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AN EXISTENCE RESULT
FOR A NONLINEAR BOUNDARY VALUE PROBLEM
VIA TOPOLOGICAL ARGUMENTS

KHADIJAH SHARAF

ABSTRACT. We investigate a nonlinear PDE related to the prescribing mean
curvature problem on the boundary of the unit ball. We use variational and
topological methods to prove the existence of at least one solution when
the function to be prescribed satisfies at its critical points a non-degeneracy
condition.

1. Introduction and main results

In this paper we consider the problem of existence of conformal scalar flat
metric with prescribed boundary mean curvature on the unit n-dimensional ball.
To be more specific, let B be the unit ball of R”, n > 3, with Euclidean metric go.
Its boundary will be denoted by S”~' and will be endowed with the standard
metric still denoted by go. Let H: S*! — R be a given function, we study
the problem of finding a conformal metric g = u*/("~?) gy (here u is a smooth
positive function and the exponent 4/(n — 2) is used to make the next equation
simpler) such that R, = 0 in B" and hy, = H on S"~!. Here R, is the scalar
curvature associated to the metric g in B" and hg is the mean curvature of g
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on S™~!. This problem is equivalent to solving the following nonlinear boundary
value equation:

Au=0 in B",

1.1 — —
( ) ?+n2 2u2n2 2Hun/(n_2) onS”—17
v

where v is the outward unit normal vector on S*~! with respect to the metric go,
see e.g. [5].

Equation (1.1) enjoys a variational structure. A natural space to look in
for solutions is the Sobolev space H'(B"). Recall that by the regularity result
of P.Cherrier [12], a weak solution of (1.1) is indeed a smooth solution. In
equation (1.1), the exponent is N — 1, where N = 2(n — 1)/(n — 2) is the critical
case of the trace Soboev embedding H'(B") — L9(S"~!). In virtue of the lack of
compactness of this embedding, the Euler-Lagrange functional J associated to
our problem (see Section 2 for the definition of .J) fails to satisfy the Palais—-Smale
condition; that is there exist non-compact sequences along which the functional
is bounded and its gradient goes to zero. From the variational view point, it is
the occurrence of critical points at infinity, that are the limit of the non-compact
orbits of the gradient flow of J (see Definition 2.1 below for more precision). This
prevents the use of standard variational methods to prove existence of solutions.
Moreover, besides the obvious necessary condition that H should be positive
somewhere, there is at least another obstruction to solving the problem, the
so-called Kazdan-Warner condition [20].

Problem (1.1) has been studied by Escobar and Garcia [16] in dimension 3,
who proved that blow-ups of solutions of subcritical approximations occur at one
point and gave an index-count formula reminiscent to the one given by Bahri and
Coron [8] and Chang, Gursky and Yang [10] for the prescribed scalar curvature
on three dimensional sphere. We point out that the index formula of [16] has
an equivalent in dimension 4, see [13] and [2]. However, the method cannot
be generalized to higher dimension n > 5 under the non-degeneracy condition,
since the corresponding index-count criteria, when taking into account all critical
points at infinity is always equal to 1. There have been many works devoted to
the existence results, trying to understand under what condition (1.1) is solvable.
For details see [1]-[4], [11], [13]-[19], [22] and the references therein.

Motivated by the work of [1] and [4], and aiming to include a larger class of
functions H in the existence results for (1.1), we develop in this paper a topo-
logical approach which enables us to provide sufficient conditions on H weaker
than those of [2], [3], [11], [13], [16] to obtain solution of (1.1) for every dimen-
sion n > 3. Our method hinges on the theory of critical points at infinity of
A.Babhri [6].
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To state our existence result, we need to introduce the assumptions that
we will use and some known facts. Throughout this paper, we assume that
H:S" ! 5 R, n >3, is a positive Morse function satisfying the following non-
degeneracy condition:

AH(y) #0 whenever VH(y) = 0.

We denote Kt := {y € S" 1, VH(y) =0 and — AH(y) > 0}. To every tuple of
distinct elements y;,,...,y;, of KT, we associate the matrix M (y;,, ... 7yip) =
(M;) defined by

M-»:—CM for j=1,...,p
o (H (yi;))n1
G 159 Jt
M, = —¢ v,y for j # k,

(H (yi,) H (yi,.)) =2 /2

where

/ 2P - az
c= —_ d = —_
g1 (14 |2z[2)n1dz’ rn-1 (14 ]z[2)n=2’
and G denotes the Green’s function related to problem (1.1).

Let p(yi,,---,¥i,) be the least eigenvalue of M(y;,,...,y;,). It was first
pointed out by A.Bahri [6], that when the self interactions of functions failing
the Palais—Smale condition and the mutual interactions between two such dif-
ferent functions are of the same size, the function p plays a fundamental role
in the existence of solutions to problems like (1.1). Regarding problem (1.1),
such kind of phenomenon appears in dimension 4, see [2]. However in dimension
n > 5, the interaction of two different functions failing the Palais—Smale condi-
tion is negligible with respect to the self interactions, while in dimension 3 the
reverse happens. When it comes to the 4-dimensional case, we will assume that

pWiys - yi,) #0, forall g, ...,y € Kt.
Let CT be the following set:

C+ = {(yi17' <. ayip) € (ICJ’_):D) p Z 17 with sz # yik’for auj 7é k}a if n Z 5?

C+ = {(yi17' .. 7yip> € (K:+)p7 p Z 1a with yij 7é Yig»
for all j # k and p(yi,,...,y:,) >0}, ifn=4,

and C* := K*, if n = 3. The following known result describes the lack of
compactness property associated to problem (1.1).

PROPOSITION 1.1. Assume that (1.1) has no solution on B™, n > 3. Then
the critical points at infinity of the associated variational problem correspond to:

p

1
(yila cee 7yip)00 = Z W 6(%1”00)7

j=1



34 K. SHARAF

where (Yiy, ..., Yi,) € CT. The Morse index of such critical point at infinity is

equal to
P

i(yim s 7yip)oo =p—- 1- Z(n —-1- lnd(Hv yij))a
j=1
here ind(H,y) denotes the Morse index of H aty and 6, z), a € S and A > 0,
are the solutions of the Yamabe type problem when H equals to a constant.

The above result was proved in [3, Proposition 5.5] for the dimension 3, in [2,
Corollary 6.3] for the dimension 4 and in [3, Proposition 4.2] for the dimension
n > 5.

Let C* be the set of critical points at infinity given by

(12) C>* = {wgo = (yi17' e 7yip)ooa (yi17' . '7yip) € C+}

If wye € €%, let W2 (wp°) designates its unstable manifold and W°(wp°) its
stable manifold relative to the C'-vector field (—.J), the opposite of the gradient
vector field for J.

Let ko € N and let Sp° be a subset of Cp°, where Cp° := {wp° € C*°, i(w;°)
< ko}. We consider the following set:

Wu(Se) = |J wWie(wy).

00 & Goo
wp ESkO

Observe that W, (S°) is contractible in YT, the space of variation of J, since
¥t is a contractible space. Therefore, W, (Sg) admits at least one contraction
in 2.
(A1) Assume that W, (S7°) possesses a contraction ©g(W,(Sr2)) in £F with
the following property:

Oo(Wu(Sis)) N W (wp®) =0, for all wy® € Cg iy \ Sie.
Here Cio, | := {wp® € C*°, i(wy®) < ko + 1}.

THEOREM 1.2. Under assumption (A1), if
(A2) D (- #£1,
ngES,‘;Z

then (1.1) has a solution.

We will show that many interesting existence results are applications of The-
orem 1.2, particulary those of [2], [3], [11], [13], [16]. In Section 3, we will
consider some situations where the aforesaid results do not provide a solution
to problem (1.1), but by Theorem 1.2 we derive that (1.1) admits a solution.
More precisely, we shall prove that Theorem 1.2 is a proper generalization of the

following results.



AN EXISTENCE RESULT VIA TOPOLOGICAL ARGUMENTS 35

COROLLARY 1.3. In the 3- and 4-dimensional cases, if
> ) £,
wpeeC>

then (1.1) has a solution.

The result of Corollary 1.3 was proved in [3] and [16] in the 3-dimensional case
and in [2] and [13] in the 4-dimensional case. The used method in [13] and [16]
is based on a fine blow-up analysis of some subcritical approximations. While
the approach of [2] and [3] consists of studying the critical points at infinity of
the associated variational problem.

COROLLARY 1.4. Assume that H is of the form H = 14+cHy, Hy € C?(S"1)
and || is small, then problem (1.1) has a solution provided

Z (71)nflfind(H,y) # 1.

yeKt

The result of Corollary 1.4 was proved in [11], see also [4].

In Section 2, we set up the variational structure of problem (1.1) and we give
some auxiliary tools. In Section 3, we provide the proof of Theorem 1.2 and
discuss the relation between this theorem and its corollaries.

2. Variational structure

In this section, we recall the functional setting and the variational problem
and its main features. Problem (1.1) has a variational structure. The Euler—
Lagrange functional is

)

(2=n)/(n—-1)
J(u) _ ( - HuQ(n—l)/(n—2) d0'90>

defined on H!(B") equipped with the norm

n—2
||uH2:/B \Vu|2dvgo+ 5 /Silu2dago,

where dv,, and dog, denote the Riemannian measure on B" and S"~! induced
by the metric gg. We denote by ¥ the unit sphere of H!(B") and we set
YT ={u € 3, u > 0}. The exponent 2(n — 1)/(n — 2) is critical for the Sobolev
trace embedding H!(B") — L?(S"~!). As this embedding is not compact, the
functional J does not satisfy the Palais—Smale condition.

In order to characterize the sequences failing the Palais—Smale condition, we
need to introduce some notations. We will use the notation x for the variables
belonging to the unit ball B” or to the half space R’} defined by R} := {z €
R™, x, > 0}. We will also use the notation x = (2/,z,,) for € R%. It will be
convenient to perform some stereographic projection in order to reduce the above
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problem to R7. Let D*2(R"}) denote the completion of CZ°(R'}), with respect
to the Dirichlet norm. The stereographic projection m, through an appropriate
point ¢ € S"~! induces an isometry i: H'(B") — D"?(R") according to the
following formula:

. 2 (n—2)/2 2! |$/|2 +a, —1
wz) = ———— u , ,
PP+ G+ 17 P+ Gon + 1 T o+ 1P
where 2’ = (21,...,2,-1). For a € R} and A > 0, we define the function
51 g )\(7;—2)/2
( . ) (a,)\)(x) = Co ((1 T )\xn)2 + )\2‘.@/ — a/|2)(n72)/27

where x € R”}, and ¢ is chosen such that ga,  satisfies the following equation:

Au=0 and u>0 inRY,

0
—3712 ="/ (2) on OR"}.
Set
(2.2) Sar =1 (0(an)-
For € > 0, p € N*, let us define
weX st Jar,...,ap €S 3ag,...,ap >0,
P
I, Ay > e with |lu— Y @b, || <&, i <e Vi,
V(p,e) = ’ 2 (A ’
2/(n=2) g0
and‘Wl‘<€ Vi,jzl,...,p,
a; H(aj)
where

)\i s (2—n)/2
Eij = ()\J )TZ + )\i)\j|ai — aj|2> .

If u is a function in V(p, ), one can find an optimal representation following [7].
Namely we have

PROPOSITION 2.1. For any p € N*, there is e, > 0 such that if e < €, and
u € V(p,e), then the following minimization problem:

p
u — Z aié(ai,)\i)
=1

has a unique solution (a, A, a), up to a permutation.

min
a;>0,2;>0,a;,€S5"1

3

In particular, we can write u as follows:
P
u=Y @b, )+,
i=1

where v belongs to H'(B") and it satisfies the condition
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9o; 96; .
(VO) <U7¢>_Oforw€{5i7a)\i7aaia 2_17"‘7p}7
here, §; = 0(q,,»,) and (-, -) denotes the scalar product defined on

H'(B") by

-2
(u,v) :/ VuVudug, + nT/S » uv dog,.

The failure of the Palais—Smale condition can be characterized as follows, see
[3] and [21].

PROPOSITION 2.2. Let (ug) be a sequence in X such that J(uy) is bounded
and 0.J (uy) goes to zero. Then there exist an integer p € N*, a sequence (g ) >
0, e tends to zero, and an extracted subsequence of uy’s, again denoted (uy),
such that u, € V(p,eg).

Next, we give a definition extracted from [7].

DEFINITION 2.3. A critical point at infinity of J on X% is a limit of a flow
line u(s) of the equation
Gu — 0] (u(s)),
u(0) = uy,

such that u(s) remains in V(p,e(s)) for s > so. Here £(s) is some positive
function tending to zero when s — +oo. Using Proposition 2.1, u(s) can be

written as
P
U(S) = Zai(s)é(ai(S),Ai(S)) + ’U(S).
i=1
Denoting a; := SEIJPOO a;(s), gi = SEIJ,I:IOO ai(s), we denote by

P
Z az(;(g}],oo) or (gla ce 7gp)ooa
i=1
such a critical point at infinity.

3. Proof of existence results

This section is devoted to the proof of Theorem 1.2 and its corollaries. We will
discuss how Theorem 1.2 is considered as a real generalization of Corollaries 1.3
and 1.4.

PRrROOF OF THEOREM 1.2. We argue by contradiction, we suppose that prob-
lem (1.1) has no solution. It follows from Proposition 1.1 that the only critical
points at infinity of J are the elements of C* defined in (1.2).
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For kg € N and for Sp° a subset of Cp° := {wp® € C=°, i(wy°) < ko), we

define
wu(Si = J W),
wgoes,‘;g
where W (w;°) is the unstable manifold of w;° and i(w;°) is its Morse in-
dex. Observe that X7 is a contractible set, therefore there exists at least one
contraction
©:[0,1] x Wy (Sgy) — »t, (t,u) — O(t,u),

O(0,u) = u, for all u € W,(Sp°), © is continuous and O(1,u) = ug, a fixed
element of XT. Let

O(Wu(Si7)) := O([0, 1] x Wu(Si7))-

Deform ©(W,,(Sz°)) by using the gradient flow-lines of (—0.J). We say that a
critical point at infinity wp® is dominated by ©(W,(S7°)) and denote wp® <
O(W.(Sp)) if

OWL(S) N Wi(wi) 0.

By using a deformation lemma, see Proposition 7.24 and Theorem 8.2 of [9], we
have
O(Wu(S)) ~ U W2 (w),
we <O(W(S52))
where ~ denotes retracts by deformation.

Observe that W, (Sp°) is a stratified set of dimension at most ko, since each
W2 (wy°) is a manifold of dimension i(wp®). Therefore, ©(W,(SF)) is also
a stratified set of top dimension kg + 1. By transversality arguments and by
dimension’s reason, the stable manifold of any critical point at infinity of Morse
index larger than or equal to k + 2 can be avoided during such a deformation.
Therefore,

OWu(Si)) = U W= (wy®),
WS <O(Ww(579))
i(wp?)<ko+1
which can be written as
owust N~ U wrwru U W)

weeESge W <O(W,(S7))

Wi €C 1 \S}Y

Working now by the contraction Oy provided by assumption (A;) of Theo-

rem 1.2, there is no critical point at infinity in Cg \ Spe which is dominated
by ©o(W.(S)). Thus,

O0(Wu(Si)) ~ | J Wt (wy).

00 = Goo
wp GS,CO
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Taking the Euler—Poincaré characteristic (denoted x) of both sides, we get
XOWu(ST)) =1=" > (-1,
wee ESEE
since ©o(W,(S57)) is a contractible set. This yields a contradiction with as-
sumption (Ag) of Theorem 1.2. This concludes the proof of Theorem 1.2. (]

PROOF OF COROLLARY 1.3. Set ko := sup{i(w;°), wp® € C*}. For Sp° =
Cro, assumption (A;) of Theorem 1.2 is satisfied for any contraction © (W, (Sz°))
in ¥, since Cp°,; \ S¢° = 0. In addition, assumption (Az) of Theorem 1.2 is
satisfied from the assumption of Corollary 1.3. Therefore Theorem 1.2 applies.[]

PROOF OF COROLLARY 1.4. Set kg := sup{i(yoc), ¥ € KT}. For S° =
{(¥)oo, y € KT}, assumption (Az) of Theorem 1.2 is satisfied from the condition
of Corollary 1.4. Thus, to achieve the proof, it remains to construct a contraction
Oo(W.(S5)) satisfying assumption (A;) of Theorem 1.2.

Since H is of the form H = 1+ eHy, Hy € C?*(S"™!) and || is small, the
functional is

J.(u) = L

(/ (14 £ Hy )21/ (n=2)
Sn—1

In the case of the Yamabe functional Jy, the minimum of Jy, denoted by .S, is

) (n—2)/(n—1)"

achieved by the n-dimensional manifold Z of critical points given by
Z = {5(,1))\), ac Snil, A > 0}.

For a € R, we set J* := {u € 1, J.(u) < a}. Since J.(u) = Jo(u)(1+ O(e)),
with O(e) independent of u, we get for |¢| small enough

JEtn gt C St

For n = S,,/4 and for |¢| sufficiently small, the critical points at infinity made
of two bubbles or more are above the level S, +3n and the ones with a single bub-
bles are below S, 4+ 7. Thus, J5»+37 ~ JS»+7 and, therefore, Jgg"H” o JSntm,
Observe that Z is contractible and it is a retract by deformation of Jy" ™", We

derive thus that J*7 is a contractible set. Since W, (S2) = U Wi ()
yek+
is in JS» 7 then there exists at least one contraction Oo(Wwu(S?)) of Wy (Spe)

in JS»*t7. This contraction avoids the stable manifold of any critical point at
infinity which is not in Sp°. Hence assumption (A1) of Theorem 1.2 follows. O

Related existence results. Next we provide some existence results through
prescribed functions H which satisfy the assumptions of Theorem 1.2 indepen-
dently of the assumptions of Corollaries 1.3 and 1.4.

THEOREM 3.1. For n =4, if there exists kg € N such that
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(C1) i(wp®) # ko + 1, for all wy® € C*,
(C2) > (=) #1,

o0
wp ECkO

then (1.1) has a solution.

PROOF. For Sp° = Cp°, let ©g(W,,(577)) be a contraction of W, (S7°) in X+.
Observe that under assumption (Cy), ©o(W,(S57)) satisfies assumption (Ay) of
Theorem 1.2 and (Az) follows from (Ca). O

We point out that Theorem 3.1 extends Corollary 1.3 in dimension 4 to
include the case where the total sum given in Corollary 1.3 equals 1 but a partial
one is not provided that there is a jump in the Morse indices of elements of C*.
Notice that Theorem 3.1 is not applicable in dimension n # 4, since it is exactly
equivalent to the theorem of [3] and [16] in dimension 3 and for dimension n > 5,
under (C1), 32 (=1)"®2") is always equals 1.

wee EC;‘S
THEOREM 3.2. Let n > 3. Assume that the critical points of H are ordered
as follows H(yo) > H(y1) > ... > H(y,) with
(Ho) Wi(yi) N Wu(y;) =0, for ally; € K¥, y; ¢ KT
Here Ws(y) and Wy (y) are the stable and the unstable manifold of the
gradient vector field (—OH) at y.

For every j =0,...,¢, we denote
Xj = U WS(%)
yi€K+
0<i<j

Under the following assumptions:

(Hy) there ezists jo, 0 < jo < £ such that X, is contractible in H., = {x €
S"=t H(x) > co}, where

H(yk) <CO§H(yjo)7 fO?” allk2j0+1a with Yk €K+,

(Hy) ¥ (-1t 2,
yiekt
0<i<jo

equation (1.1) has a solution provided H is close to a constant function.

PROOF. Setting kg = sup{i(¥i)oo, ¥ € KT, 0 < i < jo} and See =
{(Wi)oo, ¥i € KT, 0 < i < jo}. Under assumption (Hz), assumption (As) of
Theorem 1.2 holds. Now to construct a contraction O (W, (S7?0)) of S° in ¥F
satisfying assumption (A;) of Theorem 1.2, we proceed as follows.

Recall that for every y; € KT the level of J at the critical point at infinity
(Yi)oo 18 ¢(Yi)oo 1= Sn/(H(y;))"~2/(»=1) and the unstable manifold at infinity
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W (yi)oo can be described under assumption (Hg) by W (y;) x [A, +oo], the
domain of the variable A, for a positive earl A large enough. Thus,
Wu(Sg;)) = on X [A,+OO[ by (5(957/\) <~ (:C,)\)
It follows from (H;) that there exists
¢:[0,1] x X, = Hg,, (t,x) — o(t,x),

continuous such that, for all x € X, ¢(0,2) = x and ¢(1,z) = ao, a fixed point
of H.,. Such contraction gives rise to the following contraction:

902 [0, ].] X Wu(S,‘;j) — EJr, (t, 6(;57,\)) — 5(¢(t,ac),)\)-

For all 5(35)\) S WH(SIC;S)’ @0(0, 5(937)\)) = 5(%}\) and @0(1, 5(1))\)) = 5((107,\), a fixed
point in ¥ . Expanding J along this homotopy, we find
Sn,
J(d =
( (¢(t,w)7>\)) (H(¢(t,z)))n=2)/(n=1)
< S
= (cp)(m=2)/(n=1) (

(1+0(47?)

14 0(A72)).

Let ¢ := S,/ (co) =2/~ and let ¢ > 0 be very small so that ¢; +& < (Y )oo,
for all 4, € KT and k > jo + 1. Thus, for A large enough, the contraction
Oo(Wu(S5)) is performed under the level c¢; +¢. Using the fact that H is close
to constant, all critical points at infinity of two masses or more are above ¢y + €.
Therefore, all critical points at infinity which are not in 7 are above ¢; + ¢, so
it cannot be dominated by ©o(W,(S?)). Hence condition (A1) of Theorem 1.2
is satisfied for ©¢ (W, (S5?))- O

REMARK 3.3. We can obtain (Hp), (H;) and (Hsz) of the above theorem
through the following situation. We order the critical points of H as follows:

H(yo) > H(y1) > H(y2) > H(ys) > --- > H(ye).

(a) Assume that 3o and y; are two maxima of H on S"~!. Thus, 3o,y € KT
and ind(H,yo) = ind(H,y;) =n — 1.

(b) Assume that yo & KT with ind(H,y2) = n — 2. Thus W,(y2) is a 1-
dimensional manifold.

(c) Assume that Wy(y2) is with boundary. Thus, the critical points yo and
y1 form the boundary of Wi(ys).

(d) Assume that KT = {yo, y1,y3} with ind(H,y3) =n — 2.

Observe that condition (Hp) follows from (a)—(d) and the following dimension
argument:

Ws(2) "Wy (2') # 0 = ind(H, 2') > ind(H, 2) + 1.

For condition (Hi), we take jo = 1, X, = Ws(y1) U Ws(yo) = {v1,%0}-
From (c), X, is contractible in W(y2), the closer of W(y2). Therefore, X, is
contractible in H., with co = H(y2).
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Lastly, condition (Hs) is satisfied since

Z (_1)n—l—ind(H,yi) —9.

yiEIC+
0<i<1

Hence, equation (1.1) has a solution even > (—1)"~1~md(H.y) — 1 in this

yek+

situation.
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