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ABOUT POSITIVE W *(2)-SOLUTIONS
TO QUASILINEAR ELLIPTIC PROBLEMS
WITH SINGULAR SEMILINEAR TERM

CARLOS ALBERTO SANTOS — JOSE VALDO GONGALVES
MARCOS LEANDRO CARVALHO

ABSTRACT. This paper deals with the existence, uniqueness and regularity
of positive W&)’C@ (£2)-solutions of singular elliptic problems on a smooth
bounded domain with Dirichlet boundary conditions involving the ®-
Laplacian operator. The proof of the existence is based on a variant of
the generalized Galerkin method that we developed inspired by ideas of
Browder [4] and a comparison principle. By the use of a kind of Moser’s
iteration scheme we show the L (Q)-regularity for positive solutions.

1. Introduction

The paper concerns the existence, uniqueness and regularity of VVI});1> (§2)-so-
lutions to the singular elliptic problem

(1.1)  —div(¢(|Vu|)Vu) = % in Q, u>0 inQ, u=0 on 99,

where Q ¢ RY, with N > 2, is a bounded domain with smooth boundary 95,
a is a non-negative function, 0 < a < oo and ¢: (0,00) — (0,00) is of class C*
and satisfies

(1) (i) top(t) > 0ast — 0,
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(ii) to(t) — oo as t — oo,

(¢2) to(t) is strictly increasing in (0, 00),
(¢3) there exist £,m € (1, N) such that

(o)) _

o(t)

We extend s — s¢(s) to R as an odd function. It follows that the function

—1< m—1, t>0.

t
D(t) = / sp(s)ds, teR
0
is even and it is actually an N-function. Due to the nature of the operator
Agu = div(@(|Vu|)Vu)

we shall work in the framework of Orlicz and Orlicz—Sobolev spaces namely
Lao(), Lz () and W, (Q).

We recall some basic notation on these spaces along with bibliographycal
references in the Apendix.

In the last years many research papers have been devoted to the study of
singular problems like (1.1). In [23], Karlin and Nirenberg studied the singular
integral equation

uw) = [ Gy o

where @ > 0 and G(x,y) is a suitable potential. In [11], Crandall, Rabinowitz

dy, 0<zxz<1,

and Tartar, addressed a class of singular problems which included as a special
case, the model problem
(1.2) —Au = KZ) in Q, u>0 in §, u=0 on 0f,

U
where a > 0 and a: Q — [0,00) is a suitable L!-function. A broad literature on
problems like (1.2) is available to date. We would like to mention [24], [36], [38]
and their references. We would like to refer the reader to the very recent paper
by Orsina and Petitta [31] who dealt with the problem

—Auzﬂ in Q, u>0 in §, u=0 on 09,
uOé

1 is a nonnegative bounded Radon measure. Other kinds of operators have been
addressed and we mention Canino, Sciunzi and Trombetta [7], Chu-Wenjie [9]
and De Cave [13] for problems involving the p-Laplacian operator

—div(|Vul[P~? Vu) = @ in €, u>0 1in Q, u=0 on 08
u
Qihu Zhang [37] and Liu, Zhang and Zhao [28] for p(z)-Laplacian operator,

—div(|Vu\p(“C)_2 Vu) = alz) in Q, u>0 1in Q, u=0 on 0§;

u(l/,
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Boccardo, Orsina [3] and Bocardo, Casado-Diaz [2] for the problem
) a(x) . .
—div(M(z)Vu) = —= in Q, u>0 in{, u=0 on 0%,
ua
where M is a suitable matrix, Lazer and McKenna [26]; Gongalves and San-

tos [18], Hu and Wang [22] for problems involving the Monge-Ampére opera-
tor, e.g.

det(D?u) = _alz) in €, uw <0 in Q, u=0 on 04,

where a € C*®(Q), @ > 0 and v > 1. Finally, Canino, Montoro, Sciunzi and
Squassina [5] considered issues of existence and uniqueness for the fractional
p-Laplacian operator.

To the best of our knowledge singular problems like (1.1) in the presence
of the operator Ag were never studied and the main results of this paper (see
Section 2) namely Theorems 2.1, 2.3 as well as Corollary 2.2 are new.

Other problems which are special cases of (1.1) are

—Apu—Ayu=a(x)u™® inQ, u>0 inQ, u=0 on 09,

where ¢(t) = P2 +t9" 2 with 1 <p<qg< N,

N
— Z Apu=a(x)u™® in Q, u>0 inQ, u=0 on Q.
i=1
N N 1
where ¢(t) = Y tPi 2 1<p; <...<py <ocand >, — > 1,
j=1 j=1Pj
—div(a(|Vul|?)|u[P~2Vu) = a(z)u™® in Q,
(1.3) u>0 in Q,

u=0 on 012,

where ¢(t) = a(t?)t*=2,2 < p < N and a: (0,00) — (0, 00) is a suitable C*(RT)-
function.

We also refer the reader to the paper [29], where the operator Ag is employed.
The operator Ag appears in applied mathematics, for instance in Plasticity, see
e.g. Fukagai and Narukawa [16] and references therein. We refer the reader to [33]
for problems involving general operators.

2. Main results

In this work, we will consider that u € VVI}JC(I) (€) is a solution of the problem
(1.1)ifu > 0in Q and (u—e)T € Wy ®(Q) for each & > 0. Besides, let us denote
by d(x) = ir})fQ |z — y| the distance of the point z € Q to the boundary of Q.

ye
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THEOREM 2.1. Assume that (¢1)—(¢3) and a € LY(Q) hold. Then there is
u such that u(@=1T0/¢ ¢ WOM(Q), u > Cd almost everywhere in Q, for some
C >0, and:

(a) ue Wy *(Q), and

(2.1) A ¢(|Vu|)VuV<pdx=/S a(aj)gada:, pE Wol’{)(Q),

y u
provided additionally that either ad™® € Lg(2) or 0 < a <1 and a €
LZ*/(Z*-&-@—l)(Q),

(b) ue WL*(Q), and

(2.2) /qu(|Vu)VuV<pdx:/Qi(Lf)cpdx, v e CF(N)

provided in addition that o > 1.

Next we will present some regularity results:

COROLLARY 2.2. Under the conditions of the Theorem 2.1, we have that:

(a) ue C(Q) if a € L=(Q),

(b) u € L>®(Q) if either a € LI(Q) N LY /E+e=1(Q) and 0 < a < 1 or
a € L1 and o > 1, where N/{ < q < q(«) with

*/s if0<s<1,

(2.3) q(s) := O +(a—1)0/0))s ifs>1,

(c) there exists a unique solution to the problem (1.1) both in the sense of
(2.1) and in the sense of (2.2).

We are going to take advantage of our techniques to show the existence results
to the singular-convex problem

—div(p(|Vu|)Vu) = “I(Lf) ()Y in Q,

(2.4) u >0 in €,
u=20 on 0,

where a,vy > 0.

THEOREM 2.3. Assume (¢1) — (¢3) and 0 < v < € —1. Assume in addition
that ad=* € Lg(Q) and 0 < b € L7(Q) for some o > £/({ —~v —1). Then
problem (2.4) admits a weak solution u € Wol’q)(Q) such that uw > Cd in Q
for some constant C > 0. Besides, u € L>®(Q) if b € L*(Q), and either
a € LYQ)N L/ EHe=1(Q) with 0 < a < 1 or a € LI(Q) with a > 1, where
N/t < q<qla+7) and q(s) was defined in (2.3).
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REMARK 2.4. We note that:

(a) solutions studied in both Theorems may be found by variational argu-
ments in some particular cases,

(b) if ¥ is an N-function such that & < ¥ << ®,, then the conditions
ad™* € Lg(Q2) and a € L® (©) could be used in our results, instead of

loc

ad™® € Lz(Q) and a € L{5. (), respectively.

loc
3. A family of auxiliary problems

In this section, we are going to “regularize” Problem (2.4) by considering
a perturbation by small € > 0 of the singular term in (2.4). Of course a regular-
ized form of problem (1.1) corresponds to b = 0. Let us consider

as(x .
—Agpu = (uir(g))a + b (x)u”  in £,
(3.1) u>0 in Q,
u=20 on 012,

for each € > 0 given, where the L>°(Q)-functions are defined by
as(r) = min{a(x),1/e}, be(x) = min{b(x),1/e}, =z €.
Consider the map A := A.: Wol’@(Q) X Wol’q)(Q) — R, defined by

62 Awe)= | [¢<|Vu|>wwdz—“f(“’)@—bE(x)(u*w dz,

(luf + &)«
Thus, finding a weak solution of (3.1) means to find u € Wol’q)(Q) such that
(3.3) A(u, ) =0 for each ¢ € WOL(D(Q).

PROPOSITION 3.1. For each u € Wy'*(Q), the functional A(u, -) is linear
and continuous. In particular, the operator T = T: Wol’q)(Q) — W_L&)(Q)
defined by

(T(w), ) = A(u, ),  foru, o € Wy®(9),

is linear and continuous, and satisfies
C
(3.4) IT@)ly -z < 2le(Vu)Vullg + = llacllg + Cllbeful |15

PROOF. Let u,p € W, “®(()). We shall use below the Hélder inequality and
the embedding Wol’q)(Q) — Lg(Q):

33 A < [ [s0vapvulve + O b @ ol s

2
< 2lle(Vul)Vulgliell + 5 llaclzllelle + 2lbcullzl¢lle

C
< (20607 ulls + < lacll + €0l 3 )l
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It is sufficient to show that ||b:|u|”[|z < oco. Indeed, by using the embedding
Ly () — LY(Q) and 7 € (0,¢ — 1) it follows by Lemma A.3 that

/5@@mmmzmmmw%HmmmMHw/&wwm
Q Q

< C(/ +/ )$(|u7) dx
u<l u>1
< C(|Q +/ || Y6/ (6=1) dx) < C’(|Q| +/ |u|eda:>
u>1 u>1

<c(jal+ [ luftds) < cqal+ ul),
Q

where C = C(b, ®,e) > 0 is a constant. So A(u, -) is linear and continuous. The
claims about 7' are now immediate.
By Proposition 3.1 the problem of finding a weak solution of (3.1) reduces
to finding u = u. € Wy *(€2) \ {0} such that T'(u.) = 0. This ends the proof. [J
4. Applied generalized Galerkin method

In order to find u = u. € Wol’q)(Q) \ {0} such that T'(u:) = 0, we shall
employ a Galerkin-like method inspired by arguments found in [4]. We are going
to constrain the operator T to finite dimensional subspaces. As a first step take
aw e Wy*(Q) such that

(4.1) aw#0 and aw € L'(Q),

Let F C W, *(Q) be a finite dimensional subspace such that w € F. Now,
consider the map Tr: F — F’ given by Tr = I, o T o I, where

1,0
Ip: (B = W m (), - 1), Ip(u) =u
and let Iy be the adjoint of Ir. So, we have that Tr = T'|r, because
(Tru,v) = (Ix o T o Ipu,v) = (T o Ipu, [pv) = (Tu,v), wu,v € F,

that is, for u,v € F,
ac(x)v

(4.2) <nwm:APWWWWW+w

The result below, which is a consequence of the Brouwer Fixed Point Theorem

—b(z)(ut)v| da.

(see [27]), will play a central role in solving the finite dimensional equation
I%(U)ZZO

PRrROPOSITION 4.1. Assume that S: R® — R® is a continuous map such that
(S(m),m) > 0, |n| =r for some r > 0, where (-, -) is the usual inner product
in R® and | -| is its corresponding norm. Then, there is 9 € B,(0) such that
S(mo) = 0.

PROPOSITION 4.2. The operator T is continuous.
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PrOOF. Let (u,) C F be a sequence such that u, — w in F. Since, the
operator —Ag: Wy (Q) — W-12(Q) given by

(~Bau) = [ o(Vul)VaVods, uve Wi @),
Q

is continuous (see [16, Lemma 3.1]), we have that Ag|r is also continuous.

To complete our proof, it remains to show that Tp — Ag|r is continuous. By
applying Lemma A.4 and the embedding Lg(Q) < L(Q), it follows, by passing
to a subsequence if necessary, that

(1) un — w almost everywhere in ;
(2) there is h € L(2) such that |u,| < h.

Then, for each v € Wy (),

as(x)v ac(z)v
(unl +2)°  (ful + )’

be(2)(u) ) v = be(x)(u™) v ae. in Q.

n

On the other hand, since @ is increasing, we obtain

(43) &)(‘( as(z)  ac(z) )

un| +e)* (Jul +e)*

ca(t e ) <o) e

lun] +e)*  (Ju|+e g

because 0 < a. < 1/e. So, by Lebesgue’s Theorem,

(R ) P
o \l(Junl+2)*  (lul+e)"
and as a consequence of d e As, we have
‘ ac(r)  ac(x) o
(lunl + ) (Jul+e)* i3

By applying the Holder’s inequality, we find that, for each v € VVO1 ’(I)(Q),

/Q <(|Uza(—f)s)a - (|5|84(2)a)vdx

Estimating as in (4.3), we have

o i M-

=l (unl + o) (Jul +e)e

lolle 0.
o]

d 5 )Y + (ut)Y

B(be| ()" — (ut)]) < q><z|b€|oo<n>;<>>

< C(B((w)") + (")) < C(Jul’ + [0l +2) € L1(Q),

for some C = C(a, ®,¢) > 0. Arguing as above, we obtain

/ng(x) [(u) = (uh)]vde — 0

showing that T is continuous. O
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PROPOSITION 4.3. There exists 0 # u = up = u. p € F such that Tp(u) =0
for each € > 0 sufficiently small.

PROOF. Let s := dim F' be the dimension of the subspace F, and set F' =
span{es,...,est. That is, each u € F' is uniquely expressed as

UZZ§]€J‘, gz(glv"',gs)eRs~
j=1

Set |¢] := ||lu|| and consider the map ¢ = ip : (R®,|-|) — (F,]| -||) given by
() = u. So, it follows by Proposition 4.2 and the fact that ¢ is an isometry that
the operator Sp: R®* — R* given by

(4.4) Spi=io0Troi
is continuous as well, where i’ is the adjoint of i. Besides, by setting u := (&) for

¢ € R, it follows from (¢3) and the embeddings Wol’q)(Q) — Lgp(Q) — LY(Q) —
LY+1(Q) that

(15) (566 = [ oTroi(€),6) = (Tr(u),)
> [ Joavapivap - 22 g @] ao

1 1
> f/ﬂ O(|Vul) dr = —lacllzl[ulle — b oc [l 11
> tmin{ull’, ul™} = Cyflull — Calful ",

for some positive constants C; = Cj(g) and Cy = Cs(e). So, we can choose an
ro = 70(g) > 1 such that r§ — Cyrg — C’grgﬂ > 0. More specifically, for each &
such that |£] = rg, we have (SrE, €) > 0.

By the above, from Proposition 4.1 it follows that there exists a é¢ € B, (0)

such that Sp(£r) = 0, that is, letting u = up = i({r), it follows from (4.4), that
(Tr(u),v) = (Sr(r),n) =0 forallv e F,

where v = i(n), and hence Tr(u) = 0. As a consequence of this, we have

ac(x)v
(Jul +&)*

/ [¢(|Vu)Vqu - - bg(x)(u+)7v] dr=0 forallveF.
Q

We claim that u = u. # 0 for enough small € > 0. Indeed, otherwise by taking
v = w and using Lebesgue’s Theorem, we obtain

/ a(z)wder =lim [ a.(x)wdz =0,
Q

e—0 Q

but this is impossible by (4.1). O

The result below is a direct consequence of the above proved proposition.
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COROLLARY 4.4. The number ro > 0 and the function up € F found above

satisfy: |up| < 7o, Tr(urp) = 0, and 19 > 0 does not depends on subspace

F c Wy*(Q) with 0 < dimF < oo. Besides, we can choose it independent
of e >0 as well if 0 < a <1, a € L/C+a=1)(Q), and b € L7(Q) for some
o>l/(l—~y—1).

PRrROOF. The first part of it was proved above. To show that rg does not
depends on € > 0, we just redo the estimatives in (4.5) by using the hypotheses
on a and b. (]

Our aim below is to build a non-zero vector u. € Wo'®(Q) such that T'(u.) =
0, where T was given by Proposition 3.1. This will provide us with some u. €
Wol’@(Q) such that

u])Vu 77115(95)90 — bo(z)(u™) T = 1.2
16) [ |ovuhvuve - 5 b @y a0, oWt

In this direction we have

LEMMA 4.5. There is a non-zero vector u. € Wy *(Q) such that T(u;) = 0
or equivalently (4.6) holds true.

PROOF. Let w as in (4.1) and set

A={FcC Wol’q)(Q) | F' is a finite dimensional subspace of Wol’q)(Q)
andw € F }
We assume that A is partially ordered by set inclusion. Take Fy € A and set
Vi, ={up € F|F €A, Fy CF, Tp(up)=0and |lup|| <o}

Note that, by Proposition 4.3 and Corolary 4.4, Vg, # 0.

Since Vi, C By, (0), then V, C By, (0), where V , denotes the weak closure
of Vg,. As a matter of this fact, V;O is weakly compact.

Consider the family B := {V; | F e A}

CLAIM B has the finite intersection property.

PROOF OF CLAIM. Indeed, let {V;l, e ,V}T;p} be a finite subfamily of B and
set F':= span{F1, ..., F,}. By the very definition of Vi,, we have that up € V;L_,
i=1,...,p, that is
L 50
(Ve #0. O
i=1
Since B,, is weakly compact, it follows that (cf. [30, Theorem 26.9])
W= m Ve #0.
FeA

Let u. € W. Then u, € V; for each F € A.
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Take Fy € A such that span{w,u.} C Fy. Since u. € V;O, it follows by [14
Theorem 1.5] and the definition of Vj, that there are sequences (u,) = (un.e) C
Vi, and (F,) = (F,..) C A such that u, — u. in Wy ®(Q), up € Fy, |Jun| < 7o,
Fy C F,, and for each v € F,,

(@.7) / (Vi) Vit Vo dar = / (”(”“") + bg(x)(u:)'y>vdx.
0 o \ (Jun| +2)*

comp

2 La(92), we
obtain that w, — wu. in Ls(R), u, — u. almost everywhere in Q and (|u,|)

Now, by eventually taking subsequences and using VVO1 ’¢(Q)

is bounded away by some function in Le (). Set v, = u, — u. and note that
vp € F,, because u,, € F,, and u. € Fy C F,, in (4.7). Then

(4.8) lIm(—Ag (un),un —
= 11m/ ( |Un| +€ —i—bs(ac)(u;f)V) (upn — ue) do

< hm/ ( )|un|7> [tn, — ue |d.

La(Q), we have

’/ Clsz(un—uo)dx
Q

Recalling that v < £ — 1, Wy (Q) — LYQ) and (u,) is bounded in Lf(£2),
we get

(e-1)/e
/ be (2)|un| " |un — ue| dz < |be|oo (/ |un\wé/(€_1) da:) [ter, — uce
Q Q

(e-1)/¢
< |bs|oo(|Q+/ u,/dx) [tn, — uele — 0.
Q

Now, by using the facts above, it follows from (4.7) that

comp

As W (Q) &

1
< a4 llacliz llun = uelle — 0.

hm<_Atb(un)7 Un — u5> <0,

and a consequence of this, we have that u, — u. in W&"P(Q), because —Ag sat-
isfies the condition (Sy) (see [8, Proposition A.2]). So, passing to a subsequence
if necessary, we have

(1) Vu, — Vu, almost everywhere in €,
(2) there is h € Lg () such that |Vu,| < h.

Since ¢ € Wy'®(Q), it follows of the fact that t¢(t) is nondecreasing in [0, c0)
and (2), that

[@(IVun|)Vun Vel < o(|Vun|)[Vun|[Vel < ¢(h)h|[ V|
< ®(¢(h)h) + B(|Ve|) < @(2h) + B(|Ve|) € L'(9),
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that is, it follows by the Lebesgue Theorem, that

/¢(|Vun|)Vuan0dx—>/¢(|Vu€\)Vu5V<pdx.
Q Q

Now, by passing to the limit in (4.7) and using the above information, we get that
u. satisfies (4.6), that is, T.(u.) = T(ue) = 0 for each & > 0, since p € W, '*(Q)
was taken arbitrarily. By arguments as in the proof of Proposition 4.3 we infer
that u. Z 0. O

LEMMA 4.6. The function u. € C*(Q), for some 0 < a. < 1, and it is
a solution of (3.1).

ProOOF. By Lemma 4.5, it remains to show that u. > 0. Set —u_ as a test
function in (4.6). So, it follows by Remark A.1 (see Appendix), that
e[ avizpar< [ o(vu v Par=— [ Do
0 ) a (|ue | +e)"
which implies that uZ = 0. So, for all ¢ € Wol’q’(ﬂ), u, satisfies
(4.9) /¢(|w Vu w:/ ﬂgpdw/ be(2)ul o da
. o £ € O (uE +E)a Q & £ .
Finally, for each p € (m, ¢*), it follows that
ac(x) _ ) tP
) = e b (@) ()Y < Co (14 [t d lim ——==0
|f(ZL' )| (|t| _|_€)a + (if)( ) —_ ( +| ‘ ) an tingo (I)*(At)

for each e, A\ > 0 given. So, by [35, Corollary 3.1], u. € Ch(Q) for some
0 < ae < 1. Now, by summing up the term u.¢(u:) to both sides of (4.9) and
applying [8, Proposition 5.2] we infer that u. > 0. In conclusion, u. is a solution
of (3.1). O

5. Comparison of solutions and estimates

Let n > 1 be an integer and take ¢ = 1/n. Let u, € Wy'*(Q) N Chon(Q),
for some a,, € (0, 1], denotes the solution of (3.1), both for b = 0 and b > 0 not
identically null, given by Lemma 4.6, that is,

_ — an(x) v
Buvtin = (uy + 1/n) T balju? o €,
(5.1) Up >0 in Q,
U, =0 on O0f2.

We have the following result on comparison of solutions.

LEMMA 5.1. The following inequalities hold:

(a) up 4+ 1/n > uy for each integer n > 1,
(b) w1 > Cd in Q for some C > 0 which independs of n.
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PRrROOF. First, we consider b =0 in (5.1), that is,

an(x)

(52) —Aqmn = m in Q, Uy > 0 in Q, Up = 0 on 09.
So, by (5.2), we have

. a\r .
(5.3) mV@UVm)Vuﬂ(ui£$a20 in 0
in the weak sense. On the other hand, since

an(2) (@) .

(wn +1/n)* = ((wn +1/n) +1)° '

we get by (5.2) that
a1 ()

(5.4)  div(o(|V (un + 1/n))V(un + 1/n)) — <0 inQ,

((up +1/n) + 1) =
in the weak sense, (test finctions are taken non-negative). By applying Theo-
rem 2.4.1 in [32] to (5.3) and (5.4), we obtain u, + 1/n > u;.

Now, since 9f is smooth, it follows by [17, Lemma 14.16] that the distance
function x — d(z) satisfies

deC?*), d>0 onQs and %<O on Q\ Qj,
n

where Q5 = {z € Q | d(z) > 6} for some § > 0, and 7 stands for the exterior
unit normal to 0€2.
Now, since u; € Wol’q)(Q) N CH1(Q) is a solution of

(5.5) —Agu = (ua:_(:zl:))a in Q, u>0 in Q, u=0 on 09,
it follows by [35, Lemma 4.2] that
o _
ﬁinl <0 onQ\Qs.
So there is a constant C' > 0 such that
8u1 od —
S <Cc= Q\ 0
an = C an on O\ Qs,
and as a consequence
(5.6) Cd(z) <uy(z) forze Q.

This ends the proof of Lemma 5.1 for b = 0. If b is not identically null, we redo
the above proof by considering (5.3) and obtaining (5.4) as a consequence of b
be non-negative. O

We have the following estimates.
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LEMMA 5.2. Let u,, € C*(Q) be a solution of (5.2). Then there is a con-
stant C > 0 such that

| [(un + 1/n)lete=1/6 _ (1/n)(0‘+471)/5] ||1,e < C, for all integer n > 1.
where || - ||1,¢ above is the norm of WOM.
PROOF. At first notice that
Uny [(Un +1/0)* = (1/n)*] € Wy (Q) N CH(Q) € Wy ().

By estimating, we get

a—1
Ea@(l)/ |V, | (un + 1> dx
[Vu,|>1 n
1 a—1
</La®(1) {/ [V, |™ (un + ) dz
[Vu,|<1 n

a—1
1
+ / |V, [ (un + ) dx}
[Vun|>1 n

a—1
=Lla®(1) / min {|Vu, [, [Vu,|™} (un + 1) dx.
Q n

Applying Remark A.1 and Lemma A.2 and using [(u, + 1/n)* — (1/n)?] as a
test function in (5.2), we find

(5.7) La®(1) /|v ‘>1|Vun|g(un—|—1/71)0‘_1 dx
Sﬁa/Qq)ﬂVunD(un—i—l/n)”‘_ do

ga/ (V) [Vt 2 (1, + 1/n)° " da
Q

_ [ sl + 1~ o
Q (tn + 1/n)a

When a < 1, it follows from Lemma 5.1, that

1 a—1
|V, | (un + n) dx

< Lad(1) [|Q| + C“l/Qd(x)al] =D,

dx <lal;.

(5.8) Lad(1) /

[Vu,|<1

which is finite, by a well known result, cf. Lazer and McKenna [25].
From (5.7) and (5.8) it follows that

(a=14£) /N (£ ¢

1 (-1 1

L7 (+1) ) ao< () Jals + D),
Q

l éa@(l)(
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because

(a4L€—1) /L~ (£ ¢ a—1

1 /-1 1

‘V<(un+) ) - <a+ > |vun|4<un+> .
n 14 n

Hence, [(u, + 1/n)@ =0/t — (1/n)@+H=D/¢] is hounded in Wy (Q).
When a > 1, we have

1 a—1
(5.9) Eo@(l)/ |V, | (un + ) dx
|Vun|<1 n
1 a—1
< Lad(1) [Q| —l—/ (un + ) dx}
Up >1 n

Summing up (5.7) and (5.9), we obtain a positive constant C' such that

5100 [ [o((sr ;)“‘”W) . i+ [ (e ;)“).

Now, by picking & such that 0 < ¢ < £ — (e —1)/(a+ £ —1), it follows from
(5.10), using u,, > 1 and of the embbeding W, *(€2) < L{(€) — L~<(Q), that

1 (a=14£) /e~ 112 1 (a+0—-1)/LN t—¢
() )zl () ) )
n ¢ up>1 n
1(a+€71)/l l—e
<c(uefr((ee2) )
n ‘

for some C' > 0. That is, [(u, 4+ 1/n)@H=D/¢ —(1/n)@+=1/4 is bounded in
WOM(Q) as well. O

6. Proof of the main results

We begin proving Theorem 2.1 that treats about existence of positive solution
to the pure singular problem (1.1).

6.1. Pure singular problem — existence of solutions.

PROOF OF (a) OF THEOREM 2.1. Assume first that ad™® € Lz(£2). Since
u, € Wy (Q) satisfies (5.2), it follows from Remark A.1, Lemma A.2, (5.6) and
Holder inequality, that

61 Gl Vunle) < [ S(Tunl)de < [ 6V DIV da

:/ un+(1/) da:<C/ ) | dz

- (/Q/Qé /Qé) Ja lunl dz
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SC/ Up, dx—l—C/ a(z) Up | dx
Q\ | Qda(x)‘ |

< C’Huan> —|—20’

a
ol I

where we used a,, < a just above. It follows from our assumptions and from
Wy (Q) il Ly(Q), that (u,) € Wy®(Q) is bounded. If 0 < a < 1 and
a € LY/ +e=1)(Q) then the boundedness of (u,) in Wy ® () is a consequence
of Corollary 4.4. So, in both cases, up to subsequences, there exist u € WO1 ’Q(Q)
and 0 € Lg(Q2) such that

(1) wp — uin W*(Q),

(2) up = win Lg(Q),

(3) u, — u almost everywhere in €,
(4) 0<u, <6.

As a first consequence of these facts, it follows from Lemma 5.1 and (3) that
u > Cd almost everywhere in 2.

Now, by using u, — u as a test function in (5.2) and following similar argu-
ments as in (4.8), we get

(6.2) (—Agup,u, —u) < /Q (uﬁf%(un —u)dx
< {c+2 = J e

for some C' > 0 independent of n. Since, the operator —Ag is of the type S, it
follows from (2) and (6.2) that u, —  in Wol’@(Q).

To finish our proof, given ¢ € Wol’@(Q), it follows from Lemma 5.1, that

a a d o a
— " o< —— <C— L'(Q
| < e (o) WSO gelele L@,

that is, by passing to the limit in (5.2), we obtain that u is a solution of (1.1).0

We were not able to employ the above arguments in the proof of (b) of
Theorem 2.1, because in this case we do not know if a/d* belongs to Lz (£2), that
is, the sequence (uy,) is likely not bounded in VVO1 ’q)(Q). Instead, it is possible to
show that (u,) is bounded in Wﬁf (©2). This was done by applying Lemma 5.2.

ProOOF OF (b) OF THEOREM 2.1. Given U CC £, let §y = min{d(z) |
x € U} > 0. So, it follows from Lemma 5.1, that u, + 1/n > Céy := Cy > 0
in U, that is, for n > 1 enough big, we can take (u, + 1/n — Cy)" as a test
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function in (5.2), to obtain
(6.3) / (| tn])| V|2 < / (V]| Vit
U un+1/n>Cy

</ )
- up+1/n>Cuy (u" + 1/n)a—1

1
< — adr < oo,
(O Q

because a € L'(Q2), and a > 1. So, from Remark A.1 and Lemma A.2 it follows
that (u,) C WH®(U) is bounded. That is, there exist (uf ),u” € W'*(U)
such that v — u¥ in WH?(U), v, — u¥ in Le(U), uf (x) — uY(z) almost

ni ni

dx

everywher in U. In particular, from Lemma 5.1 and of the pointwise convergence
it follows that u > C'd almost everywhere in U. Hence, by using a Cantor diago-
nalization argument applied to an exhaustion Uy of Q with Uy CC Ug41 CC €,
we show that there is u € VVI;I)(Q) such that up — u in VVﬁ)C‘I’(Q) and u > Cd
almost everywhere in 2.

Now, we are going to show that this u satisfies the equation in (1.1). Given
p € C§°(Q), let © CC Q be the support of ¢. So, by very above information,
we have that

(a) u, — uin WH?(0),

(b) up — uin Lg(O),

(¢) un(x) — u(z) almost everywhere in O,
and there exists § € Ly(0) such that u,, < 6 in @ So, by using ¢(u, —u) as
a test function in (5.2), Ls(©) < L'(0), and (b) above, we obtain

‘/ O(|Vun|)Vu, V(p(un —u))| dx < —/ anlp(u, — u)| dx
e

< Cyllallz;

a0 [tn — ullLy(@) = 0,

where © CC 2 is the support of ¢. That is,
(6.4) /6¢(|Vun|)VunV(un Cu)p = /@¢(|wn|>vunw(un — ) + on(1).

In addition Holder’s inequality, (b) above and the property ®(¢(t)t) < ®(2t) for
t > 0 imply that

/ S|Vt ) Vit Vi 1, — )
©

< Cyllo(IVun ) Vunll 2, @) lun — ullLg@) — 0
< CsoHun - u”hp(@) — 0,

dx < C’@/ O(|IVur )| Vg |Jun, — u| dz
e

and using this information in (6.4), we obtain that

(6.5) /§2¢(|Vun|)VunV(un —u)pdr = op(1).
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Besides, we note that

/ o(|Vul)VuV (u, — u)pdz
e

§‘/2¢UVUDVuVM%w1—undw

b

+¢AMWWWNﬂw—WM

and the first integral on the right side goes to zero, due to (a) above, and the

second one converges to zero due to (b) above. That is,
(6.6) ‘ / &(|Vu|)VuV (u, —u)pdz | — 0.
e

So, it follows from (4.13) and (4.15), that

/ (6(|Vun|)Vu, — ¢(|Vu|)Vu, Vu, — Vu)p dz — 0.
®

As a consequence of this, together with the Lemma 6 in [12], we have that
Vuy,(x) = Vu(x) almost everywhere in ©, i.e.

O(|Vun(2))Vun(z) = ¢(|Vu(z)|)Vu(z) ae. in ©.

In addition, since (¢(|Vun|)Vu,) C (Lz(©))"N is bounded, from Lemma 2 in
[19] it follows that

&(| Vi)V, = ¢(|Va)Vu in (WH2(0))".

Now, passing to limit in (5.2), we obtain that v € W;"*(Q) satisfies

loc

/ #(|Vu|)VuVedr = / @(p dx.
Q o u
Besides, Lemma 5.2 implies that
T VAN R (A ()
that is, u(@=170/¢ ¢ WOI’Z(Q) as well. O

Below, we take advantage of the former arguments to show the existence of
solutions to problem (2.4). The greatest effort is made to show L*-regularity of
its solutions.

6.2. Convex singular problem. Regularity of solutions.

PROOF OF THEOREM 2.3. Since 0 <y < ¢ —1 and 0 < a € L) for some
qg >t/ —~—1), it follows by arguments similar to those used in the proof of
Theorem 2.1 that there exist both a sequence of approximating solutions still
denoted by (u,) and a corresponding solution u € W'*() to problem (2.4)
such that u > Cd in Q for some constant C' > 0.

CLAIM. u € L>®(Q).
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The proof of this Claim uses arguments driven by a Moser Iteration Scheme.
Parts of our argument were motivated by reading of [21]. However our proof in
the present paper is self-contained. In order to show the Claim, set

* oo o
Bri=U+a-1)¢ >0, Bp:=PpF+pb1, Pry:= fq’ﬂk’ 6= 70

where 1/¢' +1/¢ = 1.

We point out that 6 > 1 because ¢ > N/¢. In addition,

20F — k=1 -1
(6.7) B = (25’“‘1 A S 1)p = —s_-1 B,
26k — k=1 —§

6.8 =
( ) 5/6 5_1 Bla
and, since § > 1, B  oco.

Now, taking ko such that 8., Bk, + ¢’ (= 1) > 1, we have that uﬁ’“/(q +a) g

a test function for each k > ko and using it in (4.6), we obtain

(6.9) % / |Vt ) [Vt [P/ 41 g
Q

a uﬁk/q/-i-a ,
g/ (” = + bur/ +a+7> dz
o \(un +1/n)*

S/ (augk/q’+bu§k/q'+a+’v) dr
Q

Br/d’ Br/d
< lallgllunll 5" + [1blloo w155 (S -

k

We claim that [|[u&t7||, is bounded.

Indeed, if (o +7)g < 1, it follows that o < 1, because ¢ > N/¢ > 1. In this
case, it follows from Corollary 4.4 that w,, is bounded in VVO1 ’¢(Q). In particular,
there exists 6 € L'(Q) such that u,, < 6y, that is,

lug*llg < (191 + [160ll1)"/.

If (aw +7)g > 1 we distinguish between two cases: a > 1 and a < 1.
In the case a > 1, we find by using that ((u, + 1/n)¢+*=1/¢) is bounded in
WLEQ) and WH(Q) — L (Q) that

Hun S Oa

0*

1/¢*
1+(a=1)/¢ O (a—1)L% /e _ I4+a—1)/0
e (a—1)0* /0 = </Q“n e/ dx) = H“%Jr n/ )

that is, by using our assumption ¢ < g(a + =), it follows from its definition
(see (2.3)) that (o +v)qg < 0* + (a — 1)¢* /L. So,

(6]‘0) ||u’ﬂ||(o¢+’y)q S Ca

because L Ha=DE/l(Q) s [letMa(Q),
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If « < 1, then again we have that wu, is bounded in Wol’q)(Q). So, the
embedding W,'®(Q) < LOT)4(Q), see (2.3) again, implies that
™ Mla = lun 180 < mlluall** < €
for some k,C > 0.
Thus, in both cases, in view of (6.9) and the estimates just above, we see
that there exists a constant ¢y > 0 such that

Bk a—
610 2 [ o9 Tl b < (lall + bl o]

On the other hand, it follows by Lemma A.2 that

©12) 3 /Q S|Vt ) [Vt [P/ F2

q
and so it follows from (6.11) and (6.12), that

ECI) Bk/ ‘VU |Z ﬁk/q +a— 1d.’E

€<I>( )

Vu,|>1

(6.13)

ﬁk/ Vi U4 i (aly + o) a2
[Vun,|<1

E(I)
< W g, [ /vt ot (lally + [l un
Our next obJectwe is to show that
(6.14) /|Vu |5 (Be+(a=1)¢")/q’ dz < Blluy, ”,Bk/q’

for some constant B > 0. To do this, we are going to consider two cases again:
a<1land a>1.
If a < 1, the we notice that L+ (Q) « LA/4'+e=1(Q). Hence

Br/q +a—1 _ Br/qd' +a—1
@19 [

= A [ T
On the other hand, since u; < u,, we have
(6.16) lurllg, < llunlisy,
and by the embedding L%+ (Q) < L'(Q) we get
(6.17) lunlle < 191 |, -
Combining (6.16) and (6.17) we have
(6.18) [yt < Q07O g |31



510 C.A. SANTOS — J.V. GONGALVES — M.L. CARVALHO

So, by (6.15) and (6.18), we infer that

(6.19) / ul ety de < QPO un [§ a1
Q

Now, by applying (6.19) in (6.13), we get

(620 20

/ |Vt [Culn/ 4+ gy
Q

(D) | o a1/t e
< TIQI2 O [ Billunl| 52+ laly + 11Bllsoco) lun 15/

Let a > 1. By Holder inequality, (a — 1)g < (o + 7)q and (6.10), we have

, 1/q
(6.21) /ufb’”‘/q torlgr < Hun||§’“/q (/ ulo—Da da:)
) " Q

1/q
< HunH,@k/q <|Q|+/[ . u%‘ll)qdl‘)

a 1/
< 1577 (192] + unIEEE DM < (192] + C) |57

Now, by applying (6.21) in (6.13), we get

(6.22) E(I;(,l)ﬁk/ |V, [l /01 gy

@( )

B(192] + OV unl|5E Y+ (llallg + 1Bllooco)lun |52/

So, it follows from (6.20) (the case a < 1) and (6.22) (the case o > 1) that the
inequality (6.14) is true for B > 0 defined by

! J20] .
3 ()W g |97+ allg + [Blocco ) 0 <a <1,
(1)
Y e (e
q .
e (S04 01+l + o) T

This shows the inequality (6.14). Now, since

14
( b > / | (et B0/ | i = / |V | Pt @=D)/a" g
Be+B1) Ja Q

it follows from (6.14) and Wg’e(ﬂ) < L (Q) that, for some p > 0,

4 ¢ BZ Br/d
: <uB(W) a2/

Set Fiq1 := Br41In(||unl .., )- So, it follows from the last inequality, that

(6:23) Junll3E5 = [/

Br+1

!
620 For <20 (g om (B s+ Sl
k

< 0In (uBB}y) + — Fr = M\ + 0F%,

£
q't
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where \g := £*In (,uBBZ).
Now, by using (6.7) and (6.8), we can infer that
Mo = b+ In(26% 71 5572 4

41,
where b := £*In(uBf1), that is,

Fro <8 VF 4+ Mg + 0dpo + ...+ 672\,

So
(6.25) B _ 0 TP 4 Ny 0Mp 4+ 052
. Br — o5k _ g1 _§
T s—1 B
)‘kfl /\k72 Al
_F1+5k—1 sz Tty
B 26 —1—1/6k1 .
%ﬁl
Since

Ao _ b 0 (2806 1) b 4 28
g §ngn 51 = n ’

o 0—1
it follows from (6.25), that

1 1 01 26k—1 1 25

Br ~ 20 —1—1/5+1

51 B1
b 1 26k—1 1 25
<
- 26 —1— 1/5’“1&
5—1 !
b . 2 1 1 E—1 1
B F1+7§—1+€ [1n6—1<5k_1 +...+6)+1n5<6k_1 +5):|
257171/5’“1&
5—1 !
b 1 2 = n
F1+5_1+€ [6_11n5_1+1n52316n]
< n= dy.
= 25—1—1/5’f—15 o
s§—1 !

Now, going back to the definition of F}, we obtain

[t ()] < |ttn||loo = limsup [|u, g, < limsup ef*/Pr < edo
k—o0 k—o0

for all z € Q, and

lu(z)| = lim |u,(z)| < edo

n—roo

511
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for almost every x € Q, because u,(x) — u(x) almost everywhere in ), that is,
u € L>(Q). O

PROOF OF COROLLARY 2.2. (a) In this case, we have a,, = a for n large
enough. So, as a consequence of the Comparison Principle, like at the end of the
proof in Lemma 5.1, we have that u, 1 > u,. Besides this, if we assume that

Qo:Z{.’L‘EQ

1 1
mn 1 mn - Qv
U +1(:1:)—|—n+1 > (sc)+n}CC

is not empty, then we would obtain —Ag(upt1 +1/(n+1)) < —Ag(un + 1/n)
in Qq, that is

1 1
Un+1(2) + T < up(z) + - in .

This is impossible. So, we have
Ogun—ukgl—l in Q.
k n

Since (u,,) C C*(£2), we obtain that u,, converges uniformly to u, that is, u € C(£).

(b) Tt just follows from the same arguments as those used in the proof of
Theorem 2.3 by taking b = 0.

(¢) This proof is based on the ideas from [6]. If 0 < u,v € Wy *(Q) are two
solutions of the problem (1.1), then the claim is immediately true. So, let us
assume that 0 < u,v € Wl’q)(Q) are two solutions of the problem (1.1). Now,

loc

by defining C, := {w € Wol’(b(Q) |0 <w<wv}and J.: C, — R by

sw)= [ [4><|Vw|> ~ato) | " (j)]d

we obtain that J. is weakly lower semicontinuous and coercive on the convex
and closed set C,. Therefore, there is a w = w. € C, such that

Je(w) = ipf Je,
that is, by defining o: [0,1] = R by o(t) = Jo(t¢ + (1 — t)w) for ¢ € C, we get
0(0) = J.(w) = min{J(w) |w € C} < o(t) foralltel0,1].
In other words, we have that
0<0'(0) = (J(w),yp —w) forall ¢ €C.

This leads us, after some manipulations, to

(6.26) /ng(Vw)Vngpdx>/Q(wa(x)

dx
+e)e 7

for all o € W'* () N L(Q) with ¢ > 0.
Now, since w € VVO1 ’q)(Q), it follows from our definition of zero-boundary
condition, that (u—w — &)t € Wp?(Q), and T, ((u — w — &) +) € W (Q) with
supp(T-((u — w — e)™))) C Q for each 7 > 0 given, where T, (s) := min{s, 7}
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for s > 0, and T, (—s) = —T-(s) for s < 0. So, by using that u is a Wﬁ)’f(z)(Q)-
solution for (1.1) and w € Wy ®(Q) satisfies (6.26), we obtain

/Q(¢(|VUI)VU = ¢(|Vw)Vu)VT ((u —w — &)™)

g/ﬂ[ua—w T, (u—w—2)*) <0,

that is
/[ - ](¢(|V(u —e))V(u—¢) = ¢(|Vu|) V) VT, ((u —w —£)") <0

for each 7 > 0 given. Now, by passing 7 — oo and using the fact that & is
a strictly convex function, we obtain

0< /[ ][¢(|V(u —e))V(u =) = ¢(IVw)Vw][V(u - €) = Vu] <0,
u>w—+te
which implies that V(u—w—¢e)™ = 0 almost everywhere in 2. Since (u—w—¢)™ €
Wy (), we obtain that |[u > w + ¢]| = 0, that is,
u<wt+e<wv+e ae in Q.

for each € > 0. By redoing the above arguments with C, in the place of C,, we
obtain that v = v in . O

Appendix A. On Orlicz—Sobolev spaces

In this section we present for the reader’s convenience several results/nota-
tion used in the paper. The reader is referred to [1], [34] regarding basics on
Orlicz—Sobolev spaces. The usual norm on Lg(§2) is (Luxemburg norm)

o=t {3 0| [ 0(%2)ar 1),

while the Orlicz—Sobolev norm of WH®(Q) is

N
lullve = llule +
i=1

We denote by Wy (€2) the closure of C§°(€2) with respect to the Orlicz-Sobolev
norm of WH®(0). We remind that

ou
3xi

[l

®(t) = max{ts — ®(s)}, fort>0.
s>0
It turns out that ® and ® are N-functions satisfying the As-condition, (cf. [34,
p.22]). In addition, Lq(Q2) and Wh®(Q) are reflexive and Banach spaces.

REMARK A.1l. It is well known that (¢3) implies that the condition
(¢3)" €< () 12/ @(t) <m, t >0,

is verified. Furthermore, under this condition, @, de As.
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By the Poincaré Inequality (see e.g. [19]), i.e., the inequality

/Q@(u)d:cg/@(ZdQWuDdx,

Q
where do = diam(Q2), it follows that

lulle < 2da||Vulle for all u e Wy *(Q).

As a consequence, we have that |[u|| := || Vul|s defines a norm in W,'* () that
is equivalent to || - ||1,&. Let @, be the inverse of the function
t -1
> (s)
t e (0,00) — . ;Zif;fiﬁvrds

which can be extended to R by ®.(t) = ®.(—t) for ¢ < 0.
We say that an N-function ¥ grows essentially more slowly (grows more
slowly) than Y, denoted by ¥ <« T (¥ < 1), if

U (At)
1m
t—oo D, (t)
(T(t) < Y(kt) for all t > to for some k,ty > 0).
The imbeddings below (cf. [1]) were used in this paper. First, we have

=0 foreach A >0

Wh(Q) B Le(Q) ifd< V< D,

cpt

and in particular, Wy ®(Q) < Lg(Q), because ® < ®, (cf. [20, Lemma 4.14]).

Furthermore,

cont

W Q) S Ly, ().

Besides, it is worth mentioning that, if (¢1) — (¢2) and (¢3)" are satisfied (cf.
[10, Lemma D.2]), then

cont

Lo(Q) S LYQ).
(€2) in the sense that u € L\’ () if and

In this text we use the notation Ly’ loc

only if u € Lg(Q) for all U CC Q. .
LEMMA A.2. (cf. [15]) Assume that ¢ satisfies conditions (¢1)—(¢3). Set
Co(t) = min{t!, ™} and (i (t) = max{t’,t™}, t>0.
Then ® satisfies
Go(t)®(p) < B(pt) < G (1)2(p), p,t >0,
Glllll) < [ @ do < Gllulle). e La(@),

LEMMA A.3 (cf. [15]). Assume that ¢ satisfies (¢1)—(¢p3) and 1 < £,m < N
hold. Set

Go(t) = min {t£4™)  and  (s(t) = max {17}, >0,



UNIQUENESS OF Wﬁ)’f (£2)-SOLUTIONS TO SINGULAR PROBLEM 515

where m =m/(m —1) and £ = £/({ —1). Then

(< @ <, t>0,
(1)
Ga(t) B(p) < B(pt) < (3(t) B(p), p,t >0,

G(llullz) < /Q B(u) do < Gs(|lullz), u e Ly(Q).

LEMMA A.4. Let Let ® be an N-function satisfying Ag. Let (un) C Lg(§2) be
a sequence such that u, — u in Lg (). Then there is a subsequence (up, ) C (uy,)
such that

(a) un, () = u(x) for almost every x € €,

(b) there is h € Ly(Q) such that |up,| < h almost everywhere in Q.

PROOF (Sketch). We have that [, ®(u,—u) dz — 0. By [1] Ls(2) — L'(Q).
So, there is a subsequence, we keep the notation, and he Lt () such that u,, — u
almost everywehere in Q and @ (u,, —u) < h almost everywhere in 2. Since @ is
convex, increasing and satisfies Ay, we have

@(lun>so¢(“‘"”"+'”)< 1 —uf) + 2(ful)] < & 7+ B(u))],

<&
2 =2 2

that is
[tn| < @7 <C
2
because h € L*(Q), ®(|u|) € L*(Q), and

/{lé(h)daﬁz/s)q)(@ <I2((h <I>(|u))))d:c:/ (§(h+q>(|u| )> dz < oo,

showing that h € Lg (). O

|u>)) — h € Lo(9),
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