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Dedicated to Louis Nirenberg on the occasion of his 70th birthday

1. Introduction

The aim of this paper is to extend to variational inequalities a result of
Amann and Zehnder’s, refined by Chang (see [1, 6, 14]), concerning the existence
of nontrivial solutions for a semilinear elliptic boundary value problem, when
the nonlinearity is asymptotically linear, is zero at zero and its derivative has
a suitable jump between zero and infinity. In the constrained problem studied
here (see Theorem 4.1) the presence of the “obstacle” enters into the discussion
and what determines the required “jump of behaviour” is a combination of the
nonlinearity and the obstacle.

Following the ideas of [1] we use the Conley index and show that the index
of zero as invariant set in the associated parabolic flow is different from the
index of the maximal invariant set in a suitable large ball. Then there exists
an invariant set larger than {0}, so, by the variational nature of the flow, there
exists a second invariant point. For computing these indices it is natural to use
a continuation argument, passing to some “limit flows”. This requires proving
an index continuation result for flows with moving domains, which is done in
Section 2, generalizing the work of Rybakowski [13, 15].

In Section 3 the result described above is proved in a general abstract setting.
We use a nonsmooth variational approach which consists in viewing solutions as
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lower critical points of a functional of the type f(u) = a(u,u) + B(u) + Ik,
where a is a coercive quadratic form, B is asymptotically quadratic and If is
the indicator function of a closed convex set. By means of the theory of evolution
equations for maximal monotone operators (in particular for the subdifferential
of lower semicontinuous functions, see [5, 10]) we can construct the flow of the
steepest descent curves associated with f and regard the critical points as rest
points for the flow. Thus we can apply the results of Section 1 for finding
nontrivial critical points via the Conley index.

In Section 4 the application described at the beginning is treated; we fi-
nally point out that, although we just consider the Laplace operator, every-
thing can be repeated for a general strictly elliptic operator, without significant
changes.

The author thanks Professor Marco Degiovanni for numerous suggestions
received during the preparation of this work.

2. A continuation theorem for flows with variable domains

In all what follows (X,d) and (X,d") will be two fixed metric spaces. We
recall the concept of flow (see e.g. [8, 13]).

DEFINITION 2.1. Let w : X — ]0,00] be a lower semicontinuous function
and set D, = {(z,t) € X x [0,00[ | t <w(x)}. Let & : D, — X be a continuous
map with the properties:

(a) ®(z,0) =z for z € X
(b) ifx € X, t <w(x), s <w(P(z,t)), then t+s < w(x) and (P(x,t),s) =
O(z,t+ s).

In this situation we say that (X,w,®) is a local unilateral flow (briefly a flow)
on X. If w = oo, we omit w and write (X, ®).

DEFINITION 2.2. Suppose that for all o in ¥ we are given a flow (X, ,w,, @)
on a subset X, of X, where X, is endowed with the metric d inherited from X.
We say that ((Xo,we,Po))eex is a continuous family of local unilateral flows
(briefly of flows) in X if for all (o,,)n,00 in ¥ such that o, — op, and for all
(Zn)n,xo in X such that x,, € X, for all n and z,, — x¢ one has zy € X,,, and
furthermore for all (t,,)n, to in [0, oo[ such that ¢, — tg and tg < we, (zo) one has
eventually ¢, < w,, () and @y (x4, tn) — o, (2o, to)-

If w, = oo for all ¢’s, then we omit w, and write ((X,, ¥5))oes-

If X, = X independently of o Definition 2.2 is the usual one, given in [8, 13].
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REMARK 2.3. Let ((X,,ws, ®s))ses be as above, let U be an open subset
of X and, for ¢ in ¥ and z in X, NU, set

w((;U) - Sup{t < Wa(x) | (I)U(J?,t/) € U Vt/ € [O’t]}’
W (w,) = B, 1) if t < W) (@).

It can be easily checked that {(X, NU, w((,U), @S,U))}geg is a continuous family of

flows in X.

We now introduce some notations which are customary in the context of the
Conley index theory (see [13]). For ¢ in ¥ and a subset N of X we denote by
So(N) the maximal invariant set in the flow (X,,ws, @) which is contained in
NN X,. We say that N is a g-isolating neighbourhood (briefly N is o-isolating)
if S;(N) C int(N N X,) in the relative X, topology (since S,(N) C X, this
corresponds to requiring that S, C int(N)); if this is the case we say that
S = S,(N) is a g-isolated invariant set (briefly S is o-isolated). For a o-invariant
set S in the flow (X,,wy, ®,) we can consider the Conley index of S, which we
denote by Z,(S) (= Z,(Ss(N)) for some o-isolating neighbourhood N).

In the remainder of this section, og in 3 and a subset N of X will be fixed
and satisfy the following assumptions (which are taken from [13]):

(N.1) N is og-isolating and closed.

(N.2) There exists a neighbourhood W of o in ¥ such that for all (¢,,),, 0 in
W with ¢,, — o, for all (x,), in N with z,, € X, for each n, and for
all (tp)n in [0, co[ with

tn < Wo, (Tn);, Po, (s, [0,t,]) CN Vn, t, — o0,

there exist (25, )x and z in X, such that ®,, (n,,tn,) — .
(N.3) There exists a neighbourhood W of oy (which we can suppose to be the
same as in (N.2)) such that for all o in W,

Vee NNX, wy(x)<oo= 3t<ws(x)such that ®,(z,t) ¢ N.

The following properties can be easily proved.

PROPOSITION 2.4. If (N.1) and (N.2) hold, then

(a) S,(N) is compact for all o in W;
(b) there exists a neighbourhood W' of oo such that N is o-isolating for all
oin W'

To prove a continuation theorem for the index an additional assumption is
necessary, which is a sort of continuity of the sets X, at least in a neighbourhood
of Sy, (V). We assume the following condition.
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(C) There exist an open neighbourhood U of Sy, (V) in X, a neighbourhood
W of og (that we can suppose to be the same as in (N.1) and (N.2))
and a continuous map ¥ : W x U x [0,1] — X such that:

(a) U(o,z,0) =z for c € W and z € U;

(b) ¥(o,¥(0,x,t),s) = V(o,z,t +s) for c € W, x € U and ¢, s € [0, 1]
such that ¥(o,z,t) € U and ¢t + s < 1;

(c) U(o,z,t)=xforce W,z € UNX, and t € [0, 1];

(d) ¥(o,2,1) € X, for 0 € W and z € U.

REMARK 2.5. If assumption (C) holds, then the following property is true:
for all (6)n,0 in W with o, — o, for all (z,,)n,2 in U with 2, — z, and for
all (tn)n,t in [0,1] with ¢, — ¢, if U(oy, 2pn,tn) € Xo,, then ¥(o,z,t) € X, (in
particular, taking ¢, =t = 0 and o0,, = o fixed, one finds that X, N U is closed
in U, for all o in W).

PRrROOF. It suffices to note that the properties of ¥ imply
Voe W, Vz eU, Vt €[0,1] ¥(o,z,t) € X, & V(o,x,t) = ¥(0,2,1)
and exploit the continuity of W. O
Now we are ready to prove the main theorem of this section.

THEOREM 2.6. Let o¢ and N satisfy (N.1)-(N.3) and (C). Then there exists
a neighbourhood Wy of og such that

T, (Se(N)) = Ty (Sog (N)) Yo € Wo.

Proor. If S, (N) = 0, it is easy to prove that S, = ) for o in a neigh-
bourhood of ¢, so the theorem is true in this case. Assume Sy, (V) # 0 and let
U, W, ¥ be as in (C). For ¢ in W and z in U set

t1(o,x) = sup{t € [0,1] | ¥(o,z,t') € U Vt' € [0,1]},
to(o,z) =min{t € [0,1] | ¥(o,z,t) € X,}

(the fact that t3(o, ) is a minimum is a consequence of Remark 2.5). We claim
that ¢ is lower semicontinuous and %9 is continuous in W x U. The lower
semicontinuity of ¢; and to follows easily from the properties of ¥ and the fact
that U and U \ X,, are open. The upper semicontinuity of ¢3 is an immediate
consequence of Remark 2.5.

Now we can set, for ¢ in W and z in U,

Bolz) = ti(o, ) it U(o,z,t1(0,x)) ¢ U,
7 ta(o, ) + we(¥(o,z,1)) otherwise.

Note that in the second case t1(o,z) = 1, since U is open; also note that Wy (x)
>0 for all 0 in W and z in U. We claim that the map (o, x) — &, (z) is lower
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semicontinuous. To see this we take o in W, z in U and ¢ < &, (z); we distinguish
two cases:

1. @Wy(x) = t1(0,x): then by definition to(o,x) > t1(o, x), which implies
that for (o/,2’) in a neighbourhood of (o, z) we have both ¢1(¢’,2") >t
and to(o’,2") > t and therefore W, (z') > t;

2. Wo(x) = ta2(0,2) + we(¥(o,2,1)): then ¥(o,z,[0,1]) C U and since
¥ is continuous, taking (¢/,2’) in a neighbourhood of (o,z) we have
U(o’,2',[0,1]) C U and &y (2') = ta(0’,2") + wer (¥(o’, 2, 1)); then the
semicontinuity follows from the semicontinuity of (o, ) — wy(x) and
the continuity of ¢ and V.

Finally, for o in W we define D, = {(z,t) € U x [0,00[ | t < @o(z)} and
&)g : 50 — U by
~ V(o,x,t if t < ta(o,x),
S LA 2(0:2)
D, (V(o,x,1),t —ta(0,x)) otherwise.

It is easy to check that ((U,o,, 50))06{4/ is a continuous family of flows having
the same fixed domain U. It is also immediate that a subset S of U is invariant
with respect to 50 if and only if S C X, and S is invariant with respect to ®,,.

Now we take a closed set N such that N C U and Sy (N) = S, (N) (this can
be done using the compactness of S, (NN) and the fact that U is a neighbourhood
of S;,(N)). We can suppose, possibly reducing W, that N is o-isolating and
that Sy(N) = S,(N) for all o in W (use (N.2)).

It is also straightforward that oo and N satisfy (N.1)-(N.3) in the family
of flows (U, @y, ®y))sew: then we can apply the results of [13] concerning the
continuation of the Conley index to obtain

io(go(ﬁ)) = iao(gao(ﬁ)) VoeW

(possibly reducing W), where fg denotes the Conley index with respect to the
flow (U, @,,®,). To conclude the proof we just need to show that

Z,(S5(N)) = Z,(S,(N)) Vo e W.

To this end let ¢ € W be given and let (N7, N2) be an index pair in the
isolating neighbourhood N N X, relative to the flow (X,,wy, ®,) (see [13]). Set
Ny ={z € N | ¥(o,z,t) € NVt e [0,1], ¥(o,2,1) € Ny},

No={z e N|U(o,z,t) € NVtel0,1], U(o,z,1) € Ny}
(one could as well take Ny = N,). We prove that (Nl,Ng) is an index pair in
N, relative to the flow (U By, ®,). It is clear that Ny and Ny are closed and

pos1t1vely invariant in N. It is also evident that the exit set for N, is contained
in Ny. What remains to be proved is Sy(N) C int(N;). If this were false we
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could find a sequence (x,), in U such that z,, ¢ Nl for all n and converging
to some  in S,(N). On the other hand, for n large, ¥ (o, zy, [0,1]) C N (since
Sy (N) C int(N)) and therefore W(o, z,,,1) ¢ Ny. Passing to the limit we obtain
z € S;(N) \ int(Ny), which contradicts the properties of Ny. So (Ny, Ny) is an
index pair in N. Now taking the map H : (N7, Na) x [0,1] — (Ny, N3) defined by
H(z,t) = U(o,z,t), we conclude that the pair (]\71, Ng) has the same homotopy
type as (N7, N). This implies that Ny /N has the homotopy type of Ny /Na,
and so the indexes are the same. Thus the theorem is proved. O

3. Nontrivial solutions for asymptotically
linear variational inequalities

Let H, L be two Hilbert spaces such that H C L and the embedding i : H —
L is compact. Let a: H x H — R be a symmetric bilinear quadratic form such
that there exist two constants C' > 0 and v > 0 with the properties:

(1) a(u,v) < Clluflulvla  Vu,v € H,

(2) a(u,u) > v|u||% Yu € H.

Furthermore, let B : L — R be a differentiable function such that
1B'(u) = B'(v)lle < M|lu—vlly Vu,v€L, B(0)=0=B(0),

for a suitable constant M (the condition B(0) = 0 is not very relevant, one can
always subtract B(0) without affecting anything of what follows). Finally, we
consider a convex set K, closed in H, such that 0 € K.

We are interested in finding nontrivial solutions of the variational inequality

3) {a(u,v—u)+(B'(u),v—u>L20 Yo e K,

u e K.
The main result is the following.

THEOREM 3.1. Let a,B,K be as above and suppose that there exist two
linear symmetric operators on L, which we denote by B”(0),B"(c0) : L — L,
such that

(4)
(then || B"(0)]

iy MB(W) = B"O)ulr _ | B’ (u) — B"(c0)ullL
lullz—0 Jul| T oo [[ullL
L <M and |B"(00)||r,r < M) and define

bo(u,v) = (B"(0)u,v)r, boo(u,v) = (B"(c0)u,v)r.

=0

Moreover, set

(5) Ko = H-closure of U{u|au€K}, Koo:m{u|ou€K},
o>0 >0
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and denote by ()\%O))n, (A%“))n the eigenvalues of the forms a+by, a+ by, respec-

tively, setting for convenience )\00) = )\éoo) = —o0. Assume that there exist two
distinct integers ig,i0 and two linear spaces Ho, Hoo such that dim(Hg) = i,

dim(Hoo) = ioos AV <0 <A, A <0 < A and

10 10+12 Ve
(6) HO C KOa sup {a(ua U) + bo(U,U)} < 07
’U,GHQ,HUHHII
(7) H, C Koo, sup {a(u,u) + boo (u,u)} < 0.

UEHoo,||ullp=1
Then there exists a solution u of (3) such that u # 0.
To prove Theorem 3.1 we introduce some additional notations: for o € ]0, oo[

we set

1 1 1
(8) Ba’(u) = EB(O'U’)a BO(U) = ibO(uvu)a Boo(u) = iboo(uvu)a
(9) K,={ue H|oue K}
We also define the functionals f, : L — R U {co} by

ta(u,u) + B,(u) ifu€ K,
folu) = ,

00 ifue L\ K,.

Now we have some lemmas.

(10)

LEMMA 3.2. The following facts are true:
(a) For all 01,02 in [0,00] with 01 < 03, K,, C K, .
(b) For every oq in ]0,00], Koy =\, 0, Ko-

(c
(

)
)

d) If o, — op in [0,00], u, A ug and uy, € K, for all n, then up € Ko, .
)

(e

For every og in [0,00[, Ko, = H-closure of U, ., Ko-

If 0, — 09 in [0,00] and ug € Ky, then there exists (un)n such that
up, € Ky, for all n and u, LA Uug.

(f) Denote by P, : H — K, the projection onto K,; then the map (o,u) —
P,(u) is continuous on [0,00] x H.

PROOF. (a) is trivial. We prove (b): for all ¢ < g we have K,, C K, so
Koy C(Nyeo, Ko conversely, if u € (1, ,, Ko, then ou € K for all o < og and
therefore ogu € K, that is, u € K, since K is closed (this for the case o¢ < o0;
otherwise the conclusion follows from the definition of K).

We prove (c): for all o > 09, K; C Koy, so (H-closure of |J,., Ks) C
K,,; conversely, if u € K, then for all ¢ > o0g, (0¢/0)u € K, and therefore
u € H-closure of UU>UO K, (this for the case op > 0; otherwise the conclusion
follows from the definition of Kj).

To prove (d) and (e) it is sufficient to treat the two cases:

(i) on < g9 for all n,
(ii) oy > op for all n.
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We prove (d) in case (i): if o < 09, then eventually o,, > o so u,, € K, and
therefore u € K, ; this implies u € K, = K,,. In case (ii), (d) is obvious,
since K,, C Kq,.

o<og

To prove (e) in case (i) it suffices to take u,, = ug for all n, since K,, C Ky, .
We prove (e) in case (ii): first we take a sequence uj such that uj A up and
uj, € o}, for some o}, > 0y (we are using (c)). Now we can choose an increasing
sequence (ng)g such that o, < O’;C for all n > ng. Then we can define u,, by
Uy, = uj, for ng, < n < nppq; it is easy to check that u, A up and u,, € K, for
all n.

We prove (f). Let 0, — 0¢ in [0, 00]; we first show that P, (u) A P, (u)
for all w in H. Since || Py, (u)||g < |lullz (0 € Ky,,), we can find (ng)r and w in
H such that Py, K w; by (d), w € K,,. Now using (e) we can find (vy); such

that vy € Ko, for all k and vy A P, (u). Then

lu — wllg < liminf ||u — P, (u)||g < limsup ||ju — P, (W)l
k—oo k

— 00

< lim |lu —vi|lg = ||u = Poy (w) || a-
k—oo

Hence w = Py, (u) and [lu — Py,
P

O'»n,k

(W|lg — |Ju — Pyy(u)||g. This implies that
(w) A P, (u). Since the previous argument can be repeated for every

subsequence of (o)., we have P, (u) A P, (u). Finally, if u,, — ug, we have

1Py, (un) — Poy(wo) g < || Py, (un) — Po, (wo)|la + || Py, (u0) — Poy (uo)l|a
< Nlun —uollg + ||Ps, (o) = Poy(uo)||zr — 0,

which gives the conclusion.

LEMMA 3.3. Let 0, — og in [0, 0] and u, L wg. Then B (un) L B, (uo)
and By, () — By, (up).

PrOOF. The assertions are clear when o € |0, 00[. We carry out the proof
in the case o9 = 0 < o, for all n. We have

L B/ (o) — B"(0)(uo)

On

1
— B (onun) = B'(onuo)||.

n

1 ,
+ —||B'(0nu0) — B"(0)(0nuo)ll

n

1B, (un) — By (0) (o)l

L

IN

1B (onto) = B"(0)(gnuo)|

< Mlun — uol|z + [luollz lonuol| L
n

— 0.
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The proof of the case o0y = oo is similar. For the second assertion just notice
that

1
By, (1) = / (B, (tun), un)y dt
0

and (Bl (tun),un)z — (Bhy(tuo),uo)z, [(Bh, (tn),un)c] < Mlfun|3 for all ¢

i 0,1],
LEMMA 3.4. The following assertions are true:
(a) D(fs) = Ko for all o in [0, 00].
(b) If 0 €]0,¢],u € K, and o € L, then (using the L norm)
a €0 fo(u) & alu,v —u) + (B, (u),v —u)p > (a,v—u)p Vv € K,.
(¢) For all u,v in K, and o in 0~ f(u),
o) = fo(u) + (v — u)r — Mo —ul7.
(d) For all o in [0,00] and for all uy in K, there exists an absolutely
continuous curve U : [0,00[ — L such that U(0) = uy and
Uut) € K, Vit > 0,
aU(t),v —U(t))
+(Bo(U(t) +U'(t),v U( )L
FoU(t1)) = foU(t2)) = [ 1 (0)]
Furthermore, if we set ®,(u, ) Ut), then (Ko, Po)sefo,00) 5 a con-

tinuous family of semiflows, according to Definition 2.2, with respect to
the H norm (that is, X = H in Definition 2.2).

(11)
0 Ywe K, ae t>0,

>
2dt Vit ty >0t <to.

PROOF. (a) is trivial. The proofs of (c) and (d) are formally identical to
the proofs of Section 3 in [7]. The first part of (d) corresponds to the existence
of the solution for the evolution problem associated with f,, which follows in a
standard way from (c) (see e.g. [10, 12]). To prove the continuous dependence
on o, u,t we show that, if o, — o¢ in [0, o], then

foo =T7(L) lim f,,

n—oo

(for the notion of I' convergence we refer to [2, 9]). For this let u, L up and
sup,, fo, (un) < co. Then u, € K, for all n and, by (1) and Lemma 3.3, u,
is bounded in H, so we can suppose that wu, A ug. By Lemma 3.2(d), we
deduce ug € K,,. Moreover, using Lemma 3.3 we get B, (u,) — By, (ug) and
by the weak lower semicontinuity of u +— a(u,u) in H we also have a(ug, ug) <
liminf,, a(u,, uy). Collecting all these things we obtain

foo(ug) < liminf f, (uy),
n—oo

which is the first part of I' convergence.
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On the other hand, take uy in K,,. By Lemma 3.2(d) there exists (u,)n

such that u,, € K,, for all n and u, LA ug. From the convergence in H we get

foo (o) = nh—{go Jon (Un),

which is the second part of I' convergence.

Furthermore, since any sequence (u, ), with f, (u,) bounded is bounded in
H, hence relatively compact in L, it follows that (f,, ), is asymptotically locally
equicoercive as defined in [10]. Using the results in Section 4 of [10] we get, for
all ¢, — to in [0, 00],

Un 2 g = Uy B g, o, (Un) = foo(uo)
L
= q)a'n (unatn) - (I)O(antO)a fan ((bon (un7tn)) - fao (‘bo(U;o,to))
= (I)an (unatn) g (I)O(u(JatO)a

which implies (d).

LEMMA 3.5. Let o, — og in [0,00], (Un)n, (n)n be such that u, € K,

for all n, ||un|lg is bounded, u, L Uug, n L g and for all n,

On n?

a(tpn, v —uy) + (B (up) + @, v —up)p >0 Yo e K,
Uup € Ko .

H
Then u,, — ug and

a(ug, v —ug) + (B} (ug) + o, v —ug)r >0 Vo € Ko
Ug € KUO.

Proor. It is clear that u, A uo, fo, (un) is bounded and «,, € 0~ f,, (up).
Using Remark 1.14 and Theorem 1.17 of [10], we see that f, (un) — fo,(uo)
and ag € 97 fz, (uo), so the limit inequality is fulfilled. In particular, using (3.3),
we get a(un,u,) — a(ug,ug), hence u, LA ug, since (u,v) — a(u,v) is an inner
product equivalent to (u,v) — (u,v)g.

PROPOSITION 3.6. The family of semiflows (Ko, ®s)scio,0c] Satisfies the
compactness assumption (N.2) of Section 1, with respect to any bounded closed
subset N of H.

PRrROOF. We prove that for all ¢ in [0, 0o], for all ug in K, and t > 0, if U is
the solution of (11) with starting point ug then

ﬁW@—LW@»U:m_
t

(12) |uumus(
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To see this let 0 < ¢ < t'; using 3.4 with u = U(t), v = U(t') and o = —U/(t)
(which exists for all ¢ > 0: see [10]) we get
FeU(t) = foU®) = = U O IUE) = UE)lL — MIUE) = U

Since

foUE)) = f-UR)) = _/t ()2 dr < — ([: IILi/(i>l|LdT)

and
Uy - Ul < / W (7)1 dr,

setting p(t) = ftt/ U (1)L dr, we have

ppio) < (31 = 1 )i

With standard calculations this yields

p(t) <@6Mt
t—t = t

and letting t' — ¢,

t 1/2
L T e

Now let N be a closed bounded subset of H, let o,, — o¢ in [0, 00], (up,), in
H be such that u, € NNK,_, let t, — oo and let Uy, ([0, t,]) C N, where U,, are
the corresponding curves with starting point w,. By (12), U/, (¢,) is bounded in
L, since U, (t,, — 1) are bounded. We can suppose, considering a subsequence,
that Uy, (tn) K up and Ul (tn,) L & for suitable ug in Ky, and v in L. Using 3.5
we get U(ty) .

REMARK 3.7. For any o in [0, 0o] the flow (K, ®,) has the following prop-
erty: if S is an invariant set with respect to (K, ®,), then either S is a single
point or it contains at least two rest points (namely points which are lower critical
for f,). In particular, any isolated rest point is an isolated invariant set.

PrROOF. Let S be invariant. Since S is compact, there exist uq,us in S such
that f, attains its maximum (resp. minimum) at u; (resp. uz). It is easy to see
that u; and ug are rest points and that, if u; = ug, then S = {u;}.

PROPOSITION 3.8. Condition (C) of Section 1 is satisfied for every closed
bounded subset N of H.

PRrROOF. It suffices to take a bounded neighbourhood U of N and define

Py(u) —u

U(o,u,t) = u+ ((tD) A || Py(u) — UIlH)m
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for all g in [0,00], w in U and ¢ in [0, 1], where D is the diameter of U. Using
Lemma 3.2(f) we find that ¥ is continuous; the other properties required are

very easy to check.

PROPOSITION 3.9. Let a : H x H — R be as in the previous context and
letb: LxL — R bea symmetric bilinear form continuous on L. Let K be a
closed convex cone in H. Define a = a +b and denote by (Xn)n the eigenvalues
associated with a, XO = —oo. Assume that there exist an integer i and a linear
subspace H such that dim(H) =i, A\; <0 < A\j41 and

HC K, _sup a(u,u) < 0.
u€H, |ullp=1

Then

(a) There are no solutions of the problem
a(u,v—u) >0 YoeK,

(13) ~

ue K,
except the trivial one.

(b) The Conley index Z({0}) of 0 as an isolated invariant set in the flow
associated with (13) (using the functional f(u) = a(u,u) + Iz (u)) is
equal to S;, the i-dimensional sphere (more precisely, to the pair (S;, p)
with p € S,)

PROOF. (a) Assume by contradiction that a solution u of (13) different from
0 exists. Taking v = u 4+ u for @ in H and v =0,2u (all are in K since K is a

cone) we have
(14) a(u,w)=0 VueH, a(u,u)=0.

Then u ¢ H S0, setting H=Hea span(u), we have dim(ﬁ) =14+ 1 and, using
(14) we get (@, @) < 0 for all @ in H. But this contradicts A4 > 0.

(b) Let H' = {«/ € H | a(«/,u) = 0 Va € H}. With standard _arguments we
can define a continuous linear operator P : H — H such that u— Pu € H' for all
win H. For p > 1 and w in H we set ag(u u) = a(Pu, Pu) —i—ga(u— Pu,u— Pu)
and deﬁne the functionals f,, foo : K — R U {00} by f,(u) = 1a(u,u) and
foo( ) = Ya(u,u) + Iz (for u in K). Tt is easy to check that, for o fixed, each
fg generates a semiflow (IN( , (EQ) or (I;T , (7500) which satisfies all the assumptions
required to consider the index.

Now let ¢ > 0 be fixed and set I?; ={ueK| fg(u) < ¢} for p < oo and
I~(§O = H. Since ]79 decreases on the p-flow, we can consider the flows (I?g, 59).
Using the same arguments of the previous lemmas we can easily show that the
latter flows form a continuous family of flows (while the former do not) and that
the compactness assumption (N2) of Section 1 is satisfied. Finally, we claim that



ASYMPTOTICALLY LINEAR VARIATIONAL INEQUALITIES 199

also condition (C) of Section 1 is satisfied. For this take U = B(0, R) N K and
define

- —a(Pu, P
||u—Pu||H<1—\/~c~ a ik ) )vo if o < o0,
t(o,u) = oa(Pu — u, Pu — u)

lu— Pullu if 0 = o0,

~ Pu—u

(t(o,u) is “the first point on the segment between u and Pu such that j?g(u) <
¢”). It is simple to check that W is continuous and satisfies (C) of Section 1. It is
straightforward to see that the index of {0} in (K, ®;) is the same if computed in
(K¢, ®,), since for  small, B(0,r)NK C K¢. So we consider the flows (f(g, (Eg).

Using (a) we deduce that 0 is the unique critical point of fg for all ¢’s in
[0, 00]; then, by the continuation argument proved in Section 1, the p-index of 0
is the same for all ¢’s. But the index is easily computed if p = oco since H has
dimension i and all the boundary of (for example) the unit ball is made up by
exit points. Then, with the obvious notations,

Z({0}) = T.({0}) = Zu({0}) = Bi/0B; = S

and the desired assertion is proved.

PrROOF OF THEOREM 3.1. We argue by contradiction and suppose 0 to be
the unique solution of (3), that is, the unique critical point for f.

Using the assumption (7) and Lemma 3.9 we find that the ball B(0,1) is an
isolating neighbourhood for 0 in the flow (K, Poo) and Zoo({0}) = S;.. By
Theorem 1.6 there exists @ such that B(0,1) is o-isolating for all o € [7, c0].
We set R = 7 and claim that B(0, R) is o-isolating for all o € [1,00]. For, let
o € [1,00] and o : R — B(0, R) be a bilateral orbit in B(0, R), relative to the
o-flow. If we define 0 : R — L?(Q) by o(t) = Lo(t), we can easily see, using
the definition of f,, that o is a bilateral orbit for the oo-flow, lying in B(0,1).
Then 0 is in int(B(0,1)); because B(0,1) is oo-isolating; hence o is contained in
int(B(0, R)): this means that B(0, R) is o-isolating.

In this way we also see that, for all o in [1, 00|, Z,(S,(B(0, R))) = S;_; then
7, ({0}) = S, since S1(B(0, R)) = {0} for R > 0, 0 being the unique invariant
in the 1-flow.

Using similar arguments we can prove, on the other hand, that, for a suitable
r >0, B(0,r) is o-isolating for all ¢ in [0,1] and Z,(S,(B(0,7))) = S;, for all &
in [0,1]. But, as before, this implies Z; ({0}) = S,,, which is contradictory, since
o 7 oo 0
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4. An application to obstacle problems

Let © be a bounded open subset of RY. Let ¢ : Q — [~00,0] and 5 :
) — [0, 00] be two functions such that ¢; is quasi-upper semicontinuous and ¢s
is quasi-lower semicontinuous (see [3]). We consider the convex set

K = {ueW,?Q) | o1(zx) < (x) < po(x) for quasi-every = in Q},

where for every u in W,*(Q), @ is the quasi-everywhere continuous function
defined quasi-everywhere by

_ , 1
ufz) = AI—I% meas(B(z,r)) /B(%T) u(€) dg

(see [16]). We also consider a function g : 2 x R — R such that s — g(z, s) is of
class C! for almost all z in Q, x — g(x, s) is measurable for all s in R and

(1)  there exists M > 0 such that |g/(x,s)] < M for x € Q and s € R;
(2)  g(x,0) =0 for z € Q;
(3)  there exists a function mes : 2 — R such that me(x) = lim,_o0 g4 (2, 5)

uniformly with respect to x.

For convenience we set

(4) mo(z) = g4(,0).

Furthermore, we set

F) ={z € Q| ¢1(x) =0}, F) ={z €Q|¢a(x) =0},
F* ={z € Q| ¢i(x) = —o0}, F3*={zeQ|d(r) =00},

and denote by ()\510))”, (,\ﬁfo))n, (u%o))n, (NS{’O))n the eigenvalues of —A (the
Laplace operator) in the following closed subspaces of H = W, *(Q):

Hy = {u € H| % =0 for quasi-every = in F{ N FY},

Hy ={u € H|u=0 for quasi-every x outside FT° U F5°},
Hl) = {u € H| =0 for quasi-every z in F{ U Fy},

H! ={u€ H|u=0 for quasi-every z outside Ff° N F3°},

where of course /\Z(.O) < ,u(o) < /\Eoo) < u(oo); for convenience we agree that

U i

)\60) = u(()o) = )\éoo) = ,u(()oo) = —oo (we are assuming that H is not trivial, so
there are “a lot of points” at which ¢; = —oo and ¢2 = 00).

We also introduce G : 2 x R — R given by G(zx,s) = fos g(z,0) do.
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THEOREM 4.1. Let @1, w2, K and g be as above. Suppose there exist i,j € N
such that i # j and

wi < inf mo(z) < supmo(z) < Aji1,
ze zeQ

pi < inf Mmoo (z) < sup meo () < Ajy1-
e 2€Q

Then there exists a nontrivial solution of the variational inequality

(5) {/QDUD(vu)dx/Qg(:v,u)(vu)dxzo Yo e K,
u € K,

in addition to the trivial one (u = 0).

PROOF. We use Theorem 3.1 with H = Wy'?(Q), L = L?(0,T; H), and

alu,v) /Du )Dv(x /Gxu
B/

"(0)u = mou, B"(c0)u = meou.

It is clear that B’(u) = g(-, u) so the variational inequality (3) corresponds to (5).
Using the assumptions on g it is simple to check that B fulfills the requirements
of Section 2. Moreover, it is also simple to see that

Ko={ueW;?Q)|u&>0qe on F,u <0 qe. on FY},
Koo = {u e Wy (Q) | & > 0 q.e. outside F{, u < 0 q.e. outside FY}.

So Hj C Ky and H. C K if we consider the spaces
Hy = span(e),.. ., €}, Ho =span(fl,..., f),

where (e/,),, and (f]),, denote the eigenfunctions of —A on H}, H._ respectively,
then it is clear that Hy and H, satisfy the assumptions (6) and (7) of Theorem
3.1, with ig = j and i, = 4. Then the conclusion follows from Theorem 3.1.

A simpler version of the previous theorem is the following.

COROLLARY 4.2. Let Q be a bounded open subset of RN and F C Q a closed
set. Let @1,p2 : FF' — R be two functions such that v1 < 0 < @9 in F, o1 is
upper semicontinuous and o is lower semicontinuous, and consider the conver
set

K={ueW;?Q)| o1 <u< gy onF inthe Wy*(Q)-sense}
(that is, u € K if and only if u is the WY2(Q) limit of a sequence (uy)n
of functions which are Lipschitz continuous, with support in Q0 and such that
b1 < up < o in Q). Let g: Q xR — R be such that s — g(x,s) is of class C*
for almost all x in Q, x +— g(x,s) is measurable for all s in R and
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o there exists M > 0 such that |g.(z,s)| < M for z € Q and s € R;

o g(z,0) =0 forx € Q;

e the limits mo = lims_, gi(z,s) and Mmoo = lim,s_, o gi(x, s) exist uni-
formly with respect to x.

Denote by (\y)n the eigenvalues of —A in H = Wy*(Q) and by (N,), the
eigenvalues of —A in the closed linear subspace H' = W01’2(Q \ F) with Ao =
Xy = —oo. Suppose there exist i,j € N such that i # j, \j < my < \j11 and
Aj < Mmoo < Njyy. Then there exists a nontrivial solution of the variational
inequality (5) in addition to the trivial one (u = 0).
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