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ABSTRACT. The paper deals with the exact controllability of a semilinear
system in a separable Hilbert space. A bounded linear part is considered
and a linear control introduced. The state space is compactly embedded in
a Banach space and the nonlinear term is continuous in its state variable
in the norm of the Banach space. An infinite sequence of finite dimen-
sional controllability problems is introduced and the solution is obtained
by a limiting procedure. To the best of our knowledge, the method is new
in controllability theory. An application to an integro-differential system
in euclidean spaces completes the discussion.

1. Introduction

This paper deals with the exact controllability in infinite dimensional spaces,
by means of linear controls. We consider the semilinear equation

(1.1) y'(t) = Ay(t) + f(t,y(t)) + Bu(t), te[0,T], y(t) € H,

with 0 < T < 400, in the separable Hilbert space H and assume that the
control term u belongs to L%([0, 7], U) where U is a Hilbert space. The operators
A: H— H and B: U — H are linear and bounded. We refer to Section 3 for
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the exact properties of f: [0, 7] x H — H. System (1.1) is said to be controllable
if every initial condition yg € H can be steered at time T to any y; € H, i.e. if
y(0) = yo and y(T') = y1, by some admissible control u (see Definition 3.3).

Let {e4};cr be the group of continuous operators generated by A. The
linear, bounded operator G: L2([0,T],U) — H defined by

T
G(u)z/ eAT=%) Bu(s) ds
0

is important in the study of the controllability of (1.1). In particular, when (1.1)
is linear, that is f(t,y) = f(t), the controllability of (1.1) is equivalent to the
surjectivity of G (see e.g. [8, Section 4.1]). We refer to [17] for a wide discussion
about controllability in the linear case.

In general it is hard to prove that the nonlinear system (1.1) is controllable.
The study is usually carried out by means of a fixed point technique and the
following equation is introduced

(1.2) y'(t) = Ay(t) + f(t,q(t)) + Bu(t), te€][0,T],

where ¢: [0,7] — H is any continuous function. Since (1.2) is clearly linear
with respect to y, the operator G is important in this discussion. In particular,
when equation (1.2) is controllable, for every yo,y1 € H there exists a control
uw € L2([0,T],U) such that

T
(13) Glu) =y — ATyo - / AT f(5. g(s)) ds.

0
The usual space of equivalence classes L2([0,T],U)/ker G is then naturally in-
volved. Let G be the operator induced by G in L?([0,T],U)/ker G; when G
is onto, then G has an inverse which is again linear and bounded; the prop-
erty is true in the more general setting of H and U arbitrary Banach spaces
(see e.g. [11] and [15, Section IL.5]). However, the knowledge of G and its in-
verse is not sufficient, in general, for the correct implementation of a topological
method. It is also necessary to select a control function, in each equivalence class
of L?([0,T],U)/ker G, and some properties of this selection map are needed. If
the control space U is a Hilbert space, a unique control function with minimal
norm, say u, exists in each equivalence class, and the selection map [u] — @ is
linear and bounded (see e.g. Proposition 2.2). A linearization method can then
be correctly implemented and this explains why we set out the present discussion
in Hilbert spaces. Moreover, the controllability of (1.1) can be obtained by the
minimal norm control with respect to the family of controls that satisfy the nec-
essary condition (1.3). The existence of a unique minimal norm element in each
equivalence class of L2([0,T],U)/ ker G is true also when U is a uniformly convex
Banach space but the selection map needs not be linear in general; this topic
is discussed in Remark 2.3. An alternative approach could be to make use of
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a multivalued analysis in order to account of all the controls in each equivalence
class as suggested in [11].

Controllability can be investigated for a more general system obtained when
A in (1.1) is replaced by a densely defined operator which generates a strongly
continuous semigroup; nevertheless, such a system is never controllable when
the associated semigroup is compact (see [16]). Controllability results can also
be obtained for multivalued systems, occurring when f is a multivalued map,
by some additional techniques proper of the multivalued analysis. Many contri-
butions can be found about the controllability of semilinear systems in infinite
spaces; we refer, in particular, to [1], [6], [11], [13] and [19]. The topological
method is clearly showed in the first paper published by Magnusson-Pritchard-
Quinn [11]; some preliminary results are also obtained there by the contraction
principle or the Schauder fixed point theorem with a Lipschitzian nonlinear part.
The controllability in the multivalued case is discussed in [6] and [13]. The Lip-
schitzianity condition is replaced in [13] by a weaker regularity involving the
Hausdorff measure of noncompactness and the fixed point result for condens-
ing maps (see [10, Chapter 2 and Corollary 3.3.1]) is used; the use of the weak
topology in the state space is exploited in [6]. The discussion in [19] is based on
the fixed point-type application of the Schmidt existence theorem and it makes
use of the Kuratowski measure of noncompactness; one-sided Lipschitz condi-
tions and some convexity are further assumed; the nonlinearity is autonomous.
Several additional papers can be found where the investigation is based on con-
tradictory assumptions that G is onto and A generates a compact semigroup.
The discussion in other papers is set in some Banach space, but the properties
of the selection map of one control in each equivalence class are not clarified, in
some cases the selection is neither introduced.

As it is known, every separable Hilbert space has an orthonormal basis
{en}nen. Starting from this property we define infinitely many simpler control-
lability problems settled in the finite dimensional spaces H,, := span{ey,...,e,}
(see (Pp) in Section 3). Then we assume that the Hilbert space H is compactly
embedded in a Banach space (F, || - ||g) and obtain the controllability of (1.1)
by a limiting procedure. This approximation solvability method was recently
pointed out in [4] for the study of boundary value problems and extended in [5]
to second order equations. To the best of our knowledge, the technique is new
in controllability theory. We assume that the nonlinear term f(¢, -) is continu-
ous with respect to || - |, for almost every ¢, and we do not need to introduce
any measure of noncompactness, the only amount of compactness required being
the mentioned compact embedding. Our main results are Theorems 3.4 and 3.5.
The former requires a strict sublinear restriction on f, while the latter deals with
a case where f is sublinear and it is small with respect to the linear part. This
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discussion is in Section 3. In Section 4 we apply our abstract results for the con-
trollability of an integro-differential equation in R™. Notations and preliminary
results appear in Section 2.

There is an increasing interest in the study of solutions of infinite dimen-
sional systems that satisfy some nonlocal condition; the nonlinear term in these
models may also include some delay. These topics are widely investigated in the
recent book by Burlicd, Necula, Rosu and Vrabie [7]. The present controllability
discussion can be extended, with suitable changes, to these models.

2. Notations and preliminary results

Let H be an infinite dimensional separable real Hilbert space with a scalar
product (-, -). Denote by || - || its norm and by {e,}nen an orthonormal basis,
whose existence is granted by the separability of H. Let H,, = span{ey,...,e,}
denote the n-dimensional Hilbert space generated by the first n vectors of the

n
basis, and P, : H — H,, the natural projection, P,(x) = > (z,e,)en.
k=1

ProOPOSITION 2.1. Let H be a separable Hilbert space and P, be the natural
projections. Then

(a) || Pu(z)]| < |lz|| for alln € N and all z € H;

(b) if x; — = then Pyx; — P,x for everyn € N;

(¢) if xy — x then P,(z,) — x.

PRrROOF. (a) and (b) are well known results, (c) is proved, for example, in [5,
Lemma 6]. d

The following proposition shows that every surjective, bounded, linear oper-
ator defined in a Hilbert space admits a right inverse of minimal norm.

PROPOSITION 2.2. Let H be a Hilbert space, W a Banach space and G: H —
W be a surjective, bounded, linear operator. Then there exists a bounded linear
operator G=1: W — H such that, for every w € W, G o G~ (w) = w and

(2.1) |G (w)]| = min{|ju : G(u) = w}.

PROOF. Since G is bounded, K = ker GG is a closed subspace of H and the
quotient space H/K is a Banach space with the norm

(2.2) H‘[u]”’ = vien[ft] vl [ul={veH:Gw)=Guw)}=u+K

(see [15, Theorem 5.1]). The bounded linear operator G: H/K — W defined by
G([u]) = G(u) is one to one and onto, then there exists G W H/K linear
and bounded.

The weak lower semicontinuity of the norm and the weak compactness of the
closed balls in H imply that the infimum in (2.2) is reached. Moreover, the strict
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convexity of the norm in a Hilbert space implies the uniqueness of the minimum,
that is for every u € H there exist one and only one @ € [u] such that

(2:3) I Eullll = main [lof} = [f]l

Denote by K the orthogonal complement of K, then H = K @ K=, that is
for every w € H there exist only one k, € K and only one h, € K+ such that
u = hy +k, and KN K+ = {0}. Moreover, |[u|? = ||hy||? + ||kul|? > |||, For
every u € H

G(u) = G(hy) + G(ku) = G(hu),
then h,, € [u]. Moreover, for every v € [u],

v—u=k€e€K = hy—hy=k—ky+ky, € KNK" = hy, = h,.

Therefore |||[u]||| = [|Aul]- B

The function 7: H/K — K+, w[u] = h,, is an isometry and G™1: W — K+
defined by G'=70G ' has the following properties: for every w € W

(a) for every u € G~1(w)

G(G ' (w)) = G(x(G '(w))) = G(x([u])) = G(hu) = w;
(b) since 7 is an isometry, by (2.3)

|67 @) = =@ @) = [[& @)[| = min_ ol
veG (w)

but v € é_l(w) if and only if G(v) = w, then
|G~ (w)|| = min{|jv] : G(v) = w}. O

REMARK 2.3. Notice that, if H is simply a uniformly convex Banach space,
for every G: H — W linear, bounded and onto it is possible to define a function
G~': W — H such that (2.1) holds, but in general this function is not linear. In
fact, in general, the map m: H/K — H such that, for every u € H, w([u]) € [u]
and

(D]} = min flo],

is homogeneous but not additive. For example () consider H = R?® with the

norm ||(z,y,2)||s = /2t + y* + 24, W = R? with the euclidean norm and the
linear map G: H — W defined by G(z,y,2) = (x — y,y — z). G is onto and
K =kerG = {(t,t,t) : t € R}. Then [(z,y,2)] ={(z+t,y+t,z2+1t):t € R},

Gy, N = Ml + &y +E 2 +Blla = min||@+ by +¢,2 4+ )]

(1) J. Rosenberg, Lectures notes for the course of Functional Analysis, University of
Maryland.
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and 7[(z,y,2)] = (x + ¢,y Slmple computations lead to

1
1+\f 1+\f 1+xf>

[(1,0,0)]
7[(0,1,0)]
7[(1,1,0)]

P
-1
(+\f 1+\f 1+\f)
(Famnna)
+V2 1+ V2 1432
then 7[(1,0,0)] + 7[(0,1,0)] # 7[(1,1,0)].

In the sequel, for vector valued functions we will consider strong measura-
bility (or simply measurability) and Bochner integrability. Since H is separable,
for functions with values in H measurability is indifferently strong and weak
measurability and the integrals are indifferently Bochner or Pettis integrals (see
e.g. [18, Theorem 1.1.3]).

REMARK 2.4. If a function ¢: [0,7] — H is measurable, respectively inte-
grable, in H and H is continuously embedded in a Banach space E, trivially ¢
is measurable, respectively integrable, in E too and the integral in FE is equal to
the integral in H.

For 1 < p < oo, LP([0,T],H), LP(0,T) when H = R, denotes the Banach
space of equivalence classes of functions y: [0,7] — H such that y is measurable
in [0,7T] and |ly||, < +o00, where || - ||, is the usual norm defined by

o= ( [ ' ||y<t>||pdt)l/p

|ylloe = ess suplly(t)||
te[0,T]

when 1 < p < oo and

when p = oo. Since H is a Hilbert space, also L?([0,T], H) is a Hilbert space
with the inner product

T
(ylay2)2:/0 (y1(¢), yo(¥)) dt.

C([0,T], H), the space of continuous functions y: [0,7] — H, is a Banach space
with the norm

[Ylloe = max{lly(#)| : ¢ € [0, TT}.

In the last section we will consider the Sobolev spaces WP (), where Q is
an open subset of R™, with the norms

by = ( [ oo + ; / |uxi<z>|pdx>” '
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when 1 < p < oo and

n
[ull1,00 = ess suplu(@)| + > ess sup |u,, ()|
zeN = zeq
when p = oco. If p = 2, WH2(Q) is a Hilbert space endowed with the inner
product

(u,v)1,2 :/Qu(x)v(x) d:r—i—ﬁ;/ﬂux(:r)vm(x) dx.

AC([0,T], H) denotes the space of absolutely continuous functions y: [0,7] — H.
Recall that a function y: [0,7] — H is absolutely continuous if and only if there
exists g € L'([0,T], H) such that

Moreover y is a.e. differentiable on [0,7] and y'(¢) = g(t) for almost every ¢ €
[0,T] (see [2, Chapter I, Theorem 2.1]).
Given a bounded and linear operator A: H — H, the semigroup generated
by A is defined by
ar _ o~ At

= e 120,
k=0

Similarly, —A is a bounded and linear operator generating the semigroup
{e=4};50. It is then well known (see [14, p. 22]) that A generates the group
defined as

eAt ift>0,
e~ A= ift <.

At _

We have that

d
% eAt _ AeAt,
then {eAt}teR is the C° group generated by A.

Tt is well known (see e.g. [14, p.2]) that

for every t € R,

eAt]] < el A for all t € R
and, given g € L'([0,T], H),yo € H, the initial value problem
y'(t) = Ay(t) +g(t),
y(0) = wo,

has a unique absolutely continuous solution satisfying the constant variation
formula

t
y(t)zeAtyo—f'/ A=) g(s)ds, tel0,T].
0
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3. The abstract problem

In this section we consider the control problem

y'(t) = Ay(t) + f(t,y(t)) + Bu(t),

P
) y(0) = yo,

where A: H — H is a bounded linear operator, f: [0,7] x H — H, H is
a separable Hilbert space, and B: U — H is a bounded linear operator defined
in a Hilbert space U. Moreover, suppose that H is compactly embedded in
a Banach space (E,| - ||g), therefore there exists a costant A > 0 such that
I-1le <Al- -
In the sequel we will consider the following assumptions on f and B:
(f;) for every y € H the function f(-,y): [0,T] — H is measurable with
respect to the Lebesgue measure on [0, 7] and the Borel measure on H;
(f2) for almost every ¢ € [0,T] the function f(¢, -): H — H is continuous
with respect to the norm in the Banach space F;
(f3) for every bounded set D C H there exists vp € L(0,7T) such that

If(t,y)| <vp(t) foreachy € D and for a.e. t € [0,T);
(B) the linear operator G: L*([0,T],U) — H defined by

T
G(u):/ eAT=%) Bu(s) ds
0

is onto.
Now we need to show the measurability of f(-,q(-)): [0,7] — H when ¢ is in
C([0,T], H). This property is trivially satisfied if we replace assumption (f3) with
e for almost every ¢t € [0,7] the function f(¢, -): H — H is continuous
with respect to the norm in H.
The following proposition contains the proof of such mesaurability under condi-

tion (fg)

PROPOSITION 3.1. Let conditions (f1)—(f3) hold and let ¢ € C([0,T], H).
Then the function f(-,q(-)): [0,T] — H is measurable.

PrOOF. For every n € N consider the piecewise constant functions

T T T
q((i—l)) if—(-1)<t<—d,i=1,...,n,
n n n

q(T) ift="T,

gn(t) =

and
fu(t) = f(t,qn(t)), te€[0,T], neN.

From condition (f;) we get that f,, is measurable in H, hence in E (Remark 2.4).
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Since ¢ is continuous, ¢, (t) M> q(t), therefore the compact embedding and

- lle

(f2) imply that f,(t) — f(t,q(t)) for every t € [0,T7], i.e. f(-,q(-)) is mea-
surable as function from [0,7] to E.

Moreover, for every n € N and ¢ € [0,T], |gn(®)|| < ||g|lco. From condition
(f3) we get that {f,}, is weakly relatively compact in L*([0,T], H), hence there
exists a subsequence, still denoted as the sequence, weakly converging to g €
LY([0,T], H). Mazur’s lemma then implies that there exists a sequence of convex
combinations {f, }, converging to g in L*([0,T], H). We can then conclude that,

eventually passing to a subsequence, fn(t) U1, g(t) and fn(t) 1=, g(t) for
almost every t € [0, 7] and the uniqueness of the limit implies that f(-,q(-)) =g

in L1([0,T], H), hence it is measurable. O

By Proposition 2.2 the linear operator G admits a right inverse of minimal

norm.

PROPOSITION 3.2. If G is the linear operator defined in (B), then there exists
a bounded linear operator G=*: H — L?([0,T],U), G o G (w) = w for all
w € H, with the property that

(3.1) |G~ (w)||, = min {[|ull2 : G(v) =w}, for allw e H.

Recall that, by Remark 2.3, this result in general does not hold if U (and
then L2([0,T],U)) is not a Hilbert space, even if U is a uniformly convex Banach
space.

DEFINITION 3.3. We say that problem (P) is controllable on [0,T] if for all
Y0, y1 in H there exist u € L?([0,T],U) and a solution y € AC([0,T], H) to (P)
such that y(T') = y1.

We will give two controllability results by assuming more restrictive growth
assumptions instead of (f3). In both proofs the idea is to approximate the original
problem by a family of problems in finite dimensional spaces: for every n we
obtain the finite dimensional control problem
y'(t) = P, Ay(t) + P f(t,y(t) + PpBu(t),

y(o) = P’n.y()a

where P,: H — H, is the natural projection.

(Pn)

THEOREM 3.4. Let conditions (f1), (f2) and (B) hold. In addition suppose
that, for every N € N, there exists o € L*([0,T], [0, +00)) such that

1 /7
liminf — / on(s)ds =0,

sup ||t 2)|| < on(t) for ae t€]0,T).
|z <N
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Then problem (P) is controllable.

THEOREM 3.5. Let conditions (f1), (f2), and (B) hold. In addition suppose
that there exists o € L*([0,T], [0, +00)) such that

Ift, )| <at)d+|z||) for a.e te|0,T], for every x € H,
AT afly (1 + IAITVT B GH) < 1.

Then problem (P) is controllable.
REMARK 3.6. Both (f}) and (f3) imply (f3).

PrROOF OF THEOREM 3.4. We have to prove that for all yg,y1 € H there
exists u € L?([0,7],U) and a solution y(-) € AC([0,T],H) to (P) such that
y(T) =y

Step 1. For every n € N we will prove that there exists a solution y,,: [0,T] —
H,, to (P,) such that y,(T) = P,y1.

For N > 0 consider the subset of C([0,T], H,,) defined by

Q% = {4 € C(0.T], H,) : [q(0)]| < N, for all ¢ € [0,77}

and the integral operator 7, : Q% — C([0,T], Hy,) defined by

T = Pocuo + [ P9 (s, g(s) ds
0
+ /t PneA(t_s)B(é_l(pq)(s)) ds
0

for t € [0, T], where G~ is the right-inverse of G defined in Proposition 3.2 and

T
pe=uy1— e Tyo — / eAT=9) f(s,q(s)) ds € H.
0

In order to apply Schauder’s fixed point theorem, we have to prove that, for
every n € N:

CLAIM 1. For every N > 0, T,(Q%) is relatively compact;

CrAmM 2. For every N > 0, Tp,: Q% — C([0,T], H,,) is continuous;

CLAIM 3. There exists N > 0, which does not depend on n, such that
To(Qn) C Q2.

ProOF OF CLAIM 1. Since H,, is finite dimensional, by Ascoli-Arzela theo-
rem we have to prove that continuous functions in {7,(q) : ¢ € Q% } is bounded
and equicontinuous in C([0,7], H,,). For every ¢ € Q% and ¢ € [0,T], consider
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z(t) = Tn(q)(t). Note that

T
1Pl < sl + e go] + H / AT f (5. q(s)) ds

T
< sl + e'A'T[won + [ ewty dt]
0

and set Cy = |Jy1 || +el 7T |lyol| + || on|1]. Analogously, by (a) of Proposition 2.1,

and, by Cauchy—Schwarz inequality in L?(0,7T),

t
Poety, + / P9 f(s,q(s)) ds|| < C,

0

t _ T ~
H/ P B(G (pg)(s))ds|| < / I B(G (py)(5)) | ds
0 0

<elIT|B| / G 00 ®), ds < ST BIVTE )],
<elAIT) BIVT]| G |llpgll < Crel AT BIVTI G-

Finally, by the very definition of 7,

(32) lz()]| < C1 + C1el AT BTG,

therefore 7, (Q%) is bounded. By the same arguments, and recalling that

:eAt teA(t—s) s.a(s S teA(t—s) ~—1 s s
u(t) y0+/0 F(s.q(s)) d +/0 B(G(p)(s)) d

is the absolutely continuous solution of ¢/ (t) = Ay(t) + f(t,q(t)) + BG(py)(t)
and P, is linear and bounded, for every 0 < t¢; <ty <T

lz(t1) — 2(t2)]| = |Pay(t1) — Pay(t2)]| < lly(t1) — y(t2)|| < /t 2 v’ (s)] ds
<|All[Cy + ClellA”THBH\FTHé_lm (ta —t1)

to -
+/ (pN(s) dS-f—ClHB”\/tg—tlHG_l

t1

)

then the functions in 7,(Q%) are equicontinuous. O

PrOOF OF CLAIM 2. Let {g;}; be a sequence in Q% uniformly convergent
to ¢ € Q%. We have to prove that 7,,(q;) = Tn(q) as j — oo uniformly on [0, T'.
From Claim 1 we know {7,(g;)}; is equicontinuous. To conclude it is sufficient
to prove that 7,(g;)(t) = Tn(q)(t) as j — oo for every ¢ € [0,T].

Fix t € [0,T] and s € [0,¢] such that, by (f}),

1£(s,q;(s))I < on(s).
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Then, for every subsequence {f(s, gj, (s))}r there exists w(s) € H and a subse-
quence {f(s,qj,, (s))}n such that f(s, g, (s)) = w(s) in H which implies that

Il-lle

f(s: 45, (s)) — w(s). Since ¢; — ¢ in C([0,T], H), (f2) implies that

F(s,05(8) 15 £(s,q(s))

ie. w(s) = f(s,q(s)). Thus each subsequence of {f(s,q;(s))}; admits a subse-
quence weakly converging to f(s, q(s)). We get that

f(s,q5(s)) = f(s,q(s)) in H
for almost every s € [0,¢]. On the other hand, the boundedness of eA(t=5) then
yields
(3.3) A=) £(s,q;(s)) — e f(s,q(s)) in H,
therefore, by Proposition 2.1 (b)
Pet=%) f(s,q;(s)) = Poe @) f(s,q(s))

for almost every s € [0,t]. Since ||PneA(t*S)f(s,qj(s))H < el ATy (s), we can
conclude that

PneA(t_')f('an(')) —)PneA(t_.)f('aQ('))

in L([0,t], H,) by the dominated convergence theorem. In particular

t t
(3.4) / P9 f(s,q;(s)) ds — / P9 f(s,q(s)) ds.
0 0
Now we want to prove that p,, — p, in H. Setting

9i(s) = eI f(s,45(s)) and  g(s) = TV f(s,q(5),

for s € [0,T], we have to prove that fOT gj(s)ds — fng(s) ds. By (3.3), for
every w € H and for almost every s € [0,T], (w,g;(s)) = (w,g(s)) as j — oo,
moreover,

|(w, g5 ()] < [lw]|e! T on(s),

then, by dominated convergence theorem, for every w € H

(v [ e i) = [ g5 ds / " w,gls)) ds = (v ] " g(s) i)

as j — oo, proving that p,, — p,.
Let us show that, for every ¢ € [0, T1,
t t
(3.5) / eA(t_S)B(G_l(qu)(s)) ds — / eA(t_S)B(G_l(pq)(s)) ds
0 0
in H. Consider ¢ € H and define the linear functional (E :H —Ras

5(“’) = <¢, /t eA(t*S)B(C:’*l(w)(s)) ds), w € H.

0



ExacT CONTROLLABILITY WITH CONTROLS OF MINIMAL NORM 1013

By continuity of B and G~ and by Cauchy-Schwarz inequality in L2(0,T), for
every w € H, we have

16(w)| < ||¢||H 8@ i) ds| < 1ol AT IBIVEG .

Therefore ¢ is bounded and a(qu) — a(pq), then (3.5) follows. As before we
can show that

(3.6) /0 Poe I B(G (py,)(s)) ds — /0 Poet B(G(py)(s)) ds.

Then (3.4) and (3.6) imply that 7,(q;)(t) = Tn(q)(t) for every ¢ € [0,T] and the
claim is proved. O

ProOOF OF CLAIM 3. By (3.2), for every n € N

(3.7) sup 1T (@)oo < Co(llyall + 1 [llgoll + llen 1)
ICL N

with Cy = 1+ €l 417 B||VT||G~'||. Recall that, by (£}),

el 1T
iminf === = lim inf ; on(s)ds =0,

N—o0 N—o00

then

}\Ifl’lln ( +e 0

Therefore, there exists N > 0 (independent of n) such that

1 +llalT _
— sup H7;L(q)||oo < 02(||y1| - HyOH _|_6HAHT||SOEH1 <1
N seon N N

and the claim is proved. O

Finally, applying Schauder’s fixed point theorem we prove that for every
n € N there exists a fixed point y,, of T,,. The function y,,: [0,T] — H,, with the
control u = G~1(py, ) is a solution to (P,) such that y,(T) = P,yi.

Step 2. We shall prove that the sequence {y,}, found in the previous step,
verifying

t
(3.8) yn(t) = Pre™yo + / Pt f(s,y,(s)) ds
0

t
+/ PneA(t_S)B(G_l(pyn)(s)) ds,
0

admits a subsequence converging to a function y: [0,7] — H such that

(3.9 y(t) = eAtyo —I—/ eA(t_s)f(&y(s)) ds +/ eA(t_S)B(CNT'_l(py)(s)) ds
0 0
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and y(T) = y1. Then y is a solution to (P) and u = éil(py) is the associated
control.
For every N > 0, let Qn be the subset of C([0,T], H) defined by

Qn ={qeC(0,T],H): |lq(t)| <N, forall t € [0,T]}.
By Claim 3, for every n € N, y,, € Q then, setting g, (t) = f(t, yn (1)),
llgn(s)|] < pxr(s) for ae. s €[0,T).

Hence {g, : n € N} is relatively weakly compact in L*([0,T], H) (see [9, Theo-
rem 1, p. 101]) and there exists a subsequence {g,, }x and g € L*([0,T], H) such
that g,, — g in L'([0,7], H). Fix t € [0,T]. A fortiori, g,, — g in L*([0,t], H)
and, as in the proof of (3.5), it follows that

t
/ Alt=s) g dSA/ Alt=s) g in H.
0

By Proposition 2.1 (c)

(3.10) Po,.eMyo LR ey
and
¢ ¢
(3.11) Pnk/ eAt=9)g, (s)ds —\/ et =% g(s) ds
0 0

in H, for every t € [0,T], then
T
Py, =1 — € T yo 7/ e £ (s, yn, () ds
0

T
S p=y — €ATy0 _/ eA(T—s)g(S) ds
0

in H. Reasoning as in the proof of (3.5) we get that, for every ¢ € [0, 7]

t

| e IBE )6 ds = [ AIBE @) s

and, by Proposition 2.1 (c),

(3.12) / P, et ‘S)B(G (py )(s)) ds — /Ot eA(t_S)B(é_l(p)(s)) ds

in H. Finally, by (3.10)—(3.12) for every t € [0,T], we have

N — eAt teA(t—s) s)ds teA(t—s) ~—1 s g
e (£) = y(t) m+/ m>d+A B(G(p)(s)) d

0

I-1le

in H and, by compact embedding, y,, () —— y(t). Therefore, by (f3), for
almost every s € [0,T], f(s,y(s)) = klim f(8,yn, (s)) and, by (1), gn, =
— 00
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FC o yn, () = f(-,y(+)) in LY([0,T], E). Since the dual space of L'([0,T], E)
is continuously embedded in the dual space of L([0,7], H), a fortiori

Iny, :f('vynk(')) 4f(’y()) in Ll([OaT]aH)'

Then, by the unicity of the weak limit of {g,, }x, g(t) = f(t,y(t)) for almost
every ¢t € [0,T] and

T
p=pery=yr—e'Tyo - / AT f (s, y(s)) ds.
0
Therefore (3.9) is verified, moreover

— eAT 4 eA(T—s) s s A TeA(T—s) ~—1 s s
y(T) y0+/0 F(s,y(s))d +/0 B(G(p,)(s)) d

T
=eMyo + / =9 f(s,y(s)) ds + GG (py)
0

T
= ey + / e f(s,y(s)) ds + py = 1. O
0

PrOOF OF THEOREM 3.5. In the proof of previous theorem the strictly
sublinearity condition

N—oc0

1 T
lim inf N/o en(s)ds =0

plays a role only in the proof of Claim 3. Then we can repeat all the proof
(except Claim 3) with oy (t) = a(t)(1 + N).

It remains to prove that there exists N > 0 such that %(Q”ﬁ) C Q% for
every n € N.

Suppose, by contradiction, that for every N € N there exist m = n(N) € N
and gy € QR such that T(qn) ¢ Q. By (3.7) and Tr(gqn) ¢ Q% we have that

N <[ Ta(an)llso < Co(llynll + eI [llyoll + (N + Dlal]),

with C5 as in the proof of Theorem 3.4. Now dividing by N the first and the last
term in the previous inequality and passing to the limit for N — co we obtain

+ ellalr 1
1<02<y1” ~ lgoll  cianr 5+ 1)l — Coel T

From (f2) and the definition of Cy it follows
1< AT all (14 ATV B < 1,

a contradiction. O
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4. Applications

As an application of the previous results we will prove the controllability for
a control problem of the form

(4.1) zi(t,x) = /Q k(x,8)z(t,8)dE + g(t, x, z(t, z)) + b(x)u(t, z),

t €10,T], x € Q, where Q C R™ is open, bounded with Lipschitz boundary. It is
not restrictive to suppose that €2 is connected. The nonlinear evolution equation
obtained by (4.1) in the absence of control term, is frequently used for describing
the spatial dispersal of organisms (see e.g. [3] and references therein) where z is
the density of a single species which is considered in an n-dimensional habitat.
Using the previous notations, the Hilbert space U = H = W12(Q) is com-
pactly embedded in the Hilbert space E = L?(2). In order to rewrite problem
(4.1) in abstract form, we identify z and u respectively with functions ¢ — z(¢, -)
and t — u(t, - ). We look for solution 2 € AC([0,T], W2(Q)) associated to the
control u € L%([0,T], W12(Q)).
Suppose that b € W12(Q), |b(x)| > by > 0 for every z € Q, and consider
the following assumptions on functions k: Q@ xQ — R and g: [0,T] x Q2 xR — R:
(k) ke CYQ x Q);
(g1) g(-,z,p): [0,T] — R is measurable for almost every = € Q and for every
pER;
(g2) g(t, -,p): @ — R is weakly differentiable for almost every ¢ € [0, T] and
for every p € R;
moreover, there exist four non-negative functions 3,7, 8,1 € L'(0,T) such that
(g3) lg(t,z,0)| < n(t) for almost every t € [0,T] and = € §;
(84) lg(t,z,p1) — g(t,z,p2)| < 6(t)|p1 — p2| for almost every ¢ € [0,T], x €
and for every p1,p2 € R;
(g5) |9z, (t,z,p)| < B(t)|p| + v(t) for almost every ¢t € [0,7], x € Q and for
everype R, 1 =1,...,n.

REMARK 4.1. Condition (g5) implies that for every ball B, C

(4.2) l9(t, 21, p) = g(t, 22, p)] < Vn[B(t)lp] +¥()] 21 — 22,

for almost every ¢ € [0, 7], for every z1,22 € B, and p € R.

In order to apply Theorem 3.5 we have to define A, f and B. The bounded
and linear operator A: W12(Q) — W12(Q) is

Ay(z) = /Q ko, () de, w e Q, ye W(Q),

the function f: [0,T] x W2(Q) — W2(Q) is
flty) (@) =g(t,z,y(x), tel0,T), z€Q, yeW(Q)



ExacT CONTROLLABILITY WITH CONTROLS OF MINIMAL NORM 1017

and the linear operator B: W12(Q) — Wh2(Q) is
(By)(z) = b(x)y(z), =€Q, ye W Q).

First of all we have to show that A, f and B are well defined. The operator
B is obviously linear and maps W12(Q) in itself since b € W1>°(£). Moreover,
B is bounded and ||B|| < v2||b||1.00- In fact, for every u € W12(Q),

n 1/2
1Bull vz = (nbun% 0y ||azi<bu>||%)

i=1

n 1/2
< (nbn;nun%+Z||bmu+buw|5)

i=1

n 1/2
< (nbnzonun% £ 23 [boull + [fous, %])
=1

)"

1/2
2o||u|§) < Vbl ] 1.2

n
< (||b||§o||u||§ + 23 [llbw, 12 M3 + 118112 |,
=1

n
?,2 +2 Z Hbﬂm
i=1

Now we have to show that for every t € [0,T] and y € WH2(Q), f(t,y(-)) is in
W12(€), hence that for almost every fixed t € [0, T7:

©) f(ty)(-) =g(t, - y(-)) € L*();
(i) for every i = 1,...,n there exists 0,,9(t, -,y(-)) € L?(Q).

(i) By (4.2) and (g4), for every ball B, C Q, for almost every ¢t € [0,T],
1,22 € B, and for every pi,ps € R
(4.3) lg(t, @1, p1) — g(t, 22, p2)| < 6(t)|p1 — p2| + vV [B(H)Ip1] +v()] [lo1 — 22,

therefore g(t, -, -) is continuous (locally Lipschitz) in © x R, then g(¢, -, y(-))

< (2|b||§o||u|

is measurable. Moreover (g3) and (g4) imply that

(4.4) lg(t, - y( ) < 8@O)y()| +n(t) € L*().

(ii) g(t, -, -) is locally Lipschitz, y is absolutely continuous on segments of
almost all straight lines that are parallel to coordinate axes, then also g(¢t, -, y(-))
is absolutely continuous on the same segments and the weak derivatives coincide
with the classical ones ([12, Theorem 1 p.4 and Theorem 2 p.6]). If {e; : 1 <
i < n} is the standard basis in R™, then by (g2), (g4) and (g5), for almost every
t €[0,T], x € Q and every h sufficiently small

lg(t,z + hey, y(x + hey)) — g(t, z,y(x))|
< |g(t,x+he;, y(z+he;)) —g(t, x+hei, y(x))| +|g(t, 2+ hey, y(x)) — g(t, z,y(x))]
<6(O)]y(x + hei) — y(x)| + [R][B(E)|ly(z)] +7(1)]
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for every i = 1,...n. Therefore

45)  [Oalgt, 2 y(@)]] < 8(0)lya, (2)] + BH)y(2)| + () € L),

that is 9, g(t, -, y(-)) € L?(Q2) for almost every ¢ € [0, T] and every y € W12(Q).
Finally, we have to prove that Ay € WH2(Q), for every y € WH%(Q). From
(k) we get that for every i = 1,...,n, there exists

aﬂ;i Ay(x) = 0 kll (Z‘, £)y(§) df

n
and, denoted by K = \/||k||go + 3 kx| %, it follows that
i=1

4l = | [ /| k(x,rf)y(ﬁ)dfrdwrg / [ / kzi(x,i)y(f)dfrdx

< KNN3 + D Nk,
i=1

Thus A is bounded and [|A4|| < K|Q].

We shall show that hypothesis (f1), (f2), (f2) and (B) hold.

(f1) We have to prove that, for every y € W12(Q), the map f(-,y): [0,7] —
Wh2(Q) is (weakly) measurable, that is that for every w € W12(Q) the function
L(f(-,y)): [0,T] — R defined by

SollylI182.

L) = [ oty d+ Y [ onlatta gl (@) do

is measurable.

By (4.3) and (g1), g is a Carathéodory function, then it is globally mea-
surable in the set [0,7] x Q x R. Moreover, for every measurable y: Q — R,
(t,x) — g(t,z,y(z)) is measurable too. Since (t,z) — Oy, (9(t, x,y(x))) is almost
everywhere limit of measurable functions, it is measurable. Then the function
h:10,T] x © — R defined by

h(t, ) = g(t, z, y(x))w(z) + > 0x,[g(t, 2, y(2))ws, ()
=1

is globally measurable, hence, by Fubini’s theorem, also L(f(-,y)) is measurable
in [0, 7).

(f2) For almost every t € [0, 77, the function f(¢, - ) is continuous with respect
to the L? norm. Indeed, from (g4) it follows that, for every y1,y2 € WH2(Q)

1F(tg0) — F ()22 = / 9t 2,1 (2)) — g(t, 2, yo(2)) [ da

< 5(1)? / i () — 2 (2) 2 dr = 8(1)2 | — oo



ExacT CONTROLLABILITY WITH CONTROLS OF MINIMAL NORM 1019

(2) In order to verify condition (f3) we have to prove that, in our hypothesis,
there exists o € L'(0,T) such that ||f(t,y)]l12 < a(t)(1 + |Jy|1.2) for almost
every t € [0,T)] and for every y € WH2(Q). By (4.4)

1F & y)ll2 < 6(0)lyllz + V/I2n(@),
whereas by (4.5)

102, ()2 < BEylla + )V + 8(0) 19z 12
Therefore, for every y € W12(Q),

1=1,...,n.

n

LFEDIZ 2 < [8@)Iyllz + VI2n®] + 3 [BO Iyl + () /9] + 6(t)lya,

i=1

< [20(t)* + 3nB(t)*] |yll3 + 30(t Z Iy, 113

2]

+ [21920n(t)* + 3ny()?|2]

s[35(t)2+3nﬁ(t)2]llyllfz+IQl[Qn() +3ny()?] < a()?*(lyl1.2 +1)%,

where a(t) = max {\/30(t)2 + 3nB(t)2, /|Q|[2n(t) + 3nv(t)?]}.
(B) The linear operator G': L%([0, T], W2(Q)) — W12(Q) is defined by

T
Guz/ eAT=9)[bu(s)] ds.
0

Since b € Wh>(Q), |b(z)] > by > 0 and {e4*};cr is a group, we have that
eA= Ty € Wh2(Q) for every w € WH2(Q) and s € [0,7] and the function
s — u(s) = eA™Dw/(Th) € L*([0,T], W2(Q)). In fact, similarly as for ||B]|,
it follows that, for every s € [0, T,

| A(s—T)

I <52 5]l

<l

211
A(s=T) < £ - [[A[[(T—s)
e Nlwll,2 < T Hbul 006 [wl[1,2,

then wu is in L2([0, T, Wl’Q(Q)). Morever, since A generates a group,

T 1 T 1 T
G(u) = / eAT=) [bu(s)] ds = T/ AT =9)AG=T) ) dg = T/ wds = w,
0 0 0

then G is onto. As to Hé‘l

yield
. T 1/2
16 ()], < llulle = ( / ||u<s>||%,2ds)

W12(Q) the very same calculations

5111 T 1/2
S\[H ( 62|A|(T—s>ds) lfls
2h St
=== —— w2
1,00 2HAH
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Finally, we can apply Theorem 3.5.
Since 7+ (e” — 1)/r is increasing and ||1/b]|1.00 < ||b]|1,00/b3, if

K|Q|T K|Q|T Hb”%oo e2KIT
L A T
0

with a and K defined above, then (f2) holds and we can conclude that, for every
Yo, yr € WH2(Q), there exist w € L2([0, T], W2(Q)) and z € AC([0, T], W2(Q))
such that for x € Q

%,(t7) = /Q k(2, €) 24, €) dE + g(t, 2, 5(t, 7)) + b(x)a(t,z), ¢ € [0,T],

Z(0,2) = yo(z),
Z(T, z) = yr(z).
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