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SIGN-CHANGING SOLUTIONS

FOR p-LAPLACIAN EQUATIONS

WITH JUMPING NONLINEARITY

AND THE FUČIK SPECTRUM

Ming Xiong — Ze-Heng Yang — Xiang-Qing Liu

Abstract. We study the existence of sign-changing solutions for the p-

Laplacian equation

−∆pu+ λg(x)|u|p−2u = f(u), x ∈ RN ,

where λ is a positive parameter and the nonlinear term f has jumping

nonlinearity at infinity and is superlinear at zero. The Fučik spectrum

plays an important role in the proof. We give sufficient conditions for the
existence of nontrivial Fučik spectrum.

1. Introduction

In this paper we are concerned with the following p-Laplacian equations in

RN with jumping nonlinearity:

(P) −∆pu+ λg(x)|u|p−2u = f(u), x ∈ RN ,

where 1 < p < N , λ > 0 and ∆pu = div (|u|p−2u) is the p-Laplacian operator.
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In the weak form of problem (P) the solution u ∈W 1,p(RN ) satisfies

(P)

∫
RN
|∇u|p−2∇u∇ϕdx+ λ

∫
RN

g(x)|u|p−2uϕdx =

∫
RN

f(u)ϕdx,

for all ϕ ∈ W 1,p(RN ). Problem (P) has a variational structure given by the

functional

I(u) =
1

p

∫
RN

(|∇u|p + λg(x)|u|p) dx−
∫
RN

F (u) dx, u ∈W 1,p(RN ),

where F (t) =
∫ t

0
f(s) ds. Assume that the potential function g satisfies the

conditions:

(g1) g ∈ L∞(RN ), 0 ≤ g ≤ 1 = lim
|x|→∞

g(x), and g(x) 6≡ 1.

(g2) There exist c,m,R0 > 0 such that 1− g(x) ≥ c/|x|m, for |x| ≥ R0.

For the nonlinear term f we make the following assumptions:

(f1) f ∈ C(RN ,R), f(t)t > 0, for t 6= 0.

(f2) lim
|t|→0

f(t)

|t|p−2t
= 0.

(f3) There exist a, b such that lim
t→+∞

f(t)

tp−1
= a, lim

t→−∞

f(t)

|t|p−2t
= b.

(f4)
f(t)

|t|p−2t
is nondecreasing in t > 0 and nonincreasing in t < 0.

The condition (f3) means that f has a “jumping” nonlinearity at the infinity.

Let Lλ : W 1,p(RN ) 3 u 7→ −∆pu + λg(x)|u|p−2u ∈ (W 1,p(RN ))′, where

(W 1,p(RN ))′ is the dual space of W 1,p(RN ). By Cuesta et al. [4], the Fučik

spectrum of Lλ is defined as the set σ(Lλ) of those (a, b) ∈ R2 for which equation

(1.1) (or (1.2) in the weak form) has a nontrivial solution u:

(1.1) −∆pu+ λg(x)|u|p−2u = a(u+)p−1 − b(u−)p−1

or u ∈W 1,p(RN ) satisfies

(1.2)

∫
RN
|∇u|p−2∇u∇ϕdx+ λ

∫
RN

g(x)|u|p−2uϕdx

=

∫
RN

(a(u+)p−1 − b(u−)p−1)ϕdx

for all ϕ ∈W 1,p(RN ), where u± = max(±u, 0). Given θ ∈ (0, π/2), we define

(1.3) ρ(θ) = inf
u∈Σ

∫
RN

(|∇u|p + λg(x)|u|p) dx,

where

Σ = {u | u ∈W 1,p(RN ), u = u+ − u−, u± 6= 0, and (1.4), (1.5) hold},

(1.4)

∫
RN

(cos θ(u+)p + sin θ(u−)p) dx = 1,
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(1.5)

∫
RN

(|∇u+|p + λg(x)(u+)p) dx

cos θ

∫
RN

(u+)pdx

=

∫
RN

(|∇u−|p + λg(x)(u−)p) dx

sin θ

∫
RN

(u−)pdx

.

Theorem 1.1. Assume that (g1), (g2), (f1)–(f4) hold. Let

(a, b) = (ρ cos θ, ρ sin θ), θ ∈ (0, π/2).

Assume ρ > ρ(θ), where ρ is defined by (1.3). Then either

(a) (a, b) belongs to the Fučik spectrum σ(Lλ), or

(b) problem (P) has a sign-changing solution.

To prove Theorem 1.1, we apply the method of invariant sets, see Bartsch,

Liu and Weth [1], Liu and Sun [12].

We emphasize that in the assumptions of Theorem 1.1 we say no word about

whether (ρ(θ) cos θ, ρ(θ) sin θ) is a Fučik spectrum point. Define

α1 = inf

{∫
RN

(|∇u|p + λg(x)|u|p) dx
∣∣∣∣ ∫

RN
|u|pdx = 1

}
.

It is clear that min(ρ(θ) cos θ, ρ(θ) sin θ) ≥ α1 > 0.

Suppose that the operator Lλ has a positive eigenfunction ϕ1 corresponding

to the first eigenvalue α1 and satisfying the equation

−∆pu+ λg(x)|u|p−2u = α1|u|p−2u, x ∈ RN ,

then the lines {α1} × R and R × {α1} are the trivial Fučik spectrum curves.

Consider the ray lθ = {(ρ cos θ, ρ sin θ) | ρ ≥ 0}. There are two trivial Fučik spec-

trum points on lθ, that is (α1, α1 tan θ) and (α1 cot θ, α1), to which corresponding

eigenfunctions are ϕ1 and −ϕ1, respectively. Suppose that (ρ cos θ, ρ sin θ) is a

nontrivial Fučik spectrum point, then the corresponding eigenfunction u is sign-

changing and satisfies

−∆pu+ λg(x)|u|p−2u = ρ cos θ(u+)p−1 − ρ sin θ(u−)p−1, x ∈ RN .

By normalization, we can assume that∫
RN

(cos θ(u+)p + sin θ(u−)p) dx = 1.

Therefore u ∈ Σ and

ρ =

∫
RN

(|∇u|p + λg(x)|u|p) dx ≥ ρ(θ).

We conclude that, if (ρ(θ) cos θ, ρ(θ) sin θ) is a Fučik spectrum point, it should

be the first nontrivial one on the ray lθ. We give sufficient conditions for

(ρ(θ) cos θ, ρ(θ) sin θ) to be a Fučik spectrum point. Since σ(Lλ) is clearly sym-

metric with respect to the diagonal, we assume θ ∈ (0, π/4) from now on.
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Theorem 1.2. Assume that (g1) holds. Define for 0 < θ ≤ π/4

Γ(θ) = inf

{
β

∣∣∣∣
∫
RN |∇u

+|pdx∫
RN (1− g(x))(u+)pdx

=

∫
RN |∇u

−|pdx∫
RN (tan θ − g(x))(u−)pdx

= β,

u ∈W 1,p(RN ), u = u+ − u−, u± 6= 0

}
.

Suppose λ > Γ(θ), then (ρ(θ) cos θ, ρ(θ) sin θ) is a Fučik spectrum point.

Since Fučik introduced the generalized notion of spectrum, now called the

Fučik spectrum, many papers have been devoted to the existence of nontrivial

Fučik spectrum of the p-Laplacian operator with p = 2 or p 6= 2, on a bounded

domain Ω, or in the whole space RN , see for example [2], [4]. In [4] Cuesta et al.

studied the Fučik spectrum of the p-Laplacian operator on a bounded domain Ω

in RN . Given s ∈ R, they considered the functional

Is(u) =

∫
Ω

|∇u|pdx− s
∫

Ω

(u+)pdx

restricted to

S :=

{
u ∈W 1,p

0 (Ω)

∣∣∣∣ ∫
Ω

|u|pdx = 1

}
.

By a min-max argument of mountain pass type, they proved the existence of

a nontrivial Fučik spectrum point of the form (s + c(s), c(s)), where c(s) is the

mountain pass value. In [2] Bartsch et al. studied the Fučik spectrum for the

Schrödinger operator −∆ +V in L2(RN ), they followed the idea of Cuesta et al.

Here we consider a minimization problem with double restrains. By using this

characterization, obviously we obtain the first nontrivial Fučik spectrum point.

Moreover, this definition of the Fučik spectrum is very convenient to study the

existence of sign-changing solutions for the p-Laplacian equations with jumping

nonlinearity.

2. Existence of sign-changing solutions

Besides problem (P) with potential we also consider the following limit prob-

lem (P∞) associated to problem (P) at infinity:

(P∞) −∆pu+ λ|u|p−2u = f(u), x ∈ RN .

The weak form is to look for u ∈W 1,p(RN ) satisfying

(P∞)

∫
RN

(|∇u|p−2∇u∇ϕ+ λ|u|p−2uϕ) dx =

∫
RN

f(u)ϕdx,

for all ϕ ∈W 1,p(RN ), to which the corresponding functional is

J(u) =
1

p

∫
RN

(|u|p + λ|u|p) dx−
∫
RN

F (u) dx, u ∈W 1,p(RN ).
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The following lemmas are concerned with the existence of one-sign solutions

of problems (P) and (P∞), and were proved in [15], [16] for p = 2 and [10] for

general p.

Lemma 2.1. Assume that f satisfies (f1)–(f4).

(a) If λ < a, then problem (P∞) has positive solutions with the least energy

d+ = inf{J(u) | u 6= 0, u ≥ 0, J ′(u) = 0}.

If λ ≥ a, then problem (P∞) has no positive solution. For the sake of

convenience we assume d+ = +∞ in this case.

(b) If λ < b, then problem (P∞) has negative solutions with the least energy

d− = inf{J(u) | u 6= 0, u ≤ 0, J ′(u) = 0}.

If λ ≥ b, then problem (P∞) has no negative solution, and we assume

d+ = +∞ in this case.

(c) If u is a sign-changing solution of problem (P∞), then J(u)≥d++ d−.

Lemma 2.2. Assume that g and f satisfy (g1), (f1)–(f4), respectively. Assume

that a, b > 0. Then:

(a) Problem (P) has positive and negative solutions with the least energy

c± = inf{I(u) | u 6= 0, ±u ≥ 0, I ′(u) = 0}.
(b) c+ < d+, c− < d−.

(c) If u is a sign-changing solution of problem (P), then I(u) ≥ c+ + c−.

To show the existence of sign-changing solutions of problem (P), we will

apply the following multiple critical points theorem.

Theorem 2.3. Let X be a Banach space, I be a C1-functional defined on X

and satisfying the Cerami condition, that is any sequence {un} ⊂ X, satisfying

(1 + ‖un‖)‖I ′(un)‖ → 0, I(u) → c, possesses a convergent subsequence. Let D1

and D2 be open convex subsets of X and

(D) D1 ∩D2 6= ∅.
Let A be an operator from X to X such that

(A) A(∂D1) ⊂ D1, A(∂D2) ⊂ D2.

Assume that there exist c1, c2 > 0 and 1 < p < +∞ such that

(I1) 〈I ′(u), u−Au〉 ≥ c1 ‖ u−Au ‖p,

(I2) ‖ I ′(u)‖ ≤ c2 ‖ u−Au‖p−1.

Assume that there exists a path h : [0, 1]→ X such that

(H) h(0) ∈ D1, h(1) ∈ D2, sup
t∈[0,1]

I(h(t)) < inf
u∈D1∩D2

I(u).

Then I has at least four critical points, one in each of the domains D1 ∩ D2,

D1 \D2, D2 \D1 and X \ (D1 ∪D2), respectively.
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By (I1), (I2) we can use the vector filed u− Au to construct the descending

flow of the functional I. Then condition (A) implies that D1 and D2 are invari-

ant subsets of this descending flow. The method based on invariant subsets of

descending flow is an efficient method in study of the existence of sign-changing

solutions of nonlinear elliptic equations. We refer the reader to [1], [12] and the

survey [13] for this method and many applications. Theorem 2.3 was proved

in [6].

We construct the sets D1, D2, the operator A and the path h for our func-

tional I and verify the conditions of Theorem 2.3.

Condition (D). Denote

‖u‖λ =

(∫
RN

(|∇u|p + λg(x)|u|p) dx
)1/p

, u ∈W 1,p(RN ),

which is an equivalent norm of W 1,p(RN ). The distance in W 1,p(RN ) with

respect to ‖ · ‖λ is denoted by distλ. Let P = {u ∈ W 1,p(RN ) | u ≥ 0} be the

positive cone in W 1,p(RN ). For ε > 0, denote

D1 = {u | distλ(u, P ) < ε}, D2 = {u | distλ(u,−P ) < ε}.

Clearly D1, D2 are open convex subsets of W 1,p(RN ) and D1 ∩D2 6= ∅.

Condition (H). We have the following lemma.

Lemma 2.4. There exists a map ϕ : R2
+ →W 1,p(RN ) such that:

(a) ϕ(t, 0) ∈ −P , ϕ(0, s) ∈ P for t ≥ 0, s ≥ 0.

(b) I(ϕ(t, s))→ −∞, as t+ s→ +∞.

(c) sup
t,s≥0

I(ϕ(t, s)) < c∗, where c∗ = min(c+ + d−, c− + d+).

Consequently, if we choose R large enough and define h(t) = ϕ(R cosπt/2,

R sinπt/2), then condition (H) holds.

Proof. Without lose of generality, we assume c∗ = c+ + d−. If d− = +∞
then c∗ = +∞. Let (a, b) = (ρ cos θ, ρ sin θ). By the assumption ρ > ρ(θ), there

exists a function u ∈ Σ such that u = u+ − u−, u± 6= 0 and∫
RN

(|∇u+|p + λg(x)(u+)p) dx

cos θ

∫
RN

(u+)pdx

=

∫
RN

(|∇u−|p + λg(x)(u−)p) dx

sin θ

∫
RN

(u−)pdx

= β < ρ.

Define ϕ(s, t) = su+−tu−, (s, t) ∈ R2
+. We have I(su+−tu−) = I(su+)+I(tu−),

lim
s→+∞

I(su+)

sp
=

1

p

∫
RN

(|∇u+|p + λg(x)(u+)p) dx− lim
s→+∞

F (su+)

sp

=
1

p

∫
RN
β cos θ(u+)pdx−1

p

∫
RN
a(u+)pdx = −1

p
(ρ−β) cos θ

∫
RN

(u+)pdx < 0.
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Similarly

lim
t→+∞

I(−tu−)

tp
= −1

p
(ρ− β) sin θ

∫
RN

(u−)pdx < 0.

Hence there exist constants c1, c2 such that

I(su+− tu−) ≤ −c1(sp+ tp)+c2 and I(su+− tu−)→ −∞, as s+ t→ +∞.

If d− < +∞, then by Lemma 2.1, problem (P∞) has a negative solution v with

J(v) = d−. Meanwhile, by Lemma 2.2, problem (P) has a positive solution u

with I(u) = c+. Let e be a vector of RN . Define vR = v( · − 2Re) with a

parameter R. Set ϕ(s, t) = su + tvR. Then there exists c > 0 such that for R

large enough

I(su+ tvR) ≤ c+ + d− −
c

Rm
.

The above estimate was proved in [10] for asymptotically p-linear p-Laplacian

equation. The same argument works here. For R large enough u and vR are

almost separate. We can show (see [6], [10]) that as s+ t→∞

I(su+ tvR) = I(su) + J(tv) + (sp + tp)o(1).

Now

lim
s→+∞

I(su)

sp
=

1

p

∫
RN

(|∇u|p + λg(x)|u|p) dx− lim
s→+∞

F (su)

sp

=
1

p

∫
RN

f(u)u dx− 1

p

∫
RN

a|u|pdx < 0,

since, by (f4), f(s)s ≤ asp for s > 0. Similarly,

lim
t→+∞

J(tv)

tp
=

1

p

∫
RN

(|∇v|p + λ|v|p) dx− lim
t→+∞

F (tv)

tp

=
1

p

∫
RN

f(v)v dx− 1

p

∫
RN

b|v|pdx < 0,

since, again by (f4), f(s)s ≤ b|s|p for s < 0. Therefore

I(su+ tvR) ≤ −c1(sp + tp) + c2 for some c1, c2 > 0

and I(su+ tvR)→ −∞, as s+ t→ +∞. �

Conditions (I1) and (I2). We define the operator A (see [5]). For p ≥ 2,

v = Au is defined by the following equation:

(2.1)

∫
RN

(
|∇(u− v)|p−2∇(u− v)∇ϕ+ λg(x)|u− v|p−2(u− v)ϕ

)
dx

=

∫
RN

(|∇u|p−2∇u∇ϕ+ λg(x)|u|p−2uϕ) dx−
∫
RN

f(u)ϕdx,

for all ϕ ∈ W 1,p(RN ). The right-hand side of (2.1) is nothing but 〈I ′(u), ϕ〉.
Setting ϕ = u− v in (2.1), we obtain

〈I ′(u), u− v〉 = ‖u− v‖pλ.
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Also we have

‖I ′(u)‖ = sup
‖ϕ‖λ=1

〈I ′(u), ϕ〉

= sup
‖ϕ‖λ=1

∫
RN

(
|∇(u− v)|p−2∇(u− v)∇ϕ+ λg(x)|u− v|p−2(u− v)ϕ

)
dx

≤ sup
‖ϕ‖λ=1

{(∫
RN
|∇(u− v)|pdx

)(p−1)/p(∫
RN
|∇ϕ|pdx

)1/p

+

(∫
RN

λg(x)|u− v|pdx
)(p−1)/p(∫

RN
λg(x)|ϕ|pdx

)1/p}
≤ sup
‖ϕ‖λ=1

(∫
RN

(|∇(u− v)|p + λg(x)|u− v|p) dx
)(p−1)/p

·
(∫

RN
(|∇ϕ|p + λg(x)|ϕ|p) dx

)1/p

= sup
‖ϕ‖λ=1

‖u− v‖p−1
λ · ‖ϕ‖λ = ‖u− v‖p−1

λ .

For 1 ≤ p < 2, v = Au is defined by

(2.2)
1

2

∫
RN

(
|∇(u− v)|p−2∇(u− v)∇ϕ+ λg(x)|u− v|p−2(u− v)ϕ

)
dx

+
1

2

∫
RN

(
(|∇u|p−2∇u− |∇v|p−2∇v)∇ϕ+ λg(x)(|u|p−2u− |v|p−2v)ϕ

)
dx

=

∫
RN

(|∇u|p−2∇u∇ϕ+ λg(x)|u|p−2uϕ) dx−
∫
RN

f(u)ϕdx,

for all ϕ ∈ W 1,p(RN ). Take ϕ = u − v in (2.2). We have 〈I ′(u), u − v〉 ≥
‖u− v‖pλ/2. Moreover, by (2.2),

‖I ′(u)‖ = sup
‖ϕ‖λ=1

〈I ′(u), ϕ〉

≤ 1

2
‖u− v‖p−1

λ +
1

2
sup
‖ϕ‖λ=1

∫
RN

(
(|∇u|p−2∇u− |∇v|p−2∇v)∇ϕ

+ λg(x)(|u|p−2u− |v|p−2v)ϕ
)
dx

≤ 1

2
‖u− v‖p−1

λ

+
1

2
dp sup
‖ϕ‖λ=1

∫
RN

(
|∇(u− v)|p−1|∇ϕ|+ λg(x)|u− v|p−1|ϕ|

)
dx

≤ 1

2
‖u− v‖p−1

λ +
1

2
dp‖u− v‖p−1

λ .
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Here and in what follows we need some elementary inequalities. For p ≥ 2

and ξ, η ∈ RN we have

(2.3)
(|ξ|p−2ξ − |η|p−2η, ξ − η) ≥ cp|ξ − η|p,

||ξ|p−2ξ − |η|p−2η| ≤ dp(|ξ|+ |η|)p−2|ξ − η|.

For 1 ≤ p ≤ 2 and ξ, η ∈ RN

(2.4)
(|ξ|p−2ξ − |η|p−2η, ξ − η) ≥ cp(|ξ|+ |η|)p−2|ξ − η|2,

||ξ|p−2ξ − |η|p−2η| ≤ dp|ξ − η|p−1.

Condition (A). Let u ∈W 1,p(RN ), v = Au. For p ≥ 2, set ϕ = v+ in (2.1).

We have∫
RN

(
|∇u|p−2∇u− |∇(u− v+)|p−2∇(u− v+)

)
∇v+ dx

+ λ

∫
RN

g(x)
(
|u|p−2u− |u− v+|p−2(u− v+)v+

)
dx =

∫
RN

f(u)v+ dx.

By (2.3),

(2.5)

∫
RN

(|∇v+|p + λg(x)(v+)p) dx ≤ c
∫
RN

f(u)v+ dx.

For 1 ≤ p ≤ 2, set ϕ = v+ in (2.2)

(2.6)
1

2

∫
RN

(
|∇u|p−2∇u− |∇(u− v+)|p−2∇(u− v+)

)
∇v+ dx

+
λ

2

∫
RN

g(x)(|u|p−2u− |u− v+|p−2(u− v+))v+ dx

+
1

2

∫
RN

(|∇v+|p + λg(x)(v+)p) dx =

∫
RN

f(u)v+ dx.

The first two terms of the left-hand side of (2.6) are positive, hence we obtain

(2.5) again. Now we estimate the right-hand side of (2.5). By (f1)–(f3), for

p < q < p∗ = Np/(N − p), δ > 0∫
RN
f(u)v+dx ≤

∫
RN

f(u+)v+dx(2.7)

≤ δ
∫
RN

(u+)p−1v+dx+ cδ

∫
RN

(u+)q−1v+dx

≤ δ|u+|p−1
p |v+|p + cδ|u+|q−1

q |v+|q
= δ distp−1

Lp (u,−P ) distLp(v,−P ) + cδ distq−1
Lq (u,−P ) distLq (v,−P )

≤ cδ distp−1
λ (u,−P ) distλ(v,−P ) + cδ distq−1

λ (u,−P ) distλ(v,−P ).

By (2.5) and (2.7),

distp−1
λ (v,−P ) ≤ cδ distp−1

λ (u,−P ) + cδ distq−1
λ (u,−P ).
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Take δ, ε0 > 0 such that cδ < (1/2)p and cδε
q−p
0 < (1/2)p. Then, for ε < ε0 and

u ∈ D2 = {u | distλ(u,−P ) < ε}, we have

distλ(v,−P ) ≤ 1

2
distλ(u,−P ),

hence Au ∈ D2. In particular A(∂D2) ⊂ D2. Similarly A(∂D1) ⊂ D1.

Continuity of the operator A. Let u1, u2 ∈ W 1,p(RN ) and v1 = Au1,

v2 = Au2. For p ≥ 2, by (2.1), we have

(2.8)

∫
RN

(
|∇(u1 − v1)|p−2∇(u1 − v1)− |∇(u2 − v2)|p−2∇(u2 − v2)

)
∇ϕdx

+ λ

∫
RN

g(x)
(
|u1 − v1|p−2(u1 − v1)− |u2 − v2|p−2(u2 − v2)

)
ϕdx

= 〈I ′(u1)− I ′(u2), ϕ〉,

for all ϕ ∈W 1,p(RN ). Set ϕ = (u1 − v1)− (u2 − v2) in (2.8). By (2.3), we have

‖(u1 − v1)− (u2 − v2)‖pλ ≤ c〈I
′(u1)− I ′(u2), (u1 − v1)− (u2 − v2)〉

≤ c‖I ′(u1)− I ′(u2)‖‖(u1 − v1)− (u2 − v2)‖λ,

hence

‖v1 − v2‖λ ≤ ‖u1 − u2‖λ + c‖I ′(u1)− I ′(u2)‖1/(p−1).

For 1 ≤ p < 2, by (2.2),

1

2

∫
RN

(
|∇(u1 − v1)|p−2∇(u1 − v1)(2.9)

− |∇(u2 − v2)|p−2∇(u2 − v2)
)
∇(u1 − v1 − u2 + v2) dx

+
λ

2

∫
RN

g(x)
(
|u1 − v1|p−2(u1 − v1)

− |u2 − v2|p−2(u2 − v2)
)
(u1 − v1 − u2 + v2) dx

+
1

2

∫
RN

(
|∇v2|p−2∇v2 − |∇v1|p−2∇v1

)
∇(v2 − v1) dx

+
λ

2

∫
RN

g(x)(|v2|p−2v2 − |v1|p−2v1)(v2 − v1) dx

=
1

2

∫
RN

(
|∇(u1 − v1)|p−2∇(u1 − v1)

− |∇(u2 − v2)|p−2∇(u2 − v2)
)
∇(u1 − u2) dx

+
λ

2

∫
RN

g(x)
(
|u1 − v1|p−2(u1 − v1)

− |u2 − v2|p−2(u2 − v2)
)
(u1 − u2) dx+ 〈I ′1(u1)− I ′1(u2), v2 − v1〉,

where

I1(u) =
1

2p

∫
RN

(|∇u|p + λg(x)|u|p) dx−
∫
RN

F (u) dx.
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We estimate the left-hand side of (2.9). By (2.4),(∫
RN
|∇(v2 − v1)|pdx

)2/p

≤
∫
RN

(|∇v2|+ |∇v1|)p−2|∇(v2 − v1)|2 dx
(∫

RN
(|∇v2|+ |∇v1|)p dx

)(2−p)/p

≤ c
∫
RN

(|∇v2|p−2∇v2 − |∇v1|p−2∇v1)∇(v2 − v1) dx

·
(∫

RN
(|∇v2|+ |∇v1|)p dx

)(2−p)/p

≤ c
∫
RN

(|∇v2|p−2∇v2 − |∇v1|p−2∇v1)∇(v2 − v1) dx (‖u1‖λ + ‖u2‖λ)2−p.

In the above we used

‖v‖λ ≤ ‖u‖λ + ‖u− v‖λ ≤ ‖u‖λ + c‖I ′(u)‖1/(p−1) ≤ c‖u‖λ.

In a similar way we estimate other left terms of (2.9). Next we estimate the

right-hand of (2.9)∫
RN

(
|∇(u1 − v1)|p−2∇(u1 − v1)− |∇(u2 − v2)∇(u2 − v2)

)
∇(u1 − u2) dx

+ λ

∫
RN

g(x)
(
|u1 − v1|p−2(u1 − v1)− |u2 − v2|p−2(u2 − v2)

)
(u1 − u2) dx

≤ c(‖u1 − v1‖p−1
λ + ‖u2 − v2‖p−1

λ )‖u1 − u2‖λ
≤ c(‖u1‖p−1

λ + ‖u2‖p−1
λ )‖u1 − u2‖λ.

Altogether we have

‖v2 − v1‖2λ ≤ c(‖u1‖λ + ‖u2‖λ)‖u1 − u2‖λ
+ c(‖u1‖2−p + ‖u2‖2−p)‖I ′1(u1)− I ′1(u2)‖‖v1 − v2‖λ

and

‖v2 − v1‖λ ≤ c(‖u1‖1/2λ + ‖u2‖1/2λ )‖u1 − u2‖1/2λ

+ c(‖u1‖2−p + ‖u2‖2−p)‖I ′(u1)− I ′(u2)‖.

At this point we have verified all assumptions of Theorem 2.3 except the

Cerami condition. Since we deal with a problem in the whole space, compact-

ness is lost. Instead of the Cerami condition, we analyze the behaviour of Ce-

rami sequences. The proof of the following lemma is similar to the argument of

Lemma 4.3 of [11] (see also [17, Theorem 5.1] or [14, Proposition 2.1]).

Lemma 2.5. Let {un} ⊂W 1,p(RN ) be a Cerami sequence of the functional I.

Then there exist u ∈ W 1,p(RN ), vi ∈ W 1,p(RN ), {yn,i}∞n=1 ∈ RN , i = 1, . . . , k,

such that:
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(a) u is a solution of problem (P).

(b) vi, i = 1, . . . , k, are solutions of problem (P∞).

(c) |yn,i| → ∞, |yn,i − yn,j | → ∞, i 6= j, as n→∞.

(d) un − u−
k∑
i=1

vi( · − yn,i)→ 0, in W 1,p(RN ) as n→∞.

(e) I(un)− I(u)−
k∑
i=1

J(vi)→ 0 as n→∞.

Proof of Theorem 1.1. Since the Cerami condition does not hold, we

cannot apply Theorem 2.3 directly. Anyway we can find a Cerami sequence

{un} ⊂ X \ (D1 ∪D2) with lim
n→∞

I(un) < c∗. Apply Lemma 2.5 to the sequence

{un}. Since un 6∈ D1 ∪ D2, signs of v1, v2, . . . are different. Then only the

following several cases may occur:

(a) u = 0.

(a1) One of vi, say v1 is sign-changing.

(a2) None of vi is sign-changing, then one of vi, say v1, is positive and another

one of vi, say v2, is negative.

(b) u 6= 0.

(b1) u is positive, then one of vi, say v1, is positive or sign-changing.

(b2) u is negative, then one of vi, say v1 is negative or sign-changing.

(b3) u is sign-changing.

In all these cases but (b3) we will arrive at contradiction. In the cases (a1)

and (a2) we have

c∗ > lim
n→∞

I(un) ≥ d+ + d−.

In the case (b1), we have

c∗ > lim
n→∞

I(un) ≥ c+ + d−.

In the case (b2), we have

c∗ > lim
n→∞

I(un) ≥ c− + d+.

In the case (b3), we should have k = 0, that is un → u in H1(RN ), otherwise

c∗ > lim
n→∞

I(un) ≥ I(u) + min(d+, d−) ≥ c+ + c− + min(d+, d−). �

3. The Fučik spectrum

In this section we study the Fučik spectrum and prove Theorem 1.2. Firstly

we study the problem on bounded domains. The solutions for bounded domains

will be used as the minimizing sequence of the problem on unbounded domains.
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We use the following notations.

J(u) =

∫
RN

(|∇u|p + λg(x)|u|p) dx, G(u) =

∫
RN

(cos θ(u+)p + sin θ(u−)p) dx,

R(u) =
J(u)

G(u)
=

∫
RN

(|∇u|p + λg(x)|u|p) dx∫
RN

(cos θ(u+)p + sin θ(u−)p) dx

.

Theorem 3.1. Let Ω ⊂ RN be a bounded domain. Define

(M)p µp := µp(Ω) = inf
u∈Σp

J(u),

where

Σp = Σ ∩W 1,p
0 (Ω) = {u | u ∈W 1,p

0 (Ω), u = u+ − u−, u± 6= 0,

G(u) = 1, R(u+) = R(u−)}.

Then µp is achieved, and (µp cos θ, µp sin θ) is the first nontrivial Fučik spec-

trum point of the operator (Lλ,W
1,p
0 (Ω)) on the line lθ. Moreover, there exists

a function u ∈ Σp satisfying

(E)p −∆pu+ λg(x)|u|p−2u = µp(cos θ(u+)p−1 − sin θ(u−)p−1)

or in the weak form

(E)p

∫
Ω

(|∇u|p−2∇u∇ϕ+ λg(x)|u|p−2uϕ) dx

= µp

∫
Ω

(cos θ(u+)p−1 − sin θ(u−)p−1)ϕdx,

for all ϕ ∈W 1,p
0 (Ω).

We would like to point out that normalized solutions of (E)p are minimizers

of problem (M)p but all minimizers are not solutions of (E)p. Here is a coun-

terexample. Let Ω = (0, π) ⊂ R1, p = 2. Consider the minimization problem

µ = inf

{∫ π

0

|∇u|2dt
∣∣∣∣ u = u+ − u− ∈ H1

0 (0, π), u± 6= 0,∫ π
0
|∇u+|2dt∫ π

0
(u+)2dt

=

∫ π
0
|∇u−|2dt∫ π

0
(u−)2dt

,

∫ π

0

u2dt = 1

}
.

We have a family of minimizers ϕα, α ∈ (0, π/2),

ϕα(t) =


2√
π

cosα sin 2t for 0 ≤ t ≤ π

2
,

2√
π

sinα sin 2t for
π

2
≤ t ≤ π,
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of which only one is a solution of (E)p, namely the one with α = π/4. This

indefiniteness motivates us to consider the following inhomogeneous problems:

(M)q µq := µq(Ω) = inf
u∈Σq

J(u),

where p < q < p∗ = Np/(N − p), and

Σq =
{
u | u ∈W 1,p

0 (Ω), u = u+−u−, u± 6= 0, Gq(u) = 1, Rq(u
+) = Rq(−u−)

}
,

Gq(u) =

∫
Ω

(cos θ(u+)q + sin θ(u−)q) dx,

Rq(u) =
J(u)

Gq(u)
=

∫
Ω

(|∇u|p + λg(x)|u|p) dx∫
Ω

(cos θ(u+)q + sin θ(u−)q) dx

.

Lemma 3.2. µq is achieved.

Proof. Let {un} ∈ Σq ⊂W 1,p
0 (Ω) be a minimizing sequence. It is bounded

in W 1,p
0 (Ω). Assume that un ⇀ u in W 1,p

0 (Ω), un → u in Lq(Ω). We have

Rq(u
+
n ) = Rq(−u−n ) = Rq(un) =

J(un)

Gq(un)
= J(un) ≤ c.

Hence, by the Sobolev imbedding theorem,(∫
Ω

(u+
n )qdx

)p/q
≤ c

∫
Ω

(|∇u+
n |p + λg(x)(u+

n )p) dx ≤ c
∫

Ω

(u+
n )qdx

and there exists ν > 0 such that
∫

Ω
(u+
n )qdx ≥ ν. We have∫

Ω

(u+)qdx = lim
n→∞

∫
Ω

(u+
n )qdx ≥ ν.

Hence u+ 6= 0. Similarly u− 6= 0. Choose s, t > 0 such that su+ − tu− ∈ Σq,

that is (s, t) solves the systems
q cos θ

∫
Ω

(u+)qdx+ tq sin θ

∫
Ω

(u−)qdx = 1,

sp−qRq(u
+) = tp−qRq(−u−).

Let aqn = Gq(su
+
n − tu−n ), then Gq(su

+
n /an− tu−n /an) = 1 and an → 1 as n→∞.

By the lemma below, we have

µq ≤ J(su+ − tu−) ≤ lim
n→∞

J(su+
n − tu−n )

= lim
n→∞

J

(
s

an
u+
n −

t

an
u−n

)
≤ lim
n→∞

J(u+
n − u−n ) = µq.

Hence J(su+ − tu−) = µq. �

Lemma 3.3. Let u ∈ Σq, u = u+ − u−. Let s, t > 0, v = su+ − tu− and

Gq(v) = 1. Then J(v) ≤ J(u).
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Proof. Since u ∈ Σq, Gq(u
+) +Gq(−u−) = Gq(u) = 1,

J(u+)

Gq(u+)
=

J(−u−)

Gq(−u−)
=

J(u)

Gq(u)
= J(u).

We have

J(v)

J(u)
=
spJ(u+) + tpJ(−u−)

J(u)
= spGq(u

+) + tpGq(−u−)

≤ (sqGq(u
+) + tqGq(−u−))p/q = (Gq(su

+ − tu−))p/q = 1. �

Lemma 3.4. The minimizer u for µq solves the following equation:

(E)q −∆pu+ λg(x)|u|p−2u = µq(cos θ(u+)q−1 − sin θ(u−)q−1)

or in the weak form

(E)q

∫
Ω

(|∇u|p−2∇u∇ϕ+ λg(x)|u|p−2uϕ) dx

= µq

∫
Ω

(cos θ(u+)q−1 − sin θ(u−)q−1)ϕdx,

for all ϕ ∈W 1,p
0 (Ω).

Proof. We use an indirect argument. Suppose that the minimizer u for

problem (M)q does not satisfy (E)q, then there exists a function ϕ ∈ W 1,p
0 (Ω)

such that∫
Ω

(|∇u|p−2∇u∇ϕ+λg(x)|u|p−2uϕ) dx < µq

∫
Ω

(cos θ(u+)q−1−sin θ(u−)q−1)ϕdx.

Replace ϕ by ϕ− u
∫

Ω
(cos θ(u+)q−1 − sin θ(u−)q−1)ϕdx, we may assume

(G′q(u), ϕ) =

∫
Ω

(cos θ(u+)q−1 − sin θ(u−)q−1)ϕdx = 0,

(J ′(u), ϕ) =

∫
Ω

(|∇u|p−2∇u∇ϕ+ λg(x)|u|p−2uϕ) dx < 0.

Choose δ > 0 such that for |s− 1| < δ, |t− 1| < δ and 0 < ε < δ,

(J ′(su+ − tu− + εϕ), ϕ) ≤ −1

2
.

Consider the square S on the (s, t) plane with vertexes A(1, 1 + δ), B(1 + δ, 1),

C(1, 1 − δ), and D(1 − δ, 1), and edges AB,BC,CD and DA. We have the

following estimates:
Gq(su

+ − tu−) > 1 if (s, t) ∈ AB,
Gq(su

+ − tu−) < 1 if (s, t) ∈ CD,
Rq(su

+) < Rq(−tu−) if (s, t) ∈ BC,
Rq(su

+) > Rq(−tu−) if (s, t) ∈ DA.
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Choose 0 < ε0 < δ such that for ε < ε0 we have, for ωε(s, t) = su+ − tu− + εϕ,
Gq(ωε(s, t)) > 1 if (s, t) ∈ AB,
Gq(ωε(s, t)) < 1 if (s, t) ∈ CD,
Rq(ω

+
ε (s, t)) < Rq(−ω−ε (s, t)) if (s, t) ∈ BC,

Rq(ω
+
ε (s, t)) > Rq(−ω−ε (s, t)) if (s, t) ∈ DA.

By a degree theorem argument [3], [9], for any ε < ε0 we find (s, t) ∈ S such

that ωε(s, t) = su+ − tu− + εϕ ∈ Σq. In fact the map

T : S 3 (s, t) 7→
(
Gq(ωε(s, t))− 1, Rq(ω

+
ε (s, t))−Rq(−ω−ε (s, t))

)
is homotopic to the map K : (s, t) 7→ (s+ t− 2, t− s). Hence

deg(T, intS, 0) = deg(K, intS, 0) = 1.

There exists (s, t) ∈ S such that T (s, t) = (0, 0), that is ωε(s, t) ∈ Σq. Notice

that s→ 1, t→ 1 as ε→ 0. We have

Gq(su
+−tu−) = Gq(su

+−tu−+εϕ)−ε
∫ 1

0

(G′q(su
+−tu−+τεϕ), ϕ) dτ = 1+o(ε).

Choose λ > 0 such that Gq(λsu
+−λtu−) = 1, λ = 1+o(ε). Now, by Lemma 3.3,

J(ωε(s, t)) = J(su+ − tu− + εϕ)

= J(su+ − tu−) + ε

∫ 1

0

(J ′(su+ − tu− + τεϕ), ϕ) dτ

≤ J(su+ − tu−)− 1

2
ε ≤ J(λsu+ − λtu−)− 1

4
ε

≤ J(u+ − u−)− 1

4
ε = µq −

1

4
ε.

We arrive at a contradiction. �

Lemma 3.5. lim
q→p

µq ≤ µp.

Proof. Given ε > 0, choose u = u+ − u− ∈ Σp with J(u) ≤ µp + ε. We are

looking for uq = squ
+ − tqu− ∈ Σq with lim

q→p
J(uq) = J(u), then

lim
q→p

µq ≤ lim
q→p

J(uq) = J(u) ≤ µp + ε,

where ε is arbitrary, hence lim
q→p

µq ≤ µp. We solve the system for (sq, tq),

(3.1)


sqqGq(u

+) + tqqGq(u
−) = 1,

spqJ(u+)

sqqGq(u+)
=

tpqJ(−u−)

tqqGq(−u−)
.
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If sq > 0, tq > 0 is a solution, then squ
+ − tqu− ∈ Σq. By the second equation

of (3.1),

aq :=
tq
sq

=

(
Gq(u

+)

J(u+)

J(−u−)

Gq(−u−)

)1/(q−p)

=


∫

Ω

(u+)qdx∫
Ω

(u+)pdx

∫
Ω

(u−)pdx∫
Ω

(u−)qdx


1/(q−p)

.

Define

ap := lim
q→p

aq = exp


∫

Ω

(u+)p lnu+dx∫
Ω

(u+)pdx

−

∫
Ω

(u−)p lnu−dx∫
Ω

(u−)pdx

 .


sq = 1

/{∫
Ω

(cos θ(u+)q + sin θ(aqu
−)q) dx

}1/q

,

tq = aq

/{∫
Ω

(cos θ(u+)q + sin θ(aqu
−)q) dx

}1/q

,


sp = 1

/{∫
Ω

(cos θ(u+)p + sin θ(apu
−)p) dx

}1/p

,

tp = ap

/{∫
Ω

(cos θ(u+)p + sin θ(apu
−)p) dx

}1/p

.

We have ũ = spu
+−tpu− ∈ Σp, J(ũ) = J(u) ≤ µp+ε and uq = squ

+−tqu− ∈ Σq,

lim
q→p

J(uq) = J(ũ) ≤ µp + ε. �

Proof of Theorem 3.1. Let uq ∈ Σq, q > p, be the minimizer for problem

(M)q, obtained in Lemmas 3.3, 3.4. J(uq) = µq, Gq(uq) = 1 and uq satisfies

(E)q −∆puq + λg(x)|uq|p−2uq = µq(cos θ(u+)q−1 − sin θ(u−)q−)

or in the weak form

(E)q

∫
Ω

(|∇uq|p−2∇uq∇ϕ+ λg(x)|uq|p−2uqϕ) dx

=

∫
Ω

µq(cos θ(u+
q )q−1 − sin θ(u−q )q−1)ϕdx

for all ϕ ∈W 1,p
0 (Ω). Choose a sequence {qn}, qn → p, and

µ = lim
n→∞

µqn = lim
q→p

µq.

Denote un = uqn , J(un) = µqn ≤ c, {un} is bounded in W 1,p
0 (Ω). Assume

un → u in Lr(Ω), p ≤ r < p∗. Denote fn = µq(cos θ(u+
n )qn−1 − sin θ(u−n )qn−1),

suppose fn is bounded in Lr/(r−1)(Ω), for p ≤ r < p∗.
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For p ≥ 2, we have∫
Ω

|∇un −∇um|p dx ≤ c
∫

Ω

(|∇un|p−2∇un − |∇um|p−2∇um)(∇un −∇um) dx

≤ c
∫

Ω

(fn − fm)(un − um) dx ≤ c(|fn|r/(r−1) + |fm|r/(r−1))|un − um|r → 0.

For 1 < p ≤ 2, we have∫
Ω

|∇un −∇um|p dx

≤ c
(∫

Ω

(|∇un|p−2∇un − |∇um|p−2∇um)(∇un −∇um) dx

)p/2
·
(∫

Ω

(|∇un|p + |∇um|p) dx
)(2−p)/2

≤ c
∣∣∣∣ ∫

Ω

(fn − fm)(un − um) dx

∣∣∣∣p/2 ≤ c|un − um|p/2r → 0.

In both cases we have un → u in W 1,p
0 (Ω). Hence G(u) = 1, u 6= 0, and u

satisfies the equation

−∆pu+ λg(x)|u|p−2u = µ(cos θ(u+)p−1 − sin θ(u−)p−1)

or in the weak form

(3.2)

∫
Ω

(|∇u|p−2∇u∇ϕ+ λg(x)|u|p−2uϕ) dx

= µ

∫
Ω

(cos θ(u+)p−1 − sin θ(u−)p−1)ϕdx,

for all ϕ ∈ W 1,p
0 (Ω). We claim u± 6= 0, hence u ∈ Σp. Otherwise suppose

u− = 0. Then u is a nonnegative eigenfunction of the operator (Lλ,W
1,p
0 (Ω)).

It is strictly positive in Ω [7]. Hence |u−n > 0| → 0, where |u−n > 0| denotes the

measure of the set {x|u−n > 0}. On the other hand,

‖u−n ‖
p
λ =

∫
Ω

(|∇u−n |p + λg(x)(u−n )p) dx(3.3)

=µqn

∫
Ω

sin θ(u−n )qndx

≤ c |u−n > 0|1−qn/p
∗
(∫

Ω

(u−n )p
∗
dx

)qn/p∗
≤ c |u−n > 0|1−r/p

∗
‖u−n ‖

p
λ,

we arrive at a contradiction. Since u ∈ Σp, by (3.2) and Lemma 3.5,

lim
q→p

µq ≤ µp ≤ J(u) = µ = lim
q→p

µq .

Hence µ = µp. �
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Lemma 3.6. The following holds:

(a) ρ(θ) = ρ(θ) := inf{max(R(u+), R(−u−)) | u = u+ − u− ∈ W 1,p(RN )

u± 6= 0},
µp= µp := inf{max(R(u+), R(−u−)) | u = u+−u− ∈W 1,p

0 (Ω), u± 6=0}.
(b) lim

R→∞
µp(BR) = ρ(θ).

(c) If λ > Γ(θ) (0 < θ ≤ π/4), then ρ(θ) cos θ < λ.

Proof. (a) R is homogeneous, hence

ρ(θ) = inf{R(u) | u = u+ − u− ∈W 1,p(RN ), u± 6= 0, R(u+) = R(−u−)}

and ρ(θ) ≤ ρ(θ). On the other hand, let u = u+ − u− ∈ W 1,p(RN ), u± 6= 0.

Suppose R(u+) ≤ R(−u−). Let x0 be a Lebesgue point of u, u(x0) > 0, let ϕr
be a cut off function such that ϕr = 1, |x − x0| ≤ r, ϕ = 0, |x − x0| ≥ 2r. Let

vr = u+ϕr − u−. Since R(u+ϕr)→ R(u+) as r → +∞, and R(u+ϕr)→ +∞ as

r → 0, there exists r0 such that R(u+ϕr0) = R(u−), we have

ρ(θ) ≤ R(vr0) = R(u−) = max(R(u+), R(u−)),

hence ρ(θ) ≤ ρ(θ). Similarly we have µp = µp.

(b) It is clear that µp(BR) ≥ ρ(θ) and µp(BR) is nonincreasing in R, hence

lim
R→∞

µp(BR) ≥ ρ(θ). Given ε > 0, choose u ∈ Σ with J(u) ≤ ρ(θ) + ε. Let ψR

be a cut off function such that ψR = 1, if |x| ≤ R; ψR = 0, if |x| ≥ R + 1. For

R0 large enough,

R(u+ψR) ≤ R(u+) + ε ≤ R(u) + ε = J(u) + ε.

Similarly, Rp(−u−ψR0
) ≤ J(u) + ε and

µp(BR) ≤ max(R(u+ψR), R(−u−ψR)) ≤ R(u) + ε = J(u) + ε ≤ ρ(θ) + 2ε.

(c) There exists ε > 0, choose u ∈W 1,p(RN ), such that u = u+−u−, u± 6= 0

and ∫
RN
|∇u+|pdx∫

RN
(1− g(x))(u+)pdx

=

∫
RN
|∇u−|pdx∫

RN
(tan θ − g(x))(u−)pdx

< λ,

hence

R(u+) =

∫
RN

(|∇u+|p + λg(x)(u+)p) dx

cos θ

∫
RN

(u+)pdx

<
λ

cos θ
,

R(−u−) =

∫
RN

(|∇u−|p + λg(x)(u−)p) dx

sin θ

∫
RN

(u−)pdx

<
λ

cos θ
,
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ρ(θ) ≤ max(R(u+), R(−u−)) <
λ

cos θ
. �

Proof of Theorem 1.2. Let Rn → ∞, µn = µp(BRn), un ∈ Σp(BRn) =

Σ ∩W 1,p
0 (Ω) satisfy

−∆pun + λg(x)|un|p−2un = µn(cos θ(u+
n )p−1 − sin θ(u−n )p−1)

or ∫
BRn

(|∇un|p−2∇un∇ϕ+ λg(x)|un|p−2unϕ) dx

= µn

∫
BRn

(cos θ(u+
n )p−1 − sin θ(u−n )p−1)ϕdx

for all ϕ ∈W 1,p
0 (BRn). By Lemma 3.6,∫

BRn

(|∇un|p + λg(x)|un|p) dx = µn → ρ(θ).

We assume that un ⇀ u in W 1,p(RN ), un → u in Lrloc(RN ), p ≤ r < p∗. By the

assumption λ > Γ(θ) and Lemma 3.6, there exist R, δ, ν,N such that

λg(x)− µn cos θ ≥ δ > 0, for |x| ≥ R and n ≥ N.

We have

µn

∫
BR

(cos θ(u+
n )p + sin θ(u−n )p) dx =

∫
RN
|∇un|pdx+

∫
BR

λg(x)|un|pdx

+

∫
RN\BR

[
(λg(x)− µn cos θ)(u+

n )p + (λg(x)− µn sin θ)(u−n )p
]
dx

≥
∫
RN
|∇un|pdx+

∫
BR

λg(x)|un|pdx+ δ

∫
RN\BR

|un|pdx ≥ νJ(un) = νµn

and∫
BR

(cos θ(u+)p+sin θ(u−)p) dx = lim
n→∞

∫
BR

(cos θ(u+
n )p+sin θ(u−n )p) dx ≥ ν > 0.

Hence u 6= 0. As in the proof of Theorem 3.1, we can show that un → u in

W 1,p
loc (RN ) and u satisfies the equation

−∆pu+ λg(x)|u|p−2u = ρ(θ)(cos θ(u+)p−1 − sin θ(u−)p−1)

or, for all ϕ ∈W 1,p(RN )∫
RN

(|∇u|p−2∇u∇ϕ+ λg(x)|u|p−2uϕ) dx

= ρ(θ)

∫
RN

(cos θ(u+)p−1 − sin θ(u−)p−1)ϕdx.

Now we prove that u± 6= 0. Otherwise suppose u− = 0. Then u = u+ is

a nonnegative eigenfunction of the operator Lλ, it should be strictly positive,
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see [8]. Therefore |BR(u−n ) > 0| → 0, where BR(u−n > 0) = BR ∩ {u−n > 0}. As

in (3.3), we have, on one hand,

µn sin θ

∫
BR

(u−n )pdx

=

∫
RN
|∇u−n |pdx+

∫
BR

λg(x)|u−n |pdx+

∫
RN\BR

(λg(x)− µn sin θ)(u−n )pdx

≥
∫
RN
|∇u−n |pdx+

∫
BR

λg(x)|u−n |p dx+ δ

∫
RN\BR

(u−n )pdx ≥ c‖u−n ‖p.

On the other hand,

µn sin θ

∫
BR

(u−n )pdx ≤ c|BR(u−n > 0)|p/N
(∫

BR

(u−n )p
∗
)p/p∗

≤ c|BR(u−n > 0)|p/N‖u−n ‖p,

we arrive at a contradiction. Similarly u+ 6= 0. It is clear that J(u) = ρ(θ) and

R(u+) = R(−u−). �

Proposition 3.7. ρ(θ) is continuous.

Proof. Assume 0 < θ1 < θ2 < π/2. Choose u ∈W 1,p(RN ) such that∫
RN

(|∇u+|p + λg(x)(u+)p) dx

cos θ1

∫
RN

(u+)pdx

=

∫
RN

(|∇u−|p + λg(x)(u−)p) dx

sin θ1

∫
RN

(u−)pdx

≤ ρ(θ1) + ε,

we have∫
RN

(|∇u+|p + λg(x)(u+)p) dx

cos θ2

∫
RN

(u+)pdx

≤ (ρ(θ1) + ε)
cos θ1

cos θ2
,

∫
RN

(|∇u−|p + λg(x)(u−)p) dx

sin θ2

∫
RN

(u−)pdx

≤ (ρ(θ1) + ε)
sin θ1

sin θ2
< (ρ(θ1) + ε)

cos θ1

cos θ2
.

By Lemma 3.6 (a)

ρ(θ2) ≤ max


∫
RN

(|∇u+|p + λg(x)(u+)p) dx

cos θ2

∫
RN

(u+)pdx

,

∫
RN

(|∇u−|p + λg(x)(u−)p) dx

sin θ2

∫
RN

(u−)pdx

 ≤ (ρ(θ1) + ε)
cos θ1

cos θ2
,
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where ε is arbitrary,

ρ(θ2) cos θ2 ≤ ρ(θ1) cos θ1, 0 < θ1 < θ2 <
π

2
.

Hence

(3.4) lim
θ→θ+0

ρ(θ) ≤ ρ(θ+
0 ) ≤ lim

θ→θ+0

ρ(θ).

Now choose u ∈W 1,p(RN ) such that∫
RN

(|∇u+|p + λg(x)(u+)p) dx

cos θ2

∫
RN

(u+)pdx

=

∫
RN

(|∇u−|p + λg(x)(u−)p) dx

sin θ2

∫
RN

(u−)pdx

≤ ρ(θ2) + ε.

We have∫
RN

(|∇u−|p + λg(x)(u−)p) dx

sin θ1

∫
RN

(u−)pdx

≤ (ρ(θ2) + ε)
sin θ2

sin θ1
,

∫
RN

(|∇u+|p + λg(x)(u+)p) dx

cos θ1

∫
RN

(u+)pdx

≤ (ρ(θ2) + ε)
cos θ2

cos θ1
< (ρ(θ2) + ε)

sin θ2

sin θ1
.

Again by Lemma 3.6 (1), ρ(θ1) sin θ1 ≤ ρ(θ2) sin θ2. Hence

(3.5) lim
θ→θ−0

ρ(θ) ≤ ρ(θ0) ≤ lim
θ→θ−0

ρ(θ).

By (3.4) and (3.5), lim
θ→θ0

ρ(θ) = ρ(θ0). �
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