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ABSTRACT. We consider general shape optimization problems governed by
Dirichlet boundary value problems. The proposed approach may be ex-
tended to other boundary conditions as well. It is based on a recent rep-
resentation result for implicitly defined manifolds, due to the authors, and
it is formulated as an optimal control problem. The discretized approxi-
mating problem is introduced and we give an explicit construction of the
associated discrete gradient. Some numerical examples are also indicated.

1. Introduction

Shape optimization is a relatively young branch of mathematics, with im-
portant modern applications in engineering and design. Certain optimization
problems in mechanics, thickness optimization for plate or rods, geometric op-
timization of shells, curved rods, drag minimization in fluid mechanics, etc. are
some examples. Many appear naturally in the form of control by coefficients
problems, due to the formulation of the mechanical models, with the geomet-
ric characteristics entering the coefficients of the differential operators. See [15,
Chapter 6], where such questions are discussed in details.

It is the aim of this article to develop an optimal control approach, using
penalization methods, to general shape optimization problems as investigated
in [20], [23], [5], [10], [8], etc. We underline that our methodology allows simul-
taneous topological and boundary variations.
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Here, we fix our attention to the Dirichlet boundary conditions and we study
the typical problem (denoted by (P)):

(1.1) min/ i (x,ya(x))dx,
@ Je

(1.2) —Ayqg=f in Q,

(1.3) yo =0 on 09,

where E CcC D C R? are given bounded domains, D is of class C'! and the
minimization parameter, the unknown domain ), satisfies £ C Q C D and
other possible conditions defining a class of admissible domains. Notice that the
case of dimension two is of interest in shape optimization. Moreover, f € L?(D),
j: D xR — Ris some Carathéodory mapping. More assumptions or constraints
will be imposed later. Other boundary conditions or differential operators may
be handled as well via this control approach and we shall examine such questions
in a subsequent paper.

For fundamental properties and methods in optimal control theory, we quote
[12], [7], [2], [16]. The problem (1.1)—(1.3) and its approximation are strongly non
convex and challenging both from the numerical and theoretical points of view.
The investigation from this paper continues the one in [26] and is essentially based
on the recent implicit parametrization method as developed in [25], [18], [24],
that provides an efficient analytic representation of the unknown domains.

The Hamiltonian approach to implicitly defined manifolds will be briefly
recalled together with other preliminaries in Section 2. The precise formulation
of the problem and its approximation is analyzed in Section 3 together with its
differentiability properties. In Section 4, we study the discretized version and
find the general form of the discrete gradient. The last section is devoted to
some numerical experiments, using this paper approach.

The method studied in this paper has a certain complexity due to the use
of Hamiltonian systems and its main advantage is the possibility to extend it
to other boundary conditions or boundary observation problems. This will be
performed in a subsequent article.

2. Preliminaries

Consider the Hamiltonian system

(2.1) 2 (t) = —%(zl(t),w(t)), tel,

(2.2) (1) = %<x1<t>,x2<t>>, tel,

(2.3) (21(0),22(0)) = (2, 23),
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where g: D — R is in (D), (x(f, :cg) € D and [ is the local existence interval for
(2.1)—(2.3), around the origin, obtained via the Peano theorem. The conservation
property [24] of the Hamiltonian gives:

PROPOSITION 2.1. We have

(2.4) g(z1(t), 22(t)) = g(2,29), tel
In the sequel, we assume that
(2.5) g(al,25) =0,  Vg(a,23) # 0.

Under condition (2.5), i.e. in the noncritical case, it is known that the solution
of (2.1)—(2.3) is also unique (by applying the implicit functions theorem to (2.4),
see [4]).

REMARK 2.2. In higher dimension, iterated Hamiltonian systems were intro-
duced in [25] and uniqueness and regularity properties are proved. Some relevant
examples in dimension three are discussed in [18]. In the critical case, generalized
solutions can be obtained [24], [25].

We define now the family F of admissible functions g € C?(D) that satisfy
the conditions:

(2.6) g(z1,22) >0, on ID,
(2.7) IVg(z1,22)] >0, onG= {(Il,l‘g) €D :g(xy,z2) = 0},
(2.8) g(z1,m2) <0, on E.

Condition (2.6) says that GNOD = () and condition (2.7) is an extension of (2.5).
In fact, it is related to the hypothesis on the non existence of equilibrium points
in the Poincaré-Bendixson theorem, see [11, Chapter 10], and the same is valid
for the next proposition. The family F defined by (2.6)—(2.8) is obviously very
rich, but it is not “closed” (we have strict inequalities). Our approach here,
gives a descent algorithm for the shape optimization problem (P) and existence
of optimal shapes is not discussed.
Following [26], we have the following two propositions:

PROPOSITION 2.3. Under hypotheses (2.6), (2.7), G is a finite union of closed
curves of class C2, without self intersections, parametrized by (2.1)—(2.3), when

some initial point (z9,29) is chosen on each component of G.

If r € F as well, we define the perturbed set

(2.9) g)\:{(xhxg)ED:(g—i—)\r)(xl,xg):O, )\ER}.
We also introduce the neighbourhood V¢, € > 0
(2.10) Ve = {(z1,22) € D : d[(z1,22),G] < ¢},

where d[(z1,22),G] is the distance from a point to G.
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PROPOSITION 2.4. If e > 0 is small enough, there is A(€) > 0 such that, for
IA| < A(g) we have Gy C V. and G is a finite union of class C* closed curves.

REMARK 2.5. The inclusion Gy C V; shows that Gy, — G for A\ — 0, in the
Hausdorff-Pompeiu metric [15]. In a “small” neighbourhood of each component
of G there is exactly one component of Gy if |A\| < A(g), due to this convergence
property and the implicit functions theorem applied in the initial condition of
the perturbed Hamiltonian system derived from (2.1)—(2.3).

PROPOSITION 2.6. Denote by Ty, Ty the periods of the trajectories of
(2.1)-(2.3), corresponding to g, g+ Ar, respectively. Then Tyir, — Ty as X — 0.

PROOF. If (x1,x3), respectively (z1, 2y ), are the corresponding trajectories
of (2.1)—(2.3), respectively, then they are bounded by Proposition 2.4, if |A| <
A(e). Consequently, Vg may be assumed Lipschitzian with constant L, and we
have

t
(2.11) [(z1,22) — (z1x, 20) | () < AC + Lg/ [(z1, 22) — (w15, T22)]| dE,
0

where we also use that Vr(z1y, z2)) is bounded since (21, 22y ) is bounded on R.
We infer by (2.11) that

(2.12) |(z1, 22) — (x1x, 20)|(t) < Act, fort € R,
(2.13) |(z], 2h) — (zh, 25\)|(t) < Aet, fort €R,

for |A| < A(e) and with some constant independent of A, by Gronwall lemma.

Both trajectories start from (z9,29), surround E, have no self intersections
(but (x1x, z2x) may intersect (x1,z2) even on infinity of times). We study them
on [0,5Ty], j < 2, for instance.

Assume that (z1,22)) has the period Tgar > jT,. Since (a1, x2) is periodic
with period T, and relations (2.12)-(2.13) show that (z1,2z2x) is very close to
(z1,2) in every t € [0,5T,] it yields that (x1y,22)) is, as well, surrounding F
at least once. As it may have no self intersections, it yields that (x1y,x2)) is as
a limit cycle around E. Such arguments appear in the proof of the Poincaré—
Bendixson theorem, [11, Chapter 10]. That is (x1), z2)) cannot be periodic —
and this is a false conclusion due to Proposition 2.4.

Consequently, we get

(2.14) Torar < 5Tg Al < A(e).

On a subsequence, by (2.14), we obtain Tyyy, — T < jT,. We assume that
T* # T,. It is clear that (x1(T™),z2(T*)) # (21(T,), z2(T,)) by the definition
of the period. However, relation (2.12) and the related convergence properties

give the opposite conclusion. This contradiction shows that T* = T, and the
convergence is valid on the whole sequence. O
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REMARK 2.7. Usually, the perturbation of a periodic solution may not be
periodic and just asymptotic convergence properties are valid, under certain
assumptions, Sideris [22]. A natural question, taking into account (2.12)—(2.13),
is whether |Ty1a, — Ty| < ¢|Al, for ¢ > 0 independent of A, || < A(e).

3. The optimization problem and its approximation

Starting from the family F of admissible functions, we define the family O
of admissible domains in the shape optimization problem (1.1)—(1.3) as the con-
nected component of the open set g, g € F,

(3.1) Qg = {(z1,22) € D : g(w1,22) <0}

that contains E. Clearly E C Q4 by (2.8). Notice as well that the domain
Q, defined by (3.1) (we use this notation for the domain as well) is not simply
connected, in general. This is the reason why the approach to (1.1)—(1.3) that
we discuss here is related to topological optimization in optimal design problems.
But, it also combines topological and boundary variations.

The penalized problem, € > 0, is given by:

(32) win, A oo 2 [ uta0)?la o)

gEF, ueL?(D) I,
subject to
(3.3) ~Ay. = f+(g+¢e)iu in D,
(3.4) Ye =0 on 0D,
where z, = (2}, 22) satisfies the Hamiltonian system (2.1)~(2.3) in I, with some
(29,29) € D\ E such that g(z9,29) =0
/ 8g
(3.5) (z5) (t) = fa—mz(zg(t)) for ¢t € I,
/ 8g
(3.6) (z2) (t) = a—xl(zg(t)) for ¢ € I,
(3.7 24(0) = (29, 29),

and I, = [0,T,] is the period interval for (3.5)-(3.7), due to Proposition 2.3.
The problem (3.2)-(3.7) is an optimal control problem with controls g € F
and u € L*(D) distributed in D. The state is given by [ye, 25, 22] € H*(D) x
(6’2 (Ig))2. We also have y. € Hg (D). In case the corresponding domain €2, is not
simply connected, in (3.7) one has to choose initial conditions on each component
of 9€), and the penalization term becomes a finite sum due to Proposition 2.3.
The method enters the class of fixed domain methods in shape optimization and
can be compared with [13], [14], [17]. It is essentially different from the level set
method of Osher and Sethian [19], Allaire [1] or the SIMP approach of Bendsoe

and Sigmund [3]. From the computational point of view, it is easy to find initial
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condition (3.7) on each component of G and the corresponding period intervals I,
associated to (3.5)—(3.7). See the last section as well.
We have the following general suboptimality property:

PROPOSITION 3.1. Let j(-, -) be a Carathéodory function on D xR, bounded

g

from below by a constant. Denote by [y5, g5, us

| a minimizing sequence in
(3.2)—(3.7). Then, on a subsequence n(m) the (not necessaryly admissible pairs)
satisfies (1.2) in

[Qgi(vw,yi(m)} give a minimizing sequence in (1.1), Yr(m)
{(xl,xg) €D:g(ry,12) < —8}

and (1.3) is fulfilled with a perturbation of order ¢'/2.

PRrROOF. Let [yg,.,9m] € H?*(Qy, ) x F be a minimizing sequence in the
problem (1.1)—(1.3), (3.1). By the trace theorem, since 09, and D are at least
C!! under our assumptions, there is g, € H*(D) N H}(D), not unique, such
that g, = y,,, in Q,, . We define the control u,, € L?(D) as following:

ug,. =0, in Q

AF
ug, =~ 2Vt LoD,
(gm + 5)+

where Qg is the open set defined in (3.1). Notice that on the second line in the

gm>

above formula, we have no singularity. It is clear that the triple [y, ., gm, ug,,]
is admissible for the problem (3.2)—(3.7) with the same cost as in the original
problem (1.1)—(1.3) since the penalization term in (3.2) is null due to the bound-
ary condition (1.3) satisfied by y,,,. Consequently, there is n(m) sufficient big,
such that

33 [ i = [ (g, )12, O]

n(m
gE

n(m)

< /Ej(x, Ygum (x))dx = /Ej(x, Ygum (x))dx — inf(P).

Since j is bounded from below, we get from (3.8):

(39) | Ga) o< ce
0Qg,,

with C' a constant independent of ¢ > 0. Then, (3.9) shows that (1.3) is ful-

/2 Moreover, again by (3.8), we see the

filled with a perturbation of order ¢
minimizing property of {yy,,, } in the original problem (7).

We notice that in the state equation (3.3), the right-hand side coincides
with f in the set {(z1,22) € D : g(x1,22) < —¢}, which is an approximation
of Qgi(m). Namely, we notice that for any g € F, the open sets {(xl,xg) eD:
g(z1,22) < —5} form a nondecreasing sequence contained in ﬁg, when € — 0.

Take (z1, z2) such that g(z1,22) = 0 and take some sequence (z7,z5) — (x1, z2),



TOPOLOGICAL OPTIMIZATION VIA COST PENALIZATION 1029

(a7,25) € Q4. We have g(z7,25) < 0 by (3.1) and g(z7,2z5) — 0. Moreover,
(a7,25) € Qc, = Qgye,, for €, > 0 sufficiently small. Consequently, we have
the desired convergence property by [15, p.461]. O

REMARK 3.2. A detailed study of the approximation properties in the pe-
nalized problem is performed in [26], in a slightly different case.

We consider now variations u + Av, g + Ar, where A € R, u,v € L*(D),
g,r €F, g(29,29) =r(29,29) = 0. Notice that u+ \v € L*(D) and g+ Ar € F
for |A| sufficiently small. The conditions (2.6)—(2.8) from the definition of F are
satisfied for |\| sufficiently small (depending on g) due to the Weierstrass theorem
and the fact that E, 9D and G are compacts. Here, we also use Proposition 2.4.
Consequently, we assume |A| “small”. We study first the differentiability proper-
ties of the state system (3.3)—(3.7):

PROPOSITION 3.3. The system of variations corresponding to (3.3)—(3.7) is

(3.10) —Ag. = (g+e)iv+2(g+e)yur in D,

(3.11) g =0, on 0D,

(3.12) wy = —Vag(zy) - w — Oor(zg) in I,

(3.13) wh =Voig(zy) - w+ir(zg)  inly,

(314) w1 (O) = O, ’LU2(O) = O,

where q. = }\%(yg‘ —y) /A, W = [wi,ws] = )l\il%(ngr)\r —24)/\ with y) €

H?(D)NHE(D) being the solution of (3.3)—(3.4) corresponding to g+ Ar, u+ Av,
and zg4\r € C1(14)? is the solution of (3.5)~(3.7) corresponding to g+ Ar. The
limits exist in the above spaces. We denote by “-” the scalar product on R?.

PRrOOF. We subtract the equations corresponding to y2 and y. and divide
by A # 0, small:

A
Yo —ye _ 1 .
(3.15) —AZE X c = 3 [((g+ M +e)i(u+ i) —(g+¢e)iu], inD,

with 0 boundary conditions on dD. The regularity conditions on F and u,v €
L?(D) give the convergence of the right-hand side in (3.15) to the right-hand side
in (3.10) (strongly in L?(D)) via some calculations. Then, by elliptic regularity,
we have (y2 — y.)/\ — q. strongly in H2(D)N H}(D) and (3.10), (3.11) follows.

For (3.12)—(3.14), the argument is the same as in [24, Proposition 6]. The
convergence of the ratio (zg4x —24)/) is in C'(I4)? on the whole sequence
A — 0, due to the uniqueness property of the linear system (3.12)—(3.14). Here,
we also use Remark 2.5, on the convergence G, — G and the continuity with
respect to the perturbations of g in the Hamiltonian system (2.1)—(2.3), according
to [24]. O
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REMARK 3.4. We have as well imposed the condition

(3.16) g(2%,29) =0, forallge F,

where (29,29) € D\ E is some given point. Similarly, constraints like (3.16)

may be imposed on a finite number of points or on some curves in D \ E and
their geometric meaning is that the boundary 02, of the admissible unknown
domains should contain these points, curves, etc.

PROPOSITION 3.5. Assume that f € LP(D), j(x,-) is of class C}(R) and
bounded, g € F, u € LP(D), p > 2 and y:(z4(t)) = 0 in [0,T,]. Then, for any
direction [r,v] € F x LP(D), the derivative of the penalized cost (3.2) is given by:

17 [ dujoc e ())aclo) e 2 [ ety ()l ()] )

) , 1 2 (1) W (1)
2 | b)) -w O O+ [ o) P
where g. € W2P(D) N W, P(D), w € C*(I,)?, z, € C'(I,)? satisfy (3.10)—(3.14)

and (2.1)—(2.3) respectively, and I, = [0,T,] is the period interval for z,(-).

dt

PROOF. In the notations of Proposition 3.3, we compute

(3.18) lim {}\/E [7(x, yi‘(x)) —j(x,y:(x))]dx

A—0
1

#2102 010~ (02 0) 0t .
Ig

In (3.18), A > 0 is “small” and Proposition 2.4 ensures that g+Ar € F (see [25] as
well). By Proposition 2.3 we know that the trajectories associated to g + \h are
periodic, that is the functions in the second integrals are defined on I,. Moreover,
since f,u € LP(D), then 2, y. defined as in (3.3), (3.4) are in W2?(D) c C*(D),
by the Sobolev theorem and elliptic regularity. Consequently, all the integrals
appearing in (3.17), (3.18) make sense.

Moreover, in (3.18), we have neglected the term

. 1 Tgtar N 5,
L=lim < /T Y2 (Zgrr (D)2, (1) dE
. 1 Tg+>\r A 2,y 2,
=i [ (e (0) s 0] e (1) 1)

due to the hypothesis on ¥, (zg(t)). We can study term by term:

Tgiar A VA 2 _ Z 2
/T |:y5( g+>\r(t)) 3 ya( g+>‘r(t)) ‘Z;+>\T(t)‘:|dt,

/Tjg+m |:y€(Zg+)\7"(t))2)\_ ye(24(t)) ‘z’g+,\,.(t)@ dt,
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- 12 (0] — |2 (0)
/T | [%(zg(t)) . d.

By Proposition 3.3, each of the above three integrands are uniformly bounded
and their limits can be easily computed, for instance on [0,27},] due to Propo-
sition 2.6. Notice, in the last term, that |z’g(t)’ = |Vg(zg(t))| # 0 due to
(3.5)—(3.7), that is we can differentiate here as well.

Again, by Proposition 2.6 and the above uniform boundedness, we infer that
each of the above three terms has null limit as A — 0, i.e. L = 0. Consequently,
it is enough to study the limit (3.18).

We also have y2 — y. in C'(D), for A — 0, by elliptic regularity. Then,
under the assumptions on j(-, -), we get

(3.19) %/E [j(x,y;‘(x)) —j(x,ya(x))]dx—>/Eﬁgj(x,yg(x))qe(x)dx.

For the second integral in (3.18), we intercalate certain intermediary terms and
we compute their limits for A — 0:

320 Jim = [ 102 0) T2 e O] = (g () (0]

2
=2 [ vty )y )z, 0] d
g
due to the convergence z, . — 2, in C*(I,)? by g,r € C%(D) and the continuity
properties in (2.1)—(2.3);

A—=0 ¢

1) Jim = [ [0 (0) ()] = (02 0) Tty O]

2
=2 [ 92y (0) T 0) - WO 0]
g
where w = (wy,ws) satisfies (3.12)—(3.14) and again we use the regularity and

the convergence properties in C*(D), respectively C*(I,)?.

(3:22) Jim = [ (00020 (0) "l 0] ~ (2 (6)° 1)

A0 EX I,

1

2 [ (ta(0)

3 I,

2 2(t) - w'(t)
AL

where we recall that |z} (t)| = \/(z;)/(t)2 + (zg)/(t)2 is non zero by (2.7) and
the Hamiltonian system, and standard derivation rules may be applied under our

dt,

regularity conditions. By summing up (3.19)—(3.22), we end the proof of (3.17).00

REMARK 3.6. In the case that {2, is not simply connected, the penalization
integral in (3.2) is in fact a finite sum and each of these terms can be handled
separately, in the same way as above, due to Proposition 2.4 and Remark 2.5.
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One significance of the hypothesis y. (zg(t)) = 0, is that we may first minimize
the penalization term with respect to the control u (this is possible due to the
arguments in the proof of Proposition 3.1). Then, the obtained control may be
fixed and the minimization with respect to g € F is to be performed. In case
Ty+xr can be evaluated as in Remark 2.7, then the hypothesis can be relaxed to
ye(29,29) = 0 via a variant of the above arguments.

Now, we denote by A: C*(D) x LP(D) — W2P(D) N Wy*(D) the linear
continuous operator given by r,v — g., defined in (3.10), (3.11). We also denote
by B: C?(D) — C'(I,)?* the linear continuous operator given by (3.12)-(3.14),
Br = [wy, ws]. In these definitions, g € C?(D) and u € LP(D) are fixed. We have:

COROLLARY 3.7. The relation (3.17) can be rewritten as:
. 2
3:23) [ x DA+ 2 [ oy (0) Al 0) o 01 0]
E

Iy

42 [ el 0)Vaetag0) - ool 0]

g9

1 /I ez O)" ) yr, dur (g (1)) it

B R PACTI
R CRCH0)
+ 5 /Ig |z’g(t)| C(t) - w(t) dt,

where the vector C(t) is explained below.

PROOF. In the last integral in (3.17), we replace w’(t) by the right-hand side
in (3.12), (3.13). We compute:

(3.24) zy(t) - W'(t) = 2y () - [ — VOaog(zy(t)) - w(t) — Oar(zg(t)),
Vig(zg(t)) - w(t) + 017 (z4(t))]
=124 (t) - [-021(24(t)), O17(24(1))]
+ 2 (t) - [~0F 29(2g () wr(t
+ 2 (1) - [~03 29 (2 (t))wa t
We denote by C(t) the (known) vector
OF) = [ (1) (602 20(2y (1) + (2) ()92 19z 1)

— (29)' (1) 93 29(24(1)) + (23)' (1) 95 19 (24 (1))]
and together with (3.24), we get (3.23). O

(
(

() w:(t)]
() wa(t))-

o
82

2

—

19\Zg
192y

)
)

4. Finite element discretization

We assume that D and E are polygonal. Let T, be a triangulation of D with
vertices A;, i € I ={1,...,n}.
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We consider that 7}, is compatible with F, i.e.
TCE or TCD\E forallT €T,

where T designs a triangle of 7, and h is the size of T,. We consider a triangle
as a closed set. For simplicity, we employ piecewise linear finite element and we
denote

Wi, = {on € C(D) : onjp € P1(T), for all T € T }.

We use a standard basis of Wp,, {¢; }icr, where ¢; is the hat function associated
to the vertex A;, see for example [6], [21]. The finite element approximations
of g and u are
gn(x) = Z Gipi(x), up(x) = Z U;pi(x), forall x € D.
icl iel
We set the vectors G = (G;)1; € R", U = (U;)1.; € R™ and g;, can be identified
by G, etc. The function w is in LP(D), as in Proposition 3.5. Alternatively,

for uy, we can use discontinuous piecewise constant finite element Py. In order
to approach g € C2(D), we can use high order finite elements.

4.1. Discretization of the optimization problem. We introduce
Vi ={on € Wy : pp, =0 on 0D},

In={iel:A; ¢ 0D} and ng = card(lp). The finite element weak formulation
of (3.3)—(3.4) is: find yp, € V}, such that

(4.1) / Vypn - Vop dx = / (f + (gn + E)iuh)gah dx, for all ¢, € V.
D D
As before, for y,(x) = 21: Yjp;(x), we set Y = (Y;)]c;, € R™. In order to
J€lo

obtain the linear system, we take the basis functions ¢, = ¢; in (4.1) for ¢ € Ij.

Let us consider the vector
T

F= . d R™,
</Df¢ X>ielo ©

the ng x ng matrix K defined by
K = (Kij)ien, jer,, Kij = /DV¢J‘ Vo, dx
and the ng x n matrix B!(G,¢) defined by
BY(G.e) = (Benjer Bl = [ (o +220,0.dx

The matrix K is symmetric, positive definite. The finite element approximation
of the state system (3.3)—(3.4) is the linear system:

(4.2) KY = F + BY(G,¢)U.
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Now, we shall discretize the objective function (3.2). We denote Ip = {i € I :
A; € E} and np = card(Ig). For the first term of (3.2), we introduce

L(Y) = /E 5%,y (3)) dx.

We shall study the second term of (3.2). In order to solve numerically the ODE
system (3.5)—(3.7), we use a partition [to,...,tx,...,tn] of [0,T,], with to =0
and t,, = T,;. We can use the forward Euler scheme:

0
(4.3) Zhr = 2} = (e — ) 5o (23, 2),
€2
2 _ 52 OGn (1 2
(4.4) Zios1 = Zj + (teg1 — tr) 87331(21“ Z;),
(4.5) (Zy,Z5) = (a9, 25),

for k=0,...,m—2. We set Z = (Z},Z?) and we impose Z,, = Zy. In fact,
Zy, is an approximation of z4(ty). We do not need to stock Zy and we set
Z =(2',2?) e R™ x R™, with Z' = (Z})T_,.,, and 22 = (Z})T_,.,.. In the
applications, one can use more performant ‘numerical methods for the ODE’s,
like explicit Runge-Kutta or backward Euler, but here we want to avoid a too
tedious exposition.

Without risk of confusion, we introduce the function Z: [0,T;] — R? de-
fined by

togr —t t—ty
Z(t) = Zy, + Zii1, for t;, <t <ty
(¥ (tht1 — tx) (ter —tr) T i
for k =0,1,...,m — 1. We have Z(t;) = Z; and we can identify the function
Z(+) by the vector Z € R™ x R™. We remark that Z(-) is derivable on each

interval (tg,tg+1) and
1
Z2'(t) = ———~ (Zhy1 — 24 Ziq — Z7)  for g <t <t
(thy1 — tr)

We introduce the ng x ng matrix N(Z) defined by

Ty
N(zZ) = ( / @-(Z(t))¢i<z<t>>|Z’<t>|dt)

i€lp, jEIo

and the second term of (3.2) is approached by YT N(Z)Y/e, then the discrete
form of the optimization problem (3.2)—(3.7) is

: _ Lo
(4.6) G JG,U)=J(Y)+ 6 Y N(2Z)Y

subject to (4.2). We point out that ¥ depends on G and U by (4.2) and Z
depends on G by (4.3)—(4.5).
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4.2. Discretization of the derivative of the objective function. Let
rh,vp be in Wy and R,V € R"™ be the associated vectors. The finite element
weak formulation of (3.10)—(3.11) is: find gp, € V}, such that

(4.7) / Van - Vopdx = / ((gn +€)%vn + 2(gn + )+ unrp)on dx,
D D

for all pp € V. Let @Q € R™ be the associated vector to g5 and we construct
the ng x n matrix C'(G,e,U) defined by

Cl(G,E, U) = (/ 2(gh+5)+uh¢j¢idx>
D ic€lo,jel

The linear system of (4.7) is
(4.8) KQ = BY(G,e)V +CY(G,e,U)R.

In order to approximate 02j(x,y:(x)), y. given by (3.3)—(3.4), we consider the
nonlinear application Y € R™ — L(Y) € R™# such that

027 (%, yn(x)) = Z (L(Y)),bi1(x)

where (bi‘E is the restriction of ¢; to E. We define the ng X ng matrix Mgp

defined by
Mgp = (/ ¢i¢jd><> .
D i€lg,je€lo

The first term of (3.17) is approached by
(4.9) (L))" MepQ

and the second term of (3.17) is approached by
2
(4.10) - YTN(Z)Q

where the matrix N(Z) was introduced in the previous subsection.
Next, we introduce the partial derivative for a piecewise linear function.
Let g, € Wy, and G € R" its associated vector, i.e. gp(x) = > Gi¢;(x). Let
i€l

II},G € R" defined by

1
(MG), = ———— Z area(T;)0gn 1,

TS el &
Jjedi
where J; is the set of index j such that the triangle 7} has the vertex A;. Since
gr, is a linear function in each triangle 77, then 0y 9n|r; is constant. Similarly, we
construct IIZG € R™ for dy. In fact, I1} and II? are two n x n matrices depending
on 7y. Then, we set

Orgn(x) =) (IL,G),i(x)

icl
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and similarly for O%gy,. Finally, we put Vg, = (0%gn,%gr). Since y, € V;, C
Wy, we can define 97'y;, and dby,.

ExAMPLE 4.1. We shall give a simple example to understand the discrete
derivative of Wj, functions. We consider the square [A; A3 A4A3] of vertices
A; = (0,0), As = (1,0), Ay = (1,1), A3 = (0,1) and the triangulation of two
triangles 77 = [A1A2A4] and To = [A144A3]. We shall present the discrete
derivative of the hat function

Ty in T,

ba(r1,22) = .
1 in Ts.

We have J; = {1,2} and

(Ihou), = :

area(Ty) + area(T5) (

aLrea(Tl)al(bz;‘T1 + area(Tg)81¢4|T2)

= 1/2i71/2(1/2xo+1/2 x 1) =1/2.

Similarly, Jo = {1}, J3 = {2}, Ju = {1,2},

(W64), = 175 (1/2x0) =0,

(T},¢4) 4 = 1—}2(1/2 x1)=1/2,
(I1},4) , = ﬁ@p x04+1/2x1)=1/2

then
O da(x1,22) = 1/2X ¢1 (21, 22) +0X do (21, 22) + 1 X ¢3(21, T2) +1/2 X a1, 2).

In order to solve the ODE system (3.12)—(3.14), we use the forward Euler
scheme on the same partition as for (4.3)—(4.5):

(4.11) Wi =Wy = (teer — ) Vi3 gn(Z) - (Wi, W)
— (thr1 — tr)O5rn(Zy),

(4.12) W2 =W2+ (tesr — te)Vi0lan(Zy) - (W, WE)
+ (tes1 — tr)O1 R (Z1),

(4.13) Wy =0, W§=0,

for k=0,...,m—1. Weset W, = (W;J;,W,f) and now we have W, # Wy ge-
nerally. In fact, W} is an approximation of w(t;). We do not need to stock
Wy and we set W = (WL W?) € R™ x R™, with W! = (WHT_ ..~ and
W2 = (WHT_,.,.. As mentioned before, we can use more performant nu-
merical methods for the ODE, like the explicit Runge-Kutta or the backward
Euler procedures.



TOPOLOGICAL OPTIMIZATION VIA COST PENALIZATION 1037

We construct W: [0,7,] — R? in the same way as for Z(t)

t —t t—t
k+1 Wk + k
(tes1 — tr) (tkr —tr)

for k=0,1,...,m — 1. We have

W(t) = Wit1, te <t <tpgr

1
W(ty) =W, and W'(t) = )(Wk1+1 — W, Wi, —W§)

(thy1 — th

for t, <t < tg41. If ¢y is the one-dimensional piecewise linear hat function
associated to the point tj of the partition [to, ..., ¢, ..., tm], Wwe can write equiva-
lently

w t) = i Wkwk(t) fort € [O,Tg].

The third term of (3.17) is approached by
) m— tet1 ,
aw 2% / 2(0)an(Z(0) - W (0)2'(0) e

/ U (Z()Vaya(Z(1))

- (Wiow () + Wig1tra (1) |2 (8)| dt

2 k+1
-2 / 1)l yn(2(1))
7.7
S (Wior(t) + Wi e (1)) (|tk41:1kjt1k|) dt
m—1 a4
+2 Zﬁ /t un(Z(t))0kyn(Z(t))
7.7
- (WER(t) + Wi ¥k (1)) (|tk41:1kjtlk|) dt

where |Z1,Zj.+1] is the length of the segment in R? with ends Zj, and Z;;. We

have
(4.15) /t:Wy;L(Z(t))@?yh(Z(t)) (Wt () + Wi 10k (1)) m dat
W} / <;:0 Yii(Z )
(S mvesz) oo g2l

jel
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W, /t t ( 3 wi(Z(t)))

i€l
AN
(S o) ) vno 2=l
- k+1 — k)
jel
We introduce the ng X n matrices N,Lk’Hl](Z) and N,gl’frl](Z) defined by
bt ZnZ
Nl ) ( [ ezns zwpun 2t dt) ,
i (trt1 — tr) icly,jel
bt ZiZ
N (Z) = ( / 01(Z(1))65(Z(0) o (1) 1 2o 201 dt) ,
t (tot1 = k) Jiery, jer

then (4.15) can be rewritten as

.k k.k
YT (WENER (Z) 4 Wl N () )

and finally, the third term of (3.17) is approached by

m—1

2 k,k+1 k,k
(416) ST ST (WENHZ) + Wi, N (2) ()
k=0
m—1
2 kk k.k
YT (NI )+ W N @) (7).
k=0

We can introduce the linear operators T*(Z) and T%(Z) by

m—1
wheR™ - THZ)W!' = Y (WENF(2) + Wik NETY(2)),
(4.17) 0
W2 eR™ = THZ)W? = 37 (WiNE(2) + Wi N (2)),
k=0
then (4.16) can be rewritten as
2 2
(4.18) - YI(TY(Z2)Wh) (YY) + - YT(T*(Z)W?) (I7Y).

The fourth term of term of (3.17) is approached by
m—1 t ! !
1 k1 Z'(t) - W'(t)
wi) 2Y [ (S vezo) (T vosz) LS a
k=0 7t i€lo i€lo
But Z'(t) and W'(t) are constants for t; <t < tj+1, then

Z'() - W'(t) _ (Zigr = Zi ZRaa = Z0) - Wiy = Wi, Wiy, — W)

z't) (tet1 — tr)| Zrp Zioy1]
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where |Z1,Z;.1] is the length of the segment in R? with ends Z;, and Zp ;. We
introduce the ng x ng matrix Ry (Z) defined by

)= ([ ezosaeizow)

tr

and the linear operators T3(Z)

(4.20) W e R™ x R™ — T3(Z)W,
m—1 (71 1 72 2 1 1 2 2
Zp = 8 2 — ZE) - (Wi = WEWE — WE)
T3 Z)W = (Zis = 20 2 = Zi k+1 ko Wit g,
(Z) kz::o ZiZri 2 x(2)
The (4.19) can be rewritten as
1
(4.21) - YT (T*(Z)W)Y.

The study of this subsection can be resumed as follows:

PROPOSITION 4.2. The discret version of (3.17) is
2
(4.22) dJia.(RV) = (L)) MppQ + 2 Y N(2)Q
2 2 1
+- YH(TH(Z2)W) (IY) + . YH(T*(Z2)W?) (1Y) + . YH(T3(Z2)W)Y,
which represents the derivative of J at (G,U) in the direction (R, V).
PROOF. We get (4.22) just by assembling (4.9), (4.10), (4.18) and (4.21). O

4.3. Discretization of the formula (3.23). From (4.8), we get
Q=K 'BYG,e)V+ K 'CY(G,e,U)R
and the discrete version of the operator A in the Corollary 3.7 is
(R,V)eR" xR" = AYR,V) = K 'BY(G,e)V + K~'C'(G,¢,U)R.

Replacing @ in the first two terms of (4.22), we get
2
(4.23) ((L(Y))TMED + = YTN(Z)> K™ 'BY(G,e)V

+ ((L(Y))TMED + iYTN(Z)>KlCl(G,s, U)R.

We denote

wZ®)* ,
na(t) = L 21,
aatt) = LZON ¢
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The third term of (3.23) is approached by

2 [Ts
7/0 Ai(t) - W(t)dt

£

and using the trapezoidal quadrature formula on each sub-interval [ty, tx41], we
get

,_.

m—

(4.24)

™ | =

(the1r — tr) [A1(tr) - (Wi, W2) + A (trg) - (Wisqs Wk2+1)]'
k=0

Similarly, for the 4th and 5th terms of (3.23), we get

1 m—
(4.25) % ’;) te+1 — ti) Ag(tk) . [ — 8§Lrh, 8?%} (Zk)

+ Mo(tegr) - [ — O5rn, O'rn] (Ziyr)]

and

1 m—
(4.26) Z thr — tr) [As(th) - (Wi, W) 4 As(tin) - (Wiker, W) ]
k=0

In order to write (4.24)—(4.26) shorter, we introduce the vectors:

e Al € R™ with first components (tj1 — tr_1)AL(tx), 1 <k < m—1 and
the last component (t,,, — tpy_1)A(tn),

e A? € R™ with first components (tg11 — tx—1)A3(tx), 1 <k <m —1 and
the last component (t,, — t,—1)A%(tm),

e Al € R™ with first components (ty41 — tx—1)A3(tx)/2, 1 <k <m—1
and the last component (£, — tm,—1)AL(tm)/2,

e A2 € R™ with first components (t;41 — tr_1)A2(tx)/2, 1 <k <m —1
and the last component (t,, — t;,—1)A3(tn)/2. Also, we introduce the
vectors in R™:

1

A; = 5 S (e — te) (A3 (t)D(Zk) + Aj(trr1)®(Zksn)),
0<k<m-—1

~ 1

A2 = 3 S (e — te) (A3 (1) R(Zk) + A (trr1) @ (Zksn)).
0<k<m-—1

where ®(Zy,) = (¢;(Zy))1; € R™

PROPOSITION 4.3. The discrete version of the (3.23) is

(4.27)  dJgu(R,V) = ((L(Y))TMED + EYTN(Z)>K_1B1(G75)V
+ <(L(Y))TMED + zYTN(Z)>KlCl(G,6, U)R

(R + ()7
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(= (A)T(ZR) + ()" (1T}, 1))

+
M| ==

+—((A3) "W+ (A5) "W).

PRrROOF. We obtain (4.27) by summing (4.23)—(4.26). O

Next, we give more details about the relationship between W and R. Let us
introduce the 2 x 2 matrices

Mg(k‘) _ ( 1 - (tk+1 - tk)a{baélgh(zk> _(tk+1 - tk)agaggh<zk) >’

(th1r — tr) OO gn(Zi) 1+ (tgy1 — te)OL 0T gn(Zi)

1 0
I:
2(01)

—(tggr — ti)@T (2113 )
(trsr — te)@7 (200} )

and the 2 x n matrice

Na(k) = (

We remark that Ms depends on G and Z and N3 on Z. The system (4.11)—(4.12)

can be written as
Wl Wl
( e ) = Mg(k)( ' ) + Ny(k)R.
Wiiq Wi

PROPOSITION 4.4. We have the following equality

Wi
W N2 (0)
(4.28) : = My, x : R
wl Ny(m —1)
W2

m

where at the right-hand side, Mo, is a 2m X 2m matrix defined by

I 0 0 0
My(1) I 0 0

and the size of the second matriz, which contains Na, is 2m X n.
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PrOOF. From (4.13) and the recurrent relation, we have

(1)

( w2 ) = M(1)( Wi ) + Na(1)R = Ma(1)N2(0)R + N2(1)R,
W2 W2

+ . + Mg(m — 2)N2(m — S)R + Ng(m — 2)R,

= Ma(m — 1)My(m — 2)... Ma(1)No(0)R
+ My(m — 1)Ma(m — 2) ... M2(2)N2(1)R
+ ...+ My(m — 1)Ma(m — 2)Na(m — 3)R
+ Ma(m — 1)Na(m — 2)R + Nao(m — 1)R,

which gives (4.28). O

Since W depends on R by (4.28), we can introduce the linear operator ap-
proximation of B in the Corollary 3.7:

ReR" =W = (W' W?) = (B*(G,2)R,B*(G,Z)R) € R™ x R™.

If we denote by ¢; the i-th row of the matrix Ma,, at the right-hand side of (4.28),
for 1 <i < 2m, then

121 N3(0)
B2(G7Z) _ 5.3 NQ.(l) ’
fgmfl Ng(m — 1)
Lo N3 (0)
, ls Na(1)
BN(G,Z)=| . .

and B%(G,Z), B*(G,Z) are m x n matrices. The size of the matrix containing
N3 is 2m X n.
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4.4. Gradient type algorithm. We start by presenting the algorithm.

STEP 1. Start with £k = 0, ¢ > 0 some given “small” parameter and select
some initial (G, U*).

STEP 2. Compute Y* the solution of (4.2) and Z* solution of (4.3)—(4.5).

SteP 3. Find (RF,V¥) such that dJ(Gk#UIc)(R’aVk) < 0. We say that
(RF, V) is a descent direction.

STEP 4. Define (GF+1,U*Y) = (G*,U*) + A\ (R*, V), where A\ > 0 is

obtained via some line search
Ak € argmin J (G, U*) + A(RY, V7).
StEP 5. If |J (G, U*!) — J(G*,U*)| is below some prescribed tolerance
parameter, then STOP. If not, update k := k + 1 and go to STEP 3.

In the STEP 3, we have to provide a descent direction.
We present in the following a partial result. Let us introduce a simplified
adjoint system: find p, € Vj such that

(4.29) /V(Ph'VPth:/ 027 (%, yn (X)) pn dx
D E

2 [T

+2 [ mzaenzm)z o),
0

for all pp, € V, and with Z(t) given by (4.3)—(4.5). We have

prx) = Y Pnx) and P = (P)L, eR™.
i€l

The linear system associated to (4.29) is
2
KP =ML L(Y)+ = N(Z)Y.
€
We recall that K and N(Z) are symmetric matrices.

PROPOSITION 4.5. Given gp,up € Wy, let yp, € V}, the solution of (4.1). If
rp, = —prup, and vy, = —pp, where py, € V}, is the solution of (4.29), then
Tq

. 2 [
az0) [ ostneadxt 2 [z ol <o
E 0
where qn, € Vy, is the solution of (4.7) depending on v, and vp,.

PRrOOF. Putting ¢p, = pp, in (4.7) and ¢p, = qp, in (4.29), we get
(4.31) / ((gn +&)%vn + 2(gn + &)y unrn)pp dx = / Van - Vpp dx
D D

2 [T
— [ auiteuntadx+ 2 [ on(z)an(z@)|2 )]
E 0
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For vy, = —pp, we have

/ (gn + €)% vnpn dx = —/ (gn +)2prdx <0
D D

and, for r, = —ppup, we have

/ 2(gh + €)+uh7‘hph dx = _/ 2(9h + E)_A,_(U}Lph)Q dx <0
D D
since (gn, +¢)+ > 0in D. O

REMARK 4.6. The left-hand side of (4.30) represents the first two terms
of (4.22). We can obtain a similar result as in Proposition 4.5, without using the
adjoint system, by taking

(V)T =~ ((L(Y))TMED - iYTN(Z))K‘lBl(G, £),

2
(BT = - <(L(Y))TMED += YTN(Z)>K101(G,5, U),
in place of V and R in (4.23). In this case, (4.23) becames
—Iv

We point out that (V*)T = —PTBY(G,¢) and (R*)T = —PTCY(G,¢,U), so
(V*, R*) is different from the direction given by Proposition 4.5.

&n — [R[|En <0.

Now, we present a descent direction, obtained from the complete gradient of
the discrete cost (4.22).

PROPOSITION 4.7. For (R**,V*) € R™ x R™ given by
2
VT = — ((L(Y))TMED + = YTN(Z))KlBl(G,s)
2
(L(Y))"Mgp + g YTN(Z)> K~'CY(G,e,U)

NTBY G, Z))

(AHTB2(G, 2) +

—
=
*
*
S—
S
|
|
Hm\b—‘m\)—‘/—\

(A
(= (A3)"07 + (A3)"11})
+

((/\1)T132 G,Z)+ (A3)TB%G, 2)),

we obtain a descent direction for J at (G,U).
PROOF. In (4.27), we replace W' by B%(G, Z)R and W2 by B3(G, Z)R, we
obtain that
dJigv)(R,V) = =(V)'V = (R™)"R,
then
Aoy (R™, V) = =[[V*|[gn — | R [[fn < 0. O
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5. Numerical tests

Shape optimization problems and their penalization are strongly nonconvex.
The computed optimal domain depends on the starting domain, but also on the
penalization € or other numerical parameters. It may be just a local optimal
solution.

Moreover, the final computed value of the penalization integral is small, but
not null. This allows differences between the optimal computed domain 2, and
the zero level curves of the computed optimal state y.. Consequently, we compare
the obtained optimal cost in the penalized problem with the costs in the original
problem (1.1)—(1.3) corresponding to the optimal computed domain €y and the
zero level curves of y.. This is a standard procedure, to inject the approximating
optimal solution in the original problem. Notice that in all the experiments, the
cost corresponding to €1, is the best one, but the differences with respect to
the other computed cost values are small. This shows that the rather complex
approximation/penalization that we use is reasonable. Its advantage is that
it may be used as well in the case of boundary observation or for Neumann
boundary conditions and this will be performed in a subsequent paper.

In the examples, we have employed the software FreeFem++, [9].

EXAMPLE 5.1. The computational domain is D = |—3,3[ x |—3,3[ and the
observation zone FE is the disk of center (0,0) and radius 0.5. The load is f =1,
J(9) = (ye —ya)?, where y4(z1,22) = —(21 — 0.5)? — (x5 — 0.5)% +1/16, then the
cost function (3.2) becomes

51 min, o) = { [ e utaxe D [ () g0l

gEF,ueL?(D) )

The mesh of D has 73786 triangles and 37254 vertices. The penalization
parameter is ¢ = 1073 and the tolerance parameter for the stopping test at the
STEP 5 of the algorithm is tol = 1076, The initial domain is the disk of center
(0,0) and radius 2.5 with a circular hole of center (—1,—1) and radius 0.5.

At the STEP 3 of the algorithm, we use (R*, V*) given by Proposition 4.5.
At the STEP 4, in order to have E C i, we use a projection P at the line search

Ax € argmin J (P(G* + ARY), U* + AV*)

and GF*1 = P(G* + A\ RF). If the value of gf + MrF at a vertex from E is
positive, then we set this value to —0.1. We recall that the left-hand side of (4.30)
represents only the first two terms of (4.22), not the whole gradient.

If rp, vy, are given by Proposition 4.5 and v > 0 is a scaling parameter, then
~rp, and vy, verify (4.30), that is they also give a descent direction. We take the
scaling parameter for 7, given by v = 1/max(ry), that is a normalization of ry,.
In this way we avoid the appearance of very high values of the objective function,
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FIGURE 1. The solution of the elliptic problem (1.2)—(1.3) in the domain
Qg (left), in the domain bounded by the zero level sets of y. (right) and
the final computed state ye in D (bottom).

that may stop the algorithm even in the first iteration. For the line search at
the STEP 4, we use A = p'Ag, with \g =1, p= 0.5 for i =0, 1,...,30.

The stopping test is obtained for & = 94 and some values of the objective
function are:

J(G°,U%) = 33110.5, J(G3°,U3%) =54.725, J(G**,U%) =14.9851.

At the final iteration, the first term of the optimal objective function is 1.03796

and [ y2(s)ds = 1.39471 x 10~2. We point out that the optimal Q, has a hole
9

and the penalization term is a sum of two integrals

/a V)= g / RGO

where the integral over I; corresponding to the exterior boundary of {2, and I
to the boundary of the hole. In Figure 1 in the bottom, we can see the computed
optimal state y. in iteration 94. We also compute the costs || sy — ya)2dx =
0.998189 where y; is the solution of the initial elliptic problem (1.2)—(1.3) in the
domain Q, with g obtained in iteration 94 and [, (y2 — ya)® dx = 1.04032 where
y2 is the solution of the elliptic problem (1.2)—(1.3) in the domain bounded by
the zero level sets of y. in iteration 94, see Figure 1.

ExAMPLE 5.2. The domains D, E and the mesh of D are the same as in

Example 5.1. For f = 4 and y4(x1,22) = —2% — 23 + 1, we have the exact
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optimal state y = y4 defined in the disk of center (0,0) and radius 1, that gives
an optimal domain of the problem (1.1)—(1.3).

We have used ¢ = 107! and the starting configuration: the disk of center
(0,0) and radius 2.5 with the circular hole of center (—1, —1) and radius 0.5. We
use (R*, V*) given by Proposition 4.5. The parameters for the line search and
~ are the same as in the precedent example.

The stopping test is obtained for k = 64. The initial and the final computed
values of the objective function are 5368.84 and 11.2311. We obtain a local
minimum that is different from the above global solution. The first term of the
final computed objective function is 0.472856. The term faﬂg y2(s)ds is 1.07583
and it was computed over the exterior boundary as well as over the boundaries
of two holes. The length of the total boundary of the optimal domain is 23.9714
and of the initial domain is 27(2.5 + 0.5) = 18.8495.

.............

nnnnnn

FIGURE 2. The numerical solution of the elliptic problem (1.2)—(1.3) in the
optimal domain Qg (left), in the domain bounded by the zero level sets of
ye (right) and the computed optimal state y. (bottom).

The domain changes its topology. The computed optimal state y. is presented
in Figure 2 in the bottom. At the left, we show y; the solution of the elliptic
problem (1.2)—(1.3) in the domain €, which gives [, (y1 —ya)? dx = 0.295178, at
the right we show y, the solution of the elliptic problem (1.2)—(1.3) in the domain
bounded by the zero level sets of y., which gives [ (Y2 — ya)? dx = 0.471788.

ExaMPLE 5.3. We have also used the descent direction given by Proposi-
tion 4.7, for the starting configuration the disk of center (0,0) and radius 1.5,
e =10"1 v =1/|Irn]|c and a mesh of D of 32446 triangles and 16464 vertices.
For solving the ODE systems (4.3)—(4.5) and (4.11)—(4.13) we use m = 30.
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At the initial iteration, we have fE(ys —ya)?dx = 72.3767, faQy y2(s)ds =
658.459 and the value of the objective function is Jy = 6656.98. The algorithm
stops after 12 iterations and we have at the final iteration f E(y8 —yq)?dx =
1.22861, faﬂq y2(s) ds = 0.557556 and the value of the penalized objective func-
tion is Ji2 = 6.80521. The final domain is a perturbation of the initial one,
the circular non-smooth curve in the top, left image of Figure 3. We have
S (1 — ya)? dx = 1.20398 for y; the solution of the elliptic problem (1.2)—(1.3)
in the final domain Qg and [, (y2 — ya)? dx = 1.21767 for y, the solution of the
elliptic problem (1.2)—(1.3) in the domain bounded by the zero level sets of y.,
Figure 3 at the bottom, right.

A0 200 @ a2 0w Leomed 120 10 240 a0

FIGURE 3. The zero level sets of the computed optimal g, ye (top, left), the
final state y. (top, right), the solution of the elliptic problem (1.2)-(1.3) in
the domain Qg (bottom, left) and in the domain bounded by the zero level
sets of y. (bottom, right).

Finally, we notice that the hypothesis of Proposition 3.5 is obviously fulfilled
by the null level sets of y. with a corresponding parametrization. In an approxi-
mate sense, it is also fulfilled by the computed optimal domain 2, since the

penalization integral is “small” in all the examples.
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