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ABSTRACT. In the paper we describe the classes of unique solvability of
the Dirichlet and mixed two point boundary value problems for the second
order linear integro-differential equation

b

/() = po(t)u(t) + pr(t)u(ri(t)) + / p(t, s)u(r(s)) ds + q(t).

On the basis of the obtained and, in some sense, optimal results for the
linear problems, by the a priori boundedness principle we prove the the-
orems of solvability and unique solvability for the second order nonlinear
functional differential equations under the mentioned boundary conditions.

1. Statement of the main results

1.1. Introduction. In this paper we will consider the second order linear
integro-differential equation

b
(L1) (1) = po(t)u(t) + pr(H)u(r(t)) +/ p(t, s)u(r(s)) ds + q(t)

a
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460 S. MUKHIGULASHVILI — V. NOVOTNA

on the interval I = [a,b], and nonlinear functional differential equation
(1.2) u(t) = Flu)(),

under the Dirichlet two point boundary conditions

(1.31) u(a) = ¢, u(b) = co,

and mixed two point boundary conditions

(1.32) u(a) =c1, u'(b) = ca,

where ¢1,¢0 € R, p € Loo(I X I, R), po,p1,q € Loo(I,R), T1,7: I — I are the
measurable functions and F': C'(I, R) — L (I, R) is a continuous operator.

By a solution of problem (1.2), (1.31) ((1.2), (1.32)) we understand a function
u € C'(I, R), which satisfies equation (1.2) almost everywhere on I and satisfies
conditions (1.31) ((1.32)).

Ample interesting literature is devoted to the two-point boundary value prob-
lems for the integro-differential equations of special forms (see, e.g. [1], [10], [11],
[13], [14] and the references therein). Our work is motivated by some original
results for the functional differential equations with argument deviations (see
[2]-[6], [12]) and the results of R.P. Agarwal [1], J. Morchalo [11] and B.G. Pach-
patte [13], in which simple but quite general sufficient efficient conditions of
solvability of BVP for nonlinear integro-differential equations are proved.

For example, in [1] Agarwal studied, nth order integro-differential equations
which, for n = 2, have the form
b

(1.4) u'(t) = fo (tw(t),u'(t),/a g(t, s, u(t),u'(s)) ds).

Under the assumption that the functions f and g are continuous in all of their ar-
guments, along with other results, it is proved by Schauder’s fixed point theorem
that problem (1.4), (1.3;) is solvable if

o (1.0, [ "ol 5,2(0), /() is)|

1

1 b
<143 L)+ 3L / hy (£, 9)le 9 (s)] ds,
§=0 §=0 a
on [a,b] x C'([a,b]; R), where the positive constants L, L;, and the functions
f: hj(t, s) ds satisfy a certain smallness condition.
Pachpatte in [13] studied nonlinear equations with the argument deviations
of the form

(1.5) ' (t) = fo (t,u(t),u(ﬁ(t)),/

b

g(t,s,u<s>,u<7<s>>>ds),



SOME T'wO-POINT PROBLEMS FOR INTEGRO-DIFFERENTIAL EQUATIONS 461

where the right-hand side does not contain the first derivative of u. By using
the Banach fixed point theorem, conditions for the unique solvability of prob-
lem (1.5), (1.31) in a specific set B of asymptotically exponential functions, under
the assumptions that the functions fy and g satisfy the Lipschitz conditions and
the inequality

[

holds on [a,b], where the positive numbers P, L, satisfy to certain smallness

b
K(t,s)fo (s, 0, O,/ 9(s,£,0,0) d{) ‘ ds < Pexp (Lt)

conditions and K (¢, s) is the Green function of the problem v (t) = 0, u(a) =
u(b) = 0.

Morchalo in [11] and in his other studies imposes conditions on the partial
derivatives of the functions involved in equation (1.5) which give some kinds of
monotonicity of the functions fy and g.

In this paper we established theorems, which in some sense complete and gen-
eralize the results of the works cited above as well as certain other known results.
We first describe some classes of unique solvability for linear problems (1.1),
(1.3;) i € {1,2} and find efficient sufficient conditions of unique solvability of the
mentioned problem. The conditions we obtain take into account the effect of ar-
gument deviations and they are in some sense optimal (see Remark 1.5). On the
basis of these results, by the a priori boundedness principle, we prove existence
and uniqueness theorems for nonlinear problems (1.2), (1.3;) when equation (1.2)
is close in some sense to linear integro-differential equations. As corollaries of
our main results, we obtain efficient sufficient conditions of solvability for the
equation

b
(1.6) U"(t)=fo(t,U(t)W(ﬁ(t)),U’(Tz(t))»/ V(U)(t»S)u(T(S))dS)v

under boundary conditions (1.3;), where fo: I x R* — R is from the Carathéodo-
ry class, V: C'(I, R) — Loo(I X I, R) is a continuous operator and 7,71, 70: I —1T
are measurable functions.

Our results allow also to obtain interesting efficient sufficient conditions of
unique solvability for a large class of the two point BVP for nth order linear
functional differential equations. As an example of such problems we consider
here (see Corollary 1.9) nth order linear functional differential equation with
argument deviation

(1.7) ut™ (t) = pa(t)u(r(t)) + q(b),
under the boundary conditions

(1.8;) u(a) = ¢, u(ifl)(b) = o, u(j)(a) =c¢ ((=2,...,n—-1),
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where n > 3, ¢1,...,¢, € R, po € Loo(I,R) and 7: I — I is a measurable
function.

Throughout the paper, we use the following notations: R is the set of all real
numbers, R, = [0, +o0[; C(I; R) is the Banach space of the continuous functions
u: I — R with the norm

lulle = max{fu()] : t € I};

C'(I; R) is the Banach space of the functions u: I — R which are continuous
together with their first derivatives with the norm

luller = mas{ju(t)] + |u'(8)] : ¢ € I}

C'(I; R) is the set of the functions u: I — R which are absolutely continuous
together with their first derivatives; L(I; R) is the Banach space of the Lebesgue
integrable functions p: I — R with the norm

b
lpllz = / Ip(s)] ds:

Lo (I, R) is the space of the essentially bounded measurable functions p: I — R
with the norm

|Ipl[oc = esssup{|p(t)| : t € I'};
Loo(I x I, R) is the set of such functions p: I x I — R, that for any fixed ¢t € I,
p(t,-) € L(I,R) and

b
/ (-, )| ds € Loo(I, R).

Let i € {1, 2}, then for arbitrary pp,p1 € Loo(I, R), p € Loo(I x I, R), and
measurable 7, 7: I — I we will use the notations:

Ei(phpv TlaT)

= ([ b (@@ -¢+ [ bl 9lir(s) - € is) ds)mv

b
to(po,p1. P)(E) = lpo(t)] + [pa(8)] + / ip(t, 9)| ds.

DEFINITION 1.1. Let ¢ € {1,2}, 0 € {-1,1} and 7y,7: I — I be measur-
able functions. We will say that the vector-function (hg, hy,h): I — R3, where
ho,h1 € Loo(I,Ry) and h € Loo(I x I, Ry) belong to the set DZ' . if for an

arbitrary vector-function (pg,p1,p): I — R3 with measurable components such
that

0 < op;(t) < hj(t) (j=0,1) fortel,

(1.9) h(t,s) for (t,s) € I?,
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the homogeneous problem
b
(1.10) v"(t) = po(t)u(t) + pr(t)o(r(t)) +/ p(t, s)o(7(s)) ds,

(1.11;) v(a) =0, D) =0,
has no nontrivial solution.
1.2. Linear problem.
PROPOSITION 1.2. Leti € {1,2}, o € {—1,1},
(1.12) ho,h1 € Loo(I,Ry), h € Loo(I xI,Ry),

and, for almost all t € I, the inequality

1-— 2

g 1/2
(L13)  =5—Lo(ho, b, 1) (1) + L (hay by 71, 7)Y (hoy By, ) () < yry "
holds. Then
(1.14) (h()7 h1, h) S Df_l’fT

THEOREM 1.3. Leti € {1,2}, 0 € {—1,1}, and
O0po,op1 € Loo(I7R+)a op € Loo<I X Ia R+)

Moreover, let for almost all t € I the inequality

7T2

g
Co(po, p1,p) () + Li(pr, p, 71, 7)) (po, p1, p) (E) < T b—a)

2
holds. Then problem (1.1), (1.3;) is uniquely solvable.

(1.15)

REMARK 1.4. When pg, p1, p are nonnegative functions, then 1 — o = 0 and
condition (1.15) in Theorem 1.3 becomes especially simple.

REMARK 1.5. The condition (1.15) is optimal in the sense that for the one
term equation

(1.16) v (t) = p(t)v(t) fort € [0,m/271,

when p(t) < 0, condition (1.15) transforms into the condition |p(t)| < 1, which
is optimal in the sense that if p = —1, then sint is a nonzero solution of prob-
lem (1.16), (1.11;).

Also, from condition (1.15) immediately follows the well known fact that if
p(t) > 0, then problem (1.16), (1.11;) has only the zero solution.

When pg = p; =0, i.e. when equation (1.1) is of the form

b
(1.17) u(t) = / p(t, 5)u(7(s)) ds + q(t),

from Theorem 1.3, it follows



464 S. MUKHIGULASHVILI — V. NOVOTNA

COROLLARY 1.6. Let i € {1,2}, 0 € {—1,1}, and op € Loo(I x I,R}).
Moreover, let for almost all t € I the inequality
1/2

(1.18) 1;0/;13(2%,5) ds+€i(0,p,t,r)</abp(t,8) ds) < 41.1(7;2_(1)2

holds. Then problem (1.17), (1.3;) is uniquely solvable.

REMARK 1.7. If in equation (1.17) the coefficient p is nonnegative then con-
dition (1.18) transforms into the condition

// (&, 9)|7(s) §|dsd§/a p(t,s)ds<4i1(7;2a)2.

Also for equation (1.7), when n = 2, from Theorem 1.3 we have:

COROLLARY 1.8. Let i € {1,2}, n =2, and the function ps € Loo(I, Ry) be
such that the condition

2

b
[ pa@)ir(e) = slds < s

holds. Then problem (1.7), (1.3;) is uniquely solvable.

Some interesting results for higher order functional differential equations also
follow from our main theorem:

COROLLARY 1.9. Let i € {1,2}, and the function ps € Loo(I, Ry) be such
that for almost all t € I the condition

//m|TMM/mm_¥$Q%Q

holds. Then problem (1.7), (1.8;) is uniquely solvable.

REMARK 1.10. If in Corollaries 1.6 and 1.8 we assume that op; = h; and
op = h, then we get the conditions which guarantee inclusion (1.14).

1.3. Nonlinear problem. Now we shall consider results on the solvability
and the unique solvability of nonlinear problems (1.2), (1.3;) i € {1,2}. Firstly
we will introduce some definitions.

DEFINITION 1.11. We say that F € K(C', L), if F: C'(I, R) = Loo(I, R) is
a continuous operator and for an arbitrary r > 0
sup {|F(z)(@®)| : |lzllcr <7, € C"(I,R)} € Loo(I, Ry).
DEFINITION 1.12. Let i € {1,2}, 0 € {—1,1}, my,7: I — I be measurable

functions and the operators V;: C'(I,R) = Lo(I,R) (j =0,1), V: C'(I,R) —
Lo (I x I, R) be continuous. Then we say that

(Vo, V1. V) € Elho,hu h, D),

T1,T
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if (ho,h1,h) € D' and for an arbitrary z € C’(I, R) the conditions

)
T1,T

0 <oVj(z)(t) < h;(t) (j=0,1) fortel,
(1.19) )

0 <oV (x)(t,s) <hl(t,s) for (t,s) € I,
hold.

Throughout the paper it is assumed that
b

(1.20) L(z,u)(t) = Vo) (®)u(t) + Vi(x)(@)u(r () + / V(z)(t, s)u(7(s)) ds,

a

and the function sgn is defined by the equality

1 foraxz >0,

sgnx =
—1 for xz <O.

THEOREM 1.13. Let i € {1,2}, the numbers ¢ € {—1,1}, r > 0 and the
operators (Vo,V1,V) € E(ho,h1,h, D% ), F € K(C',Ly), be such that the

T1,T

condition
(1.21) |F(z)(t) — L(z,z)(t)| < n(t, |zl[c)  fortel, |zllcr =,

holds, where the function n: I x Ry — Ry is summable in the first argument,
nondecreasing in the second one and satisfies the condition
1 b
1.22 lim - ds = 0.
(1.22) Jim = [ (s, s

Then problem (1.2), (1.3;) has at least one solution.

THEOREM 1.14. Let i € {1,2}, 0 € {-1,1}, r > 0, F € K(C', L),
(Vo, V1, V) € E(hg, h1,h, D% ), the operator Vy: C'(I, R) — Loo(I, R) be con-

T1,T
tinuous and almost everywhere on I the conditions

(1.23)  0<o[F(2)(t) - L(z,)()]sgna(t) < [Vola)(O)z(t)| + (. l|z]cr)

for ||z|lcr =7, and

(1.24) 0 < oVo(2)(t) < ho(t) — oVo(z)(t) forz € C'(I,R),

hold true, where the function n: I x Ry — Ry is summable in the first arqu-

ment, nondecreasing in the second one and satisfies the condition (1.22). Then
problem (1.2), (1.3;) has at least one solution.

On the basis of Theorem 1.14 we can prove the next existence and the unique-
ness theorem

THEOREM 1.15. Leti € {1,2}, 0 € {-1,1}, F € K(C', L), (Vo,V1,V) €

E(hg, hy,h, D% ), operator Vy: C'(I,R) — Loo(I,R) be continuous and the

T1,T

conditions (1.24),
(125) 0= oF()(t) — F(y)(t) — Lz 2)(O)] sgn =(t) < |To()(0)2(0)
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fort € I, z,y € C'(I,R), hold if z = x —y. Then problem (1.2), (1.3;) is
uniquely solvable.

From Theorem 1.13 the next corollary follows.

COROLLARY 1.16. Let i € {1,2}, 0 € {—1,1}, the Caratheodory’s class
functions po,p1: I x R3— R and continuous operator V: C'(I, R)— Loo (I X I, R)
be such, that almost everywhere on I the conditions:

0 < op;(t,z) < h;(t) for T = (x1, 12, 73) € R,

(1.26) ,
0<oV(y)(t,s) <h(t,s) foryeC'(I,R),
and
2
120) 1folt Fan) = polt Do = pr (6 ez — ol < o1 ) o]

§=0
for (Z,70) € R*, are satisfied, where (hg, h1,h) € D;‘.l’ff, the function q: IX R, —

R, is summable in the first argument, nondecreasing in the second one and
equality

1 b
1.28 li - ds=0
(1.28) i P/a q(s, p)ds

holds. Then problem (1.6), (1.3;) has at least one solution.

In the same way we can get the corollaries concerning the solvability and
the unique solvability of problem (1.6), (1.3;), from the Theorems 1.14 and 1.15.
As an example let us consider the integro-differential equation

(1.29) () = mu(ﬁ@))

+ / u(7(s)) sin?(u' (t)u(s)) ds + [u/ (t)u(t)]® + 1,

where a € [0,1/2) and 79,71, 7: I — I are measureble functions. Then if h; = 0,
and hg = h = 1, we conclude from Corollary 1.16 and by Remark 1.7 that
problems (1.29), (1.3;) 7 € {1,2} are solvable if

/ab (m@) — ¢ +/a5 7(s) s|ds> ¢ < 4i_1<b_a;;2(1+b_a).

The solvability of problems (1.29), (1.3;) does not follow from the previously

known results.

2. Auxiliary propositions

First we will introduce here the well known inequalities (see Theorems 256
and 257 in [7]).
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LEMMA 2.1. Leti € {1,2}, 2’ € L*(I, R) and z(a) =0, 20-Y(b) = 0. Then
b i—1 2 b
4 b—
(2.1) / 22(s)ds < #/ 2% (s) ds.

™

On the other hand if v/ € Lo (I, R) and v(a) = 0, v~V (b) = 0, then by the
integration by parts and Schwarz inequality we get the estimate

(/ﬂbv”(s) ds)2 < /:(u”(s))2ds/abvz<s> ds,

from which by (2.1) (with z = v) immediately follows that

b i—1(h — q)2 b
(2.2;) / v'%(s)ds < #/ (v"'(s))? ds.

s

LEMMA 2.2. Let i € {1,2} and all the conditions of Proposition 1.2, and
conditions (1.9) hold. Then problem (1.10), (1.11;) has only the trivial solution.

PROOF. Assume, that problem (1.10), (1.11;) has a nontrivial solution v.
Due to (1.11;) it is clear that v' # Const, and then there exist t.,t* € I such
that t, < t* and v'(t*) — v/(¢.) # 0. Therefore from (1.10) follows that

b
0 < v/ (t") — o' (ts)] g/

a

b
[ e sulr(s) ds +p€retn (9) + po(f)v(f)‘ .

Introducing the notation § = f; 8o (&)d€, where

50©) = o [ oe 0P ds + m©P () + mlEn@),
due to the last inequality and (1.9), it is clear that
(2.3) 5> 0.
From (1.10) by (1.9), the Schwarz and the Cauchy—Schwarz inequalities we have

b b
(2.4) / (v"(€))* d¢ < / Co(ho, ha, 1) (§)d0 (&) d€.

Now, note that for 6 we have the following representation

b b
25 s=o v<£>[ [ e slr(s)) ds + pa(©n ©) + po(e10(©)| de

+ ab Ip1()o(71(€)) ( /€ " ) dn) ¢

v [ e steeon( / ") in) s

In view of (1.10), (2.2;) and (2.4), by the integration by parts and in view of the
boundary conditions (1.11;) we obtain

b b
eo o v<5>( / P(E,S)U(T(S))ds+P1(§)U(T1(§))+po(§)v(€)) e
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b
— / o(E0"(€) d
b _4i—1(p N2 b
-~ / e de < 70 (ij 2 / (0" (6))? de
§1_04Z i / Lo(ho, ha, h)(€)do (&) dE.

Also by the use of the Schwarz inequality, the Cauchy—Schwarz inequality and
inequalities (2.2;), (2.4) we get that

T1(§)
(2.7) / [p1(&)|v(T1(€ </ v'(n)dn) d¢

b
< (/ P (E)o(r1 ()] |72 (€) — €[/ de

[ bt - £|1/2dsd£)(/abv”(n)dn)m
<[( [ m@r e / P ) 5|d5)1/2
(//M (e dsd&//nof, i (s) £|dsd§)1/2}
2RO ([
< ([ mi@ninte |d5+//|p5, G dsdg)m
x(/ P2 ()l Im (€ \d£+//\p€7 i(s) fdsds)w
x 2 (/ bopo,p1.p £>d£)

4Z 1 b—a 1/2
( / ZO pOapla é-) d§> gi(plap77—177—)'

Therefore from (2.3) and (2.5), by estimates (2.6), (2.7) and inequalities (1.9),
we get

(2.8) 0<d< 27X [1_0/ Co(ho, b1, h)(€),60() d€

1/2
( / gO h07h17 g) dg) €i<h’17h’a 7—177-) .
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Let now M; = |hjllee, Mz = || [P h(t,s)ds||_, and M = My + My + M.
Consequently, due to condition (1.13), either
Lo(ho, h1,h)(t) < M almost every on I, and

2.9 1— 2
( ) O.M—i-gi(hhh,Tl,T)Ml/Q_ il

2  4i-1(h—q)?’
or
(2.10) L O b, b, 1) M2 < o
. 2 [AREIRRATH B 47;71(17—0,)2.
Let now condition (2.9) ((2.10)) be satisfied; then due to (2.8) we get
4= b—a)® (11—
5 <20 _ @) ( UM+£i(h17h,71,T)M1/2>6 =5
m 2
4=1(b—a)? (1 -
(53 (b—a) ( . 0M+£i(h1,h,71,T)M1/2)6< 5).
™
Thus in both cases we get that § < . The obtained contradiction shows that v
is the trivial solution of problem (1.10), (1.11;). O

LEMMA 2.3. Leti € {1,2}, 0 € {—1,1}, 7y, 7: I — I be measurable functions
and (Vo,V1,V) € E(hg, h1,h, D% ). Then there erists such positive number po,

T1,T

that for an arbitrary x € C'(I, R), any solution u of the equation
(2.11) u”(t) = L(z, u)(t) + q(t),

under boundary conditions (1.3;), where the operator L is defined by the equal-
ity (1.20), admits to the estimate

(2.12) [uller < poller] + lea| + llal|z)-

To prove this lemma, we need Lemma 2.4 below which follows from Lemma 1.1
of [8].

LEMMA 2.4. Lety,yr € L(I, R), vo,vor € Loo(I,R) (k=1,2,...),
lim ||lvor — volleoe =0, lim sup |lyx|lr < +oo,
k—+o00 k——+oco

and
t

t
lim yr(s) ds :/ y(s)ds wuniformly on I.

k— 400 a

Then
t t

lim Yr(s)vor(s) ds = / y(s)vo(s)ds fortel.

k—+o00 J, a
PrOOF OF LEMMA 2.3. Assume that the lemma is not true. Then, for an

arbitrary natural k, there exist operators

(213) (kavvlkavk) S E(h'Oah'hhﬂDU’i )a

T1,T
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and functions z € C'(I, R), gk € Loo(I, R) such that the problem
ug () = Vor (@) () un () + Vi () (ur (71 (t))
[ Vel (o) ds + st
ug(a) =e1, u,(f*l)(b) = cg,

has such a solution uy that ||uk||cr > k(Je1| + |c2| + |lgrllz). If we suppose that
vk (t) = ur()/lluller, qor(t) = Qk(t)/”uk”0’7 cor = (ler] + [eal)/lJurllcr then

@11) oo =1 ol < 50 lor(@)] + o0 = o <
and almost everywhere on I the equality
(2.15) v () = Vo (zi) (#)vr(t) + Vie(@e) ) ve(r1(2))

+ /ab Vie(z)(t, s)vg (7(5)) ds + qox ()
holds. Therefore according to conditions (1.19) and (2.14) we have
(2.16) v (t)] < ho(t) + ha(t) + /b h(t,s)ds + |qor(t)] fortel.

In view of inequalities (2.14) and (2.16), the sequences (v;);>] and (v})23
are uniformly bounded and equicontinuous on I. By the Arzela—Ascoli lemma,
without loss of generality it can be assumed that these sequences are uniformly

convergent on I. Suppose v(t) = klirf vg(t) for t € T and v € C'(I, R). Also
—+00
due to (2.14), conditions (1.11;) hold and

(217) lim H'Uk - ’UHC/ = 0, ||’UHC/ = 1.
k——+oo

Set Pjj(t) f Vik(zp)(s)ds (j = 0,1), Pu(t,s) = [ Vi(zi)(t,€) d€, then from
(1.19) we get

Pi(a) =0,  0<o(Pts) — Pyu(tr)) / i
(2.18) t

Pu(t, a) =0, 0<o(Pu(t,ss) — Pelt, 1)) < / ht, s) ds,

fora <t; <ty <b,a<s; <sy<b, tel,and then the sequences (ij(t));;“l’
and for an arbitrary fixed ¢y € I sequence (P (to, s));25, are uniformly bounded
and equicontinuous on I. Then, by the Arzela—Ascoli lemma, without loss of
generality it can be assumed that these sequences uniformly converge. Therefore

if we denote the limits of these sequences by P;(t) and P(to, s) we get

(2.19) kll)llloo ij(t) = Pj(t), kll)l}_loo Pk(to, 8) = P(t(), S),
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uniformly on I and then, from (2.18), it follows that

0 < o(Pj(t2) — Pj(t1)) < /tz hj(s) ds,
(2.20) h

0 § O’(P(tg,Sg) - P(to,sl)) § /82 h(to,s) ds.

s1

Consequently the functions P; and P(to, -) are absolutely continuous and there
exist the functions p;, p(to, -) € L(I, R) such that

B = [ mis)ds Plios) = [ plta,)d
and
(2.21) 0 <op;(t) <h(t), 0<op(to,s) < h(to,s) fort,sel.

Then, due to (2.17), (2.19) and (2.21), by Lemma 2.4 with yx(s) = Vi(xx)(, s),
y(s) = p(to, s) and v (t) = vi(7(t)), vo(t) = v(7(t)), we get

b b
(2.22) lim /Vk(mk)(t,s)vk(T(s))dSZ/ p(t, s)v(7(s)) ds

k— oo

for t € I. Analogously, due to (2.17), (2.19) and (2.21), from Lemma 2.4, we get
that on I the following equalities hold

lim /V()k(xk)(s)vk(s)ds:/ po(s)v(s) ds,

k— o0
t

lim Vik(zg)(s)ve(m1(8)) ds=/ p1(s)v(ri(s)) ds.

k—4o00 a

(2.23)

Therefore according to definition of the set E(hg,hi,h, D" ) and conditions
(2.13), (2.14), the functions

b
a(t) = / Vi) (t, 8)on (r(s)) ds

are measurable and the inequality

b
lgk(t)] < / h(t, s) ds

holds. Thus due to (2.22) the Lebesgue’s bounded convergence theorem implies
that the function

b
olt) = / p(t, s)o(r(s)) ds

is integrable and the equality

(2.24) Jim / / Vi () (6, 5)oi (7(s)) — p(€, s)o(r(s))] ds dé = 0

k— o0
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holds on I. If we integrate equation (2.15) from a to ¢t and pass to the limit as
k — +o00, then due to conditions (2.14), (2.17), (2.23) and (2.24) we find that v
is a solution of problem (1.10), (1.11;). Let

b
po(t) + p1(t) + / p(t,s)ds =0,

a

then v/ = 0 and conditions (1.11;) yield v = 0. If

b

polt) + p1(t) + / p(t, s) ds £ 0,

a

then conditions (2.21) and the inclusion (hg, hi,h) € D7 implies that v = 0.
Consequently in both of cases we get the contradiction with (2.17), which proves

our lemma. 0

REMARK 2.5. The meaning of Lemma 2.3 is that the operator L is consistent
(see Definition 1 in paper [9]) with boundary conditions (1.3;) if

(‘/0, Vl,V) S E(ho,hl,h,Dg’i )

T1,T
Now, for an arbitrary « € C’(I, R), consider the linear problem
(2.25) V" (t) = L(z,v)(t), v(a)=0, v V() =0,

where the operator L is defined by (1.20) and the lemma below which is the
modifications of Theorem 1 of paper [9].

LEMMA 2.6. Let i € {1,2}, problem (2.25) has only the trivial solution for
arbitrary x € C'(I, R), and there exist a positive number py such, that for any

A € (0,1) every solution of the problem

u”(t) = L(u, u)(t) + A[F(u)(t) — L(u, u)(t)],
(2.26) _
u(a) = Aer, w7V (b) = ey,

satisfies the estimate
(2.27) [u(®)llcr < p1.

Then problem (1.2), (1.3;) has at least one solution.

3. Proof of main results

PROOF OF PROPOSITION 1.2. Follows from Lemma 2.2 and Definition 1.1.00

PrROOF OF THEOREM 1.3. In view of the well known fact that linear prob-
lem (1.1), (1.3;) has the Fredholm property, the proof immediately follows from
Proposition 1.2, with h(t,s) = op(t, s), h;(t) = op;(t) ( =0, 1). O
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PrOOF OF COROLLARY 1.9. By the integration by parts, we can rewrite
the homogeneous problem corresponding to the problem (1.7), (1.8;) as (1.10),
(1.11;) with pp =p; =0,

(t—s)n3
—————po(s) fort > s,
p(t,s) = (n—3)! pa(s) Z

0 for t < s.

Therefore
b n—3 t
(b—a)
[ tteotas < G [,

and from Corollary 1.3 our corollary immediately follows. O

PRrROOF OF THEOREM 1.13. Let py be a number defined in Lemma 2.3, then
due to condition (1.22) there exists the constant p; > r such, that

b
B w(v-atialtlelt [usds)<p forpzon

Let also A € (0, 1) be an arbitrary fixed number, u be a solution of problem (2.26),
and assume that ||ullc > p1.

Now note that all the assumptions of Lemma 2.3 are fulfilled; due to condition
(1.21) we have the estimate

b
luller < Po(|01| el +4 [ 1F@(s) - L(u,u><s>|ds)

b
<m(lal+lel+ [ ato luleas).

which, in view of our assumption, contradicts the inequality (3.1). Therefore
our assumption is invalid, inequality (2.27) holds and then, from Lemma 2.6,
the validity of our Theorem follows. O

PROOF OF THEOREM 1.14. Let py be a number defined in Lemma 2.3, then
due to condition (1.22) there exists constant p; > r, such that inequality (3.1)
holds. Let also A € (0,1) be an arbitrary fixed number, u be a solution of
problem (2.26) and assume that ||u|/cx > p1. Then, on account of condition
(1.24) and nonnegativity of the function 7, function u is a solution of the equation

u(t) = L(u,u)(t) + Av(t) Vo (u) (t)u(t) + m(t, |lullcr),
where

m(, |luller) = Aav(t)(n(E, [lullc) +1) sgnu(t)

and
o[F(u)(t) — L(u, u)(t)] sgnu(t)

v(t) = = .
[Vo(u)@)u(®)] + (¢, [[uller) +1
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Moreover, due to condition (1.23), the estimates

(3.2) 0<u(t) <1,
and
(3.3) Im (L lulle)] <1 +n(t, [[uller),

are true on I. Now note, that according to conditions (1.24) and (3.2), the
estimate
0 < a(Vo(u)(t) + Av(t)Vo(u)(t)) < ho(t)

holds on I. Consequently, the inclusion

(3.4) (Vo + MVy, Vi, V) € E(hg, hy, h, DZ%)

T1,T

is valid and then, from Lemma 2.3, due to inequality (3.3), we get the estimate

b
fuller < ol + el + [ s e + 11 ),
a

which contradicts with inequality (3.1). Therefore our assumption is invalid and
inequality (2.27) holds, from which due to Lemma 2.6 validity of our theorem
follows. O

PROOF OF THEOREM 1.15. From conditions (1.25) it follows that all the
assumptions of Theorem 1.14 hold. Assume that vy, vs, are the solutions of
problem (1.2), (1.3;), and let v = v; — vy. Consequently, conditions (1.11;) hold
and due to condition (1.25) we have

v"(t) = L(v,v)(t) fort € I,
if Ip ={t € I:v(t) =0}. On the other hand condition (1.24) yields that v is

a solution of the equation

0"(t) = L(v,v)(t) + p(t)Vo(v)(t)o(t) for t € I\ I,

_ o(F(vi)(t) = F(v2)(t) — L(v, v)(t)) sgn v(?)
[Vo(v)(t)v(?)]

for t € T\ Ip.

wu(t) fortel\ I,
0 for t € Iy.
Then, according to (1.25), the estimate (3.2) holds on I and

(3.5) V(1) = Lv,v)(t) + v(t)Vo(v)(t)u(t) for t € 1.

v(t) =

Moreover, analogously as in the proof of Theorem 1.14, conditions (1.24) and (3.2)
yield the inclusion (3.4). Therefore all the assumptions of Lemma 2.3, with
c1 = ¢ = 0, ¢ = 0 are fulfilled and then equality v = 0 holds, which proves our
theorem. 0
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PRrROOF OF COROLLARY 1.16. If we assume that

Vi (@) (t) = p;(t, 2(t), z(71 (1)), 2" (m2(1))),

b
F(a)(t) = fo (t, o0, 20, (a(0). [ V) 5)o(r(5) ds),
and

n(t, lzllor) = q(t, 2+ 0)lzller),

/a b h(t, s) ds

then in view of conditions (1.26)—(1.28) it is clear, that all the assumptions

where

)
oo

.

of Theorem 1.13 hold, from which the validity of our corollary immediately
follows. (|
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