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Low Regularity Global Well-posedness for the Quantum Zakharov System in
1D

Tsai-Jung Chen, Yung-Fu Fang* and Kuan-Hsiang Wang

Abstract. In this paper, we consider the quantum Zakharov system in one spatial
dimension. We prove the global well-posedness of the system with L2-Schrodinger
data and some wave data. The regularity of the wave data is in the largest set. We
give counterexamples for the boundary of the set. As the quantum parameter tends
to zero, we formally recover the result of Colliander-Holmer-Tzirakis for the classical
Zakharov system.

1. Introduction

Zakharov system describes the propagation of Langmuir waves in an ionized plasma, that
is the nonlinear interaction between the quantum Langmuir waves and the quantum ion-
acoustic waves. Langmuir waves are rapid oscillations of the electron density in conducting

media, such as plasmas. The system reads as follows:
iB;+0?E=nE, xcR,

(1.1) ny — 92n = 02| E|?,
E(0) = Ey, n(0) = ng, 9n(0) = ny,

where F is the slowly varying envelope of the rapidly oscillating electric field and n is the
deviation of the ion density from its mean value. F is complex valued and n is real valued.
The regular solutions of ([1.1)) satisfy the conservation of mass

/\E(t)|2dx = / |E(0)|? dz = constant

and the conservation of the Hamiltonian
1 1
/ 0B()R + () +n(t) |B(0) + 3u(t)? de = constant,

where 9yn = 0y and O = 0, (n + |E]2)
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The (1.1)) has been investigated extensively and we list some of the works in the refer-
ence. In 1997, Ginibre-Tsutsumi-Velo proved a local well-posedness result for (Ep, ng,n1) €
H* @ H* ® H*™! provided that —1 < £ —k < 1/2, 0 < £+ 1/2 < 2k, see [4]. In 2008,
Colliander-Holmer-Tzirakis showed the global well-posedness for (1.1f) with (Egy,ng,n1) €
Lo H 2@ H /2 sce (1.

Taking quantum effects into account, we consider the quantum Zakharov system

iBy + 0?E — 20'FE =nE, 1z cR,
(1.2) ny — 02n + £204n = 92 |Ef*
E(0) = Ep, n(0) = ng, 0n(0) = n;.
The quantum parameter ¢ for some plasmas typically goes from value of order 107° to the

flu)z'

+, where I is Planck’s constant
KBle

values of order unity, see [3,/6]. It is known that ¢ =
divided by 27, w; is the ion plasma frequency, kg is the Boltzmann constant and T is the
electron fluid temperature.

Analogous to , also possesses the conservation of mass

(1.3) /E(t)|2dx:/|E(0)|2dx
and the conservation of Hamiltonian
2 219202, L 2 2 1 o e 2
x a a o Yz = )
|0,E|° + € |02 E)| —|—2n +n|E] +2V + 5 |0xn|” dx = constant

where 8yn = 9, and v = 9, (n + |E|* — 202n).

The works on the are less than those on the , and we only mention two
of them and some are listed in the reference. In 2016, Jiang-Lin-Shao proved the local
well-posedness for with initial data (Eg,no,n1) € H** @ H?* @ H?~2 provided that
—3/4<l—k<3/4, —k—3/4 <l <2k+3/4and k > —3/8, see [7]. In 2016, Fang-Shih-
Wang improved the result of local well-posedness for with initial data to a wider
range, see [2]. In 2013, Guo-Zhang-Guo proved the global well-posedness of in the
energy and above energy spaces and investigate the semi-classical limit behavior of

as € tends to zero, see [5|. Our main result is as follows.

Theorem 1.1. Let —3/4 < ¢ <3/4 and 0 < e < 1. The (1.2)) is globally well-posed for
initial data (Eo,mo,n1) € L? x H* x H?~2 and the solution (E,n) satisfies (1.3)) and

()] grze + [19sn(E)]] r2e—2

2 —2le+1/2|
< ecltl(1Bo Gz +1)e 2 o <||noHH2e + Inall goe—s ||E0||§2).

Thus, for k > 0, we establish global well-posedness in the largest space for which local

well-posedness holds. We extend the local well-posedness in the work of Jiang-Lin-Shao



GWP for Quantum Zakharov in 1D 343

to the lowest point on the boundary and also formally recover the work of Colliander-
Holmer-Tzirakis as € approaches zero.

The outline of the paper is as follows. In Sections [3] and [} we state the homoge-
neous estimates, Duhamel estimates and multilinear estimates. We then invoke Strichartz
estimates and to derive global well-posedness of . In Section 5, we prove the
multilinear estimates which is the key to this work. Also we give a counterexample for

the key estimates. In the appendix, we show some technical lemmas.

2. Notations and solution formulae

Denote (£) = (1 + €)V2, &, = €\/1+ €262 and D, = /1 — €202, which will be used
through out the paper. For the fourth order Schrodinger equation

iF; + 0°E — e*02E = F,
we obtain the solution formula
(2.1) Bt 2) = U.(t) Fo(w) — i /0 ULt — $)F(s.2) ds,
where U.(t) := eit92D? ig the Schrédinger propagator. Denote the Duhamel operator
Us xg F(t,z) = —i /Ot Us(t — s)F(s,x) ds.
For the fourth order wave equation
ny — 02n + e204n = 0,G,

we denote the modified fourth order wave propagators via Fourier transform by
1 X 1 e¥it§5 1 e:Fitge _ 1
F(We(t)(no, = n L,
(Wex () (n0,n1))(E) 26 no + 2 it. nig + 2 it niL

where nyg high frequency part of n; and ni; = ny — n1g and Duhamel operators

PV G)e.6) o= [ 06 0.
Hence the solution n is split into n = n4 + n_, where
(2.2) n(t, ) = Wer (t)(no, n1)(x) F Wer *p Ge(t, 2)
and G. = D7'G. Also we denote

We(t)(no,n1)(x) := Wey (¢) (o, n1) (z) + We—(t) (no, n1)(2),
We xgp Ge := —Wey xg Ge + Wo_ *xg G,
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thus
(2.3) n = We.(t)(no,n1) + We xg Ge.
Thus (1.2) can be rewritten as

i0FE + 0?D?FE = (ny +n_)E, z €R,

(2.4) L -
6tni + arDan:I: = :F§D5 8$ ‘E‘ + §n1L,

and the solution formulae are as follows:

(2.5) E(t,z) = U(t)Eo(x) + Uz *g ((ngy +n_)E) (t,x)
and
(2.6) ni(t,x) = Wer (t)(no, n1)(x) F Weg *p (D;lax |E]2) (t,x).

Notice that the wave parts in (2.6) are mixtures of transport equation and Schrédinger
equation.

Denote the Sobolev spaces HY, H. f and Aﬁ, used in the paper with the norms

171177 :=/<£>2’Z(f(5)\2d5, 171120 :=/<55>”\f(£)\2d5,
and

o A LG ey G

To characterize the quantum parameter ¢, we also use the following equivalent norm

ol d 20| 7o\’ g 201614 | 7eey | g
f(&)| ds+ ST 1£(8)] dE+ e” €17 | f(&)] dé.
1€1<6 6<|g|<12e—1 12e=1<[¢
For 0 < € <1, we obtain the relations between the above norms as
O Fll e S Nz~ 1 ag S ™™ £l o
We define the norm

00y, = ). (@)l 2= (I + oI )"

Se
0,

Also we define the fourth order Schrodinger-Bourgain space X3¢, a € R, with the norm

1Bl s = (/ (T +€2)*

and the reduced fourth order wave Bourgain spaces X ;/Vofi, a € R, with the norm

~ 2 1/2
Bro)|aras)

1/2
Inllgoes = ( [ (€% (r £ €% ) are)

Now we state the estimates needed for proof of Theorem
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3. Homogeneous estimates and Duhamel estimates

Proofs of some lemmas stated below are analogous to those in [1}|4,8], with necessary
changes and adaptations. Let ¢ be a cut-off function such that v (¢) is 1 for |t| < 1, 0 for
[t| > 2 and ¥p(t) = (t/T). Also let xs(7) be the indicator function on S, that is 1 if
TeS, 0ifr¢s.

Lemma 3.1 (Homogeneous estimates). Suppose T'< 1. For , we have

(a1) [|U=() Eollc(ory;n2) = 1 Eoll 2

(a2) If0 < by < 1/2, then [r(HU-() Eoll ;. STY275 || Byl e

(a3) (Strichartz estimates). If (q,r) = (4/0,2/(1 —0)) and 6 € [0, 1], then
| p22u. ) Eo|

<
pozg S 1Bz

For ) and ., we have

bl) HWs( )(no, n1)ll o,y < (1 +T) [[(no, na)lyy, -

(b2) 170 < b < 1/2, then [¥r()Wes (o, )l s S T2 (0,
Lemma 3.2 (Duhamel estimates). Suppose T' < 1. For , we have
(a1) 10 < e1 < 1/2, then U 51 Flloqoyez S TV 1Fllyse

(a2) If0<c; <1/2,0<by and by + 1 <1, then

| (t)Us x5 FHX(%1 < Tl-bi—c1 ”FHX(;QE_CI ]

(a3) (Strichartz estimates). If (q,r) = (4/6,2/(1 —0)), 6 € [0,1] and d > 1/2, then

l’] 0 < , ,
HDaUE R FHLq[o,T]L; + HDEUE R FHO([O,T];L%) SNz o2y -
0/2 ‘ <

For and ., we have
(01) 110 < ¢ < 1/2, then [W. 52 Cllogo ey S T (161 ey +1GlL o )-
(b2) If0<¢<1/2,0<b,b+c<1 then

[V () Wes *r G| wes ST CHGH
2,b

We skip the proofs of Lemmas and and the readers are referred to [1}/4}8].
For more complete discussion of Strichartz estimates for the fourth order Schrodinger

equations, see [9].
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4. Local and global well-posedness for QZ system

We prove Theorem whose proof essentially follows from those in [1,4], however some
adaptations and changes are required. We use the conservation law (|1.3]) to control the
growth of E(t) from one local time step to the next. We track the growth of n(¢) in the

norm W using the estimates from the local theory. We now state the estimates.

Lemma 4.1 (Multilinear Estimates). Let —3/4 < ¢ < 3/4 and 0 < & < 1. We have the

following estimates.

(a) If max{1/4,—€/2} < bi,c1 <1/2,1/4<b<1/2 and b+ by + c1 > max{l,(—2¢+
3)/4}, then

(4.1) IneBllgs. < e™2M Ing ) wey ||B] ys.
»—c1 2,b 0,61

(b) Ifmax{1/4,0/2} < b1 <1/2,1/4<c¢<1/2 and 2b; +c > max {1, (2¢ + 3)/4}, then

(4.2) | D710, (BVEs)||  w, < emin{—(-1/20}

S Iz, B2l -

(¢) If3/8 < by,c1 < 1/2 and 0 < b, ¢ < 1/2, then

D 0u(BrEo)|| ywer: S VHIIEY
—3/4,

—c

HX(iil HEQHXg’El
and

<
InsBllg. | S el s 1Bl g,

For the initial data (E(0),n(0), 9n(0)) € L?x H'? % HZ??, we can prove multilinear

estimates which are analogous to those in [1].
Corollary 4.2. [1, Lemma 3.1]

(a) If 1/4 < b,by,c1 < 1/2 and b+ by +c1 > 1, then

<
‘|niE”X5561 ~ HniHXZVle/j;b HEHX(‘)SEI

(b) If 1/4 < b1,c < 1/2 and 2by + ¢ > 1, then

D19, (F,E < ||E - || -
| D 0. (Er 2)HXfV$ S 1!\X§b1 | 2”Xa°‘,b1

Remark 4.3. Let £ = —1/2. Observe that the constants in the estimates of Lemmas [4.1](a)
and [4.1|(b) are independent of €. Taking the limit of the estimates in Lemmas [£.1|(a) and
[4.1|(b) as e tends to zero, we get the multilinear estimates given in [1], and thus we formally
recover the result of in [1].
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We are now ready to prove Theorem [I.1]

Proof of Theorem [L.1] For the system (2.4)), we have the solution formulae (2.5]) and (2.6]).
Thus we consider the maps Ag. and Ay, such that
(4.3) As. (E,ny) = YpUEp + YrU; xg [(n+ + n_)E],
(4.4) Aw., (BE) = YrWex(no,n1) F vrWes +g (D710, |EJ?).

For some 0 < T' < 1, we seek a fixed point (E(t),n+(t)) = (As.(E,n+), Aw., (E)).
Estimating (4.3) in X(;q ;. » applying the estimate in Lemmas (a2), 3.2(a2) and following

through with Lemma (a) and (c); and estimating (4.4]) in X Nfi, applying the estimates
in Lemmas [3.1(b2), 3.2 b2) and following through with Lemma [£.1[b) and (c), we obtain

1As. (Byna)llgse S T2 | Eoll e + T Ins || owes [ Bl s
»b1 2,b 0,b1
< T1/2=b1 HE0HL2 (1 +T3/27b—b17c1 H(nojnl)u‘%)

and
s (B) e S T2 (s m)ly, + T332 | Eol 22 )

Also we have

[As. (B ny) — As (B, nly) | s
0,b1

S T32720 || Bl 2 || — n’iHXxgi + T [(ng, ma) |y, || B — E/HX()Sgl

and
8w (B) = Aws (BN e ST | Bl || B = B s,
By taking T such that

T332 || Byl| o S 1, TH270bme Byl <1,

~

(4.5) 73200 [ (ng, na) [y, S 1
and
(4.6) 132720 | Bo|1 75 < [l (noy na) [y,

one can obtain sufficient conditions for a contraction argument yielding the existence of a
. Se We
fixed point E € X5 , nt € X, * of (4.3)-(4.4) such that

—b —b
(4.7) 1l x5 STV Eollp2 and el e STV [ (noy m) |y, -
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To prove the global existence for —1/2 < ¢ < 3/4, we interpolate between Lemma4.1|a)
with ¢/ = —1/2 and b’ = b} = ¢} = 1/3, and Lemma |4.1{c) with ¢/ = 3/4, b" = 14/128
and b} = ¢] = 49/128. Then we obtain

InsBllgg. S Inel e 1Elg,

where b= L0+ 1(1 —0), by = c; = 15x0 + %(1 —0) and ¢ = 20 — 1. On the other hand,
we need the interpolation between Lemma [4.1(b) with ¢ = —1/2 and ¢/ = b} = 1/3, and
Lemma [4.1b) with ¢” = 3/4, b = 49/128 and ¢’ = 46/128. Hence we get

HDe_lgﬂf(ElE?)HXZVfi SeT VDB g5 B

Xogy 1IN,
where b = 1280+ (1-0), c= 1289+ (1—0) and £ =326 — 3.

To prove the global well-posedness for —3/4 < ¢ < —1/2, we analogously interpolate
between Lemma [4.1|(a) with ¢ = —1/2 and ¢} = b} = b’ = 1/3, and Lemma [4.1|(a) with

= —-3/4, ¢/ =b{ =49/128 and V' = 46/128. Then we obtain

IneEll s < et1/? ncll wee 1Bl xcss

where ¢; = by = 1479804— %(1 —0),b= 147689—1— %(1 —0) and £ = —3 — 160. On the other hand,
we need the interpolation between Lemma [4.1|(b) with ¢ = b’1 =1/3 and ¢ = —1/2, and
Lemma [4.1)(c) with ¢/ = —3/4, b = 49/128 and ¢’ = 14/128. Hence we get

| D" 0u( E1E2)H Wes STV B | s (1Bl gs:
0,01 0,b1

where b = 1289+ (1-0),c=21r0+1(1—0) and £ = —5 — 16.

By applying Lemmas al), |3.2(al) and (4.7)), we can show that E € C([0,T]; L2).
Then we invoke the conservation law to conclude |[E(T)|[;2 = [[Eol 2. Thus we
are concerned with the possibility of growth of |[n(t)[|y, in time. Assume that after
some number of iterations we have [[n(t)(|, > HE(t)H%% = ”Eﬂ”%g We reset this time
position as the initial time ¢ = 0 so that ||E0||%2 < [[(no, 1)y, - Let us take the quantum
parameter into account. Thus and . ) become

(4.8) e IR RIT3=b=ben | (ng, my ) ||y, S 1
and
(4.9) RT3 By 170 S Ml (noy ) s, -

Then (4.9) is satisfied and by (4.8)), we choose a time increment of size

(4.10) ~ || (g, m ) [[yy! B/ 70 brmen) 121/ 3/2-bbi—er),
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Using (4.5)), the quantity b+b;1 +¢1 we choose satisfies the conditions in Lemma [4.1|(a).
Since
n = We(t)(no,m) + W+ (D;lax |E|2)

we can apply Lemmas [3.1(b1), 3.2(b1), (4.7) and (4.10) to obtain
(). < (1+T) [[(no, m1) |y, + e 1FV2T3/2720= | By |17,

< ll(mo, ) lyy, + Ce™ AT (| By |7, 4-1)

where C' is some fixed constant and 1 — (3/2 — b — b1 — ¢1) = 3/2 — 2b; — ¢. Now we can
carry out m iterations on time intervals, each of length (4.10)) to get

[n(mT)[lyw. < [[(no,n1)|ly. + mOT3/22h—c <||EO||i2 + 1) c—ler1/2]

Thus, for some m, the upper bound in the above reaches 2 |(|(ng, n1)|ly,.. Hence we get

(70, n1) ||y, el

T3/2=21=¢(|| By |12, + 1)

(4.11)

The total time the solution n advances after these m iterations, by (4.10) and (4.11)), is
200+1/2)

| Eoll32 + 1

which is independent of ||n(t)]|y. -

We can keep repeating this procedure. Each time the solution n advancing a time
of length about the size of (||Eo|/32 + 1)~ 'e2**1/2l which is independent of the size of
[7()|lyy,, the size of |[n(t)[|y, will at most double. This implies that the solution grows

at most exponentially in time as stated in Theorem [T.1} O

Remark 4.4. Let k = 0. For ¢ = 3/4, we choose b = 14/128, by = ¢; = 49/128 and
¢ = 46/128 to satisfy all the conditions stated in Lemmas [4.1|(b) and [4.1)c).
Notice that the choice also meets the optimal condition 2b; + ¢ = 9/8.

For ¢ = —1/2, we choose b = b; = ¢ = ¢; = 1/3 to satisfy all the required conditions in
Lemmas [4.1|(a), [4.1[(b), and this choice is the same as that in [I] which meets the optimal
conditions b +b1 +c¢1 =1 and 2b; +¢c=1.

For ¢ = —3/4, we choose b = 46/128, by = ¢; = 49/128 and ¢ = 14/128 which satisfy
all the conditions stated in Lemmas [1.1(a) and [4.1](c). Notice that the choice also
meets the optimal condition b+ by 4+ ¢; = 9/8.

The range —3/4 < ¢ < 3/4 for local well-posedness is optimal. We can modify the

counterexamples in [4] to show that the multilinear estimates fail when |¢| > 3/4.
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5. Proof for the multilinear estimates

We need the following calculus lemmas whose proofs are elementary. Denote A :=
V14 (x—y)? A :=V1+22, Ay :=/1+y? and By :=x +y. Let
2A(A1 + AQ)

Tow) = Ay + B
and
Fla,y) = (L+ B2)y — B_As(A1 + As)  2A(A + Az) (Ay + Aa)y + By As)
((A1 + A2)% + B2) AA, ((Ay + A9)% + B2)® Ay
Lemma 5.1. For any z,y € R, we have
0< ) <2 flag) ~ oV D ) o) and [Fay)] <2,

L+ [zl +]yl” 9y
The proof is given in the next section.
Remark 5.2. The bound for |F| is not optimal, however we will not pursuit this.

Define [\ = Aif A >0, §if A =0, 0if A < 0.

Lemma 5.3. Let { =& — & and [€] > 6. For any 01,1 € R and a > 0,

sup (01— €L + & +€3.) " d&y S ()

g1 /|€15éf’>2|€25éf
The proof of the lemma will be given in the end.

Lemma 5.4. [4, Lemma 4.2] Let 0 < a— < ay, ay +a_ > 1/2 and o = 2a_ — [1 —2ay]4.
Then the following estimate holds for all s € R

Jtw=9 2 s dy <o)
y
We now prove the multilinear estimates.

Proof of Lemma a). We prove the case of ny only. By duality argument, the estimate

is equivalent to
<
(5.1) (B ) S limll e 1Bl xge Ngllxse

for all function g € X{iil. We set 0 = (&) (r+ &) h,, By = <7’+£52>b1 E, o =
<T+§€2>cl g. Thus we can rewrite the left-hand side of (5.1) and denote the integral
by S which gives the following bound

L[, €)] [Ba(r2, )| 51 (1, )
si< | ©F (0f (oo (o mdednd




GWP for Quantum Zakharov in 1D 351

where
(52) T=m-m, (=G-&, o=T+&, or=m+&. and oy =7+

We split S into two parts, one is on |[{| < 6 and denoted by S, while the other part
is on [¢] > 6 and denoted by Sa. The proof of the estimate for S; is the same as that of
Lemma [4.1{(a) in [1]. Thus we obtain [S1| < [|v]l2 [[v1]l 2 [[v2]| 2 provided that by > 1/4
and ¢ > 1/4.

For [£| > 6, we split the region on which the integral Sy is taken into three parts.

Region o dominant, |o| > max(|o1],|o2|). We can rewrite the bound for |Ss| as follows:

/ Pl ey / O Bl o desdode.

(0)" (1) (o)™

Using the Cauchy-Schwarz inequality, we get the following bound

1/2
(Su? (o) <€s>_%/ (01) 72 (o9) 2 d€2d0’2> [l 2 l|vall e lvallpe

which gives the desired result if the above supremum

(5.3) sup ()2 (£,) 2 / (01) 2 ()~ deydory
3

is finite. The inner integral is taken over fixed o, £ and o9. Since & = £ + &, we have
d&1 = d&, and since

(54) o1-o—o2=(E+&) +EE+ L) -G -G - V12

we have
(5.5) WL = 1 2+ 20487 + 1266+ 1260) ~ 1) (14 € + £9).
Thus o

7 ool gy S

The integral in the supremum ([5.3]) becomes

<O_>72b /|0’|/|0’| <O_l>f2c1 <o_2>72b1 dO']_dO'Q S <U>72b+[17261]++[172b1}+ )
0 0

For 6 < |¢| < 127!, we have

(5-3) < sup w—%—l <a>—2b+[1—2q]++[1—2b1}+ < cmin{20+1,0}

a,
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provided that —2b+[1—2¢1]4+ +[1—2b1]+ < 0. If b1, ¢1 < 1/2, then the exponent becomes
2 — 2b — 2b; — 2¢q, and it is sufficient to have b+ by + ¢ > 1.
For 12¢71 < [¢], we get
53 < sup 6—2@—2 ’€|74€*3 <O_>72b+[17261]++[172b1]+ < 62@4—1
~Y O—7£ ~Y
provided that ¢ > —3/4 and —2b + [1 — 2¢1]+ + [1 — 2b1]4+ < 0. If by, ¢1 < 1/2, then the
exponent becomes 2 — 2b — 2by — 2¢1, and it is sufficient to have b+ by + ¢1 > 1.

Region o7 dominant, |o1| > max(|o|,|o2|). We can rewrite the bound for |Ss| as

/ |01 /<§6>—5’U/\| [02] doad§odod;.

Vs (0)" (o2)"

Using the Cauchy-Schwarz inequality, we get the following bound

follows:

1/2
<Sup <U1>2€1/(§a>2€ ()7 (o)™ d£2d02> [oll 2 lvall g2 llv2ll 2

01,61

which gives the desired result if the above supremum

(5.6) sup (1) 2 / ()72 o) 2 {02) ™ dpdor

01,81

is finite. We observe that
1.\2 1 \?
(5‘7) o—01+t02= _5%5 + 5%5 + (51 - 52)8 = - <€1€ - 2f> + <§25 - 2f> )

where f(e€1,e&) = (&1 — &)c/(&1e — €2¢). Again we need to split the integral into two
parts.

Subregion: ‘515 — %f| <2 }{25 — %f’ Then || < 3f ’525 — %f‘ The inner integral in
over &5 is taken with oy, &1, o9 fixed. Denote x := €£; and y := €£2. Thus

A(A + A d
(A 4(-1312—1)_2 —E)BQ and @f(ggl’ eo) = 2eF (61, €62),
¥

see Lemma From ([5.7), we have
do 1 de 1 d£2
= ——f)2eF - = 2 —2eF

dfgs . 1+ 262§§

&2 \/1+e282

f(e&r,e&2) = f(x,y) =2

and

(5.8)

~1+elél.

Notice that

(5.9) >

' do
d€2€

1
525_2]6‘(;7
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where G := 2 (1 — 3¢ ]F] déo ) From Lemmal |F| <2 together with ]fg] > 6, we have
3¢ |F| 42 Be Thus 1 <G <2fore<1. Using (5.8) and ( we have

déae — \/1+7252
Y d€2 20 d€2 d&oc <
dEy. do

(€)™ ~ €| €72 (1422

For 6 < [£] < 126!, we obtain

lo1| ploi]
B8) < sup (1)~ / / €72 (0) 7 ()" dodor
0 0
)

01,81

min{2€+1,0} (0,1 —261+[1—2b]++[1—2b1]+

<Ssupe
o1
< 6min{%—i—l,O}

~

provided that —2c¢; + [1 —2b]4+ +[1 —2b1]4+ < 0. If b1,b < 1/2, then the exponent becomes
2 — 2b — 2b; — 2¢q, and it is sufficient to have b+ b1 + ¢ > 1.

For 12¢7! < |¢|, the supremum is bounded by

lo| ploil
" < sup O.l / / —2Z 2| |74€ 3< > 2b< 2>72b1 dO’dO'2

0—17
S Sup€2€+1 <O’1> 2¢1+[1-2b] 4 +[1-2b1] +
o1
< 2641

~

provided that ¢ > —3/4 and —2¢; + [1 — 2b]4 + [1 — 2by]4 < 0. If by,b < 1/2, then the
exponent becomes 2 — 2b — by — 2¢q, and it is sufficient to have b+ by + ¢ > 1.

Subregion: ‘515 — %f} > 2 |§2‘E — %f’ Since & = & — &2, we have

fle. - f’ and (£.) ~ <f <§1€ - ;f>> .
Also we have

2 2 2
(5.11) Z (515 - ;f> < <£1€ - ;f> - (525 - ;f> =01 —0y—0 <30y

and thus

(5.10) f

gls_f’<|§s 72

1 2
61 (ac-3f) <ol s

From Lemma we have

525_ f‘

gle_f‘<|€s-

1+e(¢]
1+ e(|&] + &)

and also we have C7 < f < (5 on the subregion for some positive constants C; and Cs.
Thus

(5.14) gl vV1+e2 =[]~ f

(5.13) fe

1+6|§\
1+5|§|

6 - 51|~ 61+ ~ (4 el el
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Hence the supremum (j5.6]) is bounded by
sup (€1) 721 / ()7 (2) 7" doadts.
1,61

The inner integral over oo is taken with fixed &2, &1, 1. By Lemma
—2b — _
/ (02— [on =€+ &+ &0) 7 (o) M don S (o1 — €L+ & +€5)

if b+ by > 1/2, where o = 2b — [1 — 2by]4 if by > b, 2by — [1 — 2b]4 if b > by. Applying
Lemma [5.3] we get

sup (01— € + & +€3.) " S ()20

o1 /!&5—;f|22]§25—;f|

For 6 < |¢| < 12671, we derive

(.6) < sup (€)% <§1g>1*461+[172a}+ < gmin{26+1,0}
1

provided that 1 —4¢; + [1 — 2a]4 < 0.
For 12¢7! < |¢|, the supremum is bounded by

56 5 sup <€1E>—2€—1 <§16>1—461+[1—2a]+ ,S €2€+1
&1

provided that —2¢ — 4¢; + [1 — 2a]4+ < 0. We now discuss the above two exponents and
combine them into max {1, —2¢} — 4¢; + [1 — 2a)4 < 0. Suppose that b,b; < 1/2 but
b+by >1/2. Then o = —1 + 2b + 2b;.

Case 1. > 1/2 if and only if b+ b; > 3/4. Then we need ¢; > max{1/4,—¢/2}.

Case 2. o = 1/2 if and only if b+ by = 3/4. Then we need ¢; > max {1/4, —¢/2}.

Case 3. a < 1/2 if and only if b+ b; < 3/4. Then the exponent is max {1, —2¢} + 3 — 4b —
4by — 4cy. We need b+ by + ¢; > max {1, (—2¢+ 3)/4}.

Combine the above we need conditions as follows:

1 1 1
b,b1<§, b+ by > —, cl>max{ —E} and b+b1—|—012max{1,

1 ~20+3
2 4’ 2 '

4

Region o9 dominant, |o2| > max(|o|,|o1|). This case is analogous to the case of region
o1 dominant so that we skip the proof. The conditions resulted from this case are as

follows:

1 1 1
b,c1 < 3 b+c1 > ok by > max{

-2
4,—5} and b+b1+clzmax{1, £+3}.D

4

Proof of Lemma b). The proof for the part (bl) is proceeded in the same vein with
that of the part (a). We prove the case of 4+ only. By duality argument, the estimate is

equivalent to

71 E—
(5‘15) ‘<Ds 850(E1E2)79>{ S; HElux(iil ”EQH){(%I ”g”XEVesz-
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for all function g € ngz. We set

(5.16) b= (&) r+€)°G, B=(r+ §§>”1 Ei, Tp=(r+ §3>b1 B,

Thus we can rewrite the left-hand side of (5.15)) and denote it by W. Then we get the

following bound

WS \/1|§T52 eyt (‘:SL <(';f>',, drydésdridéy,
where 7, £, 0, 03 and o] are given as in . We then split W into two parts, one is on
|€| < 6 and denoted by Wi, while the other part is on || > 6 and denoted by W5. The
proof of the estimate for Wy is the same as that of Lemma [4.1(b) in [1]. Thus we obtain
(Wil S vl 2 l|lvill g2 |v2ll 2 provided that by > 1/4 and ¢ > 1/4.
For |£] > 6, we split the region on which the integral W is split into three parts.

Region o dominant, |o| > max(|o1],|o2]|). We can rewrite the bound for |W5| as

ol [l o1l oo
/< ) D. (&) (o)1 (ot 2R

Analogously we want to show that the following supremum

follows:

(5.17) Sup / < (€)% (01) 72 () 72 deydoy

is finite. Using (5.4]) and ( ., we get

ﬁ dés | _ | &>
D2 doy D2 €] (1 +2(62 + €3))

<£8>2€ g |§‘2f+l (1 +€2§2)€_2

For 6 < [£] < 12e7!, we have

G.17) < sup ‘§|21z+1 <U>72c+[172b1]++[172b1]+ < gmin{—2-1,0}
0-75

provided that —2c+ [1 —2b1]4 + [1 — 2b1]+ < 0. If by, ¢ < 1/2, then the exponent becomes
2 — 4by — 2¢, and it is sufficient to have 2b; + ¢ > 1. For 127! < |¢|, we obtain

517 5 sup E2[—4 |£|4£73 <o_>720+[172b1}++[1*2b1]+ 5 6_2Z_1
o’?é’
provided that ¢ < 3/4 and —2c + [1 — 2by]+ + [1 — 2b1]4+ < 0. If by, ¢ < 1/2, then the
exponent becomes 2 — 4by — 2¢, and it is sufficient to have 2b; + ¢ > 1.

Region o1 dominant, |o1| > max(|o|,|o2|). We can rewrite the bound for |Ws| as

follows:

ol [l e Wl vl
/<O’> D <§€> <O’>C <0-2>b1 d@dfgdmd&.
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Analogously we want to show that the following supremum is finite:

(5.18) sp 002 [ L (62 ()72 ()1 s
o1,§1 D2
Subregion: ‘515 — %f} <2 |£2E - ff‘ Using |&] < 3f ‘525 — %f| and (5.9), we have
d 1 1
‘5’ <£€>2K 52 < |€’ ‘£E|2Z ‘ |£’2Z+1 (1 +e g )

foe — 5 f|G1+el&] ™

For 6 < |¢] < 1271, we get

lo1| plo]
EI8) < sup (o) / / €124 ()72 (09) 2" dordry
0 0

01,81
S €max{f2ffl,0} sup <0_1>72b1+[1720}++[172b1]+
a1

€max{—2€— 1,0}

N

provided that —2by + [1 — 2¢]4 + [1 — 2b1]+ < 0. If by, ¢ < 1/2, then the exponent becomes
2 — 4b1 — 2¢, and it is sufficient to have 2b; + ¢ > 1.
For 12¢7! < |¢|, the supremum is bounded by

lo1] plo]
(.18) < sup (o)™ / / 2473 (0) T2 (59) TP dodory
0 0

01,81
S sup 6—26—1 <01>—2b1+[1—20]++[1—2b1}+

o1

< 672671

~

provided that ¢ < 3/4 and —2b; + [1 — 2¢|+ + [1 — 2b1]+ < 0. If by,c < 1/2, then the

exponent becomes 2 — 4b; — 2¢, and it is sufficient to have 2b; + ¢ > 1.
Subregion: !516 — %f‘ > 2 ‘fgg — %f! Using Lemma and ([5.10)—(5.14)), the supre-
mum ([5.18)) is bounded by

sup [&1[2 D2 (g,) 264240 / (0)72 (o2)™ " doryds.

01,1

Using Lemmas [5.3] and we have the following bound
S?p |§1 |2 ﬁig <£1£>2€71 <£18>174b1+[172ﬁ]+ ’
1

where 8 = 2¢ — [1 — 2b1]4 if by > ¢, 20y — [1 — 2¢]4 if ¢ > by.
For 6 < |¢| < 127!, we have

(5.18]) < sup <§15>2£+1 <§16>1—4b1+[1—25}+ < gmin{-2(-1,0}
&1
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provided that 1 —4by + [1 — 28]+ < 0. For 12e~! < |¢], we get

(BI8) < supe2 (€)% (g ) I8l < 20
&1

provided that 2¢ — 4b; + [1 — 2]+ < 0. We now combine the above two parts and consider
the exponent max {1, 2¢} —4b; +[1 — 28]+ < 0. Suppose that ¢,b; < 1/2 but ¢+b; > 1/2.
Then 8 = —1+ 2c+ 2b;.

Case 1. > 1/2 if and only if ¢ + b; > 3/4. Then we need by > max {1/4,¢/2}.

Case 2. f =1/2 if and only if ¢ + b; = 3/4. Then we need by > max {1/4,¢/2}.

Case 3. 8 < 1/2if and only if c+b; < 3/4. Then the exponent is max {4, 2¢ + 3} —8b; —4c.
We need 2b; + ¢ > max {1, (2¢ + 3)/4}.

Combine the above we need conditions as follows:

2 4’2 4

1 17/ 20+ 3
ey <1/2, e+by>=, b > max{ } and 2b; +c¢ > max{1,+}.
Region o9 dominant, |o2| > max(|o|,|o1|). This case is analogous to the case of region
o1 dominant so that we omit the proof. The conditions resulted from this case are the

same. O

Proof of Lemma c¢). For the second part of (c), we prove the case of + only. By duality

argument, the estimate is equivalent to

‘<D;18x(E1E)79>’ S ||E1||X6921 ||E2||X6921 ||9||XW

3/4,c

for all function g € X3/4 We set v, 11 and v as in (5.16). Thus we can rewrite the

left-hand side of the formula and then use the fact that lA?E < 13151325 and assume that
by > 3/8 and ¢ > 0 to obtain

1Y (57, €)| [Ba(2, £2)] [0 (11, 1)

S| S | = e drod&odmdéy
DIt o) (o2)™ (o)™
DA ~ v 1/4 \~
S ( /\vu) (w) ( Dl [o |>
~ < 1>3/8+ L?Lé DZ/4 L%L% <0_2>3/8+ L?L%

where the variables 7, &, 0, 02 and o are given as in (5.2). To bound the first and the

third quantities above, we need

(5.19) 15511 22 = ll0ill 22 -

Then we interpolate between (5.19) and (3.1)) with 8 = 2/3 to get

e

for j =1,2.

—1/4
< . ;
~ HDJE UJ‘ L2L2

LiLg
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To estimate the second quantity, we get
~ v
—7/4 |~
[0 | S tolgs.
212

Thus we obtain ] < e=V/4[Jol|a flonl 2 loa | 2

The proof for the first part is analogous. O

Proposition 5.5. Assume that the estimates in (4.1) and (4.2)) hold for some b, by, ¢, ¢
and for all v,v1,ve € L?. Then one must have —3/4 < { < 3/4 .

Proof. Let L > =1, For S and W, We define

V1 + 42212 V144212 _3 1
( 9212 <{<2L+ 2222 +2L x(lo| Se ),

V1 +4e212 V144212 -~
( o212 §€1§L+W+L > x(lon| < 1),
U =x(L<-& <L+ L) x(loz| <1).

Thus we can compute that
loll e lorllye leallpa ~ &=L, S~ (L)L and W~ e} (2L L,

If and are to hold, then we have —3/4 < ¢ < 3/4. O]

6. Appendix

Proof of Lemma [5.1] Tt is clear that f > 0 and for f on z + y # 0, we have

A(Al + Ag) < A

f($’y):2(A1—|—A2)2+(Z'+Z/)2 2(A1+A2)§2

For fonz+y =0, we get f(x,—x) =1+ 422/A/1 + 22 < 2. Since F has two parts, we
call the first part F} and the second part F5. For Fj, we have

(1+B2)lyl LB A4+ Ay 1
(A1 + A2)2(1+ B2)124y  (Ay + Ag)%(1 4+ B2)1/24; ~ 2

7| < =1

1
2

For F5, we again decompose it into two parts such that Fy = Fyy - Fyo, where

\/1+ B2(A; + As)
Fo = —

(A1 + Ag)2 + B2

2 ((Al + Ag)y + B+A2)
(A1 + A2)?+ B2) Ay

and F22 =

Through some calculations, we derive that |F1| < 1 and |Faa| < 1, thus we have |Fy| <
1. OJ
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Proof of Lemma [5.3] Recall that & = /1 + 282, £ =& — &9, [€] > 6 and |&;| > 4. Since
the sets

o

it is sufficient to prove the estimate

glg—if'zz

I CH R SRR

sup / (0 — €L+ & +6.) " des S ()2
[&2]<]&1]

o1

Denote Y (£) = o1 — &, + & + &5.. Thus we have

1+ 2e2¢2 £ 26 44226 and Y'(&) =& 3e& + 2e3¢3

V= i oep
Then we can show that Y (£3) > 0 for all &, which implies that Y’(&;) is increasing and
Y (§2) in convex. Together with the facts Y'(1/2) < 0 and Y'(|¢1]/2) > 0, Intermediate
Value Theorem asserts that there is a unique number K in [1/2, [£1] /2] such that Y'(K) =
0, and thus Y (K) is the minimum of Y. Denote A = |&;|, I = [-A, A] and the two roots
of Y(&) by Ry and Ry if there is any. Let Ry < Ry and B = min { Ry, A}. For all possible

values of o1 and &7, we distinguish the following cases.

Y'(&) = - +2+ 12673

1. For Y(K) > 0, we split [ into I} = [-A,—1/2], I, = [-1/2,1/2], I3 = [1/2, K] and
I, = [K, A]. Then we define the function z(&) = z;(&2) on I; for j = 1,2,3,4, where

2
@)= (4 3) (@) =0 a() = 6 - K a(&) = 46 - K

€

2. For Y(K) < 0 and 1/2 < Ry, we split I into I} = [-A,—1/2], I, = [-1/2,1/2],

Is = [1/2,Ry], Iy = [R1,K], Is = [K,B] and I3 = [B,A]. Then we define the

function z(&2) = zj(&2) on I; for j =1,2,3,4,5,6, where

@=1(erd), ae=o
212—4 2 25, z2\q2) =Y,

_i(KE_RIE)z
16 K—-—R;

()= [(B-K)+ (B~ K] (@ B), (&) = (& B

23(&2) = %(525 — Ric)?, z(&) = (& — R1),

3. For Y(K) < 0 and —1/2 < Ry < 1/2, we split I into Iy = [—-A,—-1/2], I, =
[—1/2,1/2], I3 = [1/2,K], Iy = [K, B] and I5 = [B, A]. Then we define the function
2(&2) = 2j(&) on I for j =1,2,3,4,5, where

2 _ 2

w(@) = [(B-K) +2(B-K)] (- B), (&)= 6B

=
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4. For Y(K) < Oand —A < R; < —1/2, we split T into I = [~ A, Ry], I = [R1, —1/2),
Is = [-1/2,1/2], Iy = [1/2,K], Is = [K, B] and Is = [B, A]. Then we define the
function z(&2) = zj(&2) on I for j =1,2,3,4,5,6, where

3
z1(&2) = %(52 + R1)g, z9(&2) = i <Rl + ;) + &2 <R1 i ;) (& — Ry),
_ 2

w(@)= 1 [(B-K) +2B-K)] (- B), (@) =&~ B2

| =

5. For Y(K) < 0 and Ry < —A, we split I into I; = [~ A, —1/2], I = [~1/2,1/2], I; =
[1/2,K], Iy = [K, B] and I5 = [B, A]. Then we define the function z(£2) = z;(§2) on
I; for j =1,2,3,4,5, where

21(&) = (—A+ ;) + &2 <—A+ ;)3

1 (K. —(1/2).)? < 1)’

. &+ 4), =(E)=0

A Tt VR S

@)= 1 [(B-K)+2(B-KP] @ B), (&) =& B

Through some straight forward calculations we obtain 0 < |z(&2)| < |Y(&2)|. Hence we

can replace the function Y by z such that the integral become manageable:

/I<Y(§2))‘°‘ dés < ;/JJ (2;(£2)) ™ déy < (€10)1 20 .
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