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CRITICAL BREZIS-NIRENBERG PROBLEM
FOR NONLOCAL SYSTEMS

Luiz F.O. FARIA — OrLiMPIO H. MIYAGAKI — FABIO R. PEREIRA

ABSTRACT. We deal with the existence of solutions to a critical elliptic
system involving the fractional Laplacian operator. We consider the primi-
tive of the nonlinearity interacting with the spectrum of the operator. The
one side resonant case is also considered. Variational methods are used to
obtain the existence, and our result improves earlier results of the authors.

1. Introduction
Let s € (0,1), N > 2s and let Q C RY be a smooth and bounded domain. In
this paper, we study the existence of solutions to the following fractional system:
s 2p —92 +q—2 .
(=A)°u =au+bv+ P |u|P~%u|v|? 4+ 2&1 [ulPTI 72w in Q,
pTq

2q
p+q
u=v=0 in RV \ Q,

(LD (Ca) = bu+ v+ — [uf?|ol %0 4+ 280l H 20 in ©,
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where (—A)? is the fractional Laplacian operator defined by

5,0 , u(z) — u(y) N

(—A)°u(x) :=C(N,s) il\rﬁl) B ) o= gz dy, zeRY,
where C(N,s) is a suitable positive normalization constant, &;,&2 > 0 and
p,q > 1 are constants such that p + ¢ = 2% := 2N/(N — 2s) denotes the frac-
tional critical Sobolev exponent. By a solution (u,v) to (1.1) we shall always
mean a weak solution. Under suitable assumptions, one can also obtain a solu-

tion in the viscosity and in the strong sense, as described in [17].

It is convenient to rewrite system (1.1) in the vector and matrix forms such

as
- .
(1.2) (=AU =AU+ VF{U) in Q,
' U=0 on RN\ Q,
where

o () emtn. B (30)

A= ( Z b ) € Mays(R),
C

FU) = ﬁ (lufP[v]? + &1 [ulPFT + & o),
and V is the gradient operator.

We shall denote by 0 < A1 s < A2 s < M35 < ... the sequence of eigenvalues
of the operator (—A)*® with homogeneous Dirichlet boundary datum (that is,
((=A)%, X(€2)), where X(Q) := {u € H*(RY) : u = 0 a.e. in RV \ Q}), and by
w1 and uo the eigenvalues of the symmetric matrix A given above. Without loss
of generality, we may assume 1 < is.

When po < A1 s, system (1.1) is related to the seminal paper [2], where the
authors showed that the critical growth semi-linear problem

—Au= u+u?"1 inQ,
(1.3) u>0 in Q,
u =0 on 0,

admits a solution provided that A € (0,A;) and N > 4, \; being the first
eigenvalue of —A with homogeneous Dirichlet boundary condition and 2* =
2N/(N — 2). Furthermore, in dimension N = 3, the same existence result holds
provided that u < A < Ay, for a suitable ¢ > 0. After that, considerable at-
tention has been paid to (1.3) throughout the years. Later on, in 1984, Cerami,
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Fortunato and Struwe obtained in [4] multiplicity results for the nontrivial solu-
tions to

—Au=X u+u*"1 inQ,
u =0 on 0,

(1.4)

when A belongs to a left neighbourhood of an eigenvalue of —A. In 1985, Capozzi,
Fortunato and Palmieri proved in [3] the existence of a nontrivial solution to (1.4)
forall A\ >0and N > 5 or for N > 4 and A\ > 0 different from the eigenvalues of
—A. We would like to cite [11], [13], [15] for scalar nonlocal case, and [1] for local
system case. For critical fractional equation in the resonant case, we would like
to cite [12] and references therein. For fractional equation with critical exponent
in RY | we would like to cite [7]. For a survey in the critical system case involving
nonlocal operators, see [8].

The aim of this paper is to prove the existence of a nontrivial solution to
(1.1) considering the eigenvalues p1 < ug of the symmetric matrix A, interacting
with the spectrum of the fractional Laplacian operator (—A)®. In this paper, we
complement the results achieved in [8], proving that system (1.1) (or (1.2)) has
at least a solution via the Linking Theorem when Ay s < p1 < po < Apqa,s, for
some k € N. In this case, some complications arise due to the presence of the
term

F(u,v) [[ulP[v]? + & [uPT + & v[P7]

T a+p
that includes either an uncoupled or a coupled nonlinearity. Therefore, it is
necessary to require that the constants &1, & are assumed to be strictly positive.
The resonant case (Ay,s = p1) is also treated here, except for N = 4s. As it
happens in the Laplacian case when n = 4, also in the nonlocal framework there
is a dimension (n = 4s) where resonance creates a problem.

It is important to point out that, with the aid of [6], our results are still valid
for the general case VF(u,v) when F is a (p + ¢)-homogeneous nonlinearity,
which includes a larger class of functions.

The following is the main result of the paper.

THEOREM 1.1. Lets € (0,1), N > 2s, p+q =25, &1, > 0, and let Q@ C RY
be a smooth and bounded domain. Suppose Aps < p1 < po < Agt1,s, for some
k € N. Then (1.1) admits a nontrivial solution provided that either

(a) N >ds, or
(b) N =4s and p1 # \j s for all j €N, or
(¢c) N <4s and py is large enough.
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2. Notations and preliminary stuff

For any measurable function u: RY — R the Gagliardo seminorm is de-
fined as

[u]s := (C(N, s) /RZN dedy) v = (/]RN |(—A)S/2u|2dm)1/2.

The second equality follows by [9, Proposition 3.6] when the above integrals are
finite. The fractional Sobolev space H*(RY) is defined as follows:

HY(RY) = {u € L2RY) : [u]s < oo},
equipped with the norm
2)1/2

lullzre = (el g2 gy + [l

)

it is a Hilbert space. We shall consider the closed linear subspace

(2.1) X(Q):={uec H*RY):u=0ae. in RN\ Q}.

By Theorems 6.5 and 7.1 in [9], the imbedding X () < L"(Q) is continuous for
r € [1,2%] and compact for r € [1,2%). Due to the fractional Sobolev inequality,
X(Q) is a Hilbert space with inner product

R2N |z — y|N+2s

which induces the norm || - ||x = [-]s. Observe that by Proposition 3.6 in [9], we
have the following identity:

ull% = C(N,s) ||(—A)S/2“||%2(RN)7 u€ X(Q).

Then it is proved that, for u,v € X(Q),

2 , (u(z) — u(y)) (v(z) —v(y))
23) —— —A)* dr = dzx d
23) grvg | v A o= [ DM vdy,
in particular, (—A)® is self-adjoint in X (£2).

We shall work in the Hilbert space given by the product space

2
, S

Y(Q) := X(Q) x X(Q),
equipped with the inner product
<(u7 v)v (907 ¢)>Y = <u7 90>X + <’U, "/}>X

and the norm
1/2

1w, )y = (lullk + Ilvl%)
The space L"(€2) x L™(Q2) (r > 1) is considered with the standard norm

1w, v)| )

L™ (RN)x L (RN) ‘= (HUHET(RN) + vl 7 @y
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Besides, we recall that
(2.4) 1 |U? < (AU, U)ge < po|U|?,  for all U := (u,v) € R?.
In this paper, we consider the following notation for the product space S x S:=S52

2.1. The eigenvalue problem. For \ € R, we consider the problem with
homogeneous Dirichlet boundary datum

(=A)*u=Au in Q,

(2.5)
uw=0 in RN\ Q.

If (2.5) admits a weak solution v € X (2) \ {0}, then X is called an eigenvalue
and u a A-eigenfunction. The set of all eigenvalues is referred as the spectrum of
(—A)® in X () and denoted by o((—A)*). Since K = [(—A)*]~! is a compact
operator, problem (2.5) can be written as u = AKu with u € L?({2), hence the
following results are true (see [14], [16]):

(i) problem (2.5) admits an eigenvalue A\; s = mino((—A)*®) > 0 that can be
characterized as follows:

JRCNERIEIRE
(2.6) Al,s = min

ueX\{0} / |u(x)|2 dx
RN

(ii) there exists a non-negative function ¢q 5 € X (), which is an eigenfunc-

)

tion corresponding to Aq s, attaining the minimum in (2.6);

(iii) all A1 s-eigenfunctions are proportional, and if u is a A1 s-eigenfunction,
then either u(z) > 0 almost everywhere in  or u(x) < 0 almost everywhere
in Q;

(iv) the set of the eigenvalues of problem (2.5) consists of a sequence {Ag s}
satisfying

0<As <A S A3 < S Ajs S Ajr1s <oty Aps — 00, as k — 00,

which is characterized by

/ (A () de
RN

2.7 Ak+1s = min ,
(2.7) FLs e\ {0} / lu(z) 2 do
RN
where
(2.8) Pip1 ={ue X(Q): (u,0j)x =0,j=1,...,k};

(v) if A€ a((—A)*) \ {A\1,s} and u is a A-eigenfunction, then u changes sign
in €;

(vi) for each k € N, let ¢y, s be an eigenfunction associated to the eigenvalue
Ak,s, then the sequence {py. s} is an orthonormal basis either of L?(Q) or of X ().
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REMARK 2.1. Every eigenfunction of (—A)® belongs to C%?(Q2) for some

o € (0,1) (see Theorem 1 of [14] or Proposition 2.4 of [11]).

REMARK 2.2. For each k£ € N we can assume A; s < Ap41,5. Otherwise, we
can suppose that A; ¢ has multiplicity p € N, that is

Ae1,s < ks = Apglys = o0 = Mogp—1,s < Akgp,s-
In this case, we denote A\p4ps = Agt1,s-

Observe that the weak solutions to (1.2) are the critical points of the func-
tional I;: Y (Q) — R given by

CN,s) u(z) —u)]? + (=) — v(y)|?
I,(U)=—7"— dx d
===/, oy o
1
- f/(AU, U)ge d:c—/F(U) dz,
2 Ja Q
where
FU):= % [[ulP|v]? + & |ulPt? 4 &lv[PT],  for every U = (u,v) € R%
pTq

REMARK 2.3 (Properties of homogeneous functions). If G is a C'-function
and o-homogeneous with o > 1, then:
(a) there exists K¢ > 0 such that
|G(s,t)| < Kg(|s|® + [t|¥), fors,teR,
where Kg = max {G(s,t) : s,t € R, |s|* + [t|]* = 1} is attained in some
(S0,t0) € R?;
(b) (VG(s,t),(s,t))r2 = sGs(s,t) +tGy(s,t) = aG(s,t), for all (s,t) € R?;
(¢) Gs and Gy are (a — 1)-homogeneous.
REMARK 2.4. The nonlinearity F' is (p + ¢)-homogeneous, i.e.

F\U) = XPTIF(U),  for all U € R?, for all A > 0.

In this paper, we apply the following generalized Mountain Pass Theorem
[10, Theorem 5.3, Remark 5.5 (iii)]. In what follows, B, denotes a ball centered

at the origin with radius 7.

THEOREM 2.5. Let Y be a real Banach space with’Y =V @& W, where V is
finite dimensional. Suppose I € C1(Y,R) and that

(a) there are constants p,a > 0 such that Iy,, _,, > a, and
(b) there are constants Ry, Ry > p and e € 0B; N W such that I,, <0,
where Q = (Br, NV) & {re, 0 <r < Ra}.

Then I possesses a (PS). sequence, where ¢ > a can be characterized as

c= érelfﬂ?eagl(h(u)) and T'={heC(Q,Y):h=id on 0Q}.
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REMARK 2.6. Here, 0Q denotes the boundary of @ relatively to the space
V @ span{e}. When V = {0}, this theorem refers to the usual Mountain Pass
Theorem. We recall that if 1}, <0 and I(u) <0, for all u € V @ span{e} with
|lu]l > R, then I verifies (b) in Theorem 2.5 for R large.

To conclude this section, define the subspaces

Vie = span {(0, ¢1,5), (1,5, 0); - -, (0, 0k,5); (Pr,5,0) }
and Wy, = Vit = (Pg11)?, for k € N.

3. The geometry of the functional

Associating with problem (1.2) we define the functional I,: Y(2) — R given
by

L) =5 [ 18P 4 |(-8) 20 da

_ %/Q(A(U,U)7(U,U))R2 dI*/ F(u(z), v(z)) de,

Q
whose Fréchet derivative is given by

(3.1) Ii(w,0)(0, )
) | )= ) = 00+ 00) - )6 = ) o

| — y| N2

- / (A, ), (6,1))ge da — / (VF(u,0), (6, $))ge do,
Q Q

for every (¢,v¢) € Y(Q).

We shall observe that the weak solutions to problem (1.2) correspond to the
critical points of the functional I.

Under the hypothesis Ay s < pu1 < po < Apy1,s, for some £ € N, we will
show that the functional I, has the geometric structure required by the Linking
Theorem.

PROPOSITION 3.1. Suppose Q is a smooth bounded domain of RN, p+q = 2%
and Aps < p1 < po2 < Agy1,s, for some k € N. Then the functional I, has the
following properties:

(a) there exist a,p > 0 such that Is(u,v) > a for all (u,v) € Wi with

1(w, v)lly = p;
(b) let F be a finite dimensional subspace of Y (S2), then there exists R > p
such that Is(u,v) <0, for all (u,v) € F with ||(u,v)|ly > R.

PrROOF. Let (u,v) € Wj. Since

P jua)pre + 1
p+q p+q

|u(@)Plo(z)]* < v(a) [P,
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by (2.4) we have
M2 27
)<u, )2 - Ol vz,

1
Is(u,v) > - (1—
( ) 2( )\k+1,s

where C' > 0 is a constant. This proves (a)
,v) € F we have

To prove (b), notice that for all (
H1
(e, 0) 12 roeyy2

1
I(u,0) < 5 N w) 3 2
2
=5 [ (u@)Plo@)]" + &u(@)["7 + Elo@)[T) d
1 9 2
< 3 Il = g minder €m0
1 2%
<5 @ )l = Kli(wv)lly
for some positive constant K, due to the fact that in any finite dimensional space
all the norms are equivalent. Since 2* > 2, we have that I;(u,v) < 0, for all
O

(u,v) € F with ||(u,v)|ly > R.
REMARK 3.2. By using [16, Proposition 9], for all (u,v) € V}, we have

k k
= ( § Ui €455 § Uiei,s>
=1 i=1

and

k k
/ |u\2dx:Zu?, / |v|? dx:va.
RA i=1 RY i=1

Also
W) +Jo(@) —v@)P? dy

/ u(z) —u
R2N |1‘ — y|N+25
k k
Z u +U H‘pz SHX = Z(uf +Ui)>‘zs
=1 i=1
Since p11 > Ay, forall i =1 k, by using (2.4), we get
1< .
Is(“a”)é?Z(U?—FU is — ?Z
i=1 Pl
2
— o [ (@ Plo@]? + &lu@)P* + Glo(@)+) de
S

k
1
<3 Z(Uf +07)(Aiys — pa) <0.
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In order to prove Theorem 1.1, we shall make use of the following definitions:
_ 2
[ et ,
pen |7 —y| N3

in
weX (Q)\{0} 2/(p+a)’
([, utapeeas)
RN

(3.2) S5, (Q) =

(3.3) S2.(Q)

p,q

|u(z) — u()? + [v(@) — v(y)?
/]R?N |z — y|NH2s o dy

in .
u,weX (Q)\{0} 2/(p+q)
([, (@bt + aluta e+l do)

R
We denote Ss = S, ,(€2), S, = §§7Q(Q), if p+ g = 2%. The following result
can be proved along the same lines as in [1], where the local case is considered.
For completeness we present its proof.

LEMMA 3.3. Let Q be a domain (not necessarily bounded) and p + q = 2%.
Then there exists a constant m such that

(3.4) Ss = mS,.
Moreover, if w, realizes Ss then (s,w,, tow,) Tealizes §s, for some s,,t, > 0.

PrROOF. Let {w,} C X(Q)\ {0} be a minimizing sequence for S, (2) and
consider the sequence (i, Up) = (SoWn, toWy ), With s,,t, > 0 to be chosen later.
Substituting (@, Up,) in quotient (3.3), we get

2 2 [wy (7) — wn(y)‘z
(s2+12) /Rw g dz dy N

)2/(p+q) 2 Sp.q

(3.5) (Q).

s+ st s gt [ s
R

Define the function

) = 258 ) = ol + €0+ lol?H.

Since H (u, v)z/ (P14) i5 2-homogeneous, there exists a constant M > 0 satisfying
(3.6) H (u,v)? @+ < M(Jul?> + |[v]?), for all u,v € R,

where M is the maximum of the function H?/(P+4) attained in some (s, t,) (with
S0,to > 0) of the compact set {(s,t) : s,t € R, |s|? + [t|* = 1}.
Let m = M~1, so we have

(3‘7) H(Sm tO)Q/(erq) = m_l(si + t?)%
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and consequently, by (3.5), it follows that

Jwn () — wn (y)?
/R2N |z — y|N+2s der dy

2/(p+q) °
p+q d
(/]RN fen (o)l x)

Taking the limit in (3.8), we obtain Sy < mS;.
In order to prove the reversed inequality, let {(u,,v,)} be a minimizing

(3.8) Ss <m

sequence for Sy, i.e.

|Un($) - U7L(y)|2 + |Un(a:) - Un(y)|2
/Rzzv | —y| V2 B

S CYICE — S, asn— oo.
(/ F(un(m),vn(a:))dx)
2 Jar

By using the Holder inequality, we get

. Fup(x), vn (7)) do < F(HunHLP+q(RN)a ||vn||LP+q(RN))7

for each uy,, v, € LP*4(RY). Therefore, the above estimate guarantees that

) 2/(p+q)

(p;q Fun(x), vn(x)) dz
RN

S (HunH%pw(RN) + ||UnH%p+q(RN))

2/(p+q)
p+q
( B F(”un”LPﬂ(RN)vUn||LP+<1(RN))>

Now, by inequality (3.6),

2/(p+q)
p+q
310) m(Z L (funllsoguoy o)

< ||un||ip+q(RN) + an||ip+q(RN)-
Hence, by (3.9) and (3.10), we have

[un () = un (y)|* + [va(z) — va(y)]?
/R2N |x — y|N+2s der dy

> mS;.

(p” Fun(x), vn(x)) dz

2/(p+q)
. )

Therefore, passing to the limit in the above inequality, we have the desired
reversed inequality. O
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From [5, Theorem 1.1], Sy is attained, namely, S, = S;(u), where

(3.11) W) = k(? + | — wol?)~V272,
for x € RN, k€ R\ {0}, u > 0, fixed 29 € RY. Equivalently,
: Ju(@) — u(y)|? / |a(x) —a(y)?
S, = £ 1) Z W gpdy = [ B TR G,
we X\ (o) /]R2N oyl YT o o g Y

lell 25 gy = 1
where u(z) = u(z)/|[ul] 1 2; @n)- In what follows, we suppose that, up to a trans-
lation, 2o = 0 in (3.11).

The function

. ([ =z
u (m)zu(w), for x € RY,

is a solution to the problem

(3.12) (=A)*u = |u>*2u in RV,
verifying the property

*125 s
(313) ||U L2§ (RN) = SiV/Q °

Notice that the family of functions
Uec(z) = e~ (N=28)/2 (j), z €RV,
solves (3.12) and verifies, for all € > 0,
|Ue(2) — Us(y)? /
3.14 dedy= | |U.
e[ sy = [0

Fix § > 0, such that Bys C Q, and n € C®°(R") a cut-off function such that
0<n<1inRY n=1in Bs and =0 in BS; = RY \ Bas.
Now define the family of nonnegative truncated functions

% do = SN/,

(3.15) uc(z) = n(x)Ue(z), = €RY,

and note that u. € X.

Now, we recall some well-known results for the local case. For the nonlocal
case, its proof can be found in [15].

PROPOSITION 3.4. Let p >0 and pu > 0 be as in (3.11). If x € By, then

(a) |ue(z)| < |Ue(z)| < CeW=29)/2 for all e > 0,

(b) |Vue(z)| < CeWN=28)/2 for all e > 0,

(c) for any x € RN and y € B§ (Bas C Q) with |z — y| < §/2, we have

luc(z) — uc(y)| < CeW =292\ — gyl for alle >0,
(d) for any z,y € B§, we have
lue(z) — ue(y)] < CeN=292min {1, |z —y|}, for alle >0,
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where C' is a positive constant which possibly can depend on w,p,s and N.
PROPOSITION 3.5. For s € (0,1) and N > 2s, we have:

(a) /Rm |u5|iiy|xi(2)| dedy < SN2 1 O(EN72%), as e — 0.

Cee2® + 0(eN %) if N > 4s,
(b) / (@) dr > 4 0.2 loge| + O(=2) if N = 4s,
RN
CyeN725 1 O(£2) if 25 < N < 4s,

as € — 0. Here Cs is a positive constant depending only on s.

© [ lueta)

Now consider the following minimization problem:

Ss,)\(v)a

%de = SN L O@EN), as e — 0.

A= inf
veX (Q)\{0}

lv(z) —v(@®)* )2
/]R2N P |N+25 d dy — )\/ \dm

(/RN v(z)|? dx) 7

Arguing as in [2], the following Brezis—Nirenberg estimates for nonlocal setting
were proved in [15, Section 4.2] the first item, while in [13, Corollary 8] the
second.

where

537)\(1)) =

PROPOSITION 3.6. By considering the above definitions one can deduce that:

(a) For N >4s, s € (0,1), we have Ss x(us) < Ss, for all A > 0 and provided
€ > 0 is sufficiently small.

(b) For2s < N <4s, s € (0,1), there exists As > 0 such that for all X > X,
we have Ss x(us) < Ss, provided € > 0 is sufficiently small.

PRrROOF. For the sake of the completeness, we give a sketch of the proof. Let
us distinguish the three different cases N > 4s, N = 4s and 2s < N < 4s. By
Proposition 3.5, we infer that

Case N > 4s.
SN2 4 O(eN=25) — AC,e2
(SN2 4 O(eN))2/2:
<S4 0(eN72) = MCye? < S, 4+ 2 (0N 1) = \C,) < S,

Ss,/\(ue) <

if A >0, € > 0 is sufficiently small and C, > 0 is a constant.
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Case N = 4s.
S£v/2s + 0(eN72%) — X\C4e%|loge| + O(£2%)
(537 1+ 0()) /%
< Sy + 0() = ACse®|loge| < S, +e2(0(1) — ACy)| loge]) < S,

Ss,k(ua) <

for A > 0, € > 0 sufficiently small and 6’5 > (0 a constant.

Case 2s < N < 4s.

Sé\’/zs + O(EN_2S) _ )\ngN—Qs + 0(523)
(SN2 4 0(eN)) /%

< S5 +eNTB(0(1) — ACy) + O(%) < S,

Ss,)\(us) <

for all A > 0 large enough (A > A), € > 0 sufficiently small and Cy >0
a constant. (|

For our purposes, we need to define the following minimization problem:

Ssa = u,vé)i'r(lé)\{O} Ss,a(w,v),
where
u(z) —uly)]? + [v(z) — v(y)|?
o= ([ MO ) 10
- [ Ao oo, ) ol o) /
2/(p+q)
(/ (lu(@)[P[o(2)]7 + & |u(z)[PF9 + Eafv(z)[PT9) dx)
RN

and p+ q = 2.

PROPOSITION 3.7. Let puy be given in (2.4).

(a) If N >4s, s € (0,1) and py is positive, then §5,A < S,.
(b) For2s < N < 4s, s € (0,1), there exists a constant jus > 0 such that if
1 > fus, we have Ss 4 < Ss.

Proor. From Proposition 3.6, we have

(a) For N > 4s, s € (0,1), S5, (uz:) < Ss thanks to the fact that p; > 0,
and provided € > 0 is sufficiently small.

(b) For 2s < N < 4s, s € (0,1), there exists p1s > 0 such that if pu; > ps, we
have S; ,, (ue) < Ss, provided € > 0 is sufficiently small.
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Let $o,t, > 0 be obtained in Lemma 3.3. From (2.4) and (3.7), combined
with the above estimate, we infer that

Ss,A < SS,A(SDUE) toue)
(s5+13)
T (sBtd 4 &y sbT 4 Goth T2/

|ue (z) — ue(y)[® / 2
————dxdy — d
L e drdy = [ (o) ds

2/2*
(/ [ue ()] dw)
RN

=mSs pu, (ue) < MSs = §S.

This concludes the proof. O

REMARK 3.8. Notice that, by Remark 3.2, we can choose the finite dimen-
sional subspace F of Y (2) as

F=F. =V, & span{(z.,0)},

where Vk = Sspan {(07 801,5)7 (801,57 0)7 (07 @2,5)7 (@2,8) 0)7 ey (07 gok,s)7 (@k,m 0)}a
Ze = z¢/||7el| x, with

k
Ze = Ug — Z (/ UePj,s dx) Pj,s
Q

j=1
and u. defined in (3.15).
From Proposition 3.1, we can apply Theorem 2.5 to the functional Iy with
Q=BrNV) @ {r(%.,0): 0<r < R},
which critical level is characterized as

= inf Is(h(u, )
°T i g )

where I' = {h € C(Q,Y) : h = id on 9Q}.

4. Palais—Smale condition for the functional

LEMMA 4.1. Suppose Aps < p1 < po < Apy1,s and let ¢ € R be such that
% S,’S N/2s
4.1 — | = .
(1) <3 (%)
Then, the functional I, satisfies the (PS). condition.

PrOOF. Let (U,) = (un,vy,) in Y(2) be a (PS)-sequence for Is. In order to
prove Lemma 4.1, we proceed by the following steps.

STEP 1. Any (PS).-sequence is bounded in the space Y ().
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Let (Up) = (tn, vy) in Y(Q2) be a (PS)-sequence for I, then
(4'2) QIs(Un) - Ié(Un)(Un)

2
= 2(1 — 2*> / (‘un‘P|vn|q _|_§1|un|p+q + §2|vn|p+q) dr
s Q
<c+o(1)||Unlly-
Using the Young inequality, we obtain

9%

(4.3) H(unvvn)H%H(Q))? < k1 + kol (un, vn) (22;(9))2-

Combining (4.2) and (4.3), we conclude

4

(@4) U <20+ 5 [ (nPloal” + €1fun 0+ Ealon ) da
s JQ

(4.5) + [ (un, o) ez (02 < ¢+ o(D)[[Unlly-

Therefore, we conclude that the sequence (U,,) is bounded.

STEP 2. Problem (1.1) admits a solution U € Y ().

Since U, is bounded in Y (2), up to a subsequence, still denoted by U,,, there
exists U € Y(Q) such that U, = U in Y ().

Since Y (Q) < L% (Q) x L% (Q), we have that U, is bounded in L% (Q) x
L?:(Q), and so, up to a subsequence,

(4.6) U, = U in L% (Q) x L*(Q),

(4.7) U, - U ae. xin Q,

(4.8) U, - U inL"(Q) x L"(Q), for all r € [1,27).
Moreover, by Remark 2.3 (c), there exists a constant K > 0 such that
(4.9) IVE(U,)| < KlJun|® 7" + [va]® 1.

We have that |u,|%~" and |v,|% " are bounded in L*/Z:=1(Q) and conse-
quently |VF(U,)| is bounded in L%/Z:=1(Q). Therefore, by (4.6), it follows
that

(4.10) VF(U,) = VFU) in Lz:/(z,’;—n(Q) % LQ-:/(Q:*U(Q),

Since (2%/2% — 1)’ = 2*, it is easily seen that, for all © € L% (Q) x L (Q),
/Q(VF(Un),@)Rz d:c%/Q(VF(U),@)RZ dz.

In particular

(4.11) /Q (VE(U,), ) dz — /Q (VE(U), ©)gz dz, for all © € Y(9),
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as n — oo0. On the other hand, for any © € Y (Q2), we have the convergence to
zero of I (U,)(©), i.e.

(4.12) (U, ©)y — /Q (AU, ©)g2 dz — /Q (VF(U,), O)ge dz — 0,

so that, passing to the limit in this expression as n — oo and taking into account
the convergences (4.6), (4.8) and (4.11), we get

(U,0)y — / (AU, ©)gs dr — / (VE(U), ©)s2 dz = 0,
Q Q
for all © € Y(Q), and consequently the Step 2 follows.
STEP 3. The following relations hold true:

(a) I,(U) = (22 - 1) /QF(U) dz > 0.

5 10, = Ul — / F(U, —U)dz + o(1).
Q

(©) [Un— U2 = 2;‘/9F(Un _U)da + o(1).
Proof of (a). Taking © = U € Y(2) as a test function in (3.1), we get
0= WU = U2 - /Q(AU, U)gs de — /Q(VF(U),U)Rz da.
Therefore,

1) = 5 (Wi - [(avom ) - [ Fa)a

% /Q (VE(U), U)gs da — /Q F(U) da

:%/QF(U)d:c—/QF(U)dx: (?—1)/9F(U)dx.

Proof of (b). By Step 1, the sequence U, is bounded in Y (Q) < L% (Q) x
L% (), hence U, is bounded in L% () x L% (). Since U,, — U almost every-
where in 0, by the Brezis-Lieb Lemma (see [7, Theorem 1]), we have

(4.13) 1Uall¥ = 1Un = Ul + U + o(1),
(4.14) ”Un”isz; = [|Un — U”isz; + U 2qu: +o(1).

Otherwise, by the Brezis—Lieb Lemma for homogeneous functions (Lemma 5
in [6]),

(4.15) /S)F(Un)da::/QF(U)dx—i—/QF(Un—U)dx—i—o(l), 88 1L = 00.
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Therefore, using that U, — U in L"(Q) x L"(Q), for all » € [1,2%), by the
definition of I, (4.13)—(4.15), we deduce that

1 1
L) =5 10 = 5 [ (AU, U)o da = [ FW,)da
1 1

1
2 2 /
= — I/, —U + = U - = A‘/ U
2” n HY 2” ||Y 2/52( ’ )]R2 €

_ / P(U) da — / F(U, — U)dz + o(1)
Q Q
=I,U) + % U, —Ully — /Q F(U, —U)dz + o(1).
Proof of (¢). By (4.6), (4.10) and Remark 2.3 (a),

/(VF(Un) —VF(U),U, — U)ge da
Q

:/(VF(U7L)?UTL)R2 dx _/(VF(U7L)5U)R2 dx
Q Q

—/(VF(U),Un)Rz dx+/(VF(U),U)Rz dx

Q Q

:/(VF(Un)aUn)]R2 dm—/(VF(U),U)W dz + o(1)
Q Q

:2:/QF(Un)dz - 2;/QF(U) dz + o(1).

Therefore, using (4.15), we get

(4.16) /Q (VE(U,) — VE(U), Uy — U)gs d = 2° /Q F(U, — U)dz + o(1).
On the other hand, by Steps 1 and 2,
o(1) = I(Un)(Up = U) = I(Up)(Up — U) = I(U) (U, = U)
(U, Uy — Uy — /Q(AUn, Usy — U)ge da — /Q(VF(U,L), U — U)ge da
(U U, — Uy + /Q(AU, Uy — U)ge da + /Q(VF(U), Uy — U)pada
(U~ U, Uy — Uy — /Q(A(Un U, Up — Uge da

- / (VF(Un) - VF(U), Un - U)]RQ dz.
Q

Hence, from (4.8) and (4.16), it follows that

||Un—U||%‘/zzg/gF(Un—U)dHou), 85 1 = 00.
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Now, we can conclude the proof of Lemma 4.1. By Step 3 (c), it follows that

1
3 10n = Ul = [ P, - 0)do
Q

_(1_1 _ U2 — ST U
(3 3¢ )10 = VIR + 0(1) = 10, = UIR +o(0)

Therefore, using the Step 3 (b) and above equality, notice that
S
(1) L)+ U - U

~L(0) + 510, ~ VI~ [ P, ~V)da+o(1)
=I;(U,) +0(1) =c+o0o(1), asn— occ.

Now, by Step 1, the sequence ||U, ||y is bounded in R. So, up to a subsequence,
if necessary, we can assume that

(4.18) U, —U|3 = L asn — oo.

Again, as a consequence of Step 3 (c),
(4.19) 2’5‘/ FU,—-U)de —- L, asn— o0
RN

and consequently L € [0, 00) and by definition of §p7q(Q) (see 3.3), since U, —U €
Y(Q)\ {(0,0)}, we have

- - _ 2
Ss = Sp,q(Q) < HUn U”Y

- 2* 2/2: ’
(S/ ﬂm—UmQ
2 RN

Hence, by (4.18) and (4.19), we conclude that

1 2/2* &
L> WL Ss,

and consequently,

1
2(N—2s)/2s

If L > (S,)N/(29) j2(N=25)/(25) by (4.17), (4.18) and Step 3 (a), we would get

either L=0 or L > (S5)N/ ),

/(2s)
B 5 s 5 1 3 \N/(2s) _ 28 (Ss N
c=IU+ L2 ylzgomaae O T =y g ,

which contradicts (4.1). Thus L = 0 and therefore, by (4.18), we have
U, =U|2 -0 asn— oo
and so the assertion of lemma 4.1 follows. O

The next result can be proved along the same lines as [13, Proposition 12]
and [11, Proposition 7.3].
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PROPOSITION 4.2. Let s € (0,1), N >2s and M, :=  max S, (u).
u € Fg
llull 2y =1
Suppose A\ s < p1 < pig < Apg1,s, for some k € N, then
(a) Mc is achieved by up; € Fe, characterized by upy = 0+ tz., where t > 0,

ze 1s given in Remark 3.8, and

k
T=v+ty (/ Uepi s dx)<pi,s,
i=1 Q

ue defined in (3.15) and v € span{pi s,..., Vks}
(b) The following estimate holds for t > 0:

Me < (s = p)l[ol 7z + Ssuy (ue) (1 + O 2972) v 2)
+O0(EWN=2)/2)||p|| 2, ase — 0.

(¢) M. < S5, provided
(cl) N > 4s and p1 # Ak, for all k € N.
(c2) N =4s and p1 # Mg, for all k € N.
(3) N < 4s and p1 # Mis, for all k € N and pq is large enough
(p1 > X >0).

The next result can be proved along the same lines as in [12, Proposition 3.1]
and [11, Proposition 7.3].

PROPOSITION 4.3. Let s € (0,1) and N > 2s. Suppose p1 = Ag,s < plo <
Ai+1,s, for some k € N.
(a) M. is achieved by upr € Fe, characterized by up = v+ Pyv + tu,, where
t >0, ue = ue — Pyue, u. defined in (3.15), Pxw denotes the projection
operator of w on the direction ¢y, s, that is,

Pyw = </ WPk, s dI)Sﬁk,a
Q
k—1

v= Z (U —tus)pisdr )i s € span{Qis,..., P15}
Q

i=1
and v € span{p1 s, ..., Pk_1,s}-
(b) The following estimate holds for t > 0:
Me < N6 = 1+ 0) [0 72 + Sy (ue) (1 4+ O 2972 0] 12)
+O(ENT22) o] 2,
ase — 0, some 0 < j11 — Ap—1,s.
(¢) M. < S5, provided

(cl) N > 4s.
(c2) N < 4s and p is large enough (p1 > As > 0).
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5. End of the proof of Theorem 1.1

To complete the proof of Theorem 1.1, we have to show that condition (4.1)

is satisfied.

PROPOSITION 5.1. According to our previous notation, we have

2 Ss N/2s
c < N<2) 5

where ¢ is the critical level ¢ = ggg(m?xQ I,(h(u,v)) and T = {h € C(Q,Y) :
u,v)€
h=1id on 0Q}.
PROOF. Notice that, for all h € T', we have

c=inf max I (h(u,v)) < max Is(h(u,v)).
hel (u,w)eQ ( ( )) (u,w)EQ ( ( ))

Let F. be as in Remark 3.8 with ¢ sufficiently small. Since Q C (F.)?, taking
h = id and recalling that (F.)? is a linear subspace, we obtain

c¢c=inf max Is;(h(u,v)) < max Is((u,v))

heT (u,v)eQ (u,v)€Q
u v

< max  I;((u,v)) = max I(|n|< ))

(o) € F)? (o) € (F)? [nl” Il

(u,v) # (0,0) %0
= max Is(n(u,v)) < max Is(n(u,v)).

(u,v) € (F)? (u,v) € (Fe)?

n>0 n>0

CLAIM. We claim that

25 (S, N/2s
max _ I;(n(u,v)) < N<2) .

(u,v) € (]Fa)2
n >0

To verify this claim, fix U = (u,v) € (F.)? such that uv # 0, by (2.4), for all
r > 0, we infer

2
,
L) < 5 (1015 = mllUL2)2)

2r2s

- o /N(\u(ﬂc)|l’\v(x)|‘1 + & u(x)|PHa +§2|v(x)\p+q) dx
Ar?  2Br?%

= T

Notice that 1o = (A/(2B))Y(:~2) is the maximum point of g, which maximum

2 A N/2s
N (232/2: ) '

value is given by
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Then
max I5(rU)
r>0
N/2s
_ 2 U5 = 11U 1129
SN 2/2;
2| [ (@ @) + & lu(a) P4 + el ) de]
R
Therefore, it is sufficient to show that
N U 2 — U 2
Voo IUNS = pallU 2z -
w,v)e(Fe s
2| [ (@@ + a0+ alot)l ) de]
R
1 S,
- Ul2 — || U|I? < .
5 o x| Uy = mllUlz2y2) < =5
Jon QP 1ol + €21l + oo P+ ) do = 1
Define
ull2 — w2
Moo= e T e (g ),

w€F\ {0} - 2/23 u € F,
</ |u]*s dx) Jon 1wl da =1
RN
Taking s,,t, > 0 as in Lemma 3.3 and uj,; as in Propositions 4.3 and 4.2, Mg
is achieved by function Upr = (soupr,totpr) . Therefore, from Propositions 4.3
and 4.2, and using (3.7), we can conclude that

_ 102 = sl Une 22
M. 3

2/2;
[/ (Iottnr [P totuns|? + &1 |sounr[PHY + Ealtoun[PH9) dw}
]RN

(52 +13) (luarlie = pmlluarlli2)
(sbtd + €16 + Eoth )2/ o\
/ lupr|®s dx
N

DN | =

Ss,

N | =

1 1
zimME<§m35:

if one of the following conditions holds:

(a) N >4sand p; > 0.
(b) N =4s and p1 # Ags, for all k € N.
(¢) N < 4s and p; is large enough (1 > Ag > 0).

This completes the proof. O
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