Topological Methods in Nonlinear Analysis
Journal of the Juliusz Schauder Center
Volume 8, 1996, 315-326

ON SOLVABILITY OF SOME BOUNDARY VALUE PROBLEMS
FOR DIFFERENTIAL EQUATIONS WITH “MAXIMA?”

EUGENE STEPANOV

The method of a priori estimates based on the Leray—Schauder topolog-
ical degree theory is developed to establish the existence of solutions to general
boundary value problems for differential equations with “maxima”.

1. Introduction

In the theory of automatic control of various technical systems it often oc-
curs that the law of regulation depends on maximum values of some regulated
state parameters over certain time intervals [8]. This is especially the case for
stabilization systems, where the regulated quantity usually represents the devi-
ation of some state parameters from the given value. The mathematical models
for such systems naturally include boundary value problems for differential equa-
tions with “maxima”. As a typical example, consider the following rather general
boundary value problem on a finite time interval:

x = f(t,x(t), max,cg() x(7)), t € [a,b],

(1) x(t) =0, t & la,b],
¢(x) =0,

where x : [a,b] — R" is an unknown vector function, S(t) C R, max, ¢ g« x(7)
stands for the vector with the components max eg) zi(7), i = 1,...,n, f :
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[a,b] x R™ x R™ — R™, and ¢ is some vector functional over a space of vector
functions on [a,b] to be specified in the sequel, which represents the boundary
conditions. We emphasize that the additional assumption x(¢) = 0 for t ¢ [a, b] is
unnecessary if S(t) C [a, b] for all ¢ € [a, b]. In the opposite case, however, one can
expect different types of such additional assumption depending on applications.
For example, instead of x = 0 it can be required that x(t) = @(t) outside the
interval [a, b], where @(-) € R™ is some given vector function, or x(t) = x(a) for
t < a and x(t) = x(b) for t > b. Furthermore, the right side of the differential
equation in (1) can also be more complex, e.g. there can occur the dependence on
maximum values of different components of the state vector x on different time
intervals. It is also worth noting that in most real systems the law of regulation
depends only on the past and present state, and thus S(¢) C [—o0,t]. In this case
one observes an obvious analogy with retarded functional differential equations.

The questions of solvability of problems of the above type have recently been
raised by V. G. Angelov, D. D. Bainov and S. G. Hristova [1, 4]. In particular,
in [1] initial value problems for some differential equations with “maxima” were
considered in a rather restricted space of continuously differentiable functions
with bounded (on the whole real axis) derivatives, and Cauchy—Picard’s type
existence and uniqueness results were obtained under suitable Lipschitz conti-
nuity assumptions on the right side. In [4] the periodic boundary value problem
was studied by means of monotone iterative techniques with S(t) := [t — h, ],
h > 0, and under some monotonicity assumptions on the right side.

In this paper we continue the research in this field and develop the method
of a priori estimates to get existence results for rather general boundary value
problems of type (1). It will be shown that such problems fit well in the the-
ory of abstract functional differential equations [3], and their solutions will be
searched in spaces of absolutely continuous vector functions. Our results stated
in Section 3 are essentially based on a special development of the Leray—Schauder
topological degree theory, which will be presented in Section 2. In the general
statements of Section 3 we do not assume that S(t) C [—oo,t], thus allowing
the dependence of the law of regulation on the future. However, we show in a
particular example how such a requirement can help in establishing existence
of solutions via majorant techniques like those developed for general functional
differential equations by V. P. Maksimov [3].

2. Abstract groundwork

Function spaces. Let LP(a,b) stand for the standard Lebesgue space of
functions integrable on the interval (a, b) with exponent 1 < p < oo (or essentially
bounded when p = c0). In the sequel we make an extensive use of the space
L? ((a,b); R™) (denoted by LP for brevity) of functions with values in R with
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components in LP(a,b), equipped with its usual norm

(2 [x(r)[Pdr)i/P, 1< p< oo,
x|, =

ess Sup[, ) |x(t)], p=o0,

where | - | stands for the norm in R™. We denote by AC? the space of vector
functions with absolutely continuous components and with derivatives in LP,
equipped with the norm ||x||scr := |x(a)| + [|X[|,. Also we denote by C,a,b]
(Ch,, for short) the space of all R"-valued functions with continuous components,
equipped with the usual maximum norm.

Abstract scheme. Suppose we have to solve a nonlinear boundary value
problem

@ ox) =0,

where x € X is an unknown, L : X — Y is some linear operator, F' : X — Y

{ Lz = F(x),

is a nonlinear operator, ¢ : X — R™ is a vector functional, generally speaking,
nonlinear, and X and Y are given Banach spaces. Let X be isomorphic to the
direct product of some Banach space E and the finite-dimensional space R™ by
an isomorphism

J:EXR"3 (u,\) — Au+ DA € X,
where A : F — X and D : R® — X. Assuming that Q = LA : F — FE is
invertible, we can then reduce the problem (2) to the form

{ u = F(u,N),

®) D(u,A) =0,

where u € E and A € R" are unknowns, F : F x R™ — FE is a nonlinear operator
and D : EF x R® — R"™ a nonlinear vector functional. To study the solvability of
the latter we apply the topological degree theory.

Leray—Schauder degree theory. For the purpose of this paper the Leray—
Schauder topological degree theory will be applied to mappings of the form

u—]—'(u,A)}.

) () = { )

Introduce regions (open bounded subsets) 3 C F and Qs C R™ and denote
their boundaries by 0921 and 02, respectively. Also, let Q = 0y x (.

To develop the Leray—Schauder degree theory one needs the compactness of
W, which is provided by the following assumption:

(C) F is a compact and continuous operator, and D is a continuous vector
functional which maps bounded sets into bounded sets.
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In fact, (C) clearly implies that the mapping ¥ is a compact perturbation of
the identity in £ x R™. Then the additional requirement of nondegeneracy
of the mapping ¥ on 09 is enough to define correctly the topological degree
deg(,,0), having all the ordinary properties (see [7]). We say that the map-
ping ¥ (the system (3)) is topologically nontrivial on the regions €3 C E and
Oy C R™ (is V(Qq,Q0), for short) whenever deg(¥,Q,0) # 0. Thus, if the
system (3) is V(€q, ), then it admits at least one solution (u,A) € 2.

To calculate the topological degree of ¥ we will use the following result
extending the analogous statements by J. Cronin [7] and S. A. Vavilov [10].
Consider an auxiliary finite-dimensional continuous vector field Dg(A) : R™ —
R™. In the sequel we will always take Dg(A) := D(0, A).

THEOREM 1. Suppose 1 C E is convex, F is a compact and continuous op-
erator, D is a continuous vector functional which maps bounded sets into bounded
sets, and:

(1) f(an,Cl QQ) C Ql,'

(11) Yu € ClQl, VA € 892, 0< |D('LL,7\) — Do()\)| < |D()(7\)|
Then deg(¥,Q,0) = deg(Dy, Q2,0). In particular, when the latter is not zero,
then the system (3) has at least one solution (u',N') € Q. The set of such
solutions can be approximated by the Galerkin numerical scheme applied to (3).

REMARK. Suppose 0 € Q. The statement of the theorem remains valid if
(i) is replaced by

AeclQo, t €[0,1], u=tF(u,A) = u & 0.

If, in particular, £2; is an open ball with center zero, then the latter condition
follows from the existence of a uniform a priori estimate for u € F from the first
equation of (3).

PrROOF OF THEOREM 1. Choose some ug € {2; and consider the homotopy

Wy A) = { u— (1 —t)ug — tF(u,N) } el

Do(A) + ¢(D(u, A) — Do(A))
Since 02 = 01 x ¢l U clQy x 9Ns, we observe that W, # 0 on 0N for all
t € [0,1]. Furthermore, clearly deg(¥g,$2,0) = deg(Dy, Q2,0) by the properties
of the degree [6]. Thus, noting the compactness of the above homotopy and
applying the homotopy invariance of the degree, we conclude the proof. O

To calculate the topological degree of ¥ we will also use the result stated
in [9] and connected with the analysis of the “iterated” mapping

®) ¥R ={ g
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THEOREM 2. If both U and ¥V have the compactness property (C), and one
of them is nondegenerate on OS2, then so is the other. Moreover, in this case

deg(¥,Q,0) = deg(TM), Q,0).

PROOF. The first part of the statement is obvious, for the sets of zeros of
¥ and UM coincide. To prove the second part, note that the “vector fields” ¥
and U can have opposite directions on 9 only if w = F(u,A). But in this
case their finite-dimensional components are equal and nonzero due to nonde-
generacy. Therefore, ¥ and W) never have opposite directions, which implies
the statement. O

3. Existence results

Let the boundary conditions in (1) be represented by a nonlinear vector
functional ¢ : AC? — R", 1 < g < co. Applying the isomorphism between ACY
and LI x R™ given by the formula

¢
J:L%XR”B(U,)\)'—)X:/ u(r)dr+A e ACY,

we reduce the original problem to the following system of type (3):
t T
u(t) = f(t,?\ —|—/ u(r) dr, max (05,7\ + max / u(s) ds)),
a TES(t) Ja

¢<7\+/atu(7)d7) ~o.

Here and in the sequel we write for brevity S(t) := S(t) N [a,b] and

0s(t) = { 0, S(t)#5(),

(6)

—c0, S(t)=S(t).

Assume, further, that the set function S(-) takes closed values and is measurable
in the sense that for any open V' C R the set

STLV) = {t| S(t) NV £ 0}

is measurable. Note that there are various measurability criteria for set functions
(see, for instance, Chapter III of [5]). In particular, our assumptions hold when
S(t) = [r(t), s(t)], where r(-) and s(-) are measurable (not necessarily almost
everywhere finite) functions. Finally, define

- (Sup Ute[a,b] g(t) — a) (¢—1)/q

b—a
To get a solvability result for the original problem, we can now use the topological
degree theory by applying Theorems 1 and 2.
We now pass to important particular examples.
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Consider a general nonlinear two-point boundary value problem for a differ-
ential equation with “maxima’:
x = f(t,x(t), max,cg4) x(7)), t€ [a,b],
(7) x(t) = 0, t & la,b],
h(x(a),x(b)) = 0,

where h : R?" — R™. After the above reduction the system (6) assumes the form
t T
u(t) = f(t,)\ +/ u(7) dr, max (0577\ + max / u(s) ds)),
a TeS(t) Ja

h<7\,7\+/abu(7)d7) =0.

THEOREM 3. Assume that the following conditions hold:

(8)

(i) f(t,x,y) is a Carathéodory vector function (i.e. continuous in (X,y) €
R?" for a.e. t € [a,b] and measurable in t for each (x,y)), while for a.e.
t € la,b],

x| <U, ly| <V = [ftxy) <at,UV), |ai,U V)| < (U, V),

|x1|§U|xz§U} ‘/b ’
= f(t,xq, — f(t, %2, dt) < o(U, V).
1] <V, lyal <V ’ (£(t,x1,y1) — £(t, x2,¥2)) 1(U, V)

(ii) The vector function h(x,y) is continuous, and
x| < U, |yil <V, |y2l £V = |[h(x,y1) — h(x,y2)| < (U, V)|y1 — yal.

(i) [Do(A)] = B(o2) > 0 if [A| = 02, while deg(Do, [A| < 02,0) # 0, where

b
Do(A) = h<7\,)\+ / f(T,?\,m&x(Og(T),?\))dT).
(iv) We have

(9) (02 + 01,00 +701) < 01/(b—a)le=D/a,
5(02, 02 + ®(02 + 01,02 +701))P1(02 + 01,02 +v01) < B(02)-

Then the two-point boundary value problem (7) has at least one solution x €
ACY, 1 < q < oo, satisfying ||X|, < 01/(b—a)4=Y/% and |x(a)| < 02-

REMARKS. 1. In (i) one may choose ®1(U,V) := 2(b — a)4~V/1®(U, V).
However, in applications one can often get sharper estimates.

2. The theorem also opens the way to numerical treatment of the original
problem (7). Namely, the set of pairs (u,A) in appropriate regions (see the
proof), which corresponds to the solutions of (7) found in the theorem, can be
approximated by the Galerkin numerical scheme applied to (8). The same refers
to all the statements below.
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PROOF OF THEOREM 3. Substituting the first equation of (8) into the sec-
ond, we obtain the system

t T
u(t) = f(t7 A+ / u(r) dr, max (05, A+ max / u(s) ds)) ,
a TES(t) Ja

(10) h<7\,7\+/abf<t,?\+/atu(7)d7,

max <os, A+ max [ u(s) ds)> dt> =0.

TES(t)

Obviously to any solution (u,A) € L% x R™ of the latter there corresponds a
solution x € ACY of the original problem (7). Consider the open balls B; C Lg
and By C R",

By = {u| |Jully < o1/(b— )"0}, By = (| A < o).

The statement will be proven if we show that the system (10) is V(By, Bs). For
this purpose we apply Theorem 1.

To verify the compactness assumption (C), note that according to (i) the
Nemytskii operator

N Ly x LY 3 (v, ve) = £(,vi(),va(-) € L}

is continuous and maps bounded sets into bounded sets. Now define formally an
operator M on the space C,, by

(Mv)(t) := max v(t).

For any v € C,, clearly (Mv)(¢) is measurable due to the Krasnosel’skii-Lady-
zhenskil lemma (see Lemma I11.39 of [5] or Theorem 6.2 of [2]) and bounded.
Thus M : C,, — L¢° and obviously it maps bounded sets into bounded sets. The
continuity of M follows from the fact that if a sequence of continuous functions
converges uniformly on [a, b], then their maxima on any compact subset of [a, b]
converge to the maximum of the limit function on the same subset, the rate of
the latter convergence being independent of the choice of the subset. Hence one
easily shows that the compactness of the nonlinear operator on the right side
of the first equation of (10) is ensured by the compactness of the imbedding
AC? C C,, while the continuity of the vector functional corresponding to the
second equation is provided by (ii). To conclude the proof it remains to observe
that conditions (i) and (ii) of Theorem 1 are ensured by (9). O

As an important particular case consider the boundary value problem
x = f(t,x(t), maXregs(t) x(7)), t€la,b],
(11) x(t) =0, t & la, 0],
x(a) = x(b) + &hy(x(a), x(b)),
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where h; : R?" — R" and ¢ € R is a perturbation parameter. For & = 0 this
is a periodic-type boundary value problem (however, one should not speak of
periodic solutions unless S(t) C [—o0,t]). One is therefore interested both in
existence of solutions for ¢ = 0 and in whether they do not disappear for small

values of €.

THEOREM 4. Assume that the following conditions hold:

(i) f(t,x,y) is a Carathéodory vector function, and for a.e. t € [a, b,
x| <U, [yl <V =[fExy)<at,UV), |oUV)|, <2U,V),

x1| < U, |x3| <U
yilzvlyz:<v} ‘/ (t,x1,y1) = £(t, %2, y2)) dt| < &1(U, V).

(ii) The vector function hi(x,y) is continuous.

(iil) | Do(N)| > B(02) > 0 if |A| = 02, while deg(Dy, |A| < 02,0) # 0, where

b
Do(A) :/ f(r, A\, max(0s(7),A)) dr.
(iv) We have

{ ® (02 + 01,00 +701) < 01/(b—a)la=V/a,

(12)
®1(02 + 01,02 +v01) < B(02).

Then there is €& > 0 such that for each & with |£] < & the boundary value
problem (11) has at least one solution x¢ € ACE, 1 < ¢ < 00, satisfying ||Xellq <
01/(b—a) @Y/ and |x¢(a)| < 02.

REMARK. As will be clear from the proof, one can in fact also assert that
as £ — 0, the sets of solutions to (11) found in the theorem are uniformly “at
tracted” to the set of solutions to the unperturbed problem with £ = 0 (see [6]).

PROOF. Write out the system of type (3) corresponding to the original prob-

t T

u(t) = f(t, A+ / u(r) dr, max (OS, A+ max / u(s) ds)),

a T€S(t) Ja

b b
/ u(r) dr + ¢y (7\,7\ +/ u(r) d7-> —0,
and consider the iteration, as introduced by (5), of the system obtained by setting
&E=0:
t T
u(t) = f<t,7\ +/ u(7) dr, max (05,7\ + max / u(s) d5>),
a T€S(t) Ja

b t T
/ f(t,)\ + / u(7) dr, max (05,7\ + max / u(s) ds)) dt = 0.
a a TES(t) a

lem:

(13)

(14)
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Let By and By be the balls introduced in the proof of Theorem 3. The as-
sumptions imply that (14) is V(B;, B2) according to Theorem 1. Applying the
iteration theorem 2, one observes that the system (13) for £ = 01is also V(By, Bz).
The desired conclusion follows now from the stability of topological degree with
respect to small perturbations of the mapping [6]. O

Another classical application is the Cauchy problem
x = f(t,x(t), max,cg() x(7)), t€ [a,b],
(15) x(t) =0, t & la,b],
x(a) = Ao,

where Ag € R™. Tt is worth noting that the system (8) in this case is reduced to
a single equation:

(16) u(t) = f(u Ao + /at u(7) dr, max (03, Ao + 322(’; /aT u(s) ds)).

The following statement can be obtained either as a simple corollary of Theo-
rem 3 or independently by applying the Schauder fixed point principle to (16).

THEOREM 5. Assume that the following conditions hold:

(i) £(t,x,y) is a Carathéodory vector function, and for a.e. t € [a, b,
x| <U, ly| <V = [f(t,x,y)] < at,U,V), |a-U V)|, <®U,V).
(ii) We have
(17) ®(|Ao| + 01, Ao| +701) < 01/(b—a)a= /4,

Then the Cauchy problem (15) admits at least one solutionx € ACI, 1 < g < oo,
satisfying X[ < o1/(b — )=/,

It should be noted that usually one can get significantly stronger results on
solvability of boundary value problems of the above types provided that the
assumption S(t) C [—oo,t] holds. In fact, the operator M introduced in the
proof of Theorem 3 is a Volterra operator. This simplifies the situation and
enables one to use various majorant techniques described in [3] (in particular,
Cauchy majorant problems) to get the necessary a priori estimates. To show
this we make the above-mentioned assumption in the following simple example
which rather frequently appears in applications (see, for instance, the model of
stabilization system for a direct current generator [4]):

(18) { X = f(t) + B(t) maXres(t) X(T)a te [(L,b],
x(t) = x(a) = x(b), t<a,

where B(:) is an n X n matrix function, and F(-) is a vector function. For

brevity set B := [P B(t)dt, F := [* F(t)dt, B == [*||B@)||dt, £(t) :== |F(t)],
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b(t) := [||B(®)||l, where ||| - ||| stands for the matrix norm compatible with the

J(t) = b(t) exp ( / b dr) .

THEOREM 6. Let f € LY, b € L{ and 0 := infj5j—1 |[BA| > 0. Then the
problem (18) admits at least one solution x € ACY, 1 < q < oo, provided that

norm in R™. Also, let

(b—a) =9 |51 < 6.

PROOF. Write out the system of equations of type (3) corresponding to the
problem (18):

u(t) = () + B(t) ()\ + max <05, max / " als) ds) > ,

(19) b T
F+ BA+ / B(t) max <OS, max / u(s) ds) dt = 0.
a )Ja

res(t
We will prove that for some B; C L% and By C R™ this system is V(By, Ba)
according to Theorem 1, and thus show the statement. In fact, let B; be as in
the proof of Theorem 3 and By C R™ be the ball |A — A*| < g9, A" := —B~1F.
Consider the auxiliary vector field

It is clear that deg(Dg, Bs2,0) # 0 and |Dg(A)| > 6o when |[A — A*| = go.
Condition (ii) of Theorem 1 then holds provided that

(20) Bro1 < Boo.

Now turn to the first equation of (19). To abbreviate the notation, let y(t) :=
|u(t)| and yo := |A|. Obviously this equation implies

0 < 10+ 30 (m+ [ ) i)

and constructing the Cauchy majorant problem and using a Chaplygin type
result on differential inequalities [3] one easily concludes that

y(t) < 1(0) + u(t) (y + [ ntr) dT).

Hence if A € cl By, then [Juf|, < ¢1+4||p]lq(02+c2), where ¢, ¢z are some positive
constants. Condition (i) of Theorem 1 will then hold provided that

(21) er+ ullg(o2 +e2) < 01/ (b —a) @D/,

It remains to note that under the conditions of the theorem being proved the
relations (20) and (21) are valid simultaneously for sufficiently large g2 > 0. O
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Analogous results can be easily provided for more general problems

x = F(t) + A(t)x(t) + B(t) max,csq) x(7), t€ [a,b],
x(t) = x(a) = x(b), ‘<a,

(22)
where A(-) is an n x n matrix function. In this case seeking solutions in the form
t
x(t) = X()A + X(t)/ X' (r)u(r)dr,

where X () is the fundamental matrix of the system x — A(¢t)x = 0, we obtain
an auxiliary system of type (19) to be analyzed,

u(t) = F(t) + B(t) max (?\, XA+ Tr;lg(}:) X(7) /T X1(s)u(s) ds),

F+ (X(b) — I,)A

+X(b) / " B(t) max <)\,X(t)7\ + max X(r) / " X1 (s)u(s) ds> dt =0,

where F' = X (b) ff X~L(t)F(t)dt and I, is the n x n identity matrix.
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