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EXISTENCE OF SOLUTIONS
FOR NONLINEAR p-LAPLACIAN DIFFERENCE EQUATIONS

LORENA SAAVEDRA — STEPAN TERSIAN

ABSTRACT. The aim of this paper is the study of existence of solutions
for nonlinear 2n**-order difference equations involving p-Laplacian. In the
first part, the existence of a nontrivial homoclinic solution for a discrete
p-Laplacian problem is proved. The proof is based on the mountain-pass
theorem of Brezis and Nirenberg. Then, we study the existence of multi-
ple solutions for a discrete p-Laplacian boundary value problem. In this
case the proof is based on the three critical points theorem of Averna and
Bonanno.

1. Introduction

Consider the fourth-order p-Laplacian difference equation

(11) A% (pp, (A%u(k — 2))) — al(pp, (Au(k — 1))
+V (k) q(ulk)) = Af (k, u(k))

where p > 1, p,(t) = [t|P72t, V: Z — R is a T-periodic positive function for T
a fixed integer and f: Z x R — R is a given function with growth conditions.

2010 Mathematics Subject Classification. Primary: 47B39, 47J30; Secondary: 47J05.

Key words and phrases. p-Laplacian; difference equations; mountain-pass theorem.

The first author is supported by FPU scholarship, Ministerio de Educacién, Cultura
y Deporte, Spain, partially supported by AIE Spain and FEDER, grants MTM2013-43014-
P, MTM2016-75140-P.

The work is partially sponsored by the Fund Science research at University of Ruse, under
Project 16-FNSE-03.

The authors are thankful to the referees for the careful reading of the manuscript and
valuable suggestions.

151



152 L. SAAVEDRA — S. TERSIAN

The above equation is a discretization of a fourth order p-Laplacian equation
studied by authors in [18], where the existence of solution for a periodic problem
involving p-Laplacian differential equation is considered. The partial cases where
p1 = p2 = 2 are known as stationary extended Fisher-Kolmogorov equation (see
Peletier and Troy [17], [19] and references therein).

The theory of nonlinear difference equations is widely used in the study of
discrete models in different fields of science. Recently, the problems for differ-
ence equations are treated by topological and variational methods. Topological
methods for higher order difference equations using Green’s functions and fixed
point theorems are used in [2], [3]. The variational methods coupled with crit-
ical point theory have been extensively applied to the solvability of problems
for difference equations during the last decade. We refer the reader to [1], [12],
[20] and references therein. A survey on applications of critical point theory to
existence results for difference equations is given in [7]. Periodic and homoclinic
orbits for 2n*® order difference equations are studied in [8] using linking theorem
and in [9] by mountain-pass and symmetric mountain-pass theorems.

This paper is divided in two parts. The first part is based on the mountain-
pass theorem of Brezis and Nirenberg [5]. Following the steps of [6], we obtain
the existence of a nontrivial homoclinic solution of equation (1.1), i.e. a nonzero

solution u, such that lim |u(k)| = 0.
|k|—+o00
In the second part, we obtain the existence of at least three solutions for the

difference equation with p; = po = ¢ and the Dirichlet boundary conditions, by
generalizing a result given in [10] to the problem

—App(Au(k —1))) = Af(k, u(k)), ke [1,T],
u(0) =u(T'+1) =0.

Such a result is obtained by applying [10, Theorem 2.1], which is a modification
of the theorem of Averna and Bonanno (see [4]), to our boundary value problem.
In both cases, we show how our result should be modified for higher order
problems.
The study of p-Laplacian difference equations has been developed in the
literature. In addition to the previously mentioned [6], [10], we refer to [13],
where the following problem is studied:

Alpp(Aulk — 1)) +a(t) f(k,u(k)) =0, kel[l,T+1],
Au(0) =u(T +2) =0,

where a(t) is a is a positive function. Moreover, in [21], the existence of three
positive solutions of this problem is studied.
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Recently, in [11], it was proved the existence of at least three solutions of the
problem

A% (pp(A%ulk = 2))) + apy(u(k)) = Af(k,u(k)), k€ [1,T],
u(0) = Au(—1) = A?u(T) =0,
Alpp(A*u(T — 1)) = pg(u(T + 1)),

where «, A and p are real parameters, f and g are continuous.

Moreover, we refer to [14], [16] and [20], where the existence of homoclinic
solution for different discrete second order problems is studied. Finally, in [15]
there is studied the existence of periodic solutions for a higher order difference
equation involving the p-Laplacian. In addition to its particular interest sepa-
rately, we study these two problems together to point out the differences on the
generalization of a result for a second order problem to higher order. In the first
case, we will see that the hypotheses on the function f are not modified in order
to obtain the results for higher order. However, for the boundary value problems,
the hypotheses should be modified to increase the order of the problem and also
the used arguments suffer more modifications than in the homoclinic case.

This paper is structured in two parts: Sections 2 and 3. We introduce the
considered problems in the beginning of these parts. Then, we construct the re-
lated variational formulation. After some preliminaries, the existence solutions
results are proved. Finally, we give examples to the results obtained. In Sec-
tion 4, we show, as a remark, how the results will look like for n > 3. Finally, in
Section 5, we comment on the obtained results.

2. Homoclinic solutions

This section is focused on the study of the existence of homoclinic solutions
for the following problem:

A*(pp, (A?u(k — 2))) — al(gp, (Au(k —1)))

(2.1) +V(R) pqulk)) = A (k. u(k)),
i Ju(k)| =0,

where a > 0 is fixed, p; > ¢ > 1 for i =1,2 and

(2.2) Au(k) = u(k + 1) — u(k),

(2.3) Alu(k) = A u(k +1) — AT tu(k), ifi > 2,
are the forward difference operators.

We suppose that V' is a T-periodic positive function for a fixed integer T and
denote

0 < Vo =min{V(0),...,V(T'=1)} and V3 =max{V(0),..., V(T —1)}.
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Let us define the potential function F': Z x R — R as follows:

Pk ) = /O F(k,5) ds.

Moreover, let f: Z x R — R verify the following assumptions:
(F1) For each k € Z, f(k, -): R — R is a continuous function. Moreover, for
each t € R, f(-,t): Z — R is a T-periodic function.
(F2) The potential function F satisfies the Ambrosetti-Rabinowitz type con-
dition:
There exists p € R, such that yu > p;, for ¢ = 1,2, and
uF(k,t) <tf(k,t), forallkeZ, t#0.

(F3) There exists s > 0 such that F(k,t) > 0, for all k € Z, for all t > s > 0.
(F4) Uniformly, for k € Z, f(k,t) = o(|t|"!) as |t| — 0.
Define ¢,(t) = [t[P/p. It is trivial that ¢;,(t) = ¢,(t) for every p > 1. Let

o= {wpnes | Xl < oo}

kEZ

be the considered Banach space with the norm |u[l = >~ [u(k)|? and J: £9 — R
kEZ

be the functional

J(w) = B(u) = A Y F(k, u(k),
keZ
where

O(u) = > (6, (A%u(k — 2)) + agy, (Au(k — 1)) + V (k) ¢y (u(k))).
keZ

We have the following result:

LEMMA 2.1. Let the function f satisfy assumptions (F1) and (F4). Then the
functional J: £ — R is well defined and C. Moreover, its critical points are
solutions of problem (2.1).

PROOF. Let us see first that the functional J is well defined. In order to do
that, we use the following elementary inequality:

(2.4) (x +y)P <2771 (2P +yP),

which is fulfilled for every non-negative x, y and p > 1.
Applying (2.4) for py > 1 twice, we have:

S 6y (A2 (u(k — 2)))

kEZ

1 4P2
< — > 4P (|u(k)P? + 20ulk — D[P + u(k - 2)|P7) = — Y Ju(k)[">.
b2 27 P2 =7
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Now, since py > ¢, it is well known that ¢? C /P2 and for u € ¢4, we conclude

that
Zqﬁm (A%(u <—Z|u )|P? < 4o0.

kEZ kezZ
Analogously, let us apply inequality (2.4) for p;. We have, taking into account
that u € £9 C P1:

> Au(k - 1) <—Z|u )P < +o0.

kez kEZ
Moreover,
g V(E)|u(k)|? < Wy g lu(k)]? < 4o0.
kEZ keZ

Finally, for all § € (0,1), there exists N > 0 sufficiently large such that |u(k)|? <
d < 1if [k] > N. Moreover, under assumption (Fy4), we have

36 € (0,1) such that F(k,u(k)) < |u(k)|? <d <1, |k] > N.
Thus, Y. F(k,u(k)) < 400 and J is a well-defined functional in ¢9. For all

keZ
v € ¢4, we have:

('), 0) =Y (9pa (A%ulk — 2)) A0(k = 2) + aipp, (Au(k — 1)) Av(k — 1))

kEZ
+ Y V(k) pq(u(k) v(k) =AY f(k,u(k)) v(k)
keZ keZ

By direct calculations, we obtain

Y pa(A%ulk = 2) Ao(k —2) =Y A% (i, (A%ul(k - 2))) v(k),

kEZ kEZ
Y ep(Bulk = 1)) Av(k —1) = = > Alpp, (Au(k — 1)) v(k).
keZ keZ

Hence,for all v € £9,

(' (w),v) =Y (A% (s (A%ulk — 2))) — al (i, (Au(k — 1)) v(k)

k€EZ
+ ) V(k) @q(uk) v(k) =AY f(k,ulk)) v(k)
kEeZ kEZ

So, we can obtain the partial derivatives as follows:

. (u)

Sull) = A7 (5%u(k = 2))) — 02y, (Au(k 1))

+V (k) g (u(k)) = Af (k; u(k)),

which are continuous functions. Following the arguments of Iannizotto and Ter-

sian [14], Propositions 5-7, one can prove that the functional J is continuously
differentiable and its critical points of J are the solutions of (2.1). O
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Now, let us recall the mountain-pass theorem of Brezis and Nirenberg [5],
which we use to obtain the homoclinic solutions of (2.1) and (4.1).

Let X be a Banach space with norm || - || and I: X — R be a C'*-functional.
We say that I satisfies the (PS). condition if every sequence () C X such that

(2.5) I(z) — ¢ I'(z1) — 0,

has a convergent subsequence in X. Let us denote by a (PS).-sequence every
sequence (x) C X that verifies (2.5).

THEOREM 2.2 (Mountain-pass theorem, Brezis and Nirenberg [5]). Let X be
a Banach space with norm ||-||, I € C*(X,R) and suppose that there exist r > 0,
a>0 and e € X such that |e]| > r and

(a) I(x) = aif |[zf| =,

(b) I(e) <O.
= i >
Let ¢ 71161{“ { tren[aa))%] I(’y(t))} > «, where

I = {y € C([0,1], X) | 7(0) = 0, 7(1) = e}.

Then, there exists a (PS).-sequence for I. Moreover, if I satisfies the (PS).
condition, then c is a critical value of I, that is, there exists ug € X such that
I(up) = ¢ and I'(ugp) = 0.

Let us consider the following norm in #9:

full = (v |u<k>|q)1/q.

kEZ
From the assumption on V', we have that it is an equivalent norm to | - |4, since
we have:
Vo Vi
— |uld < flull < v |ulg.

Now, we have the following result, which can be proved in the same way as
[6, Lemma 2.3]:

LEMMA 2.3. Suppose that assumptions (F1)—(F4) are verified. Then, there
exist p >0, o > 0 and e € £7 such that ||e|| > p and

(a) J(u) > o if |lul| = p.
(b) J(e) < 0.

We obtain the following result.

LEMMA 2.4. Assume that (F1)—(F4) are verified. Then, there exists ¢ > 0
and an ¢7-bounded (PS). sequence for J.
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PRrOOF. From Lemma 2.3 and Theorem 2.2, we can ensure that there exists
a (PS).-sequence for J, (uy,) C €9, ie. (2.5) is verified for I = J, where ¢ has
been introduced in Theorem 2.2.

Now, we have to prove that the sequence (u,) is bounded in 9. We have,

(' () i) = D (| A2 (k = 2)[P2 + @) At (k = 1) + V (k) [ (K)|7)
kEZ
- Z Af (b wm (k) um (K), .
kcZ
Now, using (F3) and taking into account that g > p; > ¢ > 1 for ¢ = 1,2, using
the same arguments as in [6, Lemma 2.4] we conclude that

1 (um) = (J" (U ), um) = (1 = @)||umllg-

Thus, (u.,) is a bounded sequence in ¢9. (]
Now, we can prove the main result of this part:

THEOREM 2.5. Suppose that a > 0, the function V: Z — R is positive and
T-periodic and assumptions (F1)—(F4) are fulfilled. Then, for X\ > 0, problem
(2.1) has a non-trivial homoclinic solution uw € €1, which is a critical point of the
functional J: £9 — R.

PROOF. The proof is analogous to the proof of [6, Theorem 1.1]. We only
have to take into account that ¢/p; < 1 for ¢ = 1,2, thus all the arguments
represented there remain valid for such a problem. O

EXAMPLE 2.6. Let r > p; > ¢ > 1 for i = 1,2 and b: Z — R a positive
T-periodic function. Consider f(k,t) = b(k) p.(t). Let us verify that such f
satisfies (F1)—(Fy4).

(F1) Obviously f is continuous as a function of ¢ and T-periodic as a function
of k,

(Fg) F(k,t) = b(k) ®,(t). There exists r € R, such that » > p; > ¢ > 1, for
1= 1,2, such that

rF(k,t) = b(k) |t|” = th(k)t|t|"2 = tf(k,t), forallk€Z, t#0.

(F3) F(k,t) >0, for all k € Z, for all t > 0.
(F4) Since r > g, we have:

k,t
m fkst) lim b(k)t|t|""9" ! = 0.
[t|—0 [t]a~T [t|—0

Then, for V, b: Z — R two positive T-periodic functions the problem

A (ppy (A%u(k = 2))) = al(@p, (Au(k — 1)) + V (k) @q(u(k)) = Ab(k) or (u(k)),
lim |u(k)| =0,

|k| =400
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where r > p; > ¢ > 1 for ¢ = 1,2, has a non-trivial homoclinic solution for every
A> 0.

3. Boundary value problems

In this part we study the existence of multiple solutions for the following
boundary value problem:

(3.1) A% (pg(A%u(k - 2))) — al(pg(Au(k —1)))
+ V(K) pq(u(k)) = Af(k,u(k)) =0, ke l[l,T],

(3.2) w(0) = (T +1) = Au(—1) = Au(T) = 0,

where ¢ > 0, T is a fixed positive integer, [1,T] = {1,...,T}, the difference
operators have been introduced in (2.2)-(2.3) and ¢, has been defined in the
previous section for 1 < g < +o0.

Moreover, we consider V': [1,7] — R as a positive function. We can consider
it as a restriction to the discrete interval [1, T of the T-periodic function V intro-
duced in the first part of the paper. We also denote Vy = min{V'(1),...,V(T)}
and V3 = max{V(1),...,V(T)}. Finally, let f: [1,7] x R — R be a continuous
function.

As in the first part, we obtain the existence result by means of variational
methods. In order to obtain our variational approach, we consider the following
T-dimensional Banach space:

(3.3) X ={u: [-1,T7+2] = R | u(0) = w(T+1) = Au(—1) = Au(T+1) = 0},
coupled with the following norm:

T+2 T+1 T 1/q
ullx = (Z A%k -2+ a3 [Aulk— D7+ 3V (k) |u<k>q) |
k=1 k

k=1 = =1

We have the following result, in terms of the norm || - || x.
LEMMA 3.1. For every u € X, the following inequality holds:

max |u(k)| < pllullx,

ke[1,T]
where
(3.4) _ (T +1)(T +2)a=V/a
’ P= (49 + 29a(T + 1)(T + 2)2=1 + Vo (T + 1)9(T + 2)a—1)1/a

PRrROOF. First, we have:

T T
(3.5) max Ju(k)| < 3 Ju(k)|? < % SOV () fu(k)7.
k=1

ke([1,T] =
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Secondly, taking into account the boundary conditions (3.2), for every u € X
and all j =1,...,T, we have

T+1 J T+1
(3.6) SoAu(e = 1) =Y fuk) —u(k — D)+ Y |ulk—1) — u(k)|
k=1 k=1 k=j+1
J T+1
> (lulk)| = [utk =D+ > (Julk = 1)] = |u(k)])
1 k=j+1

[u(d)] = [w(O)] = [u(T + 1| = 2u(5)]-

Il
[\3 kel

Analogously, for every uw € X and all j =1,...,T, we obtain

T+2
(3.7) > IA%u(k - 2)| > 2|Au(j — 1)].
k=1

Now, combining (3.6) with the discrete Holder inequality, we have

| Tt
(3.8) max_|u(k)| < 5 Z |Au(k — 1)

ke[1,T]
1 T+1 /q
- ( n/ _
< T+t (Z|Au 1)) ) .

Using (3.6) and (3.7), we have:

T+1

(3.9) max |u(k Z |Au(k —1)|

T+1 A - 1)
max (T+1) max [Aulk—1)

ke[1,T+1]

l\DM—l

+

ST+12:

( (q 1)/q ,T42 1/a
(ZW k—2)] ) :

Thus, from (3.5), (3.8) and (3.9), we obtain

(T+1

~—

<

41 a2?
% k)9 < 4
((T+1)q(T+2)q1 TTane T 0) ama eI < lullx

and the result is proved, taking into account that
41 n a24
(T+1)9(T+2)-1  (T+1)9!

)

1

Now, let us consider J;: X — R, the functional

T

Ji(w) = By (u) — NS F(k,u(k)), where F(k,t) :/O (k. 5)ds

k=1
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for every (k,t) € [1,T] x R and

T+2 T+1 T
Oy(u) =D Gg(A%u(k —2)) +a Y dg(Au(k — 1)) + YV (k) ¢g(u(k)).
k=1 k=1 k=1

REMARK 3.2. Observe that ®;(u) = |Jul|% /g, hence trivially ®; is coercive,
that is, lim  ®;(u) = +oo.

llwllx —+o0

We have the analogous result to Lemma 2.1 for this case.

LEMMA 3.3. The functional J: X — R is C'-differentiable and its critical
points are solutions of (3.1).

Let us denote ¥y (u)

T
— > F(k,u(k)). Let E be a finite dimensional Ba-
k=1

nach space and consider J: E — R the functional J(u) = &(u) + AV (u), where
®, U: X — R are of class C1(E) and ® is coercive.

REMARK 3.4. Realize that Jy(u) = ®1(u) + AV (u) satisfies this condition.

For every r > i%f ®, let us define:

U(u) — <I>71(i(nf ) v
— . f —0Q,T
wl(r) u6<1>_1l(r%—oo,r)) r— (D(’U,) ’
U(u) —P(v
halr) o= S — 9]

inf S
w€®=1((—00,1)) yed—1([r4o00)) P(V) — P(u)
Now, we are under conditions of applying [10, Theorem 2.1] to our problem.
THEOREM 3.5 ([10, Theorem 2.1]). Assume that:

(a) there exists r > irbgf@ such that 11 (r) < o (r),
(b) for each A € (1/12(r),1/¢1(r)) we have | lim  J(u) = 4o0.

ul||g——+oo

Then, for each A € (1/va(r),1/91(r)), J has at least three critical points.

Let us define, for ¢,d > 0,

T
O(c) == Ciqz sup F(k,s) >0,

k=1lsl<e
T
1
A(d) == EZ (F(k,d) - |51|1<p F(k,s)) > 0.
h—1 s|<c

Now, we can state the main result of this section:
THEOREM 3.6. Assume that there exist four positive constants b, c,d, and p,

such that ¢ < d and p < q verifying:

A(d)
(di) ©(e) < (44 2a+TVy) pd’

where p has been introduced in (3.4).
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(d2) F(k,t) < b(1 + [t|P) for all (k,t) € [1,T] x R.
Then, for every A € (44 2a+ TV1)/(qA(d)),1/(qp?O(c))), problem (3.1)—(3.2)

admits at least three solutions which are critical points of Ji.

PrOOF. We just need to find r > infx ® such that the hypotheses of Theo-
rem 3.5 are verified. Let

4
ot
Taking into account the relationship between ®; and the norm || - ||x, we have:
Wy (u) — inf Uy (u
Y1(r) = inf (v llull x <(qr)1/a (u)
lul|x <(gr)t/a r— @, (u)
1 1 T
< -  inf U(u) == sup F(k,u(k)).
T llullx <(gr)'/e THuHXS(qr)l/qkz::l

Now, from Lemma 3.1, if ||Ju||x < (¢r)'/9, then for all k € [1,T):
Ju(k)] < plgr)/* =,

thus
T

1
di(r) < =D sup  F(k,u(k)) = ¢p?O(c).
"= lu(k)|<e
Now, let us see that ¢? < p?(4 + 2a + V) dP. In order to do that, let us choose
k* € [1,T], such that V(k*) = V4, and consider:
c ifk=Fk",
ve(k) := .
0 if k # k¥,

from Lemma 3.1, since ¢ < d, we have:
c? < pjve]|% = p?(4 4+ 2a+ Vo) ¢ < p(4+ 2a + V) d9.
Now, consider vy € X, such that:

d if ke[l,T],
Ud(k‘) = [ ]

0 otherwise.

We have

T q
lvall% = <4+2a—|— ZV(k))dq > (44 2a + Vp)d? > (;) =qr.

k=1
Hence,
Wy(u) -0 Uy (u) — ¥
wQ (T) = inf sup M > inf M
lullx <(@) /7 o x> (gryi/a P1(V) = @r(u) ~ Julx<(gr)/e P1(va) — P1(u)
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> F(k,d) = F(k,u(k))

1
llull x <(qr)1/a T
(4 +2+ ) V(kz))dp — Jlul|%

k=1
T T

> Fkd) =) sup F(k,u(k))
k=1 k=1lsl<c

> q = =
<4—|—2a+ ZV(k))dp

k=1

T
Now, taking into account that > V(k) < T'V;, we have
k=1

A(d)
>q———.
var) 2 4,
Thus, from condition (dy), we conclude ¥s(r) > gp?©@(c) > 11(r). By other
hand, from condition (ds), we have:

T

q ulld T
) = 1 3SR ) > I 3 S 0 ).

q k=1 q k=1

Using again Lemma 3.1, we conclude
||U||§( VY p
() = X - ATl
q

which, since p < ¢, ensures that lim  Ji(u) = +o0. Therefore, by applying

llullx =400

Theorem 3.5 the result is proved. O

EXAMPLE 3.7. Let T = 8 and V (k) = 6(k + 6)? for each k € [1,T]. Then, in
this case Vy = 294 and V; = 1176. Moreover, consider f(k,t) = kg(t), where

et ift <14,
g =9 ., .
e if ¢t > 14,
then, F(k,t) = k2G(t), where
et ift <14

Gt =9 ., .
e4(t—13) ift> 14.

So, we can see that F(k,t) < 8e'4(1 + [¢|P) for all p > 1.
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Let us choose ¢ = 3, d = 14 and ¢ = 3. We have:

8

1 4
(3.10) 9(3) = — sup F(k;73) — 63,
33 |s|<3 3
k=1
_ _ 9 a3
(3.11) 43 E ( (k, 14) — sup F(k, 5)) = o (M =),

|s]<3

Now, consider the problem:

(3812) A2(pa(A%u(k — 2))) — 10A (s (Au(k — 1))
+6(k+6)% s (u(k)) — Akg(u(k)) = 0, k€ [1,8],

coupled with the boundary conditions (3.2). In this case,

18225 1
3 r~ ~y
= 5376166 = 0.0038996 < 591 = 0.0034.

Moreover, we have

A(14) 2688083 1,

(4+20+8-1176) )5 _ 655123140

4
— %) = 493.44 > 563 ~ 26.78.

Then, we can apply Theorem 3.6 to conclude that for each

\ 718928 2688083
3(el* — e3)’ 36450 3

) = (0.2,3.67),

problem (3.12) has at least three solutions.

4. Higher order problems

In this section, we want to show how our previously obtained results could
be generalized for n > 3. First, we consider the homoclinic problem:

A" (pp,, (A"u(k = 2)) Z ) ai A" gy, (A" u(k — 1))

(4.1) +(_1)nv(k) @q(u(k)) + (=1)"TINf(k,u(k)) = 0,
lm u(k)| =0,

where V, f, ¢, and A7 have been previously introduced, pn > p; > ¢ > 1 and
a; > 0 for all j € {1,...,n}, with a,, = 1. In this case, with small modifications
on the arguments, we obtain the generalization of Theorem 2.5.

THEOREM 4.1. Suppose that a; > 0 fori =1,...,.n—1, V:Z — R is
a positive and T-periodic function and assumptions (F1)—(F4) are fulfilled. Then,
for X > 0, problem (4.1) has a non-trivial homoclinic solution u € £9, which is
a critical point of the functional J: {7 — R.
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Clearly, the functions introduced in Example 2.6 are still valid for this gen-

eralized case with r > p; fori =1,...,n.
Now, we consider the boundary generalized boundary value problem. Let
a; >0fori=1,...,n —1. We will show an existence result for the 2n*"-order
problem:
n—1
(42) A" (ay(A"ull = D))+ (-1 @ (A ulk 1)

+(=1)" V(k‘) q(u(k)) + (=1)" N f(k, u(k)) =0,
(4.3) u(0) = Au(—1) = A%u(-2) = ... = A" tu(1 —n) =0,
(4.4) wT+1)=Au(T+1)=A%u(T+1)=...= A" (T +1)=0.
Such a result is obtained with slight modifications on the arguments used for
fourth order. Let p given by the expression:

f[T-i—j/

_ n n 1/q
<2q”(T +n) +Z a2’ (T+n—i) [[ @+)"+Vo[[(T+ j)q> .
i=1 j=n—it1 j=1
REMARK 4.2. Realize that the constant defined in (3.4) is a particular case of
the previous one for n = 2. Its general expression seems complicated. However,
it can be calculated for each particular problem. Moreover, from its expression
it can be seen that it is clearly bounded as follows:

n

[T+

< j=1 B i 1/q
p= n Ve — \V, ’
(%H(Tﬂ')q)
j=1

We can state the equivalent to Theorem 3.6 for problem (4.2)—(4.4) as follows:

THEOREM 4.3. Assume that there exist four positive constants b, c,d, and p,
such that ¢ < d and p < q verifying:

n—1
(d1) O(c) < A(d)/(2" + 2 2nia; + TV1> p?, where p has been introduced

n (4.5). =
(d2) F(k,t) <b(1+[t|P) for all (k,t) € [1,T] x R.

Then, for every

n—1
1 1
\e 2"+§ 2"~iq, + TV, ,
<q/1(d)( 1) qpq@(C))

problem (4.2)—(4.4) admits at least three solutions.




EXISTENCE OF SOLUTIONS FOR NONLINEAR p-LAPLACIAN DIFFERENCE EQUATIONS 165

Now, let us consider a higher order example, for instance let us choose n = 4.

EXAMPLE 4.4. Let us choose T,V (k) and f(k,t) as in Example 3.7. For the
choice ¢ = 3, d = 14 and ¢ = 3, (3.10)—(3.11) are still true. Now, consider the
problem:

(4.6)  A¥(ps(Atu(k —4))) — A%(p3(A%u(k - 3)))
+2A% (p3(A%u(k — 2))) — 3A(ps3(Au(k — 1))
+6(k +6)*ps(u(k)) — Akg(u(k)) = 0,
for k € [1,8], coupled with the boundary conditions (4.3)—(4.4) for n = 4. Ob-

serve that a; = ¢ for ¢ = 1,2,3. In this case, the expression of p is more
complicated than with n = 2, we have

4
[1+4)?
3 _ i=1
p’ = 4 3
12. ?2+§:2m4w]2_l II 8+4)° +204J[8+,)°
=1 Jj=5—1 J=1
1091586375 1
Moreover, we have
A(14) 42833567 w3 4 3
— — %) & 491.556 > - €.
3 , 1047915804474 ¢ ¢ 3¢
(244—j£:i24_1%—8-1176>P3
i=1

Then, we can apply Theorem 4.3 to conclude that for each

6479956 428335667
= (0.2,3.
A (27(6L1——e3)’5821794e3> (0.2,3.66),

problem (4.6) has at least three solutions.

REMARK 4.5. Finally, we realize that the bound given in (4.2) is a good one
for the both considered examples. Indeed, we have

lim 7= —.

5. Conclusions and remarks

This final section is devoted to showing some of conclusions which we deduce
from this work and several remarks which can be used in future to improve the
results shown here.

The first thing that we want to point out is the differences between the
two studied problems. Both problems are a generalization of previously known
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results for second order problems, however the main difficulties which we found
are as follows:

In the first problem, related to the existence of homoclinic solution, the main
difficulty of the generalization remains in proving that the constructed functional
is well defined and the hypotheses needed for f are the same on the different
orders. Moreover, the obtained approach is applicable to higher order problems.

On the other hand, if we focus on the boundary value problem studied in
Section 3, we can see directly that the obtained hypotheses are different for each
order.

Furthermore, in such a generalization we need to consider the same index ¢
in all the g-Laplacians considered. This fact is due to the construction of the
Banach space and the corresponding norm in order to obtain the bound given
in Lemma 3.1. Thus, if we can construct a suitable norm in X which allows us
to obtain a similar result for different values of ¢, the result might be extended
for such cases.

In [15] there are studied higher order periodic problems by means of the
Linking Theorem. It can also be interesting to study such problems or to study
problems with different boundary conditions by using the Averna and Bonnano
theorem. It would be necessary to construct the correspondent Banach space
coupled with the norm and see if we can obtain the appropriate bounds which
give the existence results.

Finally, we have not studied the problem by means of using topological meth-
ods and fixed point theorems. Maybe, by using a different technique the obtained
interval for A could be different.
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