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ABSTRACT. Let Q@ C RN, N < 3, be a bounded domain with smooth
boundary, v € L?(Q) be arbitrary and ¢: R — R be a C!-function satisfying
a subcritical growth condition. For every € € 0, o[ consider the semiflow
me on H} () x L2(Q) generated by the damped wave equation

edpu+ Ou = Au+ p(u) +y(z) z€Q, t>0,
u(z,t) =0 €00, t>0.

Moreover, let 7’ be the semiflow on H& (2) generated by the parabolic
equation
Oru = Au+Pp(u) +v(z) z€Q, t>0,

u(z,t) =0 z€0Q,t>0.

Let T: H2(Q) — H(Q2) x L?(£2) be the imbedding u +— (u, Au+ ¢(u) +7).
We prove in this paper that every compact isolated n’/-invariant set K’ lies
in H2(£2) and the imbedded set Ko = I'(K') continues to a family K., e > 0
small, of isolated m.-invariant sets having the same Conley index as K.
This family is upper-semicontinuous at ¢ = 0. Moreover, any (partially
ordered) Morse-decomposition of K’, imbedded into H}(Q) x L2(Q) via T,
continues to a family of Morse decompositions of K¢, for € > 0 small. This
family is again upper-semicontinuous at ¢ = 0.

These results extend and refine some upper semicontinuity results for
attractors obtained previously by Hale and Raugel.
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1. Introduction

Let N € {1,2,3} and Q C R" be a bounded domain with smooth boundary,
v € L?(Q) be arbitrary and ¢:R — R be a C'-function such that, for N > 2,
there are constants 7 and C' € [0, 00[ with |¢/(u)| < C(1 + |u|") for u € R. If
N = 3 we also assume that 7 < 2, i.e. that ¢ has subcritical growth.

For every ¢ € 0, oo[ consider the following damped wave equation

edyu+ 0w = Au+o(u) +v(z) z€Q, t>0,

H 1>
(Fyp.) w(z,t) =0 200 t>0.

It is well-known that equation (Hyp.) generates a local semiflow (actually, a
local flow) 7. on H{(Q2) x L*(Q).
Setting, formally, € = 0 in equation (Hyp,) we obtain the parabolic equation

Ou =Au+o(u)+vy(z) z€Q, t>0,

(Par)
u(z,t) =0 x €00, t>0.

Again it is well-known that equation (Par) generates a local semiflow 7’ on
H(Q).

It is a natural question to ask whether, for ¢ — 0, solutions of 7. converge,
in some sense, to solutions of 7/, properly imbedded into H{(2) x L?*(Q). This
question was considered in the context of attractors by Hale and Raugel [9], who
used some ideas and results by Haraux and by Babin and Vishik. (See [10], [1]
and the references cited therein.) Let us briefly describe the main result from [9].
To this end we need some notation. Let I': H?(Q) — HJ(2) x L?(2) be the map
defined by T'(u) := (u,v) where v(x) := Au(x) + ¢(u(x)) + v(z), for u € H()
and z € Q.

Under some additional assumptions on ¢ the semiflow 7’ has a global attrac-
tor A’ and, for all ¢ > 0, the semiflow 7. has a global attractor A.. It turns out
that A’ C H?(Q) and the family (A:)c>0, where Ay = I'(A’), is upper semicon-
tinuous at & = 0 in Hg(Q) x L*(Q), i.e. limeosupye 4, infoea, [y —2|gi x> = 0.

Now note that A" and A, € > 0, are isolated invariant sets (relative to the
corresponding semiflows) with Conley index YX°. Thus the above result shows
that the compact isolated invariant set A’ continues, after its imbedding into
HY(Q) x L3(2), to a family A., € > 0 of isolated invariant sets with the same
index.

One of the objectives of this paper is to show that an analogous result holds
for arbitrary compact isolated invariant sets of the local semiflow 7’.

More precisely, we have the following result:

THEOREM A. Let K’ be a compact (in HZ(2)) isolated invariant set relative
to 7. Then K' C H*(Q), and there is an g9 > 0 and for every e € ]0,&0]
there is a compact isolated invariant set K. relative to m. such that the Conley
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index h(m., K.) of K. is equal to the Conley index h(n',K') of K'. Moreover,
the family (K:)ec(o,e,], where Ko = T'(K'), is upper semicontinuous at € = 0 in
H(Q) x L2(Q), i.e. lim._ sup, ek, infaek, |y — Z|H6XL2 =0.

(See Theorem 6.1 below for a complete statement of a more general result).

A naive approach to the proof of Theorem A would be to make a change of
variables

D: (u,v) — (u,w) = (u,v — Au — ¢p(u) — )
in (Hype), consider the corresponding conjugate semiflows 7. = ®*m., ¢ > 0,
and then apply an abstract singular Conley index continuation principle estab-
lished [4] to the family 7., ¢ > 0, where 7y = 7’. However, there is an inherent
difficulty in the present situation due to the fact that the transformation & is
defined on the space H2(2) x L?(Q2) which is only a subset of the phase space
HY(Q) x L*(Q) of the semiflows 7., so 7. is not well-defined for £ > 0.

That is why we first study, in Section 3, a model finite-dimensional singu-
lar perturbation problem (equations (3.1) and (3.2) below), to which a variable
transformation like ® is applicable. Results from [4] then yield a singular Con-
ley index continuation result for the corresponding family of finite-dimensional
semiflows (Theorems 3.1 and 3.9 below).

In Section 4 we establish some compactness and smoothing results for para-
bolic equations, which, in particular, imply that the Conley index in Theorem A
for the semiflow 7’ is equal to a Conley index for equation (3.2) on an appropriate
finite dimensional subspace E of HJ ().

Then, in Section 5, which is based on ideas from [1], [10] and [9], we establish
some boundedness and smoothing results for damped wave equations, which, in
particular, imply that the Conley index in Theorem A for the semiflow 7. is
equal to a Conley index for equation (3.1) on E x E, uniformly in ¢ for £ > 0
small.

Combining all these results we then obtain (in Section 7) our first main result,
Theorem 6.1, which implies Theorem A above.

In the last section of this paper we use some recent results from [6] and [7]
and show that Morse decompositions of the invariant set K’, relative to the
semiflow 7/, continue to appropriate Morse decompositions of K, relative to the
semiflows m., for € > 0 small.

2. Notation

In this paper we use the letter N to denote various sets (mostly isolating
neighbourhoods) as well as the dimension of the open set 2. This should not
lead to confusion.

If a and b € R then we write [a,b] := [a,b] N Z.
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If E is a normed space, I C R, t € INClg(I \ {t}) and u: I — E is a map
which is differentiable at ¢, then we often use the symbol d®)u(t) to denote the
derivative of u at ¢t. This notation is more useful than the traditional u/(¢) or
Ou(t) in cases in which it is important to indicate the norm |- |g with respect to
which u is differentiated.

Whenever Z is a set and h: Z x R — R, u: Z — R are arbitrary maps, then
?L(’LL) Z — R is the map defined by ﬁ(u)(x) = h(z,u(x)), z € Z.

Finally, given a local semiflow 7 on a metric space X and a strongly admis-
sible isolating neighbourhood NN, relative to 7, of an isolated m-invariant set K
then we write interchangeably h(mw, K) or h(w,N) to denote the Conley index
of K (cf. [13] or [14])).

3. A finite dimensional singular perturbation problem

In this section let (F,|-|) be a finite dimensional Banach space. Given a
Cl-map ¢:E — E and € > 0 let 7., be the local (semi)flow generated by the
following ordinary differential equation on E x E:

(3.1) uw=v, v=(1/e)(—v+g(u)), (u,v)€E.

Furthermore, let 7r; be the local (semi)flow on E generated by the following
ordinary differential equation on E:

(3.2) u=g(u), we€eE.
One of the goals of this section is the proof of the following result.

THEOREM 3.1. Let N’ C E be a compact isolating neighbourhood relative
to m,. Then for every 3 > 0 there is an g9 > 0 such that for every e € ]0,¢0] the
set

Ny = Nj o= {(uv) [ue N', o - gu)| < B}

s an isolating neighbourhood relative to 7. 4 and
h(me,g, Nj) = h(mgy, N').

The proof of Theorem 3.1 will be based on a singular Conley index continu-
ation result established in [4] (cf. also [3]). In order to state this result, we shall
need a few definitions and notations.

Let (Xo, do) be a metric space. Let g9 > 0 and for each € € ]0, g¢] let (Y, d.)
be a metric space and 6. € Y, be a distinguished point of Y.. The open ball
in Y of center in y and radius 8 > 0 is denoted by Bc(y, ).

For each ¢ € ]0,¢] define the set Z. := X x Yz. Endow Z. with the metric

Le((z,y), (2',y")) = max{do(z,2"),d:(y,y")} for (z,y), (=, y) € Z..
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Given a subset V of Xy, 8 > 0 and ¢ € ]0,¢¢] define
Vesg={(z,y) € Z. |z €V and y € Cl. B(0:, 5)}.

Let m be a local semiflow on Xy and for every € € ]0,¢q] let 7. be a local
semiflow on Z..

DEFINITION 3.2. We say that the family (7. ).¢0,c,) of local semiflows con-
verges singularly to the local semiflow my if whenever (e,) and (¢,) are se-
quences in ]0,ep] and [0, 00[, respectively such that ¢, — 0 and ¢, — to for
some to € [0,00[ and whenever o € Xy and z, € Z. , n € N are such that
T, (zn, (x0,0e,)) — 0 and xgmoto is defined, then there exists an ng € N such
that, for all n > ng, 2,7, t, is defined and T, (2,7, tn, (Tomoto,0e,)) — 0.

DEFINITION 3.3. Let 8 be a positive number and IV be a closed subset of Xj.
We say that N is a singularly strongly admissible set with respect to 3 and the
family (72)ec[o,c,] if the following conditions are satisfied:

(m
(a) N is a strongly mp-admissible set;
(b) for each ¢ € ]0,eq] the set [N], g is strongly m.-admissible;
(c) whenever (g,,) and (t,) are sequences in ]0,eq] and [0, 00[ such that
en — 0 and t, — oo and whenever 2z, € Z. , n € N, are such
that z,7., [0,t,] C [N, 8, n € N, then there exist a zp € N and
a subsequence of the sequence (2,7, t,) of endpoints, denoted again by

(znTe, tn), such that T'c (2,7, tn, (20,0c,)) — 0.

THEOREM 3.4 ([4]). Suppose that there exists an ng > 0 such that for all
€ €]0,e0] and all n € 10,m0] the set Cl. B-(0:,m) is contractible to the point 0.

Let 3 €]0,00[ be arbitrary. Suppose (7:)zejo,e,] 5 a family of local semiflows
that converges singularly to the local semiflow my and N is a singularly strongly
admissible set with respect to B and (7:)eco,c,]- Assume that N is an isolating
neighbourhood for m.

Then for every n € ]0,7o], where 7o < min{ng, 3}, there exists an & =
e®(n) > 0 such that for every € € ]0,&°] the set [N]. , is a strongly admissible
isolating neighbourhood relative to w. and

Me, [Nley) = h(mo, N).

REMARK 3.5. Recall that a topological space Y is called contractible to the
point p € Y if there is a continuous map H:Y x [0,1] — Y such that H(y,0) =y
and H(y,1)=pforallyeY.

PROOF OF THEOREM 3.1. Let U be a bounded open neighbourhood of N’
and g: E — E be a C'-map such that g|U = g|U and sup,,c p(|g(u)|+|Dg(u)|) <
00. The existence of g follows since E is finite-dimensional.
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Since the differential equations defining 7. ;, and 7. 7 coincide on the open
neighbourhood U x E of Nj in E x E it follows that Ny is an isolating neigh-
bourhood relative to 7. 4 if and only if IV /’3 is an isolating neighbourhood relative
to m. 7 and then

M(Te. g, N[';) = h(m. 3, Né)

Similarly, N” is an isolating neighbourhood relative to 7 if and only if N’ is an
isolating neighbourhood relative to 71';7 and then

h(my, N') = h(rg

g’

N'.
It follows that we may assume, without loss of generality, that

(3.3) z‘lelg(lg(uﬂ +[Dg(u)]) < oo.
In particular, g is globally Lipschitzian and so both 7 4, € > 0, and 77; are global
semiflows. We write 7. := 7. 4, € > 0, and 7’ := 7, for short.

Notice that the map ®: Ex E — E x E, ®(u,v) = (u,w) := (u,v—g(u)) is a
C!-diffeomorphism with inverse @1 given by ® ! (u, w) = (u,v) := (u, w+g(u)).
Let 7. be the conjugate of 7. via @ i.e. (u,w)7.t := ®((®~ 1 (u,w))mt), (v, w) €
E x E, t € ]0,00[. Note that 7. is the semiflow generated by the equation

i =w+g(u),
W = —(1/e)w — Dg(u)(w + g(u)).

Let Bg be the closed ball in E with radius 8 centered at zero. Since ®(Nj) =
N’ x Bg, and since the Conley index is invariant under semiflow conjugation, it

(3.4)

follows that, for € > 0, the set N /'3 is an isolating neighbourhood relative to . if
and only if N’ x Bg is an isolating neighbourhood relative to 7. and then

h(me, Nj) = h(7., N' x Bg).

Thus, in order to prove Theorem 3.1, we only have to establish the validity
of the following lemma.

LEMMA 3.6. There is an g9 > 0 such that for all € € ]0,e¢[ the set N' x Bg
is an isolating neighbourhood relative to m. and

h(%., N' x Bg) = h(r', N).

Proor. To prove Lemma 3.6, define Xg = Z, = F, . = 0 and do(u,u’) =
de(u,v') = |lu—u/| for all e > 0 and u, v € E. It follows that N’ x Bg = [N']. g
for all € > 0. Moreover, let (-, -) be an arbitrary scalar product on E and || - ||
be the corresponding Euclidean norm. Let € > 0 be arbitrary and (u,w) be an
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arbitrary solution of 7. on R (i.e. a full solution). Then, for all s and ¢t € R with
s < t, we have

(35)  w(t) = e /() — [ e A Dg(u(r)) ) + glulr))

S

Moreover, for t € R,

1d . 1
5 le@I7 = (w(t), () = = w®)]* = {w(t), Dg(u(t)) (w(t) + g(w(t))-
Since the norms |- | and || - || are equivalent we thus obtain from (3.3) that there

is a constant C' € )0, co[, independent of the solution (u,w), such that

(36) Ol < —éllw(t)ll2 +Cllw@®)|* + C*lw@)], teR.

2 dt”
Let € > 0 be such that —(1/2) + C + C? < 0 and suppose that £ € ]0,2]. We
claim that

(3.7) [w(@®)] < [lw(0)[[+1, t€[0,00].

In fact if this is not true, then there is a smallest ¢ € [0, oo[ such that ||w(?)|| =
[w(0)[| + 1. It follows that £ > 0 and that [lw(t)||* < [lw(?)|* for t € [0,%].
Therefore

1d

(33) 5 alw®E ;> 0.

On the other hand, (3.6) implies that

2 1 2
3l < lw®P( - L+ crc?) <o

a contradiction which proves (3.7). Thus again there is a constant C’ € ]0, o0,
independent of the solution (u,w), such that

(3.9) lw(t)] < C'(|lw(0)| +1), te][0,00].

It follows from (3.5) and (3.9) that

t
lw(t)] < 67(1/E)t\w(0)| —|—/ 67(1/5)(t4)0(0’(|w(0)| +1)+C)dr, tel0,00]
0

(3.10) lw(t)] < e”Vw(0)] + eC(C'(|w(0)| +1) 4+ C), te[0,00].

Suppose now that e, — 0 and, for every k € N, let (ug, wy) be a solution of 7.,
on R. Assume first that ¢, — oo and (ug(r), wk(r)) € N’ x Bg for k € N and
r € [0,¢x]. Then, using (3.10) we see that

lwi ()] < e” /et g 4o C(C'(B+ 1) + C)
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(3.11) i (t)] — 0.

(3.11) and the compactness of N’ imply that there is a sequence k,, — oo in N
and a ug € N’ such that (ug,, (tg,, ), wk,, (tk,,)) — (uo,0). This shows that
item (c) in Definition 3.3 is satisfied. Items (a) and (b) of that definition are
obvious as both N’ and N’ x Bg are compact. It follows that the set N’ is
singularly strongly admissible with respect to 8 and the family (7)-s0.

Now suppose that t; — to in [0, 00[ and (ux(0),wr(0)) — (ug,0) for some
ug € E. Let u be the (uniquely determined) full solution of 7’ with w(0) = wuo.
There is a kg € N such that e, < g for all £k > kg. Let k& > ko be arbitrary.
By (3.3), (3.10) and by the mean-value theorem we obtain, for all ¢ € [0, 0o],

(3-12)  Jur(t) — u(®)| <[ur(0) — uol +/O (Clug(r) = u(r) + [wk(r)]) dr

< Jur(0) — | + /Ot<0|uk(r) — ()] + [wn(0)
+e,C(C'(Jwg (0)] + 1) + C))) dr
< [ur(0) — uo| + C/ot uk(r) = u(r)| dr + t(Jwi(0)]
+erC(C(Jwr(0)[ + 1) + ©))).
There is a k1 > kg such that for all k > kg we have t;, <t :=ty+ 1. Thus for all
such k we obtain, using (3.12) and Gronwall’s inequality, that
luk (tr) — u(t)| < Jup(te) — ulte)] + |u(tr) — u(to)|
< e (Jur(0) — uo| + T(|wi (0))|
+ erC(C'(Jwr(0)] + 1) + O))) + |u(t) — u(to)|
so ug(tr) — u(to). Again, using (3.10) we also obtain

|wi (tg)] < |wi(0)] —|—€kC(C/(|’wk(0)| +1)+C)—0.

Altogether we have shown that (7). singularly converges to 7’
The assertion of Lemma 3.6 now follows from Theorem 3.4.

The theorem is proved. g

We shall now generalize Theorem 3.1 to comprise isolating neighbourhoods
which are more general than N é To this end, we need the following definition.

DEFINITION 3.7. Let (Y,d) be a metric space and C = C(R — Y) be the
set of all continuous maps from R to Y. Let 7 be an arbitrary subset of C and
N CY be arbitrary. Define

Invy(N)={y €Y |Jo €T with o(R) C N and y = ¢(0)}.
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We say that N is a 7 -isolating neighbourhood (of a subset K of V) if N is closed
in Y and Invy(N) C Inty (N) (with K = Invy(N)). If K C Y and there exists
a set N C Y such that N is a 7-isolating neighbourhood of K then we call K
a 7 -isolated invariant set.

Define 7, to be the set of all functions z: R — E x E such that there is a full
bounded solution u: R — E of 7’ so that z(t) = (u(t), g(u(t)) for all t € R. Thus,
defining the map I';: E — E x E by I'y(§) = (§,9(8)), £ € E, we see that 7, is
the set of all functions z: R — E x E such that there is a full bounded solution
u:R — E of m; with z =I'j ou. Now we have the following lemma.

LEMMA 3.8. The set Né defined in Theorem 3.1 is a Tg-isolating neighbour-
hood of the set K :=I'g(K"), where K" := Inv,, (N').

Proor. We have to show that, first, K C IntExE(Né) and, second, that
K = Invy,(Nj). The first assertion follows since K C U where U is the set
of all (u,v) with v € Intg(N’) and |v — g(u)] < 8, U is open in E x E and
U C N[’3. To prove the second assertion, let (@,7) € K be arbitrary. Then
u € K" and v = g(). By the mj-invariance of K’ there is a full solution u of
with (0) = @ and lying in K’ C N'. It follows that z := T'jou € Ty, 2(0) = (4, 7)
and z lies in Nj. Thus (u,v) € Invy, (Nj). Conversely, let (7,v) € Invr, (Nj).
Then there is a z € 7, with 2(0) = (u,v) and 2 lies in Nj. It follows that there
is a full solution u of " with z = I'j o u. Consequently, u lies in N’ and so
u = u(0) € Invyy (N') = K’ and v = g(u). Thus (w,7) € K. The lemma is
proved. O

We can now state the following result.

THEOREM 3.9. Let N’ be an arbitrary compact isolating neighbourhood rela-
tive ton’, K" := Invn (N') and K :=T¢(K'). Then K is a Ty-isolated invariant
set and for every compact 14-isolating neighbourhood N of K there is an g > 0
such that for all € € ]0,e0] the set N is an isolating neighbourhood relative to
Te,g and

h(me,qg,N) = h(w;,N').

PROOF. Again write 7. := 7 4, € > 0, and 7’ := 7, for short.

The first assertion follows from Lemma 3.8. Let us prove the second assertion.
For a > 0 let BY, be the closed a-neighbourhood of K’ in E. Then we claim that
there are o and 8 € ]0, oo[ such that

foﬂ ={(u,v) |ue B, w—gu)| <B}CN

and B!, is an isolating neighbourhood of K’, relative to 7. In fact, if this claim
is not true then, by the definition of By, ; there are sequences (uy), (u},) and
(vg) in E such that |ug —ui| — 0, |vg — g(ug)| — 0, uj, € K’ and (ux,vg) € N
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for every k € N. We may assume that uj, — v’ for some v’ € K’. It follows that
up — v’ so g(ug) — g(u'). Hence vy, — v' := g(u'). Thus (uk,vy) — (u/,v') €
K C Intgxgp(N) so (ug,vr) € Intgxg(N) C N for all £k € N large enough,
a contradiction which proves the claim. Let « and 3 be as in the claim. We also
claim that there is an ¢; > 0 such that

(3.13) Inv,_ (B, 3) =Inv. (N), e€]0,e].

In fact, by the choice of o and 3 we have Inv,_(Bj, 5) C Inv,_(N) for all € > 0.
Thus, if there is no e > 0 for which (3.13) is true, then there is a sequence (ex)
with e, — 01 and for every k € N there is a full solution (uy,vy) of 7., lying in
N and such that (uy(0),vx(0)) & By, 5

For k € N and ¢t € R set wi(t) = v(t) — g(ug(t)). Then (uy,ws) solves the
equation

uy, = wy + g(ug),
wy, = —(1/ex)wr — Dg(uk)(wi + g(ux)).
It follows from (3.14) that, for all s, t € R with s <t

(3.14)

() = 0/ ) = eI Dyt o)) + s ()

S
so, setting

M= sup (|g(u)|+[Dg(u)|+[v]) < oo
(u,v)EN

we obtain
t
lwg (t)] < e~ (L/er)(t=9) pr _|_/ e~ (/er)t=7) pr2 g < e~ (M/er)t=s) pr o4 EkMZ.

Letting s — —oo we thus obtain
(3.15) lwg(t)] < exM?, k€N, teR.
Now (3.14) and (3.15) imply that

lig(t)| < exM?*+ M, keN, tcR

so the boundedness of N and Arzela—Ascoli theorem imply that there is a con-
tinuous map w:R — E and a subsequence of ((ug,wy)), denoted by ((ug,ws))
again, so that ug(t) — w(t), uniformly on compact subsets of R. Tt follows
from (3.15) that 4 (¢t) — g(u(t)), uniformly on compact subsets of R and so u is
differentiable and
u(t) = g(u(t)), teR.

It follows that (uk(t),vk(t)) — (u(t),v(t)) in E x E, uniformly on compact
subsets of R, where w is a full solution of 7’ and v(t) = g(u(t)) for all t € R. Since
N is closed in E x E it follows that (u,v) lies in N. Consequently (u,v) € 7, and
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(u(0),v(0)) € Invy, (N) = K C Intpxr(B,, 5). It follows that (u;(0),v(0)) €
IntExE(B(’LB) for all k¥ € N large enough, a contradiction which proves (3.13).
Now using Theorem 3.1 with N’ replaced by B/, we see that there is an eg > 0
such that

(3.16) h(re, By, g) = h(x', By,).

Since B!, and N’ are both isolating neighbourhoods of K’ relative to 7, we have
that

(3.17) h(x',B.) = h(x', N').

Now (3.13), (3.16) and (3.17) imply the second assertion of the theorem. The
proof is complete. O

4. Compactness and smoothing for parabolic equations

In this section we study local semiflows 7r} generated by abstract parabolic
equations of the form @ = Au + f(u) where A is a positive self-adjoint operator
on a Hilbert space X (generating fractional power spaces X?, 3 € [0,1]) and
f: X* — X is a suitable nonlinearity defined on X with some a € [0,1]. We
establish a compactness result (in X*) for full bounded solutions of the semiflows
', for a given sequence of nonlinearities (f,) (Theorem 4.3). This result enables
us to compute the Conley index of isolating neighbourhoods of 77} by using
finite-dimensional Galerkin approximations of 7r} (Propositions 4.2 and 4.4). We
then strengthen Theorem 4.3 to a compactness result in X*. (Theorem 4.6).
This will allow us to imbed compact invariant sets relative to 7r} into the phase
space X'/2 x X of damped hyperbolic equations and study some perturbation
properties of such imbeddings (Theorems 4.10 and 4.11).

For the rest of this paper, let (X, (-, -)) be areal Hilbert space and A: D(A) C
X — X be a positive selfadjoint operator with compact resolvent. Let (¢, ),en
be a complete X-orthonormal basis of X consisting of eigenfunctions of A. Let
P,: X — X be the orthogonal projection of X onto the subspace spanned by the
first n eigenfunctions. Moreover, set @, := I — P,, where [ is the identity map
on X. Note that A is sectorial on X and so it generates a family (X®)qejo,00[ Of
fractional power spaces. Moreover, for a € [0,00[ let X~ := X** be the dual
of X*. (Here we depart from the usual notation of, say, [11].) For a € [0, 00|
the formula

(u,v)q = (A%, A%)x, u,ve€ X%,
defines a Hilbert product in X¢ and A® is an isometry between the Hilbert
spaces X and X. Endow X% := X" with the dual product. We write | - |,
for the induced norm of X%, a € R. For « € [0, 00| we also write

AT = (A "h X — X
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It is well-known that for every # € R the operator A® can be uniquely

A@UX“—»UX”‘

acR a€eR
such that whenever a € R then A%(X®) = X* and AlﬁXQ:XO‘ — X2 B s an

X and AP 0 A7 = APH7 for all

extended to a map

isometry. Moreover, A° is the identity on | J
B and v € R.

a€R

EXAMPLE 4.1. Set X := L%(Q), A: D(A) := H?(Q) N H}(Q) — L3(Q),
Au = —Au, u € D(A).

It is well-known that A is positive selfadjoint in L?(£2) and has compact resolvent.
In this case, X° = L?(Q), X2 = H}(Q) and X! = H?(Q) N H}(Q) (the latter
space being regarded as a subspace of H2((2)).

Given « € [0,1] and a locally Lipschitzian map f: X% — X let ﬂ} be the
local semiflow on X< generated by the abstract parabolic equation (see [11])

u=—Au+ f(u), uweX
The following result holds.

PROPOSITION 4.2. Suppose f(X*) C P,(X) for some n € N. Then the set
Y, 1= P,(X?) is positively invariant relative to the local semiflow 7' := 7). Let
w1, be the restriction of ' to Y,,. m, is the local semiflow on'Y,, generated by the
ordinary differential equation

(4.1) t=—-Au+ f(u), uvey,

onY,. Let N' C X be closed and bounded. If N' is an isolating neighbourhood
relative to 7', then N}, := N’ NY,, is an isolating neighbourhood relative to m),
and

h(r',N') = h(m,,, N}).

n?

PRrROOF. Note that P,(X*) = P(X). Since A and f map Y, into itself, it
follows that the finite dimensional ODE (4.1) is well defined. Let 7!/ be the local
semiflow on Z,, := @, (X®) generated by the abstract parabolic equation

(4.2) u=—Au, ué€ Z,.

Note that for every interval J C R and every map u:J — X% we have that u
is a solution of 7r} if and only if there are maps uy:J — Y, and us: J — Z,
such that u = wu; + ug and w; is a solution of 7], while uy is a solution of 7/;
uy is given by uy = P, o u while usy is given by us = @, o u. It follows that Y,
is positively invariant with respect to 7’ and 7, is generated by equation (4.1).
Furthermore, a set K C X is invariant relative to #’ if and only if P,(K) is
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invariant relative to 7/, and @, (K) is invariant relative to «//. Note that there
are constants «, C' € |0, co[ such that

(4.3) le™Mulo < Ce™Nula, u € Zpn, t€0,00].

This implies that every full bounded solution of (4.2) is trivial. Hence every
bounded invariant set K relative to 7’ satisfies the inclusion Q,(K) C {0}.
Thus K C Y, so K is invariant relative to 7},. Therefore, if N’ is an isolating
neighbourhood of K relative to 7/, then N/, is an isolating neighbourhood of K
relative to 7.

The estimate (4.3) shows that

(4.4) h(mll, {0}) = 2°.

Now the homeomorphism ®: X* — Y,, X Z,,, u — (P,u,Q,u), conjugates the
local semiflow 7’ with the product «, x 7. Let K := Inv,/(N’). It follows that
® maps the set K onto K x {0} if K # () and onto @ if K = (). Thus, in the first
case, using (4.4), we have

h(n',N') = h(z', K) = h(m,,, K) A h(m),,{0}) = h(m),, K) AX° = h(n,,N;)
and, in the second case, h(r’, N') = 0 = h(n},, N},). The proposition is proved.(]

THEOREM 4.3. Let N be a closed subset of X which is bounded in X.
Suppose f and f., k € N are locally Lipschitzian maps from X< to X such that
fu(u) — f(u) in X, uniformly for u lying in compact subsets of N. Moreover,
suppose

sup sup | f(u)]o < 0o.
rENuEN

For every k € N let u,; be a full solution of W}N lying in N. Then there is a
sequence (ky) with Kk, — 0o and there is a full solution u of w} lying in N such
that u,, — w in X%, uniformly on compact subsets of R.

PrOOF. Choose (3 arbitrary with o < 8 < 1. Since

(4.5) U (1) = e~ Ay (1) + / e~ AU=9) £ (0 (5)) ds,

T

k€N, rteR, r<t, it follows that

Jun ()]s < Ca(t = )™ un(r)lo +/ C(t — 8) 7| fulun(s)lo ds,

T

for k € N, r, t € R, with r < t so, choosing r =t — 1 and using our hypotheses,
we see that there is a constant C € |0, co[ such that

(4.6) lux(t)|g <C, kKeN,teR.
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Moreover, (4.5) also implies
¢
|un(t) — un(r)la < |6_A(t_r)ufi(r) = uy(r)a +/ Calt = )7 fu(un(s))lo

for k € N and r, t € R with r < ¢, so noting that |e= A"y, (r) — u ()] =
le= A=) A%, (r)— A% (1) |o < (1/(B—))Ci— (5—a) (t—7)5|u.(r)| 5 We obtain
from (4.6) that there is a constant C” € |0, oo such that

(4.7 [ (t) — ug(r)|a < C'(t—7)P~%, keN, rteR, r<t.

Since A has compact resolvent, (4.6) implies that, for every ¢t € R, the set
{ux(t) | & € N} lies in a compact subset of X* so that, by (4.7) and the Arzela—
Ascoli theorem, there is a sequence (k,) with &, — co and there is a continuous
mapping w:R — X such that wu,, (¢) — u(t) in X, uniformly for ¢ lying in
compact subsets of R. Since N is closed in X“, we see that u lies in N. It also
follows from our hypotheses and (4.5) that

t
u(t) = e Ay (r) + / e A=) f(u(s))ds, rteR, r<t.

T

Hence u is a full solution of 77}, as claimed. O

PRrROPOSITION 4.4. Let f: X* — X be Lipschitzian on bounded subsets of X
and N C X% be bounded and closed. Let (n,) be a sequence in N with n, — oo
and (0,;) be an arbitrary sequence in [0,1]. For k € N let f.: X* — X be defined
by

fo(w) = (1= 0.)f(u) + 0Py, f(Pn,u), ueX®
Then f and f., k € N, satisfy the assumptions (and hence the conclusions) of
Theorem 4.3.

PRrOOF. Thereisa C € |0, 0o such that |u|, < C for u € N. Moreover, there
is a constant L € ]0, oo such that | f(u) — f(v)]|o < Llu—wvl, for all uw and v € X
with |ula, |[v]a < C. Tt follows that |f(u)lo < |f(0)]o + LC =: C’ for all u € X*
with |u|o, < C. Thus, for n € N and u € N we see that |P,ulo < |ulo < C and
so, for k € N, |fe(uw)|o < |f(w)]o+|f(Pr,.u)lo < 2C’". Moreover, if v, — v in X,
then, clearly, f.(vi) — f(v) in X. This completes the proof. O

The following result follows by a careful inspection of the proof of Theo-
rem 3.5.2 in [11].

LEMMA 4.5. For all nonnegative real constants Cy, Co, L and for all con-
stants « and B € [0,1] there is a C = C(Cy,Co, L,c,3) € 10,00 such that
whenever f: X* — X is Lipschitzian on bounded subsets of X%, |f(u)|lo < Cs
and |f(u) — f(v)|x < Llu — v|q for all u, v with |ula, |v|a < C1 and whenever
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wR — X is a full solution of 7'y with |u(t)|a < C1 for all t € R, then u is
differentiable into XP and |6<X5)u(t)|g < C forallt e R.

We can now strengthen Theorem 4.3 to a compactness result in X'

THEOREM 4.6. Let N be a closed subset of X which is bounded in X.
Suppose [ and f., k € N are maps from X% to X such that f.(u) — f(u)
in X, uniformly for u lying in compact subsets of N. Moreover, suppose Cy :=
SUP,.en SUDyen | fo(w)]o < 0o. Furthermore, suppose that the family (fi)ren is
equi-Lipschitzian on bounded subsets of X¢, i.e. for every C € )0, 00| there is an
L = L(C) such that |fx(u) — f(v)|o < Llu—v|q for all k € N and all u, v € X
with |u|a, |v]a < C. For every k € N let u,, be a full solution of W}N lying in N.
Then there is a subsequence (uy,) of (m.) and there is a full solution u of m'
lying in N such that u,., — u in X', uniformly on compact subsets of R.

PROOF. Note that, by our hypotheses, the map f is Lipschitzian on bounded
subsets of X so the local semiflow ﬂ} is defined.

Let 5 €]0,1] be arbitrary. Proceeding as in the proof of Theorem 4.3 we see
that

Cy :=supsup |ug(t)|o < o0.
KEN teR

Let L := L(Cy). Finally, let C = C(C1,C4, L, o, 8) be as in Lemma 4.5. By
Theorem 4.3 there is a sequence (k,,) with x,, — oo and there is a full solution u
of 7r} lying in N such that w,, — w in X, uniformly on compact subsets of R.
We claim that u,, — u in X!, uniformly on compact subsets of R. Suppose this
claim is not true. Then, choosing a subsequence of (k) if necessary, we may
assume that there is a sequence (¢,) with ¢, — ¢ in [0, 00[ and a ¢ € |0, co[ such
that, setting v, = wuy, (t,), n € N and v := u(t), we have

(4.8) |vp, —v]1 > 0.

By Lemma 4.5 we obtain that, for every x € N, the solution wu, is differ-
entiable into X7 and |8(Xﬁ)u,§(t)|g < C for all k € N and all t € R. Set
Wy, = 6(X5)u,€n (tn), n € N. Tt follows that the set {w,, | n € N} is included in a
compact subset of X? = X so we may assume that w,, — w in X for some w € X.
Since v, — v in X@ it follows that Av, — Av in X! and f. (v,) — f(v)
in X°. Hence w,, = Av,, + f., (vn) — Av+ f(v) in X1, Thus w = Av + f(v)
and so Av, = wy, — fr, (vn) — w — f(v) = Av in X0, This implies that v, — v
in X!, contradicting (4.8). The theorem is proved. O

COROLLARY 4.7. Suppose f: X* — X is Lipschitzian on bounded subsets
of X“. Then every full solution of ﬂ'} which is bounded in X<, is bounded
in X'. Moreover, every compact subset of X< which is invariant relative to 71'},
is compact in X,
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PROOF. Actually, the proof of the first assertion is contained in the proof of
Theorem 4.6. However, it also follows from the following argument. Let u be
a full solution of 7r} which is bounded in X%. If w is not bounded in X, then
there is a sequence (t,,) such that

(49) |Un|1 — 0Q,

where U, := u(t,), n € N. Set f, = f and u,(¢) == u(t +t,), n € N, t € R.
An application of Theorem 4.6 shows that a subsequence (u,, ) converges in X1,
uniformly on compact subsets of R, to a full solution v of 71'}. In particular,
Up, = Un, (0) — v(0) in X', a contradiction proving the first assertion. Now
let K be compact in X and invariant relative to 7r}. Let (ay) be an arbitrary
sequence in K. For every n € N there is a full solution u,, of 77} lying in K with
un(0) = a,. Again an application of Theorem 4.6 with f,, = f shows that a
subsequence (uy,, ) converges in X!, uniformly on compact subsets of R, to a full
solution u of ﬂ'}. In particular, a,, — u(0) in X!. Since K is closed in X%, we
see that v(0) € K so K is compact in X!, as claimed. O

PROPOSITION 4.8. Let f satisfy the assumptions of Proposition 4.4 and f,
Kk €N, be as in that proposition. Then (fx)xen @S equi-Lipschitzian on bounded
subsets of X .

PRrOOF. This follows from the estimate

[fe(u) = fe(@)lo < |f(u) = f(v)|o + [f (P, u) = f(Pa,v)lo
and the fact that f is Lipschitzian on bounded subsets of X. O

COROLLARY 4.9. Let f: X* — X be Lipschitzian on bounded subsets of X .
Forn e N and 0 € [0,1] let fn9: X* — X be defined by

fro(w) =1 —=0)f(u) + 0P, f(Pou), ue X

Set my, g =1 g, m €N, 0 €[0,1]. Let (ny) and (0x) be sequences such that
n, — 00 and 0, € [0,1] for every k € N. For every k € N let u,; be a full solution
of T, g, such that

sup sup | (t)]o < 0.
rEN teR

Then there is a subsequence of (uy), denoted again by (uy), and there is a full
solution uy of ™' lying in X' such that u, — ug in X', uniformly on compact
subsets of R.

PRrROOF. This follows immediately from Proposition 4.4, Proposition 4.8 and
Theorem 4.3. 0
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In the sequel, unless otherwise specified, we use the following notation. If
f: X — X is locally Lipschitzian, then I'y: X' — X% x X is the map defined
by

Ty(u) = (u,—Au+ f(u)), uwe X"

Moreover, by 7; we denote the set of all maps z:R — X x X for which there
is a full bounded solution u of 7 such that 2(t) = I'f(u(t)), t € R. In view of
Corollary 4.7, the definition of 7; makes sense.

The following result describes the behavior of isolated invariant sets of w}
under the imbedding I'f.

THEOREM 4.10. Let f: X“ — X be Lipschitzian on bounded subsets of X <.
Let K' C X be compact in X and isolated invariant relative to 7. Then K’
is compact in X1. Set K :=T;(K'). Then K is compact in X* x X and K is
a Ty-isolated invariant set.

PrOOF. K’ is compact in X! by Corollary 4.7 and so the continuity of the
map I'y implies that K is compact in X x X. Set 7' := 7, 7 := T; and
I' :=Ty. Let 3 € ]0,00[ be arbitrary. Let N C X“ be closed and bounded in
X% and such that N’ is an isolating neighbourhood of K’ relative to 7’. Set
U' ;= Intxa(N’). Let U (resp. N) be the set of all (u,v) € X* x X such that
u € U’ (resp. u € N') and there is a v’ € K’ such that |(u,v) —T'(v/)|xexx <
(resp. |(u,v) = T'(v)|xaxx < B). It is clear that U is open in X“ x X while
the compactness of K’ in X! and the continuity of I imply that N is closed in
X*xX. If (u,v) € K thenu € K’ C U’ and (u,v) = I'(u). Thus, choosing v’ :=
u we see that (u,v) € U C Intxexx(N). It follows that K C U C Intxexx(N).
Therefore, in order to complete the proof, we must show that

(4.10) K = TInvr(N).

Now, if (u,v) € K then u € K’ and so there is a full solution u of 7’ lying in K’
and such that w(0) = . Thus z :=Tou € 7 and z lies in K C N. Since
(w,v) = 2(0), it follows that (u,v) € Invy (). Conversely, if (@,v) € Invy(N),
then there is a z € T lying in N, such that z(0) = (u,?). Therefore there is a
full bounded solution u of 7’ such that z = I" o u. Since z lies in N we have
that u lies in N’, and so u lies in K’. Thus z lies in K and so, in particular,
(u,v) € K. Formula (4.10) is proved. O

We now establish a stability property of the imbeddings I'y under perturba-
tions of the nonlinearity f.

THEOREM 4.11. Suppose f and f,, n € N, are maps from X< to X such that
fa(uw) = f(u) in X, uniformly for u lying in compact subsets of N. Furthermore,
suppose that the family (fn)nen s equi-Lipschitzian on bounded subsets of X<.
Let K" be compact in X and isolated invariant relative to m’y. Moreover, let N'
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be a bounded subset of X* which is an isolating neighbourhood of K' relative to
. For everyn € N let K, = Inv. (N"). Then K’ and K, n € N are included
in X'. Set K :=T¢(K') and K, :=Ty, (K}), n € N. Then K is a Ts-isolated
invariant set. Let N C X x X be any bounded T¢-isolating neighbourhood of K .
Then there is an ng € N such that for every n > ng the set N is Ty, -isolating
neighbourhood of K, .

PROOF. Set 7/ := 7T’f, T =T, T =Ty, 7] = W}n, T, :=Tj, and T, :=
I'4,, n € N. From our preceding results we know that K is a 7-isolated invariant
set. Let N be as in the assumptions of this theorem. We first claim that there
is an ny € N such that

(4.11) K, CInt(N) :=Intxoxx(N), n>n;.

Indeed, otherwise there is a sequence (ny) with ny — oo such that K,,, ¢ Int(NV)
for all k& € N. Hence, for every k € N, there is a full solution uy of m, lying
in N and such that (@, vy) := Iy, (ur(0)) € N. Using Theorem 4.3 we may
assume that there is a full solution ug of 7’ such that ui — uo in X!, uniformly
on compact subsets of R. Thus ug lies in N’ and so uq is bounded in X* which,
by Corollary 4.7, implies that ug is bounded in X'. Since u lies in K’, it follows
that z :=Towug € 7 and z lies in N. Hence, by our hypothesis, z lies in Int(N).
In particular, z(0) € Int(NV). Since (uy,0x) = I'n, (ur(0)) — T(u(0)) = 2(0)
in X* x X it follows that (uy,7x) € Int(N) C N for all k& € N large enough,
a contradiction which proves our first claim.
We next claim that there is an ny € N such that

(4.12) K, =Invz, (N), n>mns.

In fact, let ny be as in (4.11) and n > n; be arbitrary. Moreover, let (u,7) € K,
be arbitrary. Then there is a full solution w of 7}, lying in N’ with »(0) = w.
Thus, by Corollary 4.7, z := ', ou € 7, and, by our choice of n, we see that
z(t) € K, C N for all t € R. Hence (u,v) = 2(0) € Invy, (N). It follows that

K, CInvr, (N), n>mn;.

Therefore, if there is no ng € N so that (4.12) holds, then there is a sequence
(ng) with ny — oo such that Invy, (N) ¢ Ky, for all k € N. Therefore there is
a sequence (uy) such that, for every k € N, uy, is a full bounded solution of 7, ,
zi = I'p, oug lies in N and ux(0) ¢ N’. Since N is bounded in X* x X, it
follows that

sup sup |ug (t)|o < 00
keN teR

so, using Theorem 4.6, we may assume that there is a full solution ug of 7',
bounded in X®, such that uy — ug in X!, uniformly on compact subsets of R.
This implies that z =I'y,, cur, — 2o := I'oug in X x X, uniformly on compact
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subsets of R. Since ug is bounded in X%, we have that zg € 7. Since N is closed
(in X* x X) it follows that zg lies in N. Hence, in particular, 29(0) € Invy(N) =
K =T(K'). Thus uo(0) € K’ C Intxa(N’) so ur(0) € Intxa«(N') for all k € N
large enough, a contradiction which proves the claim. Taking ng := sup(n, na)
we now see that, for all n > ng, the set N is a 7,-isolating neighbourhood of K.
The theorem is proved. g

5. Compactness and smoothing for damped hyperbolic equations

In this section we study local semiflows 7. ; on X'/2 x X generated by
second-order equations of the type

w=uv, ©=(1/e)(—v—Au+ f(u)), (u,v)e X?x X

where € € ]0,00[ and f: X'/? — X is an appropriate nonlinearity. After recall-
ing some basic properties of 7. ; we establish a preliminary abstract smooth-
ing property for full bounded solutions of 7. y (Proposition 5.4). Then, using
Proposition 5.4 and ideas of Haraux ([10]) and Babin and Vishik ([1]) we prove
a smoothing property of full bounded solutions of ¢y, ,, the map f, ¢ having
the special form

(51 fuolw) = (1—0)(B(w) +7) + IP.(B(Pa) +7),u € X2

where € € ]0,00[, n € N and 6 € [0,1] are arbitrary (but fixed) and ¢ and ~
satisfy the properties listed in the Introduction (Theorem 5.9).

Using this latter result and following the arguments from the paper [9] by
Hale and Raugel we then prove a uniform boundedness and smoothing property
of full bounded solutions of 7. j, , for € small (Theorem 5.11).

Theorem 5.11 implies a singular compactness result for bounded sequences
(uw,v,) of full bounded solutions of 7. , , where e — 0 and ny — oo
(Theorem 5.13). This latter result is an important step in the proof of the main
results of this paper (Theorems 6.1 and 7.4).

For every € R set

Zg = XP+1/2) o xB.

Endow Zg with the (complete) scalar product
((u1,u2), (v1,v2)) z5 = (u1,v1) py(1/2) + (U2, v2) 5.
For every ¢ € ]0,00[ and 3 € R define the operator B. g: Z3,(1/2) — Zp by
Be g(u,v) = (—v,(1/e)(v + Au)), (u,v) € Zgy(1/2)-

It is well-known ([12]) that —B. 3 is the infinitesimal generator of a C°-group
e~tBes ¢ € R, of operators on Zg. There are constants M. g, ae 5 € |0, 0o[ such



222 K. P. RYBAKOWSKI
that
(5.2) ™ Fer (u,0)| 7, < Mz ge™ = fulz,, 120, (u,0) € Zp.

Moreover, if (31, B2 € R and §; < 3 then

(53) Ba,ﬁl (’U,, ’U) = Be,ﬂz (u, ’U), (u, ’U) S Zﬁ2+(1/2)
and
(5.4) e Bes (u,v) = e Ber2 (u,v), t € 0,00, (u,v) € Zg,.

The following two propositions follow from results in [12].

PROPOSITION 5.1. Let ¢ € ]0,00][, 8 € R be arbitrary, J C R be an interval
and g: J — X? be continuous. Moreover, z:.J — Zg3 be arbitrary. The following
properties are equivalent:

(a) z(t) = e Beslt=to) 5(1y) 4 ftto e B=s(t=5)(0,(1/2)g(s)) ds for all ty and
te J with to < t,
(b) z is differentiable into Z := Zg_ 1,2y and

O D 2(t) = —B. 512y 2(1) + (0, (1/2)g(t)), t €

If, in addition, J = R, sup,cp |g(t)|s < oo and sup,cg |2(t)|z, < oo then the
following properties are equivalent:

(¢) 2(t) = ['_ e Beslt=9)(0,(1/e)g(s)) ds for all t € R,
(d) z is differentiable into Z == Zg_(1/2) and

0D 2(t) = —Beg_12)2(t) + (0,(1/e)g(t)), tER,
PROPOSITION 5.2. Let J be an interval in R, ¢ € ]0,00[ be arbitrary and

g:J — X be continuous. Suppose z:J — Zy, z(t) = (u(t),v(t)), t € J, is
differentiable into Z := Z_y 2y with

0P 2(t) = —B. _122(t) + (0, (1/e)g(t)), teJ.
For ¢ € [0, 00[ define the function V =V, .: Zy — R by
L L2
V(u,v) = §|u|1/2 + §€|v|0 +ec(u, v)o, (u,v) € Zy.

Then V o z: J — R is continuously differentiable and, fort € J,

(Voz)(t)= = (1= e)u(t)[§ — clu(t)[} /o — c{u(t), v(t))o
+{(g(t),v(t))o + c{g(t), u(t))o
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Let ¢ € ]0, 00| be arbitrary and f: X'/?2 — X be a locally Lipschitzian map.
Given an interval J C R and a continuous map (u,v): J — Zy we say that (u,v)
is a solution of the second-order equation

(5.5) w=wv, 0= 1/e)(—v—Au+ f(u)), (u,v)e€ Zy=X"?x X"
if, setting B = B, o and z(t) := (u(t),v(t)), t € J, we have that
¢
2(t) = e PU0)5(1) +/ e BU=9(0, (1/2) f (u(s))) ds

to
for all tg, t € J with 5 < t. It is well-known (see e.g. [15]) that for every
(uo,v0) € Zg there is a unique maximally defined solution

(u7 'U) = (u’ U)uo,vo: [07 wuoyvo[ — Zo

of (5.5) satisfying (u, v)uy,v,(0) = (20, v0). We have that wy, 4, € ]0,00]. Setting

(UJOv UO)W&ft = (uv U>u0,vo (t)7 te [07 wuo,vo[
we obtain a local semiflow 7.y on Zj.

PROPOSITION 5.3. Suppose f: X'/2 — X is Lipschitzian on bounded subsets
of XV/2. Let e €]0,00] be arbitrary. Suppose f(X'/?) C P,(X) for somen € N.
Then the set X,, := P, (X/?) x P, (X) is positively invariant relative to the local
semiflow m := . ¢. Let m, be the restriction of m to X,,. m, is the local semiflow
on X,, generated by the ordinary differential equation

(5.6) u=v, U= %(—v —Au+ f(u)), (u,v)€ X,.

Let N C Zy be closed and bounded. If N is an isolating neighbourhood relative
to m, then N, := N N X, is an isolating neighbourhood relative to m, and

h(m,N) = h(mn, Ny).

PRrROOF. The proof is completely analogous to the proof of Proposition 4.2.
Details are omitted. O

We can now state a first, abstract, smoothing result for full bounded solutions
of Te, f-

PROPOSITION 5.4. Let ¢ € |0, 00[ be arbitrary and f: X'/ — X be Lipschitz-
ian on bounded subsets of X'/2. Assume that the following hypothesis holds:

(6.7)  Whenever (u,v) is a full bounded solution of . ¢, then the map fow is
differentiable into X1 and sup,cg |05 ) (f ou)(t)|_1 < oo.
Then the following properties are satisfied:
(a) For every r €]0,00[ and 8 € [0, 00[ there is a C(r, ) € |0, 00| such that
whenever (u, v) is a full bounded solution of m. ; such that 8(X71)(fou)
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is defined and continuous as a map from R to X 7, SUP;cr |6(X71)(f o
u)(t)|—p < r and sup,eg [u(t)]1/2 < 7 then (u,v,w) is defined and con-
tinuous as a map from R into X P x X—B+(1/2) » X8 and

ig}gqu(t)‘%[ﬂrl + )12 g1z + ()2 5) < Clr, B)12.

Here, w(t) := OX ™) y(t) for allt € R.

(b) Whenever 8 € [0,00][, (u,v) and (uk,vg), k € N, are full bounded so-
lutions of me.; such that 9% )(f ou) and 0% ) (fouy), k € N, are
defined and continuous as maps from R to X =7,

-1
supsup [0 (f o ug)(t)|-p < o0
keN teR

and if (f owr)(t) = (fow)(t) and 0N (fou)(t) — 0D (fou)(t)
in X=P for every t € R, then (uy(t), vi(t), wx(t)) — (u(t),v(t), w(t)) in
X—B+1 5 X=B+1/2) 5 X=B for all t € R. Here, w(t) := 0% " u(t)
and w(t) := 8(X71/2)vk(t) forallk € N andt € R.

REMARK. The constant C(r, 3) also depends on ¢, § and n but since these
latter numbers are fixed, we do not need to indicate this dependence explicitly.

PRrROOF. Let (u,v) be a full bounded solution of 7, s. Using Proposition 5.1
we see that (u,v) is continuously differentiable into Z_(; /2. Let w := 9Ty,
Since, again by Proposition 5.1,

(5.8) ew(t) = —v(t) — Au(t) + f(u(t)), teR

it follows from hypothesis (5.7) that, first, sup,cp [(v(t), w(t)) < oo and

that w is differentiable into X ! and

|Z_(1/2)

0N Duw(t) = —w(t) — Av(t) + g(t), teR

where g := G(Xfl)(f ou). Proposition 5.1 now implies that

t
(5.9) (v(t), w(t)) = / e m9)Bem1(0,(1/)g(s)) ds, tER.

Now suppose that r € |0, 00, 5 € [0, o], 8(X_1)(f o) is defined and continuous
as a map from R to X 7, sup,cp |8(X_1) (fou)(t)|-p < rand sup,cg |u(t)]1/2 < 7.
Then by (5.4) and (5.9)

Ou0) = [ eI, 1/2)g(e) ds, e R

— 00
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so, first, (v, w) is defined and continuous as a map from R into Z_z and second,
by (5.2),

(5.10) Sup [(u(t),v(t)|z_, < Meﬁﬁ(l/as,fﬁ)igg(l/ff)‘g(sﬂfﬁ

<rM._g/(ea. _p).

Now (5.8) and (5.10) imply that for some constant C; € [0, oo, independent of r
or (v,w), and for all t € R

(5.11) [Au(t)| - < lew(t)|-p + [v()| -5 + [/ (w(t))]o

< Ca(l(v(t), w(t)|z_s + | (u(t))]o)

< Ch(rMe—p(1/ac,—p) + sup [f(a)]o).

laly 2 <r

Moreover, (5.8) also implies that u is continuous as a map from R into X ~#*+1 and
so (5.10) and (5.11) prove part (a) of the proposition. Let (3, (u,v), and (ug, vk),
k € N, satisty the hypothesis of part (b) of the proposition. Set g := B(X_l)(fou),
w = 0%y and gk = 8<X71)(f oug), wg = a(Xfl/z)vk, k € N. By our
assumption, part (a) of this proposition, and the dominated convergence theorem
we have that, for all ¢t € R,

(5.12) |(vg (8), wi(t)) — (v(t), w(t))]-p
M g

)ow
t
< M [ ot (o) — gl ds — 0

By (5.8) and (5.12) we have for all t € R

(5.13) [Aur(t) = u(®))|-p = [vr(t) = v(t)]-p + [ewr(t) — ew(t)| g
+ 1 (u () = f(u(®))]-p — 0.
Now (5.12) and (5.13) prove the second part of the proposition. 0

Let us recall the following imbedding result for interpolation spaces.
PROPOSITION 5.5. Assume that X = L?(2) and X! is continuously included
in H%(Q). Let o € [0,1] be arbitrary. Then the following statements hold:

(a) If ¢ > 2 and 2a > (N/2) — (N/q) then X* C L1(9).
(b) If 2a > N/2 then X C C(Q).
(¢) If 2a0 > (N/q) — (N/2) then LI(Q2) C X~

The maps induced by the above inclusions are continuous.

PROOF. Parts (a) and (b) follow from Theorem 1.6.1 in [11]. Part (c) is
obtained from part (a) by passing to dual spaces. O

We also require the following essentially known results.
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PROPOSITION 5.6. Assume the following hypotheses:

(a) r € ]0,00[ and p; € [1,00[, i € [1,4], are given numbers such that
p2=p1/r, p3 < p1 and 1/py = 1/p2 + 1/ps.

(b) g: Q2 xR =R, (z,5) — g(x,s), is such that g(-,0) € LP+(Q), g(-,s) is
measurable for every s € R and g(x, -) is of class C for every x € Q.

(¢) h(z,s) = g.(x,s) satisfies the estimate |h(z,s)| < a(x) + b|s|" for all
(z,s) € A xR, where a € LP2(Q) and b € [0, 00].

(d) I CR, w:I— LP(Q), t € I, u is continuous at t as a map into LP* ()
and u is differentiable (resp. continuously differentiable) at t as a map
into LP3(Q).

Then the map gou is defined and differentiable (resp. continuously differentiable)
at t as a map into LP4(Q), where 1/py := 1/pa + 1/ps. Finally,

(5.14) A" (G o) (t) = h(u(®)dE"u(t).
PrOOF. We have the estimate
l9(z, 5)| < |g(a,0)] +la(@)||s| + (b/(r +1)[s|"",  (2,5) € A xR,

If w € LP*(Q) then, by Holder inequality, aw € LP5(2) where 1/ps = 1/p2 +
1/p1 < 1/pa + 1/p3s = 1/ps4 so ps > ps. Moreover, |w|" ™! € LPs(Q), where
ps =p1/(r+1),s01/ps =r/p1+1/p1 = 1/p2+1/p1 = 1/ps. Thus ps = p5 > pa.
Altogether we see that g(w) € LP4(Q) for every w € LP*(Q2). Suppose now that
u is differentiable at ¢ (into LP3(2)). For every z € Q and & with ¢t + & € I set

(5.15)  ag(zx) = /0 (h(z, (1 = O)u(t)(z) + Ou(t + &)(z)) — h(z,u(t)(x))db.
Moreover, write v := dX"*)u(t). Then we easily obtain

Glult +€)) — glult)) — En(u(t))v = (ag + h(u(t)))(u(t + &) — u(t) — £v) + Eagv.

Thus, by the Holder inequality, in order to prove the differentiability claim and
formula (5.15) we only need to show that ae € LP?(Q) and |oe|zre — 0 as & — 0.
Now, for every 6 € [0, 1] the integrand of (5.15) is easily seen to be a measurable
function of x € Q. Since for every x € Q

agle) = lim (1/m) 3 (h(a, (L= /m)u(t) @)+ /m)u(t+6) () ~h(z,u(t) (@),
it follows that ¢ is measurable.

Now
(516) lae(@)| < sup [h(z, (1 - O)u(t)(z) + Out + €)(x)) — hla, u(t) (@)

0€[0,1]
< 2la(z)] 4 2blu(t)(x)]" + blu(t + &) (z)]".
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It follows that ae € LP?(f2). Suppose that |og|rr2 # 0 as & — 0. Then there is
a sequence (&,) converging to 0 and there is a § € ]0, oo with

(5.17) |OZE”|LP2 >4, neN.

We may assume that u(t +&,)(z) — u(t)(z) for almost every = € Q. (5.16) thus
implies that, for almost every z € 2, ag¢, (z) — 0 and, moreover,

(5.18) |ag ()] < C(la(@)|P + [u(t) (@) + [ult + E)(2)[") =: Ce(=)

for some constant C' € [0, co[ independent of x € Q. Now we use some classical
results on equi-integrability (cf. [2]). Set ((z) := C(Ja(z)|P> + 2|u(t)(x)|Pr),
x € Q. Then (¢, (z) — ¢(z) for almost every € Q and so ¢, — ¢ stochastically
(Theorem 20.5 in [2]). Since u(t + &) — u(t) in LP(Q2) as & — 0, we have that
lu(t + &)[eer — |u(t)|pr as & — 0 and so [, |¢e|de — [, |¢|dx as & — 0.
Theorem 21.7 in [2] now implies that (¢, — ¢ in L*(Q) as n — oo, so, by
Theorem 21.4 in [2], we have that the set {(, | n € N} is equi-integrable.
Thus formula (5.18) and the definition of equi-integrability shows that the set
{Jae, P> | n € N} is equi-integrable and thus, by Theorem 21.7 in [2], we obtain
that |ag, |Lr2 — 0 as n — oo, a contradiction to (5.17).

If u is continuously differentiable at ¢ into LP® then, by what has been proved
so far, for all ¢’ € I lying in a neighbourhood of ¢ we see that d="*)(g o u)(t')

exists and
(5.19) 6(Lp4)(§o u)(t') = B(u(t’))(‘)(ms)u(t').

Since, for ¢/ — t, &™) u(t') — OE"y(t) in LP*(Q) and h(u(t')) — h(u(t)) in
LP2(Q), it follows from (5.19) and Holder’s inequality that 0(“"*)(g o u)(t') —
OUE")(Gow)(t) in LP4(Q) as t' — t. This proves the proposition. O

PROPOSITION 5.7. Let g:R — R, be a C'-function and h := g'. Let p €
[1,00[, I CR, t €I and w:I — C() be a map such that u is continuous at t
as a map into C(Q) and u is differentiable (resp. continuously differentiable) at
t as a map into LP(Q). Then the map g o u is defined and differentiable (resp.
continuously differentiable) at t as a map into LP(QY). Finally,

(5.20) O (G ou)(t) = h(u(t)dF u(t).

PRrROOF. For h(z,s) = h(s) define the functions a; as in the proof of Propo-
sition 5.6. It is easily seen that ag € C(£2) and |lagl o) — 0 as £ — 0. Thus the
arguments from the proof of Proposition 5.6 complete the proof of the present

proposition. O

For the rest of this section we assume the following Standing Hypothesis.

(5.21) N € {1,2,3} and Q C RY is a bounded domain with smooth boundary
and such that X = L*(Q) and X" is continuously included in H?(S2);
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v € L3(Q) and ¢:R — R is a Cl-function such that, for N > 2, there
are constants T and C € [0, 00] with |¢'(€)| < C(1 + |£]7) for all € € R.
If N =3 then T < 2.

PROPOSITION 5.8. Let ®(s) := [, ¢(t)dt, t € R. Let e € ]0,00], 6 € [0,1]
and n € N be arbitrary. Define f = fno: X'/? — X by

o~ o~

F(w) = (1= 0)(B(u) + ) + 0P ($(Puu) +7), e XM2

Then f is well-defined, Lipschitzian on bounded subsets of X'/? and compact.
Moreover, let F = F, g: X*/? — LY(Q) be defined by

F(u) = (1 —0)(®(u) + yu) + O(D(Pou) + vPou), ue X2

Define the function We =W, 5, 9: Zo — R by
1 1
Welwo) = glulty + 5ebld — [ Flu@)de,  (u,0) € Zo.
Q

Under these assumptions, whenever J C R is an interval and z: J — Zy, z(t) =
(u(t),v(t)), t € J, is a solution of m. ¢ then the function We o z:J — R is
continuously differentiable and

(W.o2)(t) = —|v®)|3, ted

PRrROOF. All statements of the proposition are known and easily proved.
In particular, the assertions concerning f follow from our Standing Hypothe-
sis (5.21), Proposition 5.5 and the fact that the inclusion X” C X is compact
whenever 0 < a < < 1. O

We will now prove a generalization of a Haraux-Babin-Vishik smoothing
result.

THEOREM 5.9. Let € and f be as in Proposition 5.8. Then the following
properties are satisfied:
(a) For every r € ]0,00] there is a C(r) € ]0,00[ such that whenever (u,v)
is a full bounded solution of me y with sup,cp |(u(t),v(t))|z, < r then
(u,v) lies in Zy 5 and
sup(|(u(t), v(t))|z,,, < C(r).
teR

Moreover, the map f o w is continuously differentiable from R into X.
Setting w := X"y we have

o~ ~

O (fou)(t) = (1=0)¢'(ult)) - v(t) + 0Pa(¢' (Pault)) - v(1), tER,
cw(t) = —v(t) — Au(t) + 0O (f o u)(t), teR.
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(b) Whenever (u,v) and (ug,vi), k € N, are full bounded solutions of
Te,f such that sup,ey SupPyep |(ur(t), vi(t)|z, < 0o and (ux(t), vi(t)) —
(u(t),v(t)) in Zy for every t € R, then (ux(t),vig(t)) — (u(t),v(t)) in
Zyo for every t € R.

Proor. We follow, in spirit, the proof method by Haraux ([10]). We first
treat the case N = 1. Then, by Proposition 5.5, X*/? ¢ C(Q) with continuous
inclusion. Let (u,v) be full bounded solution of m. . Then an application of
Proposition 5.7 shows that f o u is continuously differentiable into X = L?(Q)
and

(5.22) g9(t) = (1= 0)¢' (u(t)) - v(t) + 0P (¢ (Pau(t)) - v(t)), tER

where g := 0X)(f o u). Thus hypothesis (5.7) of Proposition 5.4 is satisfied.
Actually, (5.22) implies that for every r € ]0,00[ there is a Ci(r) € ]0, 00|,
Ci(r) > r, such that whenever sup,cp |(u(t),v(t))|z, < r then

(5.23) Sup lg(t)]o < Ci(r).

Let Cy(r) := C(r',8), where C(r',3) is as in Proposition 5.4, v’ := Cy(r) and
B := 0. It follows from that proposition that (u,v) lies in Z; , and

sup((u(t) -+ [o(t)2) < Ca(r).

This clearly implies part (a) of the theorem. Let (u,v) and (ug,vx), k € N,
satisfy the assumption of part (b) of this theorem. Then formula (5.22) implies
that ) (f oug)(t) — 0 (f ow)(t) in X for all t € R and

sup sup [0 (f o ug) ()]0 < oo.
keN teR

Now Proposition 5.4 implies that (ux(t),ve(t)) — (u(t),v(t)) in Z;,, for all
t € R. Let us now consider the case N = 2. Then, by Proposition 5.5, X/2 is
continuously included in LP(2) for every p € [2,00[. Choose p € [2,00] so that
7/p < (1/2). Then (1/q) := (7/p) + (1/2) < 1 and so Proposition 5.6 implies
that f ow is continuously differentiable into L(Q2) and

(5.24) 9P (Fou)(t) = (1= 0)@' (u(t)) - v(t) + 0P (' (Pau(t)) - v(t)),

for t € R. Since N7/p < 1 it is possible to choose § € [0, 1] such that N7/p <
203 < 1. This implies, by Proposition 5.5, that L9(£2) is continuously included
in X=#. Thus fowu is continuously differentiable into X ~# and (5.24) shows that
sup;cp |9(t)|—p < 0o where g := G(X_B)(fou). In particular, hypothesis (5.7) of
Proposition 5.4 holds and so u is defined and continuous as a map from R into X,
where o := —( 4+ 1. Moreover, that proposition, together with formula (5.24)
imply that for every r € ]0,00[ there is a Ci(r) € ]0,00[ such that whenever
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sup,eg |(u(t),v(t))|z, < r then sup,cp(|u(t)|a + [v(t)|o) < Ci(r). Since o € [0,1]
and 2a > 1 = N/2 it follows that X is continuously included in C(2). Now
proceeding as in the case N = 1 we see that (u,v) lies in Z; /5. Moreover, starting
with r’ := Ci(r) we see that there is a Cy(r’) € ]0,00[ such that whenever
sup;er(|u(t)a + [v(t)|o) < 7’ then sup,cg(|(u(t), v(t))|z,,, < Ca(r’). Setting
C(r) := Cy(r") we complete the proof of part (a) of the theorem. Let (u,v)
and (ug,v), k € N, satisfy the assumption of part (b) of this theorem. Then
formula (5.24) implies that a(Xiﬁ)(f o ug)(t) — X (fo w)(t) in X for all
t € R and

-8
sup sup |8(X )(f oug)(t)]p < 0.
kEN teR

Now Proposition 5.4 implies that (ug(t),vg(t)) — (u(t),v(t)) in X* x X for all
t € R. Proceeding as in case N = 1 we now see that (ug(t), vg(t)) — (u(t),v(t))
in Z,, for all t € R. The proof of part (b) is complete.

Let us now consider the case N = 3. Let us first assume that 7 < 1. Then
X1/2 is continuously included in LP(Q) for all p € [2,6[. Since (7/6) < (1/6), we
may choose p € [2, 6] satisfying (7/p) < (1/6). Then (1/q) := (F/p) + (1/2) < 1.
Since (N7/p) = (37/p) < (1/2), it is possible to choose § € [0,1] such that
(NT/p) < 26 < (1/2).

It follows that with & := —8 + 1 we have o € [0,1] and 2a0 = =26+ 2 >
—(1/2) +2 = 3/2 = N/2 so X is continuously included in C(Q2). Now the
proof in the present case proceeds exactly as in the case N = 2. Let us now
turn to the proof of case 7 > 1. We will show that there is a p € N and
there are finite sequences (ay,), m € [1,u+ 1], in [0,1], (pm), m € [1,x], in
[2,00[ and (Bm), m € [1,p], in [0,1] such that oy = (1/2), 2au41 > (N/2),
2am > (N/2) = (N/pm), (7/pm) + (1/2) < 1, 260 > (NT/pn), m € [1, 4],
and a,;, = —fm—1 + 1 for m € [2, 4+ 1]. Then a finite number of applications
of the arguments from the preceding cases completes the proof of the theorem.
Let 0 € ]0,00[ be arbitrary, to be specified later. Define the sequence (o),
m € N, by induction, setting oy := (1/2) and @41 = Tay, + b where b :=
1—(N7/4) — (76/2) — (6/2). Moreover, define the sequence (s.,), m € N so that
204, = (N/2) — Nsy, + 0, m € N. Finally, let (6,,), m € N be defined so that
206y = NTs,, + 6. We thus see that a,,+1 = —0, + 1 for all m € N. It also
follows that, for 7 = 1

(5.25) amy1 = (1/2) + m((1/4) = §), meN
and, for 7 > 1,
(5.26) Qi1 = (1/2)7" +0(F" - 1)/(F—1), meN.

Since T < 2 we see that, for all § < (1/4) small enough, (1/2) + (b/(T — 1)) >0
so, in this case the sequence () is increasing by (5.25) and (5.26). Thus the
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sequences (s,,) and (B,,) are decreasing. Since a3 = (1/2) and 7 < 2 we may
arrange, by choosing ¢ even smaller, that 7s; + (1/2) < 1 and 51 € [0, (1/2)]. It
follows that Ts,, + (1/2) < 1, m € N and so, in particular, s, < (1/2), m € N
(as 7 > 1). Our choice of ¢ also implies that a,, — 0o as m — oco. Thus there
is a smallest ¢ € N such that 2a,41 > (IV/2). Therefore 2a,, < (N/2) for all
m € [1,p]. In particular a,, € [0,1] and s,, > 0 for all m € [1, u]. Therefore
Bm € [0,(1/2)] for m € [1,u]. Set pm = (1/8m), m € [1,u]. It follows that
pm > 2 and (F/pm,) + (1/2) <1, m € [1, u]. The theorem is proved. O

COROLLARY 5.10. Let € and f be as in Proposition 5.4. If K C Zy 1is
compact in Zo and invariant relative to me y then K C Zy,5 and K 1is compact
in Zysp. Moreover, if (u,v) is a full bounded solution of 7.y and (sg) is a
sequence in R such that (u(sg),v(sk)) — (@,v) in Zy for some (u,v) € Zy, then
(u(sk),v(sk)) — (@,0) in Z1/2-

PrOOF. There is an r € |0,00[ such that |(@,v)|z, < r for all (u,v) € K.
Let (uk, k), k € N, be an arbitrary sequence in K. Since K is compact in Zj
and invariant relative to 7. ¢, it follows that K is strongly 7. r-admissible. Thus
we may assume, by taking a subsequence, if necessary, that there is a sequence
(ug,vk), k € N, of full solutions of 7,  lying in K with (ug(0),vx(0)) = (T, Tk),
k € N and (ug(t),v(t)) — (u(t),v(t)) in Zy for every t € N, where (u,v) is
a full solution of 7. ; lying in K. It follows from Theorem 5.9 that (u,v) and
(ug,vx), k € N, lie in Z; /5 and (ug(t), ve(t)) — (u(t),v(t)) in Zy 5 for t € R. In
particular, (g, vx) — (u(0),v(0)) € K in Z; /. This proves the first assertion.

The second assertion follows from the first one, noting that, by the compact-
ness of f, every closed bounded subset of Zj is 7. y-admissible (cf. Theorem 5.3
in [5] and its proof) so the closure in Z; of a full bounded orbit of 7. f is compact
in Zy and invariant relative to m. . The corollary is proved. O

We will now prove an extension of a e-uniform boundedness and smoothing
result by Hale and Raugel.

THEOREM 5.11. Let g9 € ]0,00[ be arbitrary. Then, for every r € 10, 00]
there is a C(r) = C(r,e9) € ]0,00[ such that

ilelﬂlg(\u(t)ﬁ +[o()]F )2 +lw(®)[§)? < O(r)
for all e €0,&0[, n € N and 6 € [0,1] and every full solution (u,v) of 7. ; with
sup;ep |(u(t), v(t)|z, < 7. Here, w := 0% ")y and f = fo9: XV/2 — X is
defined by f(u) = (1— 0)(3(u) +7) + 0P (B(Pats) + ).
In the proof we use arguments from the proof of Theorem 2.5 in [9]. We first

need a lemma.
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LEMMA 5.12. For every r € ]0,00[ there is a C1(r) € |0, 00[ such that
|0/ (u)[7 < C(r)(1+ Jul})
for allw € X' with |uly /s <.

PROOF. Let r € ]0,00[ and u € X' with |u[;/o < r be arbitrary.

Case 1. Let N = 1. Then X2 ¢ C(Q) with some embedding constant C.
Thus ¢/ (u) € C(Q) C L>®(Q) and

[/ (Wlzx < sup [¢(s)] = Calr)
ls|<Cr
S0
|/ (u)[ 7 < CL(r)(1+ Jul})

with Cy(r) := Ca(r)?.

If N € {2,3} then the Gagliardo—Nirenberg inequality implies that, given p
and 6 with

(5.27) pel,oof, 0 €[0,1] and 0 < 8(2 — (N/2)) — (1 — 6)(N/p)
there is some constant C(p, ) € ]0, co[, independent of w, such that
(5.28) lul e < C(p,0)ulfalul' .

Case 2. Let N = 2. Choose 6§ € [0,1] with 67 < 1 and p € [2,00[ with
60— (1—6)(2/p) > 0. Then (5.27) is satisfied so estimate (5.28) implies that, for
almost all x € Q,

I 7|, |07 1-0)7 7,107 —o)r|, | (1-60)T T
Ju(@)[” < Cp, ) ul:ul 3" < C (o, 0) [l O8Ol (), 77 < Cor)ulf

where C” and C), are embedding constants for the embeddings X' C H?(Q2) and
X2 < [2(Q), and Cy(r) := C(p,0)7(C)(Cpr)1=97. Therefore, again for
almost all x € Q,
¢/ (w)(@)? < [CO+ [u(@)["? < 207 (1 + Ju(@)) < 20° (14 Co(r)|uli")
< 20° (14 Co(r)* (1 + [ul?) < Cu(r)(1+ [ul?)

where Cy(r) := 2C" (1 + Ca(r)?).

Case 3. Let N = 3. Since T < 2, it follows that there is a 6 € |(1/2),1] with
0 < 1. Thus 6 > 1 — 6 so there is a p € [2,6] with 0 < 6(1/2) — (1 — 0)(3/p).
Using the fact that X'/2 is continuously imbedded in LP(2) we now complete
the proof exactly as in Case 2. 0

PROOF OF THEOREM 5.11. Fix g € |0, 00| arbitrarily and let r € ]0, 00|,
e € ]0,e0], » € N and 6 € [0,1] be arbitrary. Let (u,v) be an arbitrary full
solution of 7. ; with

(5.29) Sup (u(t),v(t)]z, <7
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In the course of this proof we denote by C;(r), resp. C;(r, ), @ € N, real positive
constants which depend on r, resp. on  and ¢, but are independent of the choice
of € €10,&0], n € N, 6 € [0,1] or the solution (u,v). Set g := G(X_l)(f ou). It
follows from Theorem 5.9 that

~

(5.30) g(t) = (1= 0)¢ (u(t))v(t) + 0P, (¢ (Pyu)Pyo(t)), te€R.

Then, by Theorem 5.9, g is continuous into X, and z := (v,w):R — Zj is
well-defined and differentiable into Z := Z_ 15y with

(531)  0Da(t) = —Be_(me(t) + (0,(1/2)g(t), teR
Now (5.30) implies that, for all ¢ € R,

9o < (16 ()| + 1 (Pau(t))| o) |o(®)]o
so, by Lemma 5.12,

(5.32) l9(0)15 < 216/ ()7 + 16 (Pau(®) 7)o ()3
<ACH(r) (1 + () DB
Since, by (5.31), ew(t) = —v(t) — Au(t) + f(u(t)) for t € R, we see that

lu®)lr = [Au(®)lo < elw(®)lo + [v(®)]o + [f(ul®))o, ¢ €R

and

lew(®)lo < [o()lo + [u(®)lr + | f(w)lo, teR.
Therefore, using (5.29) and the fact that sup,c x1/2 |a|, , < |f(a)]o is independent
of €, n and 6, we finally obtain that

(5.33) lu(t)|? <28 |w(t)|2 + Ca(r), teR,
(5.34) 2lw(t)]3 < 2lu(t)|f + Colr), teR.
Thus, by (5.32) and (5.33), we have

(5.35) lg(t)[2 < 4C1 (r)(1 4 2% |w(t)|3 4 Ca(r))|v(t)[3

< Cs(r,e0)elw(®)[§lo(t)[5 + Cs(r, €0) v ()[5-

Let ¢ € ]0,(1/2)[ be arbitrary and V := V, . be defined as in Proposition 5.2.
Since, for all t € R,

V(1)) = glo®F 2 + 5ehw®f + ecto(d) wit)o

we have
630 VG0) < (5+5 OB + 08+ SR, R
630 VG0O) 2 (5§ )R + 308, - ShoR, e
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It follows from (5.37) that

so (5.29) and our choice of ¢ imply that
elw(t)]3 <4V (2(t)) +er?, tER.
Thus, by (5.35),

(5.38) l9(t)I3 < Cs(r,c0) 4V (2(t)) +er?) [u()[§ + Cs(r, 0) [u(t)[§
< Ca(r,e0)(V (2(t)) + Do(@)I3.

An application of (5.38) and Proposition 5.2 shows that V o z is continuously
differentiable and, for every t € R,

(5.39) (Vo2)(t) = = (1 —o)lw(®)ff - clo(®)]? » — elw(t) w(t))o
+ {g(8), w(t))o + elg(t), v(t))o
— (L= eQw®ff — clv(®)fi ), + 5o + Fhw(®)f

IN

1 c c
()15 + S [w(®)[F + §|g(t)|§ +5lv(®) o

2
5 ) o0 — o)+ cloto)

IN
7 N
|
—_

+
™
o
+
I
+

n <1 + ) (Ca(r,e0)(V(2(1)) + D)|u(t)]3).

Now let k € ]0, 00| be arbitrary. Then (5.36) and (5.39) imply

(5.40) (Voz2)'(t) < —kV(2(t)) + (— 1+ect o+ 1 + ck + gkc) lw(t)|3

2 2 2 2
k
+ (e 5)pert
eke

+ (c+ (; + ;>C4(r, €o0) + 2) ()]

N (; N ;)om o)V (2(t)]e (),

for t € R. We can choose the constants ¢ and k, depending only on ¢, such that
the coefficients of the terms |w(t)|2 and |v(t) §/2 in (5.40) are nonpositive. With
this choice of ¢ and k we have, for t € R,

(541)  (Voz)(t) < —kV(2(t)) + Cs(r, o) [u(t)[§ + C5(r, 0)V (2(t))[v(t)[3.
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By an elementary differential inequality we thus see that, for all £y and t € R
with to < t,

vl < (o | (kO o) (o)) i) )V (et

to

. / (o ( ki 2ollo(p)) dp) ) Catreallo(s)) ds

< exp(—k(t — t0) + Cs(re0) [ [o(s) B9V (=(00)

to

+ Calr o) exp (Citro) /: weas)( [ °° o(o)as).

Let W, be as in Proposition 5.8. Then, by that proposition,

/t [0(5)[3 ds = We((u(to), v(to)) — We((u(t), v(t))) < Ce(r, <o),

for tg,t € R, tg <t so
o0
/ (s)2ds < Co(r,20),  to € R.
to

Thus, for to,t € ]R, to S t,
(5.42) V(z(t)) < Cr(r,e0) exp(—k(t — t0))V (2(to)) + Cr(r, €0)-
Now (5.36), (5.37) and (5.42) imply that

(5.43) elw(t)[g + [v(t)]7 )5 < Cs(r,€0) exp(—k(t — to))(elw(to)[§ + |v(to)IF /)
+ Cs(r,e0), to,t €R, to <t.

By (5.33), (5.34) and (5.43) we see that

(5.44) elw®3+v(B)]F ) + lul)]?
< (1+2e0)(elw(t)[§ + [v(®)F )2) + Ca(r)
< Cy(r,20) exp(—k(t — to))(e|w(to)[§ + [v(to)[1/2) + Co(r, o)
< Cy(r,20) exp(—k(t — to))((1/2)(2lu(to) [T + Ca(r))
+ [v(to)[3 j2) + Co(r,e0),  to,t ER, by <t
Let ¢t € R be arbitrary. Since 7. s is gradient-like, there are an equilibrium
of 7. y and a sequence (s, ), with s, — oo such that (u(—s,),v(—s,)) —

in Zy. An application of Corollary 5.10 shows that (u(—s,),v(—s,)) — (@,?) in
Z1)2 so there is a v € N such that, setting {p := —s,, we have
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so that, by (5.44),
(5.45) elw(t)[§ + [v(t)[T/2 + [u(t)]T < Cro(r,€0)|(@D)|Z,,, + Cro(r, <o)
= Cio(r,€0)[|f(@]5 + Cro(r,€0) < Cri(r,€0).
Here, we used the fact that ¥ = 0 and Au = f(u) so that [u],/; = [(@, )|z, <7
and so (U, )|z, ,, = [uly = |Aulo = | f(@)|o < C12(r).
Setting C(r,e¢) := C11(r,0)'/? we complete the proof. O

We can now state the following important singular compactness result.

THEOREM 5.13. Define the maps f and fno, n € N and 0 € [0,1], from
X2 to X by
flw) = o)+, uweX'V?

and

~ ~

o) = (1= 0)(6(u) +7) + 0P (¢(Pou) +7), ue X2
Let (e4)r, (nk)x and (0). be sequences in ]0,00[, N and [0,1], respectively.
Suppose that £, — 0 and n, — 00. For each k € N let (uy,vi) be a full solution
of Te,. fu. . Such that

sup sup |(u(t), vx(t))]z, =: 7 < 0.
~rEN teR

Then there is a subsequence of ((uy,vs))k, denoted ((ug,vi))k again, and there
is a full bounded solution u of w} such that (ug,ve) — (u,v) in Zy, uniformly
on compact subsets of R. Here, (u,v) =T ou.

PROOF. Fix ¢y € ]0, 00] with sup,cyex < 0. Set wy, := 8(X71/2)v,§, k € N.
Then, by Theorem 5.11,

(5.46) Sggig}g(lun(t)l? + [0 ()3 /2 + exlwn(I)? < O(r,20).

Theorem 5.9 implies that, for every x € N, (uy,v,) is continuous into Z; /9
and so, since v,, = dX)u,,, we obtain that u, is continuously differentiable into
X1/2 with v, = 90X y,. Since X! is compactly included in X/2 we thus
obtain from (5.46) and the Arzeld—Ascoli theorem that there is a subsequence
of ((te,vs))s, denoted ((uy,vx))x again, and a u € C(R — X'/?) such that
u, — u in X2, uniformly on compact subsets of R. Since

ExWi(t) = =0 (t) — Auk(t) + fu. 0, (us(t)), wKeEN, teR

and f,, ¢.(a) — f(a) in X, uniformly for a lying in compact subsets of X!/2,
we thus obtain from (5.46) that v, — v in X /2, uniformly on compact subsets
of R, where v: R — X~1/2 is defined by v(t) := —Au(t) + f(u(t)) for all t € R.
It follows that u is differentiable into X~1/2 and 8X /")y = v. We thus obtain

0N u(t) = —Au(t) + f(u(t), teR
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and so, by a result analogous to Proposition 5.1,

t
u(t) = e~ AUty (tg) +/ e A=) fu(s))ds, to,t €R, to <t.
to

Thus, by Lemma 3.3.2 in [11], u is a full solution of 7T} and so, in particular,
(u,v) =T ou. O

6. The main result

In this section, we again assume our Standing Hypothesis (5.21). Define the
map f: X'/2 — X by

flu) = $(u)+7, uwe X2

Moreover, for n € N and 6 € [0,1], let f, ¢ X1/2 5 X be defined by

Fro = (1= 0)f(u) + 0P, f(Pyu) = (1= 0)($(u) +7) + 0P (S(Paws) + ),
where u € X'/2. For € € ]0,00[, n € N and 6 € [0,1] set 7’ := s, T =Ty,
T = Tp, Te 1= Tefy Mg = 7T;cn9, T = Ty, Ln o= Tp 0 Tnoi= T,
Temn,0 = Te,fn and ¢y 1= Tep1-

We can now state the first main result of this paper.

THEOREM 6.1. Let K C X'/2 be a compact isolated invariant set relative
ton'. Then K' C X! and K :=T'(K") is compact in Zy and K is a T -isolated
invariant set. Let N C Zy be any bounded T -isolating neighbourhood of K.
Then there is an g9 > 0 such that for all ¢ € |0,¢¢] the set N is an isolating
neighbourhood relative to w. of an isolated invariant set K., the Conley index
h(me, K.) is defined and

h(re, Ke) = h(n', K").
The family (K:)eepo,e,), where Ko := K = I'(K'), is upper semicontinuous at
e=01n Zy, i.e.

lim sup inf |y — z|z, = 0.
E—>OyeKE z€Kp

The family (K:)eco,c, s asymptotically independent of N in the sense that
whenever N1 and Ny are two T -isolating neighbourhoods of K and

KI:=Tnv, (N;), €€]0,&], j=1,2,
then there is an &' € ]0,00[, ¢ < min{ey,ea}, such that K} = K2, £ €]0,¢'].
The proof of Theorem 6.1 follows from a series of lemmas.

LEMMA 6.2. K’ is compact in X' and K is compact in Zy and is a T -isolated
tnvartant set.

ProOF. This follows from Theorem 4.10. O
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LEMMA 6.3. Let N’ be a bounded isolating neighbourhood of K' relative to w'.
Then there is an ny € N such that for everyn > ny and every 6 € [0, 1] the set N’
is an isolating neighbourhood relative to ﬂ;)e.

ProOF. This follows by an application of Corollary 4.9. O

LEMMA 6.4. There is an no € N and an €5 > 0 such that for all n > no,
€ €10,e2] and 8 € [0, 1] the set N is an isolating neighbourhood relative to me y g.

PRrOOF. This follows by an application of Theorem 5.13. O

LEMMA 6.5. There is an n3 € N such that for every n > ng the set N is
T,,-isolating neighbourhood of K, := T, (K]), where N’ is as in Lemma 6.3 and
K, = Inv. (N).

ProOOF. This follows from Theorem 4.11. O

LEMMA 6.6. For everyn > ny the setY, := P,(X'/?) = P,(X) is positively
invariant relative to ), the set N'NY,, is an isolating neighbourhood relative to
the restriction wl|Y, of wl, to Y, and

h(r,,N') = h(m,| Yo, N' N Y,,).

no

/

(Here N' is as in Lemma 6.3.) Moreover, in the notation of Section 3, m,, = m,

where g = gpn: Yy, — Y, is defined by

~

g(u) = —Au+ P,(dp(u) +7), u€EY,.

PRrROOF. This follows from Proposition 4.2. U

LEMMA 6.7. For everyn > ny and every e € |0, ea] the set X, := P (X1/?)x
P, (X) = P,(X) x P,(X) is positively invariant relative to m. ,, the set NN X,
is an isolating neighbourhood relative to the restriction me n| X, of men to X,
and

W7o, N) = h(me | Xn, NN X,,).

Moreover, in the notation of Section 3, m., = 74, where g is defined as in
Lemma 6.6.

PrOOF. This follows from Proposition 5.3. g

PROOF OF THEOREM 6.1. Let ng := max{ni,ns,n3}. Fix n > ng arbitrar-
ily. Since K, C Inty, (N'NY,), K, C Intx, (N N X,), vy, (N'NY,) =
Invy, (N') and, in the notation of Section 3, Invy, (N N X,,) = Invz, (N), an
application of Theorem 3.9 shows that there is an ¢ € ]0, £2] such that

(6.1) (e X, N 0 X,) = h(n |V, N'NY,), € €]0,e0].
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Let ¢ € ]0,&0] be arbitrary. Since 7’ = 7}, , and 7, = 7, ;, we obtain from

Lemma 6.3 and the homotopy invariance of the Conley index (see [13] or [14])
that

(6.2) h(z',N") = h(x,, N").

Since . = m¢ p,0 and T, = T 5,1, We obtain from Lemma 6.4 and the homotopy
invariance of the Conley index that

(6.3) h(r, N) = h(mz, N).

(The applicability of the Conley index continuation theorem from [13] or [14]
is easily justified. In particular, the admissibility conditions follow from the
compactness of the map f: X'/? — X, cf Theorems 5.3 and 5.5 in [5].) By
Lemma 6.7 we have

(6.4) h(Ten, N) = h(me | Xn, NN X,,).
By Lemma 6.6 we have

(6.5) h(wl,,N") = h(nm

no

Y, N'NY,).

|
Now formulas (6.1), (6.3), (6.4), (6.5) and (6.2) imply that
h(me, N) = h(z',N").

Since € € ]0,¢e0] is arbitrary, the first assertion assertion of the theorem is proved.
If the family (K.).c[o,c,] is not upper-semicontinuous at € = 0 in Zy then there
are a d € ]0,00[, a sequence (&) in |0, o[ with €, — 0 and a sequence (y;) with
yr € K., for every k € N such that inf,cx, |yx — 2|z, > ¢ for all £ € N. Thus,
for every k € N there is a full solution (ug,vy) of m¢, lying in N such that

(6.6) inf |(ug(0),v£(0)) — 2|z, =9, keN

z€Kp

Since m, = m. k0 for every € € ]0,¢0] and every k € N, an application of The-
orem 5.13 shows that a subsequence of ((ug,vg)), denoted ((ug,vg)) converges
in Zy to (u,v), uniformly on compact subsets of R, where « is a full bounded
solution of 7’ and (u,v) =T ow. It follows that (u,v) € T and (u,v) lies in N.
This implies that, in particular, (u(0),v(0)) € Invy(N) = Ky, a contradiction
to (6.6), proving the second assertion of the theorem.

If the third assertion of the theorem is not true, then there are two 7 -isolating
neighbourhoods N; and N3 of K and a sequence (&) in ]0, oo with e — 0 such
that

Invy,, (N1) € Inve, (N2), keN.

Thus, for every k € N there is a full solution (ug,vy) of 7, lying in N7 such that

(6.7) (ug(0),v5(0)) & No, Kk €N.
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Again an application of Theorem 5.13 shows that a subsequence of ((ug,vx)),
denoted ((ug,vx)) again, converges in Zy to (u,v), uniformly on compact subsets
of R, where u is a full bounded solution of 7’ and (u,v) =T o w. It follows that
(u,v) € T and (u,v) lies in N;. This implies that, in particular, (u(0),v(0)) €
Invy(Ny) = Ko C Intz,(N2), so (ug(0),v5(0)) € Ny for all k& € N large enough,
a contradiction to (6.7), proving the third assertion of the theorem. The proof
is complete. O

Specializing, in Theorem 6.1, to the Dirichlet problem (cf Example 4.1) we
obtain, in particular, Theorem A from the Introduction.

7. Continuation of Morse decompositions

In this section we again assume the Standing Hypothesis (5.21). Let the map
f: X'/2 — X again be defined by

fu)=ou) +v, ue X2
We will prove that Morse decompositions of the invariant set K’, relative to ﬂ},
continue to Morse decompositions of the invariant sets K., relative to 7. ¢, for
€ > 0 small.

We will first recall some relevant concepts. For details, see [6] and [7].

Let P be a finite set and < be a strict order relation on P. A subset I of P
is called a <-intervalif i, k € I, j € P and i < j < k imply j € I. By I(<) we
denote the set of all <-intervals.

Let (Y,d) be a metric space. Similarly as in [6] we endow the set C :=
C(R — Y) of continuous functions from R to Y with the topology of uniform
convergence on compact subsets of R. If 7 is a local semiflow on Y and N C Y
then we denote by 7, n the set of all full solutions of 7 lying in N.

Recall the following definition.

DEFINITION 7.1 ([8]). Let m be a local semiflow on Y and S be a compact
invariant set relative to . A family (M;);cp of subsets of S is called a <-ordered
Morse decomposition of S (relative to ) if the following properties hold:

(a) The sets M;, i € P, are closed, m-invariant and pairwise disjoint.
(b) For every full solution o of 7 lying in S either o(R) C M}, for some
k € P or else there are k, | € P with k < I, a(o) C M; and w(o) C M.

This concept can be generalized as follows:

DEFINITION 7.2 ([7]). Let T be a subset of C. A family (M;);cp of subsets
of Y is called a <-ordered T-Morse decomposition if the following properties
hold:

(a) The sets M;, i € P, are closed, T-invariant and pairwise disjoint.
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(b) For every o € T either o(R) C My, for some k € P or else there are k,
l € Pwith k<1, a(c) C M; and w(o) C Mj,.

It is easily proved that, for m and S as in Definition 7.1, a family (M;);cp of
subsets of S is a <-ordered Morse decomposition of S (relative to ) if and only
if (M;)iep is a <-ordered T-Morse decomposition, where 7 := T g.

If A, B C Y then the T -connection set CSt(A, B) from A to B is the set
of all points y € Y for which there is a ¢ € 7 with ¢(0) = y, a(o) C A and
w(o) C B. If w, S are as in Definition 7.1 and T := 7, g, then we write

CS,.5(A, B) = CS7(A, B).

DEFINITION 7.3. Let (7). be a sequence of subsets of C and 7 C C be
arbitrary. We say that (7). converges to T in'Y, if for every sequence (£, )n
in N with x, — 0o as n — oo and every sequence (o0,), such that o, € 7, for
all n € N there is a subsequence (o, )m and a o € 7 such that o, (t) — o(t)
in Y as m — oo, uniformly for ¢ lying in compact subsets of R.

We can now state the second main result of this paper.

THEOREM 7.4. For e € ]0,00[ set ' := 71'}, e i=me g5 and I' :=Ty. Let
K’ be a compact isolated invariant set relative to @’ and K := T'(K'). Let T
be the set of all (u,v) € Ty such that (u(t),v(t)) € K for allt € R. Moreover,
let (M])iep be a family of subsets of K' which is a Morse decomposition of K’
relative to ' and let M; :==T(M]), i € P. For every I € I(<) set

M'(I) = | CSw x/(M], M)
igel
and M(I) :=T(M'(I)). Then (M;)icp is a <-ordered T-Morse decomposition
and

(7.1) M(I) = | CSr(M;, M;), IeI(=).
ijel

Moreover, the sets K, M;, i € P and M(I), I € I(<), are Ts-isolated in-
variant sets. Let N be a bounded Ty-isolating neighbourhood of K, N; C N
be a Ty-isolating neighbourhood of M;, i € P, and Ny C N be a Ty-isolating
neighbourhood of M(I), I € I(<).

For e €10,00[ set K, := Inv, (N), M, ; :=Inv._ (N;), i € P and M.(I) :=
Inv, (Np), I € I(<).

Then there is an g9 € ]0,00[ such that, for every ¢ € |0,e0], N (resp. Ny,
resp. Np) is an isolating neighbourhood of K. (resp. M. ;, resp. M.(I)) relative to
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Te, for alli € P and all I € I(=<). Moreover, the family (M. ;)icp is a <-ordered
Morse decomposition of K. and

(7.2) M(I) = | CSr. k. (Mey, M), T€I(=)
i,5€1

PROOF. We see either directly or using Corollaries 3.5 and 3.6 in [7] that
M!, i € Pand M'(I), I € I(<), are compact isolated invariant sets relative
to m’. Thus, by Theorem 4.10, the sets K, M;, i € P, and M(I), I € I(<), are
T;-isolated invariant sets. Moreover, the sets M; are closed in Zj (being compact
in Zy) and pairwise disjoint (I' being one-to-one). If i € P and (u,v) € M; are
arbitrary, then w € M/ so there is a full solution u of 7’ lying in M/ with ©w = u(0).
Thus u lies in K’ and so z := I' o u lies in M; C K and is an element of ;.
Hence z € 7, z lies in M; and 2(0) = (@, ). It follows that M; is 7-invariant.

Let (u,v) € T be arbitrary. Then w is a full solution of 7’ lying in K’. Thus
either u lies in M|, for some k € P, which implies that (u,v) lies in M}, or else
there are k, | € P with k <[, a(u) C M| and w(u) C M. In the latter case it
is clear from the continuity of I" that a(u,v) C M; and w(u,v) C M.

We have proved that (M;);cp is a <-ordered Morse decomposition.

Now let ¢ and 7 € P be arbitrary. We show that

(7.3) [(CSnr i (M, Mj)) = CSq(M;, Mj).

This immediately implies (7.1). If w is a full solution of 7’ lying in K’ with
a(u) C M] and w(u) C M; then, clearly, z := I'ou € Ty, z lies in K and
a(z) € M; and w(z) C M;. Thus z € CS7(M;, M;). Conversely, if z = (u,v) €
CS7(M;, M;), then u is a full solution of 7’ lying in K’. Clearly, a(u) C M, and
w(u) € M. Hence z € T'(CSy g (M], M7)). This implies (7.1).

Now let N be a bounded Ty-isolating neighbourhood of K, N; C N be
a Ts-isolating neighbourhood of M;, i € P, and Ny C N be a Tj-isolating
neighbourhood of M(I), I € I(<). Notice that

(7.4) W C N = Invy, (W) = Invg(W).

For ¢ € ]0,00[ set K, := Inv,_(N), M., := Inv,_(V;), ¢ € P, and M, ; :=
Inv, (Np), I € I(=<); moreover, let 7 := T_ n. It follows that

Ms,i = II?[V']’E (Nz)7 1€ P,
(76) ME,[ = IHVTE(N]), Ie I(<)

Now we claim that,

(7.7)  whenever (g,) is a sequence in 0, co[ with &, — 0 then 7;, — 7 in Zj.
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In fact, let (k) be an arbitrary sequence in N with x,, — oo and, for every
n € N let (uy,v,) be a full solution of 7. lying in N. Thus

sup sup |(un (t), vn(t))] 2, < 00

neN teR
so, by Theorem 5.13, there is a subsequence ((un,,,Vn,, ))m Of ((t4n,vn))n and
there is a full bounded solution u of 7’ such that (u,, ,v,,. ) — (u,v) in Zy,
uniformly on compact subsets of R. Here, (u,v) = I o u. Since N is closed in
Zy, we see that (u,v) lies in N, so that (u,v) actually lies in K. Thus (u,v) € T
and (7.7) is proved.

We also claim that

(7.8)  both 7 and 7, € € |0, oo[, are compact in C(R — Zj), translation and
cut-and-glue invariant.

Let us assume (7.8) for a moment. Then an application of Theorem 6.1 and
Theorem 3.3 in [7] together with (7.4), (7.7) and (7.8) shows that there is an
g0 € ]0,00[ such that, for every e € ]0,e0], N is an isolating neighbourhood of
K. (relative to m.) and N, resp. Ny, is a 7T-isolating neighbourhood of M, ;,
resp. M. (I), for all i € P and all I € I(<). Moreover, the family (M. ;);cp is a
<-ordered 7.-Morse decomposition and

(7.9) M.y=|J CSz.(M.;, M. ;), TeI(=).
ijel

Since

(7.10) T.=Tr k., £€]0,00[,

this completes the proof except for (7.8). Now (7.10) and Proposition 2.7 in [7]
implies that, for ¢ € |0, oo, the set 7. is compact in C'(R — Zj), translation and
cut-and-glue invariant.

In order to prove the compactness of 7, let ((ux,vx))x be an arbitrary se-
quence in 7. Thus, for every k € N, u, is a full solution of 7’ lying in K’. Now
an application of Theorem 4.6 (with f, = f) shows that there is a sequence (k)
in N with &, — oo and there is a full solution u of 7’ lying in K’ such that
U, — w in X1, uniformly on compact subsets of R. Thus (u, ,vs,) — (u,?)
in Zy, uniformly on compact subsets of R, where (u,v) = I' o u. It follows that
(u,v) € T and so 7 is compact in C(R — Z), as claimed.

The translation and cut-and-glue invariance of 7 is obvious. The proof is
complete. O

REMARK 7.5. Setting Mo ; := M; and My(I) :== M(I), i € P and I € I(<),
we see, using the arguments from the proof of Theorem 6.1, that, for ¢« € P and
I € I(=), the families (M. ;)ce[0,co] and (M (1))z¢[0,e,] are upper-semicontinuous
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at ¢ = 0 in Zy and asymptotically independent of the choice of the isolating
neighbourhoods N; and Nj.
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