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1. Introduction

In this paper, we investigate the following one-dimensional viscoelastic prob-
lem with a nonlocal boundary condition:

1 ¢ 1 ,
Ut — — (TUg) ¢ + / g(t — 8) = (xug(z,5))e ds + auy = |ulP~2u
X 0 T

for x € (0,4), t € (0,00),

(1.1) ¢
u(l,t) =0, zu(z,t)de =0 for ¢ € [0, 00),
0
0

u(z,0) = up(z), wue(x,0) =wus(z) forz €0,

where a > 0, £ < 0o, p > 2 and g: Rt — R™T.

This type of evolution problems, with nonlocal constraints, are generally en-
countered in heart transmission theory, thermoelasticity, chemical engineering,
underground water flow, and plasma physics. The nonlocal boundary conditions
arise mainly when the data on the boundary cannot be measured directly, but
their average values are known. We can refer to the works of Cahlon and Shi [4],
Cannon [5], Choi and Chan [8], Ewing and Lin [9], Ionkin [10], Kamynin [11],
Samarskii [33], Shi and Shilor [34], Wang et al. [36], and Wu et al. [37]. The first
paper discussed second order partial differential equations with nonlocal integral
conditions going back to Cannon [5]. In fact, most of the works on this topic were
dedicated to classical solutions. Later, mixed problems with classical and nonlo-
cal (integral) boundary conditions related to parabolic and hyperbolic equations
received attention and have been extensively studied. Existence and unique-
ness questions have been considered by Bouziani [3], Ionkin [10], Kamynin [11],
Mesloub [25], Pulkina [32].

In the absence of the viscoelastic term (i.e., g = 0), Mesloub and Bouziani [23]
studied the following equation:

1
Vi — ;vw — Vg = f(z,t), x€(0,0), te(0,T),

and obtained the existence and uniqueness of a strong solution. Later, Mesloub
and Messaoudi [25] solved a three-point boundary-value problem for a hyperbolic
equation with a Bessel operator and an integral condition based on an energy
method. Then in [26] they considered a nonlinear one-dimensional hyperbolic
problem with a linear damping term and established a blow-up result for large
initial data and a decay result for small initial data.

In the presence of the viscoelastic term (i.e. g # 0), Mecheri et al. [22] studied
the following equation:

1 ¢ 1
Upp — — (xuw)ﬁ/ g(t—s) = (zuz(z,s))z ds+auy = f(z,t), 0<z <1, t>0,
T 0 T
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for @ > 0 and proved the existence and uniqueness of the strong solution. Then,
Mesloub et al. [24] considered a nonlinear mixed problem for a viscoelastic equa-
tion with a dissipation term under a nonlocal boundary condition and obtained
the existence and uniqueness of the weak solution based on the iteration pro-
cesses. Later, the global existence, decay and blow-up of solutions of problem
(1.1) (when a = 0) were established by Mesloub and Messaoudi in [27], where the
authors studied the blow-up result with only negative initial energy. Recently,
Wu [38] improved [27] by establishing the blow-up result with nonpositive initial
energy as well as positive initial energy.

For the case of initial and boundary value problems for linear and nonlin-
ear viscoelastic equations with classical conditions, many results have also been
extensively studied. Cavalcanti et al. [6] studied

t
Uy — Au +/ g(t — T)Au(r)dr + a(x)ur + [u|"u =0, (z,t) € Q x (0,00),
0

for a: Q — RT, a function which may be null on a part of the domain 2. Under
the conditions that a(z) > ag > 0 on w C Q, with w satisfying some geometry
restrictions and
=&g(t) < g'(t) < —&g(t), t20,

the authors established an exponential rate of decay. Berrimi and Messaoudi [2]
improved Cavalcanti’s result by introducing a different functional which allowed
to weak the conditions on both a and g. In particular, the function a can
vanish on the whole domain 2 and consequently the geometry condition has
disappeared. In [7], Cavalcanti et al. considered

up — koAu + /0 divia(x)g(t — 7)Vu(r)] dr + b(x)h(w) + f(u) =0,

under similar conditions on the relaxation function g and a(x)+b(x) > p > 0, for
all x € Q. They improved the result of [6] by establishing exponential stability
for g decaying exponentially and h linear and polynomial stability for g decaying
polynomially and h nonlinear. In [1], Berrimi and Messaoudi considered

t
Uy — Au + / g(t — T)Au(r) dr = [ulP~%u
0

in a bounded domain and p > 2. They established a local existence result
and showed that, under weaker condition ¢'(t) < £g"(¢), the solution is global
and decay in a polynomial or exponential fashion when the initial data is small
enough. Then Messaoudi [30] improved this result by establishing a general decay
of energy which is similar to the relaxation function under weaker condition that
g'(t) < &(t)g(t). In regard of nonexistence, Messaoudi [28] considered

t
Ut — Au + / g(t - T)AU(T) dr + a|ut|m_2ut = |u\p_2u
0
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and established a blow-up result for solutions with negative energy if p > m and
a global existence result for p < m. Then Messaoudi [29] improved this result by
accommodating certain solutions with positive initial energy. Liu [14] obtained
the similar blow-up result for the viscoelastic problem with strong damping and
nonlinear source by using the potential well theory and convexity technique. For
other related works, we refer the readers to [12], [13], [15]-[21], [31], [35], [39]-[41]
and the references therein.

Inspired by [1], [14], [20], [27], [30], we intend to study the blow-up and decay
properties of problem (1.1) in this paper. Our goal is to establish a decay result
with a more general rate and a blow-up result with nonpositive initial energy
as well as positive initial energy. The main difficulties we encounter here arise
from the simultaneous appearance of the singular nonlocal viscoelastic term, the
possible damping term, as well as the nonlinear source term. We first show that
if the initial data enter into the unstable set, the source term is enough to obtain
blow-up result no matter a = 0 or @ > 0. This is achieved by using the potential
well theory and the modified convexity method. We then establish the decay
result under the condition that ¢'(t) < —&(t)g" (t), which is more general than
that of [1], [30], by constructing some functionals and using the perturbed energy
method.

The paper is organized as follows. In Section 2 we present some assumptions
and known results and state the main results. Section 3 is devoted to the proof
of the blow-up result. The decay result is proved in Sections 4.

2. Preliminaries and main results

In this section we first introduce some functional spaces and present some
assumptions and known results which will be used throughout this work.
Let L2 = L2(0,¢) be the weighted Banach space equipped with the norm

14 1/p
el = ( / x|u|ﬁdx) .

In particular, when p = 2, we denote H = L2(0,¢) to be the weighted Hilbert
space of square integrable functions having the finite norm

Y 1/2
llul|l g = (/ xuzda:) .
0

We take V = V,1'1(0, £) to be the weighted Hilbert space equipped with the norm

lullv = (lullZ + lusl7) 2,

and Vo = {u e V : u(f) = 0}.
On the relaxation function g we put the following assumptions:
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(G1) g: RT — RT is a non-increasing C? function such that

g(0) > 0, 1—/Ooog(s)d$:l>0.
(G2) There exists a positive differentiable function & such that
(21) J) < €W W), 120, 1<r <
and ¢ satisfies, for some positive constant L,
gt
£(t)

Furthermore, when 1 < r < 3/2, for any fixed tg > 0, there exists
a positive constant C, depending only on 7, such that

t 1

— < G,
( t )1/(2( 1)) /0 <1+ tg(s)ds>

1+ [ &(s)ds
to to

+oo
‘ <L, ¢&(t)<0, foralt>D0, / &(s)ds = 4o0.
0

(2.2)

- dt < 400,

forall t > tg, v > 1,

REMARK 2.1. The condition r < 3/2 is made to ensure that
/ g> 7" (s) ds < .
0

REMARK 2.2. If £(t) = £ =contant, (G2) recaptures that of [1], [14], [27].
If r = 1, (G2) recaptures that of [30], [31]. Therefore, (G2) is a generalization
of [1], [14], [27], [30], [31]. In particular, when £(t) = & and 1 < r < 3/2, (2.2)
holds naturally.

LEMMA 2.3 ([27], Poincaré-type inequality). For any v in Vy, we have

¢ ¢
/ v (z) de < Cp/ v (z) da,
0 0
where C,, is some positive constant.

LEMMA 2.4 ([27]). For any v in Vy, 2 < p < 4, we have

¢
|l d < ol
0
where C, is a constant depending on £ and p only.
We have the following local existence result for problem (1.1).

THEOREM 2.5. Suppose that (G1) holds and 2 < p < 3. Then, for any ug
in Vo and uy in H, problem (1.1) has a unique local solution

u € C(0, Thax; Vo) N CH0, Tiax; H)
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such that

)-8~ (o) + ([ att=9) 2 ot o))

€T H

+ (aur, ) = (Jul""*u,¢)n

for all test functions ¢ € Vi and for almost all t € [0, Tinax) With Timax > 0 small
enough.

PROOF. The proof can be easily established by adopting the arguments of [1],
[24] and [26]. That is, we consider, first, a related linear problem. Then, we use
the well-known contraction mapping theorem to prove the existence of solutions
to the nonlinear problem. These are quite standard so we omit it here. O

REMARK 2.6. The condition 2 < p < 3 is needed so that the embedding of
Vo in L2 is Lipschitz (see [26, Lemma 5.2]).

Next we introduce the functionals for I, J and E:

I(t) := I(u(t)) = (1 - /Otg(s) ds) /04 ru? dr

where -
(goug)(t) = / / zg(t — 8)|ug(z,t) — uy(z, )| ds da.
o Jo
REMARK 2.7. Multiplication of equation (1.1) by zu; and integration over
(0, 0) easily yields, for all t > 0

¢ ¢
(2.3) FE'(t)= % (g" ouy)(t) — %g(t)/o ru? dr — a/o ruf dx

¢
S—a/ xufdeO.
0

We are now in position to state our main results.

THEOREM 2.8. Assume that (G1) holds and 2 < p < 3, let u be the unique

local solution to problem (1.1) and denote

y ) I p/(p—2)
1 2p Cf/p '
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For any fized 6 < 1, assume that ug, uy satisfy

(2.4) E(0) < ddy, 1(0) < 0.
Suppose that
(25) /0 o) s < T 32+ 281 3)]

where § = max {0,0}. Then the solution of problem (1.1) blows up in a finite
time T in the sense that

li % = )
tim[u(t)| = +oc

REMARK 2.9. For a = 0, Wu [38] established blow-up results under some
restrictions on fOZ ruguy dx, which are no more needed in this paper. In fact,
we use the potential well theory and the modified convexity method, which is
different from that in Wu [38].

THEOREM 2.10. Assume that (G1) holds and 2 < p < 3, let u be the unique
local solution to problem (1.1). In addition, assume that ug,uy satisfy

(2.6) E(0) < dy, 1(0) > 0.

Then the solution u is global and satisfies

¢ 2p 2p
2
(2.7) /0 rus dr < -2 E(t) < -2 E(0), forallt>0.

THEOREM 2.11. Under the assumptions of Theorem 2.10, suppose further

that (G2) holds. Then for each to > 0, there exist positive constants K and k
such that

Ke r o) ds ifr=1,
(2.8) E(t) < t —1/(r=1) 3
K(l—l—/f(s)ds) if1<7“<§.
to

REMARK 2.12. Note that when 1 < r < 3/2, we obtain more general type of
decays.
If we choose £(t) = &, (2.8) gives the polynomial rate decay as

Et) < K(1+t)~Y/0=D,

which coincides with the results of [1], [14], [27].
If we choose £(t) = (1 +¢)~™ for 0 < m < 3 — 2r < 1, which satisfies (2.2),

we have

CO 1—-m
)< —— ith g = ——

90 < e Vithe= Ty

and (2.8) also gives the polynomial rate of decay as E(t) < Cy/(1 4+ t)9.
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If we choose &(t) = 2a(r — 1)t~ (=27 4 b for a,b > 0, then we have

C
g(t) < : :
a
[1+ at2(r=1) 4 pt]1/(r=1)

which gives the polynomial rate of decay as

K
E(t) < [1 +at2(r—1) + bt]l/(r—l) :

If we choose &(t) = 2(r — 1)(1 4 ¢)~3=27) 4 (1 4 )~!, which satisfies (G2),
then we have

C
t) <
9lt) < [(14¢)20=D) +In(1 +¢) — 1]/
and a new type of decay as

K
E(t) < .
[(L+ 620D + (1 + ) — /0D

is established.
3. Blow-up of solutions

In this section, we prove a finite time blow-up result for initial data in the

unstable set. For t > 0, we define d(¢t) = inf supJ(Au) and
u€Vo\{0} x>0

(3.1) N ={ue V\{0}:I(u) =0}
Then we can prove the following lemma.

LEMMA 3.1. Fort >0, we have 0 < dy < d(t) < d2(u) = sup J(Au) and

A>0
(3.2) d(t) :ulgjf\[J(u).
PROOF. Obviously, d(t) < da(u) = sup J(Au). Since
A>0

J(Au) = )\; [(1 - /Otg(s) ds> /Oexui dx + (gOUz)(t):| - );)/le|u|pdx.
We get

j)\J(Au)AKl/Jg(s)ds) /Oexuid:ch(goum)(t)] Apl/oexldpdx.

Let

d

which implies

_ _ (l/otg(s)ds) /Oexuid:c+(goum)(t)
2 /Oex|u|pdx

1/(p—2)
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An elementary calculation shows

E— d?
W J()\lu) >0 and

Using (G1) and Lemma 2.4, we get

sup J(Au) = J(Aqu)

A>0
i t ¢ p/(p—2)
<1—/ g(s)ds)/ zu? dx + (g o uy)(t)
_p—2 0 0
2 U 2/p
L 0
r Y p/(p—2)
2
p—2 Z/O Tu,, dr p—2 1 \P/P2)
> > —— =d1 >0,
2p 4 2/p 2p C«E/P
</ x|u|pdx>
L\ Jo

which implies that d(t) > d.
To get (3.2), straightforward computations lead to

L

Iuﬂo—(lAlmam)[fmxwﬁdm+@ouw»xw[;xMuwm

<1 } /Ot ) ds) /oZ g da + (g 0 ug )(t) )
7
/0 x|ul? dx
X (1 - /Otg(s s) /OZ zu? dr + (go Um)(t)}
_ ¢

)d
(1 Otg(s)ds>/0 2u2 dz + (g o uy)(t)

¢
- 7 /0 x|ul? dz
/ x|ulP dx
0

Kl _ /Ot o) ds) /oé zu? dr + (go um)(t)} o
(/Oem|u|p dx) .
( /Otgs )/O:Mid“r(goum)(t)

(5
as) [ oo+ gou)io

1—
t
<1—/gs
0

p/(p—2)

X

ds
-1, =0,
ds
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which implies that Aou € N. Also, for any v € A/, we note that

t y) 1/(p—2)
(1 — / g(s) ds) / zu? dx + (g o uy)(t)
Ao (u) = 9 7 L =1
/ x|ulP dx
0
Therefore we have g (u)u = u for all u € N. O

LEMMA 3.2. Under the same assumptions as in Theorem 2.8, one has I(u(t))
<0 and, for allt € [0, Trnax),

(1 [s) [ <5
di < ——— 11— s)ds zusidr+ (goug)(t)| < —— [ z|ul’dz.
1<, | 90s) ; (g0 uz)(t) o ), ol

PROOF. Using (2.3) and (2.4), we have E(t) < dd; for all t € [0, Tynax)-
Furthermore, we can obtain I(u(t)) < 0 for all ¢ € [0, Tinax)-

In fact, if it is not true, then there exists some ¢y € [0, Tiax) such that
I(to) > 0. Since I(0) < 0, it follows that there exists some ¢ € (0,o] such that

I(u(t)) = 0. Define

(3.3) t* =inf {'{e (0, o] :

(1—/0t~g<s>ds) /Oexufc(?)dw(goux)(?)=/Oexu<?>|pda:}.

Then, we have I(u(t*)) = 0 and

(3.4) (1—/;9(3)(15) /nguidas—k(goux)(t)</Ozx|updx, 0<t <t

Next, we consider two cases:
CASE 1. Suppose that ||u(t*)||% = 0, using the regularity of u, we have
(3.5) lim |Ju(t)||%, = 0.
e

On the other hand, from (3.4) and Lemma 2.4, we obtain

t ¥/ ¥/
(3.6) (1—/ g(s)ds)/ muidm+(goux)(t)</ 2lul? de < Oy ual,
0 0 0

and |[u(t)||% # 0, for all ¢ € [0,t*). Therefore we have

[\ Y -2)
li )7 —
m o> (&)

t—t*—

which contradicts to (3.5).

CASE 2. Suppose that ||u(t*)||% # 0. Applying Lemma 3.1, we see that d(t)
is the infimum of J(u(t)) over all functions w in N and J(u(t*)) > d(t) > di,
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which contradicts to J(u(t*)) < E(t*) < dy. Thus, we conclude that I(¢) < 0
for all ¢t € [0, Thax)-

To get (3.2), we use (3.4), Lemma 3.1 and the conclusion that I(t) < 0 for
all t € [0, Timax) and get

do< P2 Kl—/otg(s)ds) /Oémidm+(goux)(t)r/(p_m

2p ¢ p/(p—2)
(/ x|u|pdx>
0

e [(1—/Otg<s>ds) /Ozmidxﬂgoum)(t)] 0<t< Ty

It follows from (3.4) and (3.7) that

0<d < ]92;2)2 [(1 - /Otg(s)ds> /(fxuider (goux)(t)]

_9 rt
<P== x|ul? dz,
2p Jo

for 0 < t < Thnax. 0

(3.7)

LEMMA 3.3 ([12]). Let L be a positive C? function, which satisfies, fort > 0,
the inequality

L)L"(t) = (1 + L' ()* > 0
with some ¢ > 0. If L(0) > 0 and L'(0) > 0, then there exists time T* <
L(0)/¢L'(0) such that

lim L(t) = cc.
t—=T*—

PrROOF OF THEOREM 2.8. Assume by contradiction that the solution u is
global. Then, we consider L: [0, 7] — R defined by

¢ t ol ¢
(3.8) L(t) = / ru? dm—i—a/ / ru? dxds—l—a(T—t)/ zud dx 4 b(t + Tp)?,
0 o Jo 0

where T,b and Ty are positive constants to be chosen later. Then L(0) > 0.
Furthermore,

£ 0
L'(t)= 2/ TUU dz+a/ z(u® — ul) dx + 2b(t + Tp)
0 0

¢ t e
2/ zuuy dx + Za/ / zuug dx ds + 2b(t + Tp),
0 o Jo

and, consequently,

¢ ¢ ¢
L'(t) = 2/ gy dr + 2/ ru? dx + 2a/ zuuy dz + 2b
0 0 0
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for almost every ¢t € [0,T]. Testing equation (1.1) with zu and plugging the
result into the expression of L”(t), we obtain

¢ ¢t
L'(t)=— 2/ zu? dr + 2/ / g(t — s)xuy(z,t)u, (v, s) ds dz
0 o Jo
¢ ¢ ¢ ¢
—2a/ xuutdm+2/ x\u|pdx+2/ xufdm—&—Qa/ xuug dx + 2b
0 0 0 0
¢ t ¢
22[/ xufdx—(l—/g(s)ds)/ rul dz
0 0 0

— /04’ /Otg(t — 8)xug(x,t)(uz(x,t) — ugp(z,8)) dsdx + /0€x|u|p dz + b}

for almost every t € [0,T]. Therefore, we get
L)L (1) - ]%2 L/(8)2 = 2L(1) [/Oe v dz — (1 - /Otg(s) ds) /Oé 2 do
- /Oé /Ot g(t — s)zug(z,t)(ug(z,t) — uz(x,s)) dsdx + /0€x|up dx + b]
+(p+2) {n(t) _ (L(t) (T —1) /O * 2 da:)

¢ t L
><</ xufdx—i—a//muidxds—i—b)},
0 o Jo

¢ t ot
n(t) :(/ ru? dac+a/ / zu? dxds+b(t+T0)2)
0 o Jo
¢ t ol
><</ zufdx+a//a:u§d:z:ds+b)
0 o Jo
1 t ol 2
_ [/ xuutdx—i—a/ / muusdxds—}—b(t—i—To)} .
0 o Jo

Using Schwarz’s inequality, we can easily get n(t) > 0 for every t € [0,T]. As
a consequence, we reach the following differential inequality:

where

_pt2

(3.9) LL"() - 25

L'(t)* > L(t)®(t), for a.e. t €[0,T],

where ®: [0,7] — R is the map defined by

¢ ¢ ¢ t ot
O(t) =— p/ zu? dx — 2 <1 7/ g(s) ds) / zu2dr —a(p +2) / / ru? dx ds
0 0 0 0 Jo

¢t ¢
- 2/ / g(t — s)xuy(z,t)(ug(z,t) — ux(x, s)) dsdx + 2/ x|ul? dz — pb
0Jo 0
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t 0
=—2pE(t) + plgou:)(t)+ (p—2) (1 - / g(s) ds) / zu? dx
0 0

0t
— pb — 2/0 /0 g(t — s)zug(z,t)(ug(x,t) — uz(x, s)) dsdx

t ol
—a(p+ 2)/ / ru? dx ds.
0 Jo

By (2.3), for all ¢ € [0,T] we may also write
t ¢
(3.10)  ®(t) > —2pE(0) + p(g o uy)(t) + (p — 2) (1 - /0 g(s) ds> /0 ru? dr

€t t
—pb—2// g(t—s)zuy (z, 1) (ux(z, t)—us(z, s)) ds de+a(p—2) // zu? dx ds.
0Jo 0Jo
By using Young’s inequality, we have

¢t
(3.11) 2/0 /0 g(t — s)zug(z,t)(ug(x,t) — uz(z, s)) dsdx

¢ ¢
< 1/ g(s)/ xui dsdx 4 (g o ug)(t),
0 0

3

for any € > 0. Substituting (3.11) for the fifth term of the right hand side of
(3.10), we obtain

(3.12)  ®(t) > —2pE(0) + {(p —-2)— (p -2+ i) /Otg(s) ds} /04 ru? dr

t L
+(p—€)(gou$)(t)+a(p72)/0 /0 wu? dx ds — pb.

If 6 <0, ie. E(0) <0, we choose € = p in (3.12) and b small enough such that
b < —2E(0). Together with (2.5), we obtain

(3.13) ®(t) > [(p?) <p2+;)/0tg(s)ds} /Oéxuidx
+a(p—2)/0t/0€mu§dxdsZa(p—Q)/Ot/OexuidmdszO.

If0 <6 < 1,ie. E(0) < ddy, we choose € = (1—9)p+26 and b = 2(dd; — E(0)) >0
in (3.12). Then we get

(t) > — 2pdd, + [(p2) <p2+(1_6)1p+25> /Otg(s)ds} /Oexuid:c

t
+(5(p—2)(gouw)(t)+a(p—2)/0 /0 ru? dx ds.

By (2.5), we have

(r—2)— (p—2+M)/{:g(sms>5(p—2)<l—/o

t

9(s) d8>
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and therefore, by (3.2) and (2.4), we get

(3.14) <I>(t)2—2p6d1—|—§(p—2)[<1—/0tg(s)ds) /Ozxuidx—l—(gouw)(t)

t e
+a(p —2) / / zu? dx ds
0 Jo

t e
>2p(ddy — ddy) + a(p — 2)/ / xu? dads > 0.
0 Jo
Therefore, combining (3.9), (3.13), and (3.14), we arrive at

_pt2

L(t)L" (¢) L'(t)? >0, forae. tecl0,T]

Let Ty be any number which depends only on p, b, foe rud dr and foz ru? dr as

¢ ¢
(p—2—|—4a)/ xugdx+(p—2)/ xu? dx
0 0
2(p —2)b ’

To >
which fulfills the requirement of
¢
L'(0) = 2/ zuguy dz + 20T > 0.
0

Then using Lemma 3.3, we obtain that L(t) goes to co as t tends to some T*
satisfying

4
21+aT/xu2dz+26T2
(3.15) ™ < 4L(0)/ _ ( ) | ol 0
(p—2)L'(0)

7 :
(p—2) / zupur d + (p — 2)bTo
0

Finally, for fixed Ty, we choose T as

¢
4</ zul d + bT02>
0

z 7 :
2p—2)bTo — (p—2+ 4a)/ rud dx — (p — 2) / ru? de
0 0

Combing (3.15) and (3.16), we get T' > T* and this contradicts to our assump-
tion, which finishes our proof. O

(3.16) T >

4. Decay of solutions

In this section we prove our decay result. For this purpose, we need the

following lemmas.

LeMMA 4.1 ([27, Lemma 4.1]). Under the same assumption as in Theo-
rem 2.11, one has I(u(t)) > 0 for all t € [0, Tipax)-

PROOF OF THEOREM 2.10. We can refer to [27, Lemma 4.2]. O
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Next, we use the following “modified” functional
(4.1) F(t):=E(t) +e1¥(t) + e2x(2t),

where €1 and €5 are positive constants and

¢
(4.2) U(t) zf(t)/o rugude,

1 t
(4.3) x(t) = ff(t)/o zut/o g(t — s)(u(t) —u(s))dsdx.

LEMMA 4.2. For ey and e5 small enough, we have
(4.4) a1 (1) < E(t) < aF ()
holds for two positive constants ay and .

PrOOF. Straightforward computations lead to
F(t) =E(t) +e1£(t) / rurudr — ex€(t / Uy / (t—s) —u(s)) dsdx

<E()+ f()/zxutdx—kf()/oxu dx-i—f()/ozxufdx

2

+Zew | ex( / glt — s)(u(t) —u(s))ds) dz

¢ ¢ ¢
€1 2 €1 2 €2 2
§E(t)—|——§(t)/ Tuy dx—i——f(t)/o zu” dx +5§(t)/0 zuy dx

/ / / (t —s)(u(t) — u(s))?ds d

£ £
<)+ SO [ Sy [ ar
0

(1—0)¢ //xgt—s — u(s))? ds dx

<E®{)+ %/ ru? dx

¢
(1) / v da+ 2 (1= 0,E(1) (g 0 w) (1) < - B(D)

&51

and in the same way, we get

¥4 14
F(t) > E(t) — W/ xu% dr — ngl f(t)/ .Z"U,i dx
0 0

_ %2 (1 = D)CLEt) (g oug)(t)
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) £
o) e (- )

1 G, L 1
+ |:2 - 252(1_l)£(t)] (gouw)(t)_g/o $|u| dx > OTQE(t)’

for £ and €5 small enough. O

LEMMA 4.3 ([27, Lemma 4.5]). Let v € L*>°((0,T); H),v, € L>((0,T7); H)
and g be a continuous function on [0,T] and suppose that 0 < 7 < 1 and r > 0.
Then there exists a constant C > 0 such that

/0g(t—s)\\vm<.7t>—vx<~,s>\|%1ds

) t (r—=1)/(r—147)
<o s ool [ o as)
0

0<s<T

t 7/(r=1+7)
‘ (/ g’“(t—s>||vz<~,t>—vw<-,s>||%{ds) |

LEMMA 4.4 ([27, Lemma 4.6]). Let v € L*°((0,T); H),v, € L>=((0,T); H)
and g be a continuous function on [0,T] and suppose that v > 0. Then there
exists a constant C' > 0 such that

/Og(t—s)\\vz«,t)—vx<~,s>uifds

(r=1)/r
< 0 (tlunt 01 + [ et o) ds)

x (/O g (t—S)Ilvx(-,t)—vx(-,S)II?{d8>W-

LEMMA 4.5. Assume that 2 < p < 3 and that (G1), (G2) and (2.10) hold.
Then the functional ¥, defined by (4.2), satisfies, for all o, 8 > 0,

(4.5) W'(t) < (1 + % + L)g(t) /Ofxuf dx

4
(R AT

+ 8 (/ g7 (s) d8> (9" 0 us)(t) + E0) ull2,

PROOF. By using the differential equation in (1.1), we easily see that

¢ ¢ ¢
4.6 ' (t) = 2d s d ! ¢ d
(4.6) (t) f(t)/o xuy dr + §(t)/0 rutg dr + € (t)/o xuuy d

¢ ¢
=£(t) / wu? dx — &(t) / ru? dr
0 0
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4 l
+ g(t)/ z|ulP dx — af(t)/ Tuuy dx
0 0

¢ ¢
+&(t) / TUy, /t g(t — s)ug(x,s)dsdr + &' (t) / Tuug dz.
0 0 0

By Young’s inequality, (G1), (G2), Lemma 2.3 and direct calculations, we arrive
at (see [27])

/xuz/ tfsuzxs)dsd:c<€()/ zu? dx

S L] [ ot 91ua(s) - o)+ a0 as]
L 2
Sg(;)/o xuidx—l—g(;)(l—i-n)(l—lf/o ru? dx

P (1) [rsras [ [ - 9t - wP asao

0 JO

5’(0’( /é 2 1/€ 2 )
Cpa | zuidr+ — [ 2uidr),
£(t) " Jo afo

for all @ > 0, and

(4.9) —ag()/exuutdx< af pf()/laﬁu da:+6§()/gasufdx.

for any n > 0. We also have

¢
(4.8) f'(t)/o ruuy dr < ?

Combining (4.6)—(4.9), we arrive at

<1+ ) ) /Oéxuf do

¢
(t 1-(1+n1-172 —anﬁ—anL]/ ru? dx
0

t( >( r(s)d8>(grouz><t>+g<t>nunig.

By choosing n =1/(1 — 1), (4.5) is established. O

LEMMA 4.6. Assume 2 < p < 3 and that (G1), (G2) and (2.10) hold. Then
the functional x, defined by (4.3), satisfies, for all 6 > 0,

4
(4.10) x'(t) <E@®)O[L+ C* +2(1 —1)?] / ru? dr
0
t 4
+&(t) {9 — /0 g(s)ds + af + GL] /0 ru? dx

[ o0+ GBI ey ([mris)a5) 57 o e

- S D90 w0
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PRroOF. Direct calculations give

w  Xo-¢o [ @ s [ gl — ) ualt) — () is) do

0

e [ o [ o900 - wio as)
([ ot sp)
6t [t / gt = )u(t) - ())ds) i
[ [0 v
1 ag(t) /xu/ (t—s) )) ds da
/xu/ (t — s)dsdo
/ xut/ )) ds de.

We now estimate the right hand side of (4.11). For 6 > 0, similar as in [27],
we have the estimates of the first to the fourth terms. The first term

X dzr

@12 e | E s [ gt — ) (ualt) — ua(s)) ds) s

0

4 t
<oct) [ wuzar e [ o) o
The second term

@) € [ Zx( / gt = 5) s (1) — s (s)) ) ( [ ol ) ) da

<2001 — 12 (t) /OE o do + (29 + 419>§(t)</0t 7P (s) ds) (g o ua)(8).

The third term
@) e [ zac|u|p-2u( / gt — )(u(t) — u(s) ds>) da

<ooet) [ wa s S ([ i) 6 ono,

where
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The fourth term

(4.15) - / xut/ (t—9) —u(s))dsdx

317

V4
< 6e(t) / v dr— S0 (1) (' 0 wa)1)

For the fifth term, by Young’s inequality and Lemma 2.3, we have

£ t
(4.16) aé(t) /O g /O gt — ) (u(t) — u(s)) ds do
C

< abe(t) / Ceudr ¢ s 5@)( / () ds) (g7 0 us)(t).

For the sixth term

(4.17) — /xut/ (t — 8)(u(t) — u(s)) ds da
<€) 5((3\ l / é 2dw+fe( / tg2-r<s>ds)<grouw><t>}

<oL(o) [ it do+ L gt ([ T (s) i) 6" ou) (0

A combination of (4.11)—(4.17) yields (4.10).

O

PROOF OF THEOREM 2.11. Since g is continuous and ¢(0) > 0, then for any

to > 0, we have

¢ to

(4.18) / g(s)ds > / g(s)ds = go, forallt > t.
0 0

By using (2.3), (4.5), (4.10) and (4.18), we obtain

FI(t) =E'(t) + &1V (t) + e2x'(1)

=3 (¢ oug)(t) — 59(15)/ ru? de —a/ zuf dr + 10 (1) + eax/ (1)
0 0

< - [a—q( =y L)g(t)+52§(t)(go—9(1+L)—a@)] /Oexufdx

2

Y4
(o) [ aturdot |5 - 20 C00)| 6o ua)t

_ {521 (1 —aBCy — aC,L) — 529{(1 +0" +2(1 - l)Q} }€<t) /Oé v dz

1 Cp+ (a+ L)C,

<eof [ () is) g o))
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< - {g(ao) —51<1 + % + 2La> +e2(go —O0(1+ L) — ae)}g(t)/oexufdx
+ e1€(t) /OZ x|ulP dx + [; - 82§é0) Cpg(O)} (9" 0ug)(t)

— {51 (I —aBCy — aCpL) — 220[(1 + C* 4+ 2(1 — 1)?] } £(t) /Z zu? dr
0

2
€1 1 Cp+(a+L)C,
+{21+€2 |:29+29+49

<eof [ 2 (s) i) g 0w} (0

since 0 < £(t) < £(0). When a > 0, we choose o and (8 so small that [ — afC), —
aCpL > 1/2 and then choose § small enough satisfying

(4.19) ko = %l —eaf[(14+C*+2(1-1)%] >0.

As far as a, § and 6 are fixed, we then pick €1 and e so small that (4.4) and
(4.19) remain valid and

L
kl:g(ao)_€1<1+;5+2a>+€2(g°_9(1+L)_a9)>0’

I £2Cpg(0)

k’3:§ Tf(o)

a1 Cp+(a+1)Cy /t 2
{2l+€2{29+29+ 10 0g (s)ds |y >0.

Therefore, using the assumption ¢'(t) < —£(¢)g"(¢) in (G2), we have, for some
o > 0 and for all ¢t > g,
¢

(4.20) F'(t) < —o&(t) [/OZ wup dx —/O

When a = 0, we choose 0,  so small that go — (1 + L)8 > go/2, | —aCpL > 1/2,
and

¢
z|ul? dz + / ruldr + (g" o um)(t)} .
0

40[1 + C* +2(1 — 1)?] _ %
l 2+ L/’
Whence 6 and « are fixed, the choice of €; and &5 satisfying
49[1 +C*+2(1 - l)z} goE2

] g < el < 9t L/a
will make

L
(4.21) k1= —e <1 - 2Oé)f(O) + 2€(0)(go — 6(1 + L)) > 0,

(4.22) ky = %1 (I — aCyL) — e20[(1 + C* +2(1 — 1)?] > 0.
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We then pick €1 and €2 so small that (4.4), (4.21) and (4.22) remain valid and

k?, _ 1 _ 520109(0) 6(0)

2 46
€1 1 Cp + LG,y /t 2—r
{2l+52[20+29+ 10 Og (s)ds ) ¢ > 0.

We can still get (4.20). Next, as (4.20) is proved, we will give the following two
cases according to the different ranges of r:

Case 1. r=1.

By virtue of the choice of 1,25 and 6, we estimate (4.20) and obtain, for
some constant o > 0,

(4.23) F'(t) < —al(t)E(t), for all t > tg.
Hence, with the help of the left hand side inequality in (4.4) and (4.23), we find
(4.24) F'(t) < —ac&(H)F(t), for all t > tg.

A simple integration of (4.24) over (to,t) leads to

(4.25) F(t) < F(tg)e @ o 6ds g all ¢ > 4.

Therefore, (2.8) is established by virtue of (4.4) again.

CASE 2. 1 <r < 3/2.
By using (2.1), we get

o) > (r - 1) / €(s)ds + glto) .

For all 0 < 7 < 1, we further have

oo oo 1
=7(s)d dt.
f, oo | (= 1) - &) ds + glto) 070

For 0 <7<2—7r <1, wehave (1—7)/(r—1) > 1. And using (2.2), we obtain
/ g T (s)ds < oo, forall0<T<2—r.
0

So Lemma 4.3 and (2.7) yield

(r=1)/(r=1+7)

o) = ¢ (50) [~ () (g7 0 g1

< C(gr o ux)T/(T71+T)
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for some positive constant C. Therefore, for any r; > 1, we arrive at

¢ ¢ ¢
(4.26) E™(t) <CE™1(0) </ ruf de — / x|ul? de + / ru? dx)
0 0 0

+C(gouz)™

¢ ¢ ¢
SCE“_l(O)(/ zu? dw—/ x|u|pdﬂc—|—/ ru? dm)
0 0 0

+ C«(gr ° UI>TT1/(T_1+T).

By choosing 7 = 1/2 and r; = 2r — 1 (hence 7r1/(r — 1+ 7) = 1), estimate
(4.26) gives, for some I" > 0,

¢ ¢ ¢
(4.27) E"(t) < F{/ ru? dr — / z|u|P dz + / ru? dr + (g" o ul)(t)]
0 0 0

By combining (4.4), (4.20) and (4.27), we obtain

(4.28) Fﬁ)g—%ngﬁu)g—%a?Fﬁ@K@% for all £ > .
A simple integration of (4.28) leads to
t —1/(r1—1)
(4.29) F(t) < Cy (1 + / &(s) ds) , forall t > t.
to
Therefore,

oo © 1

/ F(t) dt < Cl/ P 1/(r1—1) dt.
¢ t
0 ‘ (1 + [ &(s) dS)

to
Since 1/(r;y —1) > 1 and 1+ ftto £(s)ds — +oo as t — 400, we get from (2.2)
that

(4.30) /mﬂ®ﬁ<w.

to

In addition, by using (2.2), we have

Oyt
: 7oop = O
<1+/ &(s) ds)
to

tF(t) <

Therefore, we obtain

(4.31) sup tF(t) < 4o0.
t>to

Since E is bounded, we use (4.4), (4.30) and (4.31) to get

/ F(t)dt +suptF(t) < oo.
0 >0
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Then, by using (2.7) and Lemma 4.4, we have

(r—1)/r
(goun)(t (tm Hl% + / e ||Hds>
t 1/r
‘ (/ gt - )us - ,t>—um<-,s>||%1ds)
0

(r—=1)/r
<Cs (tF / Fs ) (9" o Um)l/r < Cs(g" Ouw)l/r’

which implies that

(4.32) (9" o uz)(t) = Calg o ua)”,

for some constant Cy > 0. Consequently, a combination of (4.20) and (4.32)
yields, for all ¢ > tg,

¢ ¢ ¢
F'(t) < —C5¢(t) {/ ru? d —/ x|ulP dz —|—/ ru? dz + (gouz)r],
0 0 0

for some constant Cs > 0. On the other hand, as in [1], we can get

¢ ¢ ¢
E"(t) < Cg [/ ru? dr — / x|ul? dz —|—/ ru? dr + (go ul)r}
0 0 0

for all t > 0 and some constant Cg > 0. Combining the last two inequalities and
(4.4), we obtain

(4.33) F'(t) < —C7£(t)FT(t), for all t > tg

for some constant C7 > 0. A simple integration of (4.33) over (to,t) gives

t =1/(r=1)
F(t) < Cs <1 + [ &(s) ds) , forall t > .
to
Therefore, (2.8) is obtained by virtue of (4.4) again. O
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