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ON THE EXISTENCE OF TWO SOLUTIONS
FOR A GENERAL CLASS OF JUMPING PROBLEMS

ALESSANDRO GROLI — MARCO SQUASSINA

ABSTRACT. Via nonsmooth critical point theory we prove the existence of
at least two solutions in Wol’p(Q) for a jumping problem involving the Euler
equation of multiple integrals of calculus of variations under natural growth
conditions. Some new difficulties arise in comparison with the study of the
semilinear and also the quasilinear case.

1. Introduction and main result

Let us consider the semilinear elliptic problem

— Y Djlai(z)Diu) = g(z,u) +w in Q,

i,j=1
u=0 on 0f),

where 2 C R" is a bounded domain, n > 3, a;; € L*(Q), w € H*(Q) and

g:2 x R — R is a Carathéodory function which satisfies

gl L gles)

s§——00 S 5—00 S

= for some o, 3 € R.

Let (un) be the sequence of eigenvalues, repeated according to multiplicity, of
the linear operator {u — — Z?jzl Dj(a;j(z)D;u)} with homogeneous Dirichlet
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326 A. GROLI M. SQUASSINA

boundary conditions. Since 1972, starting from the celebrated paper of Am-
brosetti and Prodi [1], the number of solutions of this jumping problem has been
widely investigated, depending on the position of o and § with respect to the
eigenvalues pyp, (see e.g. [19], [20], [22] and references therein).

On the other hand, since 1994, several efforts have been devoted to study
the existence of weak solutions of the quasilinear problem

n 1 n
_ Z Dj(a;j(z,u)D;u) + 3 Z Daij(xz,u)DiuDju = g(z,u) +w in Q,
i,j=1 ,5=1

u=20 on 0f),

by techniques of nonsmooth critical point theory (see [6], [9] and the subsequent
papers [5], [10]; see also [2], [3] for a different approach).

In particular, a jumping problem for the previous equation has been suc-
cessfully investigated in [7], [8]. More recently, existence results for the Euler
equations of multiple integrals of calculus of variations

—div (VeL(z,u, Vu)) + DLz, u, Vu) = g(z,u) + w in €,
(1.1)
u=0 on 0f),

have also been obtained in [21], [23] via techniques developed in [9], under suit-
able assumptions on L, DsL and V¢L. In this paper we want to show that the
results of [7] extend to the more general elliptic problem (1.1). It has to be
noted that, in order to achieve this, some nontrivial new arguments have to be
involved, in particular when dealing with the Palais—Smale condition and also,
surprisingly, with the min—max estimates. We will tackle the problem from a
variational point of view, that is looking for critical points of continuous func-
tionals f: Wy (Q) — R of type

(1.2) flw) = /Q L(z,u,Vu) — | G(z,u) — {w,u).

Q

We point out that, in general, these functionals are not even locally Lipschitzian,
so that classical critical point theory fails. Then we will employ the abstract
framework of nonsmooth analysis developed in [9], [11], [13], [15], [16].

In our main result (Theorem 1.1), for a particular choice of w, we will prove
the existence of at least two solutions in W, *(§2) of (1.1) by means of a classical
min-max theorem in its nonsmooth version (Theorem 2.8).

More precisely, we assume that {2 C R” is a bounded domain, n > 3,1 < p <
n,we W (Q) and L: QxR xR™ — R is measurable in  for all (s, &) € RxR”"
and of class C! in (s,€) a.e. in Q. Moreover, the function

{¢— L(z,5,8)}
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is strictly convex and p-homogeneous. Furthermore, we assume the following
conditions.

(A1) there exist v > 0 and b; > 0 such that
(1.3) v[§lP < L(z,s,€) < bi[¢]?

for a.e. x € Q and for all (s,€) € R x R™,
(A2) there exist ba, b3 > 0 such that
(14) |DSL(xa Sa€)| < b2‘£|p7
(1.5) [VeL(z,s,€)| < bslg["™,

for a.e. z € Q and for all (s,&) € R x R”,
(A3) there exist R > 0 and a bounded Lipschitzian map ¢: R — [0, co[ with

(1.6) |s| > R= sDsL(x,s,&) >0,
(L.7) sDoL(x,5,§) < s9'(5)VeL(z,5,8) - ¢
for a.e. x €  and for all (s,£) € R x R™. Without loss of generality, we
may assume that 9(s) — J € R as s — 400,
(A4) g(z,s) is a Carathéodory function and G(z,s) = [ g(x,7)dr. More-

over, there exist a, 8 € R, a € L™/("P=D+P)(Q) and b € L™/?(Q) such
that

(1.8) l9(@, )| < a(@) + b(a)[s]~

for a.e. z € Q, all s € R and

o) e

)

(1.9)

§——00 |S|p_28 s—oo gh—1
for a.e. z € Q.

Let us now suppose that there exists £ € L>°(Q2) such that for a.e. x € Q
(1.10) lim L(z,5,€) = lim L(z,s€) = L)€l
(1.11) sp — 00, &, — £ = the sequence V¢L(z, sp,, &) converges.

Notice that both limits in (1.10) exist by virtue of (1.6). Moreover, in view
of (1.3) we have essinfyeqf(z) > v > 0. From now on we will set Lo (z,€) :=
¢(x)|€|P (observe that the limit in (1.11) necessarily has to be VLo (2, &)).

It is easily seen that, for instance, the Lagrangian L(z, s,£) = (1 +arctan s?)
-|€|P /p satisfies all the previous assumptions. Let us now set

A1 = min {p/ Loo(x, Vu) : u € WyP(Q), / |ulP = 1},
Q Q
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be the first eigenvalue of
{u— —div (Ve¢Loo(z, Vu))}

with Dirichlet boundary data.
Observe that by [2, Lemma 1.4] the first eigenfunction ¢; belongs to L>°(2)
and by [24, Theorem 1.1] is strictly positive. We consider problem (1.1) with

w=1t¢? " +wy, where wg € WL (Q) and t € R.
Under the previous assumptions, the following is the main result.

THEOREM 1.1. Assume that 3 < Ay < .. Then there ezist t,t € R such that
the problem

—div (VeL(z,u, Vu)) + Do L(z, u, Vu)
(1.13) =gz, u) +td?  +wy  inQ,
u=20 on 082,

admits at least two solutions in Wol’p(Q) fort >t and no solution fort < t.

This result extends the main achievement of [7] dealing with the case p = 2

and
n

1

L(iL’, 875) = 5 Z aij(x, 3)€i€j - G(‘T’ S)
ij=1

where the coefficients a;;(, s): Q2 x R — R are measurable in z, of class C! in s

with a;;j, Dsa;; € L*(2 x R) and satisfy

> aij(x,9)&& > vlEl?, Y sDeag(,8)&E > 0,
i,j=1 1,5=1
> sDgaij(x,9)€&5 < s9'(s) > aij(x,8)6:;
ij=1 1,5=1

for a.e. z € Q and all (s,£) € R x R”, where ¥:R — [0, 00 is a bounded
Lipschitzian map.

In this particular case, existence of at least three solutions has been recently
proved in [8] assuming 8 < p1 and « > po, where pq and po are the first and
second eigenvalue of the operator

n
{u — — Z Dj(AijDiu)}, Aij(z) = limoo a;j(z,s).

s—+
i,j=1

On the other hand, in our general setting, it is not clear how to define higher
eigenvalues Ag, A3,... with suitable properties. It must be noted that in [4]
a possible characterization of the second eigenvalue is given for the p-Laplacian
operator.
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The plan of the paper is as follows: in Section 2 we recall some notions of
nonsmooth critical point theory and a suitable Mountain Pass Theorem (Theo-
rem 2.8); in Section 3 we state the variational formulation of the problem and
prove that a suitable compactness condition is satisfied by the functional re-
lated to our problem; in Section 4 we show that also the required geometrical
properties are satisfied; in Section 5 we end up the proof of the main result
(Theorem 1.1).

2. Recalls of nonsmooth critical point theory

In this section we quote from [9], [11] some tools of nonsmooth critical point
theory which we use in the paper.

Let us first recall the definition of weak slope for a continuous function.

DEFINITION 2.1. Let X be a complete metric space, F: X — R be a con-
tinuous function and u € X. We denote by |dF|(u) the supremum of the real
numbers o > 0 such that there exist § > 0 and a continuous map

H: B(u,d) x [0,6] — X,
such that, for every v in B(u,d), and for every ¢ in [0, ] it results
d(H(v,t),v) <t, F(H(v,t)) < F(v) —ot.
The extended real number |dF|(u) is called the weak slope of F at u.
The previous notion allows us to give the following definitions.

DEFINITION 2.2. We say that u € X is a critical point of F if |dF|(u) = 0.
We say that ¢ € R is a critical value of F if there exists a critical point u € X
of F with F(u) = c.

DEFINITION 2.3. Let ¢ € R. We say that F' satisfies the Palais—Smale condi-
tion at level ¢ ((PS). in short), if every sequence (uy) in X such that |dF|(up) — 0
and F'(up) — ¢ admits a subsequence converging in X.

Let us now turn to the concrete setting. Let f:Wy?(Q2) — R be the func-
tional defined in (1.2), which is continuous in view of (1.3). Notice that condi-
tions (1.4) and (1.5) imply that for every u € Wy(€2) we have

va(:I:7 u7 VU) E L110C(97 Rn)7 DSL(I7 u’ vu) E L%OC(Q)'
Therefore for each u € W, (Q) we have

—div (VeL(z,u, Vu)) + DsL(z, u, Vu) € D' ().
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DEFINITION 2.4. We say that u is a weak solution to (1.1) if u € Wy*()
and
—div (VeL(z,u, Vu)) + Vo L(z,u, Vu) = g(z,u) + w
in D'(2).
Let us introduce the following variant of the (PS). condition.

DEFINITION 2.5. Let ¢ € R. A sequence (uj,) C WyP(Q) is said to be a
concrete Palais-Smale sequence at level ¢ ((CPS).-sequence, in short) for f, if

flun) — ¢,
—div (VeL(z, up, Vup,)) + D L(z, up, Vuy,) € Wb (Q),
eventually as h — oo and
—div (Ve L(z, upn, Vup)) + DsL(z, up, Vup) — g(z,up) —w — 0,

strongly in W17 (Q).

We say that f satisfies the concrete Palais—Smale condition at level ¢ ((CPS),
in short), if every (CPS).-sequence for f admits a strongly convergent subse-
quence.

PROPOSITION 2.6. For every u € W, *(2) such that |df|(u) < oo we have
| = div (VeL(z,u, V) + Ds Lz, u, Vu) = g(2,u) — w1, < |df|(u).
PRrROOF. See [9, Theorem 2.1.3]. O

The previous result implies the following remark.
REMARK 2.7. The following facts hold:

(a) each critical point u of f is a weak solution to (1.1),
(b) if ¢ € R and f satisfies (CPS),. then f satisfies (PS)..

The next is the main tool in proving the existence of two solutions.
THEOREM 2.8. Let ug, vo,v1 € WyP(Q) and r > 0 be such that

1,p <r, H’Ul — UOHLP >, lnff(Br(UQ)) > —00

l[vo — uo|

and

inf{f(u) : u € WoP(Q), |lu—wuollrp =r}>max{f(vo), f(v1)}.
Let

[ = {7:[0,1] — W, P(Q) : v is continuous, y(0) = vy and v(1) = v},

and assume that ' # O and that f satisfies the Palais—Smale condition at the
two levels

= i f 5 =i f .
S U A
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Then it results —oo < ¢1 < ¢y < 0o and there exist two solutions ui,us €
Wy (Q) of (1.1) with f(u1) = c1 and f(ug) = ca.

PROOF. See [13, Theorem 3.12]. O

3. Variational formulation and Palais—Smale condition

Let us now consider
S
go(z, s) = g(x,s) — ﬁ|s|p_25+ + a|s|p_25_, Go(z,8) :== / go(z, ) dr.
0

Of course, go is a Carathéodory function satisfying for a.e. x €  and for all
seR

x,s

lim gO( ) )

= b -1
Jm s = 0 9@ s) < al@) + b@)lsl

with b € L"P(Q). Since we are interested in solutions u € WyP(€) of the
equation

—div (VgL(Z‘,U, vu)) + DSL(J/‘J% VU) = g(l‘, U) + td)ll)_l + wo,

let us define the associated functional f;: VVO1 P(Q) — R, by setting
B + @ _
(3.1) fe(w) = | L(z,u,Vu) == [ (u")" = — [ (u”)”
Q P Ja P Jo
= [ Gotaw) = 112t [ 67 (e,
Q Q

In order to prove our main result, the idea is to apply Theorem 2.8 to the
functional f; defined above. To this aim, we will prove in the following that f;
satisfies the concrete Palais-Smale condition (see Theorem 3.4) as well as the
Mountain—Pass geometric assumptions (see Propositions 4.5 and 4.6).

Let now M be the positive constant such that
(3.2) |DsL(z, 5,8)| < MVeL(x,5,6) - €

for a.e. x € Q and every s € R, £ € R™ (such a constant exists by (1.3) and (1.4)).

In the following result we prove one of the main tools of the paper.

LEMMA 3.1. Let (up) C Wy P(Q) and (o) C 0, 00 with o, — oo such that

op = — = v in Wy P(Q).
Oh

Let v, — v in L™P(Q) with || < ¢ for some ¢ € L™/?(Q). Moreover, let

U — b in L"p,/("ﬂ’/)(ﬂ), 5 — 6 in WP (Q)
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be such that

(3.3) /VEL(x7uh,Vuh)~V<p+/ D L(z,up, Vup)p
Q Q

=/th\uhlp_QuhcpﬁLgﬁ*l/Qﬂer<5h790>

for every ¢ € C (). Then, the following facts hold

(a) (vn) is strongly convergent to v in WyP(2),
(b) (yulvn|P=2vp) is strongly convergent to ~|v[P=2v in W=12'(Q),
(c) there exist n*,n~ € L>(Q) such that
() = exp{—9} ifv(z) >0,
exp{ MR} ifv(z) <0,

exp{—9} < nT(z) <exp{MR} ifv(x)=0,

and
B exp{—9} ifv(x) <O,
n(x) = .
exp{ MR} ifv(z)>0,
exp{—9} <n~ (z) <exp{MR} ifv(x)=0.
Moreover,
(3.4) / 1+ VeLoo(2,Vv) - Vi > / P 2o +/ e,
Q Q Q
(3.5) /Qn’VsLoo(x,W)-Vw S/Szvn’lvlp’2v<p+/ﬂun’<p

for every o € WP (Q) with ¢ > 0.

PROOF. Arguing as in [7, Lemma 3.1] assertion (b) immediately follows. Let
us now prove assertion (a). Up to a subsequence, vy (z) — v(z) for a.e. x € Q.
Consider now the map (: R — R defined as

Ms if0<s<R,
MR if s> R,
—Ms if —R<s<0,
MR if s<—R.

((s) =

By [23, Proposition 3.1] we may choose ¢ = v, exp{((uz)} in (3.3), yielding
/ VeL(z,up, Vug) - Vop, exp{¢(un)}
Q

+ /Q[DSL(JC,U;L, Vup) + ¢ (up)VeL(z, up, Vug) - Vup oy exp{¢(uz)}
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B /Q Yalun "~ *unvn exp{((un)}

Lo / inon exp{Cun)} + (On, vn exp{Clun)}).

Therefore, taking into account conditions (1.6) and (3.2), we have
i7" [ eLlwun Vo) Tonexp{oluw)) < 7 [ o expl(un)
a7 [ o ep{Clu)} + (B o esp{Clun)).
After division by gf;l, using the hypotheses on 7y, pp, and dy,, we obtain

(3.6) limhsup/ Ve L(x, up, Vo) - Vo exp{((un)}
Q

< exp{MR}(/Qvlvler/qu)

Now, let us consider the function ¥;: R — R given by

9(s) if s >0,
91(s) =< Ms if —R<s<0,
—MR if s<—R,

where the function ¢ satisfies condition (1.7).
Putting in (3.3) the test functions (v A k) exp{—v1(up)} with & € N, we
obtain

(3.7) /Q Ve L(@, un, Von) - Vot A k) exp{— (un)}

+ Q;ll_p/[DsL(%Uhavuh) — 01 (un)VeL(w,up, Vup) - Vuy]
Q
. (v+ A k) exp{—v1 (up)}
_ / lonlP~2un (0 A ) exp{—1 (un)}
Q

+ / pn (vt A k) exp{—11(up)} + Q,ll_p<6h, (vt A k) exp{—11(upn)}).
Q
By (1.6), (1.7) and (3.2) it results for every h € N
[DsL(z,up, Vup) — 91 (up)VeL(x, up, Vug) - Vup] (v A k) exp{—91 (up)} < 0.

Taking into account (1.5) and (1.11), one may apply [12, Theorem 5] and deduce
that
Vop(z) — Vo(z) for ae. z € Q\ {v=0}

Being up(x) — oo a.e. in Q\ {v = 0}, again recalling (1.11), we have

VeL(z,un(x), Vop(z)) — VeLoo(x, Vo(z)) for a.e. z € Q\ {v =0}
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Combining this pointwise convergence with (1.5), we obtain
VeL(x,up, Vop) = VeLo(2z, V) in LY ().
Therefore, for every k € N we have
liflln/Q VeL(z,up, Vop) - V(o A k) exp{—01(un)}
= /QV5LOO(;U, Vo) - V(vT A k) exp{—7},

li}an(v+ A k) exp{—11(up)} = (v A k) exp{—9}

weakly in W,?(Q),

11}?1/ Yulvon P2 on(vh A k) exp{—d1(up)} = / Yol "2u(0F A k) exp{—7}
Q Q

(by virtue of (b)) and

(v A k) exp{ = (un)} = 0

lim =)
h o
weakly in W**(€2). Therefore, letting h — oo in (3.7), for every k € N we get
/ VeLoo(z, V) - V(v A k) exp{—17}
Q
> / Y|v|P"2u(vt A k) exp{—0} + / pvt Ak)exp{—1}.
Q Q

Finally, if we let k — oo, after division by exp{—1}, we have

(3.8) / VeLoo(z,VoT) - Vot > / Y|P3 (vT)? —|—/ pot.
Q Q Q
Analogously, if we define a function J9: R — R by
9(s) if s <0,
Pa(s) =¢ —Ms if0<s<R,
—MR ifs> R,

and consider in (3.3) the test functions (v A k) exp{—v2(up)} with k € N, we
obtain

(3.9) /§2V5Loo(x,Vv)-Vv_ < —/Qv|v|p_2(v_)2+/g/w—.

Thus, combining the inequalities (3.8) and (3.9), we get

(3.10) /VgLoo(z,Vv)-sz / 7|v|p+/,¢w.
Q Q Q
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Putting together (3.6) and (3.10), we conclude that
1imhsup/Q VeL(z,up, Vop,) - Vo, exp{¢(up)} < exp{ MR} /Q V¢Loo(z, Vv) - Vo.
In particular, by Fatou’s Lemma, it results
exp{ M R} /Q Ve¢Loo(z, Vv) - Vo < 1imhinf/Q VeL(z,un, Vop,) - Vo, exp{¢(un)}
< exp{ MR} /Q VeLoo(x,Vv) - Vu,
namely, as h — oo, we get
/Qng(x,uh, V) - Vo exp{¢(urn)} — exp{M R} /Q VeLoo(z, Vv) - Vo.

Therefore, since v|Vu,|P < VeL(z, up, Vop,) - Vo, exp{¢(up)}, thanks to Lebes-
gue’s Theorem, we obtain that

lim/ \vuhw:/ Vo7,
hJa Q

which concludes the proof of (a).
Let us now prove assertion (c). Up to a subsequence, exp{—91 (up)} weakly*
converges in L>(Q) to some n™. Of course, we have

exp{—9} if v(z) >0,
exp{MR} if v(z) <0,
exp{—9} < nT(z) <exp{MR} ifv(z)=0.

nt(x) =

Then, let us consider in (3.3) as test functions:

pexp{—D1(un)}, @€ CF(Q), ¢=>0.

Whence, like in the previous arguments, we obtain
/ 1" VeLoo(z, Vv) - Vip > / S ™ +/ mt e,
Q Q Q

for any positive ¢ € VVO1 P(Q). Similarly, by means of the test functions
pexp{—v2(un)}, ¢ €C(Q), ¢=0,
we get for any positive ¢ € W, ()
/ N VeLoo(z, Vo) - Vo < / P Pup + / pn”
Q Q Q
where 1~ is the weak* limit of some subsequence of exp{—va(un)}. O

Arguing as in [7, Lemma 3.3], one obtains the following result.
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LEMMA 3.2. Let (up,) a sequence in Wy () and o5 C 10, 00| with g, — oo.
Assume that the sequence (uy,/op) is bounded in WyP(Q). Then
Go(z, up)

go(z, un) —0 in L/ (Q) P
43

Qz—l

as h — .

—0 in LY Q)

LEMMA 3.3. Let f; be the functional defined in (3.1). Then for every c,t € R
the following facts are equivalent:

(a) f: satisfies the (CPS). condition,

(b) every (CPS).-sequence for f; is bounded in Wy (Q).

ProOF. The proof that (a)=(b) is trivial. Let us prove (b)=-(a). Let (up)
be a (CPS).-sequence for f;. Since (up) is bounded in Wy ?(Q), and the map

{u— g(z,u) + t? ' +wo},
is completely continuous by (1.8), up to a subsequence (g(z,up) + tqﬁ’_l +wp) is

strongly convergent in L™'/("+#)(Q2), hence in W~#'(Q). By [23, Theorem 3.2]
it follows that (uy) is strongly convergent in Wy (Q). O

We now come to one of the main tool of this paper.

THEOREM 3.4. Let f; be the functional defined in (3.1). Then for every
¢, t € R fy satisfies the (CPS). condition.

PrOOF. If (up) is a (CPS).-sequence for fi, we have fi(up) — ¢ and, for all
v € CX(Q) we have

VeL(z,up, Vup) - Vo+ | DsL(x,up, Vup)v — (uZ)p_lv
Q Q Q

+a / (u )Pt — / gol, wn v — [t~ / 610 = (w0 + on, 0),
Q Q Q

where o, — 0 in W1 (Q) as h — oo. Taking into account Lemma 3.3 it
suffices to show that (uy) is bounded in Wy ?(€2). Assume by contradiction that,
up to a subsequence, |[upl|1,, — 00 as h — oo and set
Up,
vh=—, on = |[unll1p-
Ohn

By Lemma 3.2, we can apply Lemma 3.1 choosing

if up(x ,
%@{ﬁ W20

a ifup(x) <0,

go(Ivuh)
Hh = T 51>

= op = |t|p72t¢1 + wo + op,.-
lunll?,
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Then, up to a subsequence, (vp,) strongly converges to some v in W01 P(Q). More-
over, putting ¢ = v™ in (3.5) of Lemma 3.1, we get

[0 Velatw vut) - vt < [ -ty
Q Q
hence, taking into account (1.12), we have

)\1/9(7)"')7’ S/SZVELOO(a:,VU+)-VU+ Sﬁ/ﬂ(v"')p.

Since 3 < A1, then v = 0. Using again (3.4) of Lemma 3.1, for every ¢ > 0 we
get

/ Nt VeLoo(z,Vv) - Vo > a/ nt P 2.
Q Q

namely, since v < 0, we have
/ VeLoo(z,Vv) -V > a/ [v|P~2vep.
Q Q

In a similar way, by (3.5) of Lemma 3.1 we get

/ VeLoo(x,Vv) - Ve < a/ [v[P~2vep.
Q Q

Therefore we get

/ VeLoo(z,Vv) - Vi = a/ [v|P~ v,
Q Q

which, in view of [18, Remark 1, p. 161] is not possible if « differs from A;. O

4. Min—max estimates

In this section we will prove that our functional satisfies the geometrical
assumptions required by the abstract multiplicity result (Theorem 2.8). Let us
first introduce the “asymptotic functional” f..: WO1 P(Q) — R by setting

o) i= [ LoV =0 [y = [y = [ o

Then consider the functional f;: Wy'?(€2) — R given by f,(u) = f;(tu)/t?, namely

£ (u) = z, tu u—é uJ’p—g u )P
Foluw) /QL<,t,v> 2 [ ) p/ﬂ( )

Go(z,tu) -1 {(wo, u)
“pos o g
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THEOREM 4.1. The following facts hold.
(a) Assume that (t,) C |0, 00 with t;, — oo and up, — u in Wy P(Q). Then
lim fy, (un) = foolu).
(b) Assume that (tn) C 10, 00| with t, — 0o and uj, — u in WyP(Q). Then
foolu) < limhinf ﬁh (up).
(c) Assume that (ty) C 10, 00] with t;, — 0o, up — u in Wy'*() and

limhsup ﬁh (un) < foo(u).

Then (up,) strongly converges to u in Wy (Q).

PROOF. (a) is easy to prove.
(b) Since up, — u in LI(Q) for every ¢ < 2n/(n — 2), it is sufficient to prove
that
/ Loo(z,Vu) <lim inf/ L(z, tyup, Vuy).
Q b Ja
Let us define the Carathéodory function L: 2 x R x R" — R by setting
~ L(x,tan(s), if [s| < 7/2,
F(rs.6) = ( (s),€) if[s] <m/
Loo(,€) if |s| > /2.

Note that L > 0 and Z(IE, s, ) is convex. Up to a subsequence we have
tpup, — 2z for ae. z € Q\ {u=0}, Vu, —Vu in LP(Q\ {u=0}),

and
arctan(tpup) — arctan(z) in LP(2\ {u = 0}).
Therefore, by [14, Theorem 1] we deduce that

/ L(z, arctan(z), Vu) < lim inf/ L(z,arctan(tpug), Vup),
O\ {u=0} hJa\{u=0}

that implies

/ Loo(ar, V) = / Loo(r, V)
Q O\ {u=0}

< lim inf/ L(z, tpup, Vuy) = lim inf/ L(z, tpup, Vug).
h Q\{u=0} h Q

Let us now prove (c). As above, we obtain
1 1
liminf/ L(z,thuh,Vuh+ Vu> > / Loo(z, Vu).
h Q 2 2 Q

Since we have
lim/L(az,thuh,VU):/Loo(x,Vu)
ko Ja Q
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and

(4.1) limsup/L(w,thuh,Vuh)S/Loo(x,Vu),
h Q Q

we get

lim sup/(L(x,thuh, Vup) — L(z, tpup, Vu)) < 0.
h Q

On the other hand, the strict convexity implies that for every h € N

1 1 1 1
§L(x,thuh, Vup) + §L(J;, thup, Vu) — L(a:,thuh, §Vuh + 2Vu) >0

Therefore, the previous limits yield
1 1 1 1
—L(z,tpup, Vup) + =L(x, thup, Vu) — L{ x, tpup, =Vup, + =Vu | p — 0.
0 12 2 2 2
In particular, up to a subsequence, we have
1 1 1 1
§L(z,thuh, Vup) + §L(x,thuh, Vu) — L| x, thup, §Vuh + §Vu — 0,
a.e. in €. It easily verified that this can be true only if
Vup(z) — Vu(z) for ae. z €.
Then we have
L(z, thup(x), Vup(x)) — Loo(x, Vu(z)) for a.e. x € Q.

Taking into account (4.1), we deduce

/L(J: thun, Vuy) —>/ (z,Vu),
Q

that by v|Vu,|P < L(x, thup, Vuy,) yields

hm/ \vuhv’—/ VP,

namely the convergence of u; to u in W P(Q). g

REMARK 4.2. Assume that 5 < A\; < a. Then the following facts hold:

(a) fo(d1)(¢1) =0,
(b) limy_, oo foo(561) = —00, where we have set ¢, = ¢1/(A\ — 3)Y/ P,

PROOF. (a) is easy to prove.
(b) A direct computation yields that for s < 0

)\1—(1

‘S‘P_

foo(5¢1) =

Since a > A1, assertion (b) follows. O
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LEMMA 4.3. For every M > 0 there exists o > 0 such that for every w €
W, P () with |w — é1]|1,, < 0 we have

/QLoo(sc,wa*) EM/Q(UF

PROOF. Argue as in [7, Lemma 4.1]. O

LEMMA 4.4. There exists v > 0 such that

(a) if ||w —Eh,p <7 then foo(w) > foo(@) for all w € Wol’p(Q),
(b) if |w—@1ll1p =7 then foo(w) > foo(P1) for all w € Wol’p(Q).

PROOF. Let us fix a u € Wy*(€) and define 1,:]0,00] — R by setting
Nu(t) = foo(tw). It is easy to verify that n, assumes the minimum value

1 1 1/(p—1) - p/(p—1)
(-5)G) L

[[rtemn =2 [y =2 fooy]

Moreover, a direct computation yields for every u # ¢,

(4.2) oo (91) < M(u)

M(u) = —

if and only if

(4.3) p/QLoo(m,Vu)>ﬂ/ﬂ<u+>p+a/9<u—)p+<xl—ﬁ)[/ﬁqﬁ"lur.

If we now set W = {u € W, *(Q) : Jo ¢~ 'u = 0}, we obtain
(4.4 WA (Q) = span(éy) & W.

Let us now prove that (4.3) is really fulfilled in a neighbourhood of ¢;. Since
(4.3) is homogeneous of degree p, we may substitute ¢; with ¢;. Let us first
consider the case p > 2 and 3 > 0. In view of (4.4), by strict convexity, there
exists €, > 0 such that for any w € W

(4.5) ﬁ/ (1 4+ w)T ()\1_5)/¢11)
<6 [ @+ wy+ (=) [ o1+l = = Be, [ fup

<—p/ 0o, V(o1 +w)™)
>\1 ﬂ

(2, V(1 + w)) — 1—6)€p/ﬂlw|p-
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On the other hand, by Lemma 4.3, for a sufficiently large M we get

M/ V(g1 +w)7)
L ( (¢1+w) )7
Q

\ /\

(4.6) o /Q (61 +w) ")

| /\

)\1

for ||w||1,p small enough. Combining (4.5) and (4.6) we obtain

(47) B /Q (61 +w)")? +a /Q (61 +w)" ) + (A — B) /Q o
<» /Q Loo(2, V(61 +w)) — (1 — By /Q ol

Therefore (4.3) holds in a neighbourhood of ¢;. In view of Lemma 4.4 of [18,
Lemma 4.2], the case 1 < p < 2 may be treated in a similar fashion. Let us now
note that

/|¢1+w|p2/¢’1’ for all w € W.
Q Q

In the case § < 0 we have

5/ (¢1+w) )p+@/((¢1+w) )P+ (A= /¢p

<3 [+l @=0) [ (@ +uy )+ (Al—)/w

so that we reduce to (4.7).

PROPOSITION 4.5. Let r > 0 be as in Lemma 4.4. Then there exist t € RT
and o > 0 such that for every t > and w € Wy (Q)

lw = Bullp =7 = fo(w) = foo(d1) +0

PROOF. By contradiction, let (t,) C R and (wy,) C Wy *(§2) such that t;, > h
and

(48) lwon —Fillip =7 Fon(w0n) < fool@1) + ~.

Up to a subsequence we have wy, — w with ||w — ¢1]|1,, < 7. Then, by (4.8) and
(a) of the previous lemma we get

(4.9) limhsup Fin (1) < foo(@1) < Foolw).

In view of Theorem 4.1(c), wy, strongly converges to w and then ||w — ¢1]j1, = 7.
Combining (4.9) with (b) of Lemma 4.4, we get a contradiction. O
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PROPOSITION 4.6. Let o and t be as in the previous proposition. Then there
exists £ > T such that for every t > t there exist vy, w; € Wol’p(Q) with

>+ f (6D,

lwe = Gillap > 7. filw) <5+ Fx(B0):

IN

lve = Gillip <7, Felve)
(4.10)

Moreover, we have sup,¢g 17 ft(svs + (1 — s)wy) < 00,

PROOF. We argue by contradiction. Set ¢ = f + h and suppose that there
exists (t,) C R with tj, > £ such that for every v;, and wy, in W, ()

||Uth, _a”l,p <r, fth (Uth) > % + foo(a)v

lwe, = Billag > 7 Fon(wn) > 5+ focl@1).

Take now (z;) going strongly to ¢; in Wg**(€). By (a) of Theorem 4.1 we
have ﬁh(zh) — foo(¢1). On the other hand eventually ||z, — ¢1]l1, < 7 and
ﬁh (2n) < 0/2 + foo(01), that contradicts our assumptions. Recalling (b) of
Remark 4.2, by arguing as in the previous step, it is easy to prove (4.10). The
last statement is straightforward. O

5. Proof of the main result

We now come to the proof of the main result of the paper.

PrOOF OF THEOREM 1.1. From Theorem 3.4 we know that f; satisfies the
(CPS), condition for any ¢,t € R. By Propositions 4.5 and 4.6 we may apply
Theorem 2.8 with 1y = ¢; and obtain existence of at least two solutions u €
WP () of problem (1.13) for t > % for a suitable 7.

Let us now prove that there exists ¢ such that (1.13) has no solutions for
t < t. If the assertion was false, then we could find a sequence (t,) C R with
t, — —oo and a sequence (uy,) in Wy ?(Q) such that for every v € C°(Q)

/VgL(m,uh,Vuh) . VU+/ Dy L(xz,up, Vup)v
Q Q

:ﬁ/(UZ)pfl'”_a/(UZ)p*lw/ go(xauh)vﬂth\pith/¢’1’_1U+<wO7v>~
Q Q ) "

Let us first consider the case when, up to a subsequence, ¢, /||up||1, — 0 and set

vp = up /|| un|

1,p- Applying Lemma 3.1 with g, = ||un||1,p, 0n = wo and

B ifup(x) >0, z,u th|P 2ty
vaw:{ = golm ) | Vil

. h ] —
a if up(z) <0, lunll?,”  lluallf,

up to a subsequence, (vj,) converges strongly to some v in W, ?(Q). Then using
the same argument as in the proof of Theorem 3.4 we get a contradiction.
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Assume now that there exists M > 0 such that |lupll1, < —Mt,. Then

setting wy, = —uht}jl, wy, weakly converges to some w € Wol’p(Q). By applying
Lemma 3.1 with g, = —tp, 6 = wo and
B B if up(z) >0, ~ golz,up) p—1
Y (z) = . Hh**?*% ]
a if up(z) <0, [tn|P—2ts

wy, strongly converges to w in W, *(2). The choice of the test function ¢ = w™
gives, as in the first case, w* = 0. Arguing again as in the end of the proof of
Theorem 3.4 we obtain a contradiction. O

REMARK 5.1. Under suitable assumptions on g and wg, by [2, Lemma 1.4]
the solutions u € W, (Q) of (1.13) belong to L>®(Q). Then, further regularity
results can be found in [17].
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