‘)\] < (Ao, Apo1) < log — (Z AZ.)
1=0 j=1 =0
where )\gi),/\g),...,/\l(f) are the eigenvalues of [A;], 0 < i < m — 1, counted with their

1
multiplicities, and A; is the biggest eigenvalues of \/[A;][Ai]T, 0 <i < m—1. In particular

for the case p =1, we have

m—1
1 (@)
WAg, ... A1) =1 Ej’A ,
(07 ’ 1) 0og ( 1 )

=0

where )\gi) is the degree of the endomorphism A; of S*, for every 0 <i < m —1, where S*

denotes the unite circle.
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Example 3.9. Let S! be the unit circle, fi: 2 — Nz (mod 1), \; € N, i =0,1,...,m—1.
By Lemma m we have h(fo,..., fm-1) = log%Z;lBl Ai- And then by the Partial

Variational Principle of |13], we have

1
hﬂ(f()) ceey fm—l) S h(an sy fm—l) - 10g E Z )‘ia
where p is the Haar measure.
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