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CONVENIENT MAPS
FROM ONE-RELATOR MODEL TWO-COMPLEXES
INTO THE REAL PROJECTIVE PLANE

MARcIO CoLOMBO FENILLE

ABSTRACT. Let f be a map from a one-relator model two-complex Kp into
the real projective plane. The composition g o fx of the homomorphism
f# induced by f on fundamental groups with the action g of m; (RP2) over
m2(RP2) provides a local integer coefficient system f; over Kp. We prove
that if the twisted integer cohomology group H? (Kp;fi Z) = 0, then f is

homotopic to a non-surjective map. As an intermediary step for the proof,
we show that if H2(Kp;Z) = 0 for some local integer coefficient system 3
over Kp, then Kp is aspherical.

1. Introduction

The existence of strong surjections from a finite and connected n-dimensional
CW complex K (a n-complex, to shorten) into a closed n-manifold ¥ has been
investigated for at least a decade, specially from the viewpoint of the topological
root theory.

For a strong surjection from K into Y we mean a (continuous) map f: K — Y
whose free homotopy class [f] € [K;Y] has just surjective maps. In this case, we
say also that f is strongly surjective. In the context of topological root theory,
amap f: K — Y which is not strongly surjective is said to be root free.
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The Hopf~Whitney Classification Theorem [11, Corollary 6.19, p. 244] im-
plies that the set [K;S™] of the free homotopy classes of maps from K into
the n-sphere S™ is in one-to-one correspondence with the integer cohomology
group H™(K;Z). Thus, there exists a strong surjection from K onto S™ if and
only if H"(K;Z) # 0. Now, if f: K — S™ is a strong surjection, its composi-
tion with the double-covering map p: S™ — RP™ produces a strong surjection
po f: K — RP"™. Therefore, the condition H"(K;Z) # 0 implies the existence
of a strong surjection from K onto RP". The converse is the central problem of
this article.

In order to contextualize, we highlight that this problem is part of a more
general question: is the top integer cohomology group H™(K;Z) able to de-
tect the existence of a strong surjection from the m-complex K into a closed
n-manifold?

In the 2000’s, D.L. Gongalves and C. Aniz approached this problem in dimen-
sion three. In [1], C. Aniz proved that every map from a (finite and connected)
three-complex K, with the top cohomology group H?(K;Z) = 0, into S* x 52 is
homotopic to a non-surjective map, but for Y the non-orientable S'-bundle over
S?2, there exists a strong surjection f: K — Y from such a three-complex. In [2],
C. Aniz proved that there is no strong surjection from such a three-complex into
the orbit space of the three-sphere S with respect to the action of the quaternion
group Qg determined by the inclusion Qg C S3.

Following the line of our works [4]-[7], we focus the problem in low-dimension,
specifically in dimension two, which is often left out, since it does not permit the
use of special techniques as obstruction theory and others.

In our latest work [4], we built a countable collection of two-complexes with
trivial second integer cohomology group and, from each of them, a strong surjec-
tion onto the torus S* x S!. Therefore, the integer cohomology group H?(K;Z)
is not able to detect the existence of strong surjection from a two-complex K
onto the torus.

In [5] we studied the problem from a more restricted viewpoint: given a two-
complex K with the top integer cohomology group H?(K;Z) = 0, we found
necessary and sufficient conditions in order to get that all maps from K into RP?2
are homotopic to a constant map, i.e. [K;RP?] = 0. The main theorem of [5]
presents five of such conditions. We highlight one of them: given a two-complex
K with H?(K;Z) = 0, we have [K;RP?] = 0 if and only if the number of two-
cells of K is equal to the first Betti number of its one-skeleton K*'. For a model
two-complex Kp induced by a group presentation P = (x|r) (see Section 2),
this condition may be simplified by #x = #r.

At the other extreme, in this article we consider two-complexes with just
one two-cell (with #r = 1 for model two-complexes). Furthermore, instead of
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the usual second integer cohomology group H?(K;Z), we consider the second
cohomology groups H?(K;sZ) with local integer coefficient systems 3: m (K) —
Aut(Z).

We anticipate some details of our approach: the fundamental group 1 (RP?)
acts on my(RP?) exactly as the group of covering transformation €(S?;RP?) =
{id, —id} acts on the integer homology group H,(S?%;Z). Thus, the action of
71 (RP?) on 72 (RP?) provides, over RP?, via the natural isomorphism, (RP?) ~
Z, the local integer coefficient system

o: 1 (RP?) — Aut(Z) given by o(1) = id and o(—1) = —id.

Let K be a (finite and connected) two-complex with fundamental group II
and let f: K — RP? be a cellular map. Consider the homomorphism fg: 71 (K)
— m1(RP?) induced by f on fundamental groups and, over K, the local integer
coefficient system

fo: T — Aut(Z) given by f3 = oo fu.

The cohomology groups of K with local integer coefficient system fi are also
called the twisted integer cohomology groups of K according fi and denoted by
H*(K;fi Z). Of course, if fy is the trivial homomorphism, then fi is the trivial
local integer coefficient system (f7 (7) = id for all 7 € IT) and H*(K;f;E Z) is the
integer cohomology group H*(K;Z).

In [6], a cellular map f: K — RP? for which HQ(K;fiZ) = 0 is called a
convenient map. That is the reason for the title of this article, whose main
theorem is about the nonexistence of convenient strong surjections from a one-
relator model two-complex (or more general a finite and connected two-complex
with just one two-cell) into the real projective plane.

THEOREM 1.1 (Main Theorem). Let K be a finite and connected two-complex
with just a two-cell and let f: K — RP? be a cellular map. If the twisted integer
cohomology group Hz(K;ff# Z) =0, then f is homotopic to a non-surjective map.

The proof of Theorem 1.1 is presented in Section 6 as a consequence of
several results proved in the previous sections. Among them, Propositions 4.1
and 5.1 are the more interesting. Proposition 4.1 states that a one-relator model
two-complex Kp for which H?(Kp;sZ) = 0, for some local integer coefficient
system [, is aspherical (has contractible universal covering). Proposition 5.1 is
more technical and treats the solubility of certain diophantine linear equations
induced by maps from a model two-complex Kp into RP2.

Sections 2 and 3 are surveys on model two-complexes and cohomology with
local integer coefficient systems, respectively.

In the final section, we present a version of the Main Theorem for a special
kind of one-relator model two-complexes, and we present examples to show that
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some results of the article does not hold for model two-complexes that are not
one-relator.

Throughout the text, we simplify finite and connected two-dimensional CW
complex by two-complex. We also simplify f is a continuous map by f is a map.

2. Model two-complexes

We remember that a (finite) group presentation P = (x|r) consists of a finite
set x = {x1,...,2,} of elements called generators, together with a finite set
r = {ry,...,mn} of elements called relators that are not necessarily reduced
words with letters in the alphabet x. Let F(x) be the free group generated
by the alphabet x and let N(r) denote the smallest normal subgroup of F'(x)
containing the words obtained by reducing the relation words of the set r. The
quotient group II = F(x)/N(r) is called the group presented by P = (x|r). We
take 2: F'(x) — II to be the quotient homomorphism.

The model two-complex Kp of the finite group presentation P = (x|r) is the
finite and connected two-complex whose one-skeleton

n
K};z\/S} =eUejuU...Uel
J
is the bouquet of n circles (with minimal cellular decomposition) and whose
m two-dimensional cells, we say e?,...,e2,, are attached on the one-skeleton
according to the relators r1,...,7m.

The fundamental groups 71 (Kp) and 71 (Kp) are naturally identified with
the groups F'(x) and IT in such a way that the quotient homomorphism : F'(x) —
II corresponds to the homomorphism t4: m (K3) — m (Kp) induced on funda-
mental groups by the skeleton inclusion ¢: K} < Kp. All theses constructions
and identifications are used in the text.

The following result corresponds to Theorem 1.9 of [10].

THEOREM 2.1. The skeleton pair (K, K') of a finite and connected two-
complex is homotopy equivalent to that of the model two-complex Kp of a group
presentation P = (x|r).

In views of this theorem, the study of strong surjections from two-complexes
may be developed, without loss of generality, considering just model two-comple-
xes. In fact, if K is a two-complex, there exists a homotopy equivalence ¢: K —
Kp between K and a model two-complex Kp, and a given map f: Kp — Y is
strong surjective if and only if so is the composed map foyp: K — Y.

Because of this, we develop all the results of the article for model two-
complexes. Furthermore, we use the Cellular Approximation Theorem to con-
sider that all maps given a priori are cellular. The identifications, results and
notation introduced in this section are used throughout the article.
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3. Computing top twisted (co)homology

Let Kp be the model two-complex induced by a group presentation P =
(x|r), with set of generators x = {z1,...,2,} and relator set r = {ry,..., 7}
Consider the quotient homomorphism

Q: 1 (Kp) ~ F(x) — Il = m ~ m (Kp).
For later use, let consider the integer m x n matrix Ap = (J;;) in which each
integer d;; is the sum of all powers of the letter z; in the relator word r;. In
what follows, we identify each automorphism 7 € Aut(Z) with its value 7(1).

For each local integer coefficient system 3: II — Aut(Z) over Kp, the ho-
momorphism ' = fo0Q: F(x) — Aut(Z) satisfiyes 5'(r;) = 1 for all r; € r,
since ker Q = N(r). More precisely, a given homomorphism o’: F(x) — Aut(Z)
induces a local integer coefficient system «: II — Aut(Z) over Kp verifying
o =aoQif and only if o/(r;) =1 for all r; € r.

Since the group II is generated by the elements Z; = Q(z;), for z; € x,
a local integer coefficient system ( : II — Aut(Z) over Kp is uniquely defined by
its values 5(Z;) = B'(z;), for 1 < j <n. If B(Z;) = —1, we say that 3 twists x};
else we say that 3 does not twist x;. If 8 does not twist neither of x1,...,z,,
then 3 is the trivial integer coefficient system.

To shorten, the second cohomology group H?(Kp;s Z) of Kp with the (trivial
or not trivial) local integer coefficient system 3: II — Aut(Z) will be called the
top twisted cohomology group of Kp according to 8. Of course, if 5y is the trivial
integer coefficient system, then H?(Kp;s,Z) is simply the integer cohomology
group H?(K;Z).

Let 8: II — Aut(Z) be a (trivial or not trivial) local integer coefficient system
over Kp. We define the S-augmentation function {z: Z[II] — Z by setting

£s ( Ek: nkwk) = Ek: neB(mr).

In particular, if So: II — Aut(Z) is the trivial integer coefficient system, then
the Bp-augmentation function is the canonical augmentation function

€60 (Z nkﬂk) = Zk: N

It may be convenient to consider the S-augmentation function from Z[F(x)]
into Z, namely, the function {j: Z[F(x)] — Z given by

5’5(2}5”1&%) = zk:nkﬁ’(wk).
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Thus, for each z in Z[F(x)], we have

€s(2) = &a(llz1),

in which || - ||: Z[F(x)] — Z[I] is the natural extension on group rings of the
quotient homomorphism Q: F(x) — II.
The Reidmeister—Fox derivative

0
—: F(x) = Z|F
5ot P = ZLP(x)
associated with each generator x; of F(x) is the unique derivation, i.e. function
satisfying
6w1w2 Bwl 87112
=— —, forall wy,ws € F(x),
oz, oz, w1 az, or all wy,wy (x)

whose value on the generator x; is 1 and the values on the others generators
are 0.
Consider the cellular decomposition of the model two-complex Kp, namely,

Kp=¢"UejU...UclUe?U...UE?

m>

in such a way that each 1-cell e; corresponds to the letter z;, for 1 < j < n, and
each 2-cell e? corresponds to the relator word r;, for 1 < i < m.
Consider the cellular chains of K'p with its natural identifications, namely,

Co(Kp) = Ho(KD) ~ Z(°),
Ci(Kp) = Hi(Kp,Kp) = Z"(e},...e}),
Co(Kp) = Ha(Kp, Kp) = Z™ (€3, ... e0).

Let I~(7> be the universal covering space of Kp, endowed with its natural cellular
structure. Select a 0-cell €9 over e, a 1-cell gjl over e; for each 1 < j < n, and
a 2-cell €2 over e? for each 1 < i < m. The group II acts on the left (via covering
transformation) on the cellular chain complex Cy (IN(p) =H, (IN(%, I?%_l) making
it into a left Z[II]-module, so that we have identifications

Co(Kp) = Z[1)(e?),
C1(Kp) = Z[)"(¢},...,&}),
Co(Kp) = Z[)™ (2 ... e2).

Via this identifications and considering the action 8: II — Aut(Z), we have the
corresponding (twisted) cellular chain complex of left Z[II]-modules

a8 ~

~ ~ 5° ~
Cf(Kp) 0— CQ(K’P) = Ol(Kp) L Co(Kp) — 0,
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in which the boundaries operators are given by
0 (E)) =81 —7;)e",

~B 8ri ~ a’l"i ~
65(612)255( B, >611+...—|—§5( . >e7}.

Now, consider the corresponding cellular co-chain complex

~ ~ B
C3(Kp): 0 = Hom" (Co(Kp); Z) ~
~ 5B ~
Hom™ (Cy (Kp); Z) -2 Hom™ (Cy (Kp); Z) — 0.

In each Hom'! (C; (I?p);Z), the integers Z is seen as a left Z[II]-module via the
action 8: II — Aut(Z). The co-boundaries operators 62 are defined by the usual
dual form 67 (¢) =¢o av. Explicitly, a given co-chain ¢ € Hom'! (6’1 (I?p) ; Z) is
defined by its values qb(gjl), for 1 < j < n, and, for each 1 <7 < m, we have

55(¢)(€?) =£,a(‘g;j )¢(511)+...+£ﬁ<H§Z )qﬁ(?i)-

By definition, the second cohomology group of Kp with local integer coefficient

system [ is given by
Hom! (Cg (f(p) ; Z)

3.1 H*(Kp;pZ) = A

(3.1) (Kp;pZ) 1 (57)

Now, for each 1 <i <m and each 1 < j < n, put
or;

3.2 pr - i

(52) s=o(|52]):

and take the integer m x n matrix A[;J = ()\Z) Then we have the following
commutative diagram

5%

Hom!™ (C’l (f(p) ; Z) —2 > Hom" (CQ ([?7;-) ; Z)

|

z zm

It follows by equation (3.1) that
Zm
(3.3) H*(KpipZ) % ————.
’ B
I (A7)
The next result, which is used in [1] without a proof, provides a relationship
between the integer m x n matrices Ap and A/;). Here we present a detailed

proof.

LEMMA 3.1. For each 1 < i < m and each 1 < j < n one has 6;; =
AJ; (mod 2).
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PrOOF. Given a word w € F(x), for each 1 < j < n, we define s;(w) to be
the sum of all powers of the letter x; in w. In order to prove the lemma, it is
sufficient to prove that

;‘; ) (mod 2).

s;j(w) = 55(‘ g

The word w may be written as w = wy ... wy in which each word wj is a block of
the form w; = xf” . adm. Thus sj(w) = dij + ...+ dgj. We prove the result
by induction on the number k of blocks.

If £ = 1, then w may be write simply as w = 9:‘111 ... 28 TIn this case,
sj(w) = d; and
6’(1) d dj sgn(d;
%j:xll L f(x d;)e (dj)’
where sgn(d,) is the signal of the integer d; (which may be 0 or + or —) and
J 3
(zj,d;)° =0,
(xj,dj)t =1+4z;+ .—|—a:;lj_1,
<Ij,dj> :—le—...—xj.

Since &5 (||2{" ...x?ﬂ’f”) =1, it follows that

(| 3| ) = & s aiemen
and so
+d; if 8 does not twist z;,
&3 <H oz, ) 0 if B twists z; and d; is even,
1 if B twists z; and d; is odd.
In all the cases, it is clear that
s (‘ g;; ) = sj(w) (mod 2).

Now, suppose that the result holds true for words with p blocks. Let us prove
that the result holds true for a word w = w; ... wpwp41 with p 4+ 1 blocks. We

have
ow  OJwy...wy Owp1

oz, = oz, "o,

Applying the S-augmentation function £g(|| - ||) in both sides, we obtain

ow ||\ owy ... w Owpt1
o([al) el ~ %))

By the case k = 1 and by the induction hypothesis, we have

& (| % ) = syt noaz)
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&(HW ) = s;(w; ... wp) (mod 2).

Since s;(w) = sj(w1 ... wp) + s;(wpt1), it follows that

& (|| 9] ) = 550 tmoa

The induction step is complete and, therefore, we have proved the lemma. [

The statement of Lemma 3.1 may be simplified by writing the matrix con-

gruence
(3.4) Ap = A?, (mod 2).

Of course, for the trivial integer coefficient system [y one has Ao = Ap.

It follows from equation (3.3) that the twisted cohomology group H?(Kp;sZ)
is not trivial if m > n. If, on the other hand, we assume m < n, then the nullity
of H?(Kp;sZ) depends on the minors of the m x n matrix Ag Here, by a minor
of a mxn matrix A, with m < n, we mean the determinant of a m x m sub-matrix
of A. We have the following result:

PROPOSITION 3.2. If H?(Kp;gZ) = 0 for some (trivial or not trivial) local
integer coefficient system B over Kp, then at least one of the minors of the
matriz Ap is odd.

PROOF. As we have seen, we have an isomorphism H?(Kp;zZ) %Zm/Im(Af,),
in which the m x n matrix A7B; is seen as a homomorphism of abelian free groups
A7’83: 7 — 7.

It follows from well known results of linear algebra over commutative rings
(over Z), that H?(Kp;sZ) is infinite if n < m, and, on the other hand, if m < n,
then the index

[Z™ : Tm(AD)] = ged(dy, . ., dy),

in which dy, ..., ds are all the minors of the matrix Ag.
Therefore, if H*(Kp;sZ) = 0, then m < n and ged(dy,...,ds) = 1, with
means that at least one of the minors dy, ..., d; is odd. Since, by equation (3.4),

the matrix Ap = Aéi (mod 2), it follows that the corresponding minor of the
matrix Ap is also odd. U

4. Asphericity of one-relator model two-complexes

A (finite) group presentation P = (x|r) is called a one-relator group presen-
tation if the relator set r is single, that is, P is of the form P = (x1,..., 2, | 1),
in which r is a not necessarily reduced word in the alphabet x = {x1,...,2,}.

A model two-complex Kp of a one-relator group presentation is called a one-
relator model two-complex; it has jus one cell of dimension two.
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Next, we prove that for a one-relator model two-complex Kp, the nullity of
the twisted cohomology group H?(Kp;sZ) for some (trivial or not trivial) local
integer coefficient system 3 over Kp implies that Kp is aspherical. Before that,
we remember some things.

Following [3] we remember that a (not necessarily one-relator) model two-
complex Kp is aspherical (has contractible universal covering) if and only if
mo(Kp) = 0. More generally, Kp (or rather P) is said to be combinatorially
aspherical if mo(Kp) is generated by a set of based aspherical pictures over P
that contain exactly two discs. Further, we say that the presentation P satisfies
the Relator Hypothesis if no relator of P is freely trivial nor is a conjugate of any
other relator or its inverse. It follows by [8, Proposition 5] that Kp is aspherical
if and only if (i) P satisfies the Relator Hypothesis, (ii) each relator of P has
period one (is not a proper power of another word) and (iii) Kp is combinatorially
aspherical. See also [3, Subsection 2.1]. As a fundamental example, the Simple
Identity Theorem of R.C. Lyndon [9] implies that if the relator of a one-relator
presentation P is not freely trivial, then Kp is combinatorially aspherical. See
again [3, Subsection 2.1]).

Therefore, a one-relator model two-complex Kp is aspherical if and only if
the single relator of P is not freely trivial and has period one.

With this characterization of asphericity for one-relator model two-complexes

we prove:

PROPOSITION 4.1. Let Kp be a one-relator model two-complez. If H*(Kp;3Z)
= 0 for some (trivial or non-trivial) local integer coefficient system 8 over Kp,
then Kp is aspherical.

PROOF. Let P = (x1,...,x, |r) be the one-relator group presentation induc-
ing the one-relator model two-complex Kp and consider the integer line-matrix
Ap =[61 ... d,], in which each §; is the sum of all powers of the letter z; in the
relator word 7.

Suppose Kp is not aspherical. Then either r is freely trivial or r has period
greater than one. We consider the two cases separately:

Firstly suppose r is freely trivial. Then the matrix Ap = 0. Let g: II —
Aut(Z) be an arbitrary local coefficient system over Kp. By equation (3.4), the
matrix Af, = 0(mod2), which means that all the entries of A?; are even. It
follows that H?(Kp;pZ) ~ Z/Im(Ag) is either infinite cyclic or cyclic of even
order. In any of the cases H*(Kp;gZ) # 0.

Now suppose that r has period k > 2, so that r = w* for some word w € F(x).
Then, for each 1 < j < n, we have

o  Ow owk1 ow ow g Ow

87%787%4»10 81‘] :...:%j+w%j+...+w amj.
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Thus, given an arbitrary local integer coefficient system [: II — Aut(Z) over
Kp we have
ow

B _ or _ k—1 g 877”
86|z ]) e (o +unz]) -ro(|5])

It follows that the integer k& > 2 divides each entry of the matrix Ag, which
implies that H2(KpisZ) ~ Z/Im(AY) ~ Z/ckZ for some positive integer c.
Again H?(Kp;pZ) # 0. O

Proposition 4.1 does not hold true for a model two-complex whose corre-
sponding presentation group has more than one relator. For instance, con-
° (wy)?y~°) of the Poincaré’s bi-

nary icosahedral group 2I, which has order 120. Since det(Ap) = 1, we have

sider the group presentation P = (z,y|z3y~

H?*(Kp;Z) = 0. However, since Kp is a finite complex and 7 (Kp) =~ 21 is
a finite group, the complex Kp is not an Eilenberg—Macline complex K (21,1),
with means that mo(Kp) # 0. Additionally, we remark that there is not a local
integer coefficient system : 21 — Aut(Z) over Kp other than the trivial one.

5. On certain diophantine linear equations

Let Kp be a one-relator model two-complex and take P = (x1,...,2,|7T)
to be the corresponding one-relator group presentation. Consider the quotient
homomorphism Q: F(x) — II = F(x)/N(r) and the integer line-matrix Ap =
[01...0,) in which, for each index 1 < j < n, the integer J; is the sum of all
powers of the letter z; in the word r.

In what follows, we consider diophantine linear equations of the form ApY=5b,
T

where Y = [y; ... y,]" is the unknown vector and b is an integer. Thus

ApY =b means §y;+...+ 6y, =0.

Let f: Kp — RP? be a cellular map. Then f restricts itself on one-skeletons
to a cellular map f': K}, — S' making commutative the diagram below, in
which the vertical arrows are the skeleton inclusions:

1
K};HSl

| il

Kp T> RP2

The homomorphism t4: m1(Kp) — m(Kp) corresponds to Q: F(x) — II via
natural identifications. Furthermore, the homomorphism Ly : 71(S?) ~ F(a) —
71 (RP?) ~ Zs corresponds to the natural quotient homomorphism Z — Z/27Z, so
that ker(l) is the subgroup of F(a) generated by a®. From the commutativity
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lyo f# = fu o Q, it follows that f;&(r) € ker(ly). Thus, there exists an integer
dy, so called the relator-degree of f, such that

(5.1) f#(r) =%,

PROPOSITION 5.1. Let Kp be a one-relator model two-complex and let f: Kp
— RP? be a cellular map of relator-degree dy. If at least one of the entries of
the line-matriz Ap is odd, then the linear diophantine equation ApY = dy has

an integer solution.

PrROOF. Put P = (z1,...,2,|7) and Ap = [d;1 ... d,] as above. The induced
homomorphism

fy:m(Kp) = F(x1,...,2,) = F(a) = m(5)
is defined by its values on the generators x1,...,x,. If it is necessary, we may
reindex the generators in such a way that, for a certain k¥ € {1,...,n}, the
generators x1,...,x; are mapped by f%k to odd powers of a and the generators
Tk41s---, Ty are mapped by f# to even powers of a, we say
fi(z;)=a®5T" for1<j<k and fi(z;)=ad’¥ fork+1<j<n.
Thus, we have

f;&(”f’) _ a(2Q1+1)51+...+(2¢Zk+1)5k+2¢Jk+15k+1+...+2qn5n,
which implies, according to equation (5.1), that

(2¢1 +1)61 + ... + (2qk + 1)k + 2qr410k41 + - - . + 2gn0,, = 2dy.

Since both, the integer 2d; and the parcel 2qx419x41 + . .. + 2¢, 6, are even, also
the parcel (2¢1 + 1)d1 + ... + (2gx + 1)k is even. Hence there exist integers dy
and ds such that

(52) (QQ1 + 1)51 + ...+ (2Qk + 1)6k = 2d;,
(53) 2q}€+16k+1 +...+ ZQn(Sn = 2d27
(54) df =d; + ds.

Suppose that at least one of the entries of Ap is odd. We consider two cases.
Firstly, suppose that some of the integers 41, ..., d; is odd. Then ged(dy, ..., k)
is odd. On the other hand, equation (5.2) implies that ged (1, . . ., dx) divides 2d;.
It follows that ged(dy,...,d;) divides d;. By Bézout’s Lemma, there exist inte-
gers b, by, ...,bx such that

di=b- ng((Sh ey 5k) = b(b151 +...+ bkék).
It follows by equations (5.3) and (5.4) that
df =bb1d1 + ...+ bbroy + qk+1(5k+1 + ...+ ¢, 0n.

Therefore, the linear diophantine equation ApY = dy has an integer solution.
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Secondly, suppose that the integers d1,...,0, are all even and put J; = 2¢;
for 1 < j < k. By equations (5.2), (5.3) and (5.4) one has

df = (2¢1 + ey + ...+ (2qk + Deg + qre10k+1 + - - - + ¢non-

Thus ged(et, ..., €k, 041, --,0,) divides dy, that is, there exists an integer ¢
such that

(55) df:C'ng(€17"'7€k76k)+17"'7671)'

Now, since d1,...,0; are all even and Ap has at least one odd entry, it follows
that some of integers dgy1,...,0, is odd. Thus implies that

(5.6) ged(01,...,0,) = ged(e1, -+ Eky Okt1y -+ 5 On)-

By Bézout’s Lemma and equations (5.5) and (5.6), there exist integers c¢1, ..., ¢,

such that df = ¢(c161 + ... + cn6y,). Therefore, the linear diophantine equation
ApY = dy has an integer solution. O

6. Proof of the Main Theorem

This section is devoted to the proof of the Main Theorem of the article,
namely, Theorem 1.1. The proof is based on the central results of Sections 4
and 5, besides the version of Proposition 8.6 of [6] for maps from one-relator
model two-complexes into the projective plane, which we present now:

PROPOSITION 6.1. Let Kp be a one-relator model two-complex and let f: Kp
— RP? be a cellular map of relator-degree ds. 1If f is homotopic to a non-
surjective map, then the induced homomorphism fu,: mo(Kp) — ma(RP?) is
trivial and the linear diophantine equation ApY = dy has an integer solution.
The converse is true if HQ(KP;@Z) =0.

Finally, we prove the Main Theorem of the article:

PrOOF OF THEOREM 1.1. According to Section 2, it is sufficient to prove the
result for model two-complexes. Therefore, let Kp be a one-relator model two-
complex and let f: Kp — RP? be a cellular map for which H? (K’p;f#liZ) = 0.
Proposition 3.2 tells us that at least one of the entries of the line-matrix Ap
is odd, which implies, by Proposition 5.1, that the diophantine linear equation
ApY = dy has an integer solution. Furthermore, Kp is aspherical, by Proposi-
tion 4.1. Therefore, the result follows by Proposition 6.1. U

7. Maps from one-block-relator model two-complexes

It is proved in [1, Lemma 3.3] that for a finite and connected two-complex K,
if H*(K;Z) = 0, then H?(K;gZ) is finite of odd order for every local integer
coeflicient system (8 over K. Next we present a family of one-relator model two-
complexes for which the nullity of the group H?(-;Z) implies the nullity of all
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the groups H?(-;37Z). Therefore, in views of Theorem 1.1, for such a one-relator
model two-complex Kp, the nullity of H?(Kp;Z) implies the nonexistence of
strong surjection from Kp into RP2.

A model two-complex Kp is called a one-block-relator model two-complex if
it is a one-relator model two-complex whose unique relator r is such that each
generator of the presentation P appears just once in r, case in which we say that
r has just a block.

LEMMA 7.1. Let Kp be a one-block-relator model two-complex. If H*(Kp;Z)
=0, then H?(Kp;gZ) = 0 for all local integer coefficient system [ over Kp.

PROOF. Assume P = (1,..., 2, |r) with 7 = 22 ... 2%». We may suppose
that each §; # 0. In fact, if ; = 0, then Kp = S' V L, in which L is the model
two-complex induced by the group presentation (xs, ..., Z, | xéZ ...z%), and we

have H*(Kp;gZ) ~ H?(L;3Z) for all 3. The same happens for any §; instead
of §;. Furthermore, we may suppose that each 6; > 0. In fact, if §; < 0, then
we replace the generator z; by xj_l.

Let Q: F(x) — II = F(x)/N(r) be the quotient homomorphism and write
T; = Q(z;) for each 1 < j < n. Computing the Reidmeister—Fox Derivatives of

r we obtain:

or
o0x1

Let 8: II — Aut(Z) by an arbitrary (possible trivial) local integer coefficient

=t+a+. 2P =14T 4T

Pl =l b = (T,

_H .. "ll—l—xn—l—...—i—xf{l_l)n

=z BT (4T 4. T Y.

system over Kp. Applying the £g-augmentation function we obtain

@( or )1+mh)h“+mmfla
gﬂ(Ha ) =B (14 Bl + .o+ Bl ),

(o

) =B@1)" ... B@n-1)""" (L + B(Tn) + ... + B(@n)" ).
But we have 3(F;)% = £1 for all 1 < j < n. Thus, for each 1 < j < n, we have

N =21+ BT)) + ...+ BE)* ).
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This implies that
+5; if B(z;) =1,
N =041 if B(T;) = —1and & is odd,
0 if B(Z;) = —1 and J; is even.
Therefore, we find:

o If 3 twists all the letters x1,...,x, and all the integers ¢y,...,d, are
even, then Ag;, =0 and so H*(Kp;pZ) ~ Z.

o If 3 twists some letter z; and the corresponding ¢; is odd, then A[;; VAL
Z is onto and so H*(Kp;sZ) = 0.

e If 3 is the trivial coefficient system, then A2 = Ap and do H?*(KpipgZ) =
H*(Kp;Z) ~ 7/67, with 6§ = gcd(61, ..., 06,).

Therefore,
Z if 8 twists all z1,...,x, and all é,...,J, are even,
H?*(KpigZ) = { /67 if B is the trivial system and & = ged(6y, . .., dy),
0 otherwise.

Since H?(Kp;Z) = 7/0Z, the condition H?(Kp;Z) = 0 implies § = 1 and so
the integers d; are not all even. The result follows. O

As we anticipated at the beginning of the section, we have the following
corollary of the Main Theorem:

COROLLARY 7.2 (of Main Theorem). Let Kp be a one-block-relator model
two-complex. If H*>(Kp;Z) = 0, then there is non strong surjection from Kp
into RP2,

PRrooF. It follows from Lemma 7.1 and Theorem 1.1. O

We still do not know if the result of this corollary holds true for one-relator
model two-complex whose relator has more than one block, but we known that
Lemma 7.1 does not hold, in general, for such two-complexes. We present an
example:

ExAMPLE 7.3. Let Kp be the one-relator model two-complex induced by the

group presentation P = <x1,m2 | xlflxgzmlfxl22>, in which all the powers kq, [1,
ky, Iy are positive integers, so that the relator s = 2% 2522 22 has two blocks.

The line-matrix Ap is given by Ap = [k1 + 11 ko + l2] and we have
H*(Kp;Z) =0 < ged(ky+ly, ka+1) = 1.

We have three “possible” local integer coefficient systems 1, o, S12: m1 (Kp) —
Aut(Z) over Kp, other than the trivial one, namely:

Bi(T1) = —f1(T2) = —1, —Pa(T1) = Bo(T2) = —1, P12(T1) = Pr2(T2) = —1.
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We spare the reader the necessary calculations to conclude that:

(1) The local coeflicient system (37 is defined if and only if ki + {1 is even,
and in this case

Z/|ls + ko|Z if ky is even,

H*(Kpip, Z) ~
n Z/|ly — ko|Z  if Ky is odd.

(2) The local coeflicient system [, is defined if and only if ko + I is even,
and in this case

Z/\ki1 + 11|Z if ko is even,

H*(Kp;p,Z) =~
- Zf|kr — L|Z it ky s odd.

(3) The local coefficient system S;5 is defined if and only if k1 + 11 + ko + Io
is even, and in this case

0  if either kq, I or ko, I5 have oposite parity,
H?*(Kpip,,Z) ~ { Ly if ky, 11, ko, Iy are odd,

7Z  otherwise.

Thus, for instance, for P = (x1, x5 | 212521 22), the unique local coefficient system
over Kp, other than the trivial one, is 81, and we have H?(Kp;Z) = 0 and
H2(Kp;5IZ) ~ Zg.

Lemma 7.1 also does not hold, in general, for model two-complexes with
more than one relator, even if each relator has just a block. We present an
example: Consider the model two-complex Kp of the group presentation P =
(11,22, 23 | 222973, 232923). The unique local integer coefficient system over Kp,
other than the trivial one, is 81, which twists just the generator Ty of 71 (Kp).
It is not hard to compute H?(Kp;Z) = 0 and H?*(Kp;p,Z) ~ ZLs.
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