Topological Methods in Nonlinear Analysis
Journal of the Juliusz Schauder Center
Volume 21, 2003, 249-272

THE JUMPING NONLINEARITY PROBLEM REVISITED:
AN ABSTRACT APPROACH

DaviD G. CosTtA — HOSSEIN TEHRANI

ABSTRACT. We consider a class of nonlinear problems of the form
Lu+g(z,u) = f,

where L is an unbounded self-adjoint operator on a Hilbert space H of

L2%(Q)-functions, @ C RY an arbitrary domain, and ¢:Q x R — R is

a “jumping nonlinearity” in the sense that the limits

lim 9(@;5) =a and lim M
§— —00 s §—00 S

=b

exist and “jump” over an eigenvalue of the operator —L. Under rather
general conditions on the operator L and for suitable a < b, we show that
a solution to our problem exists for any f € H. Applications are given to
the beam equation, the wave equation, and elliptic equations in the whole
space RV,

1. Introduction

The so-called jumping nonlinearity problem has a long and rich history start-
ing with the pioneering paper by Ambrosetti—Prodi [2] in 1973. In the early years
following the appearance of [2] a number of authors contributed to the study of
such problems, notably Berger and Podolak ([7]), Kazdan and Warner ([14]),

2000 Mathematics Subject Classification. 35J20, 35J25.
Key words and phrases. Jumping nonlinearity, critical point theory, beam equation, wave
equation, Schrodinger equation.

(©2003 Juliusz Schauder Center for Nonlinear Studies

249



250 D. G. CosTAa H. TEHRANI

Amann and Hess ([1]), Dancer ([9]) and Fuéik ([11]) who coined the term jump-
ing nonlinearity in the case of ordinary differential equations. During the 1980’s,
we could cite the contributions of de Figueiredo ([10]), Gallouet and Kavian
([13]), Lazer and McKenna ([15]), Ruf ([19]), and Solimini ([22]), among others.
The interested reader will find a more complete bibliography up to 1990 in [17].

In its simplest form, the jumping nonlinearity problem consists in studying
the question of existence of solution for the Dirichlet problem

(L.1) W+ g(u) = f(a), u(0) = u(x) =0,

where f(x) is a given function in L?(0,7) and the nonlinearity g(s) is a C*
function crossing some eigenvalue A\, = k% (k = 1,2, ...) of the problem u” +\u =
0, u(0) = u(m) = 0, in the sense that

(1.2) 0<a= lim_ g (s) <\ < Jim g'(s) =b.

Of particular importance here is the problem at infinity, (F)qp, given by
u’ +but —au” =0, u(0) = u(r) = 0, and its so-called Fucik spectrum > =
{(a,b) € R? | (F)4, has a nonzero solution}. In fact, since the Fuéik spectrum
is completely known in the above ODE case, it can be shown by topological
arguments ([12]) that, if (a,b) ¢ > then, depending on the particular connected
component of R?\ Y where the point (a, b) given in (1.2) is located, problem (1.2)
(which could be considered a non-resonant problem)

(I) either has at least one solution for any given f,
(IT) or else may have a solution for certain f’s and no solution for others.

Our main goal in the present work is to obtain an existence result that holds
for any given right hand side f and that can be applied to general classes of
operators. In order to motivate our main theorem, we recall a few basic results
in the case of the Laplace operator on a bounded domain. In fact, since the
appearance of [2] many authors have considered existence results for the problem

(1.3) Au+gu)=f inQ, u=0 ondQ,

where Q C R¥ is a bounded smooth domain and g satisfies (1.2), with 0 < \; <

. < Mg < ... denoting the spectrum of the Laplace operator with Dirichlet
boundary condition. It is worth noting that, in this case, the principal eigenvalue
A1 plays a special role. Namely, alternative (II) above occurs whenever k = 1
in (1.2). Therefore, a general existence result for any right hand side can only
be expected in the case a > A;. Although there are a number of existence and
multiplicity theorems when a > A1, we would like to mention the following result
of Lazer and McKenna (Theorems 2.4 and 2.5 in [15]):
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THEOREM 1 ([15]). Assume (1.2) with b € (Mg, Ak+1), for some k > 2, and
that ¢'(s) < by < Agy1 for all s € R (where by > b). There exists \p_1 < o =
a(b) < A\, such that, if a € (a, A), then problem

Au+gu)=té1+h nQ, u=0 ondQ,

has at least three solutions for t large negative and a unique solution for t large

positive (here, ¢1 > 0 denotes a normalized \-eigenfunction).

In this paper we will prove an existence result in the spirit of Theorem 1
under reasonably weak conditions so that it is applicable to a large class of
problems on bounded and unbounded domains (clearly, the uniqueness assertion
in Theorem 1 precludes multiplicity for an arbitrary right hand side f).

More precisely, we consider a class of nonlinear problems of the form

(P) Lu+g(z,u) = f,

where L is an unbounded self-adjoint operator on a Hilbert space H of L?(Q)-
functions, Q € RY an arbitrary domain, and g: Q2 x R — R is a “jumping nonlin-
earity” in the sense that the limits lim,_,_ g(z, s)/s = a, lims_ g(x,s)/s =b
exist and “cross” a (possibly multiple) eigenvalue of the operator —L according
to the following assumptions (where o(L) denotes the spectrum of L, o.(L) the
essential spectrum of L and s = max{s,0}, s~ = s — s):

(L1) A > 0 is an isolated point of o(—L).
Ly) 1 < dimker(L 4+ A) < co and every 0 # u € ker(L + \) changes sign.

(L)
(L3) Lu+but — Au~ = 0 has no nonzero solution, where A < b.
(Ly) (—o00,—=b)Noe(L) =0 (so L has a discrete point spectrum in (—oo, —b)).
(G1) 9: Q2 xR — R is a “Carathéodory function” such that
0< tim 908y cpo pim 90
s§——00 S 5—00 S

(Ga) Set go(x,s) := g(x,s) — (bsT —as™). Then, for every € > 0 there exists
0 < b.(z) € L*(Q) such that

lgo(x, 8)| < bo(x) +els| ae x€, seR

(G3) go(z, -) is nondecreasing for a.a. x € Q.
Furthermore, we write A_ (resp. XJF) to denote the closest point in o(—L) to

the left (resp. right) of . Our main result in this paper is the following theorem:

THEOREM 2. Assume (L1)—(L4) for some N<b< :\\+. There exists A\_ <
a = a(b, L) < X such that, if a € (a, A] and (G1)—(G3) are satisfied, then problem
(P) possesses a solution for any f € H.

A few comments about the hypotheses are in order.
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REMARK. (a) Hypotheses (L1) and (Ly) say that the closed interval [a, )]
contains a single eigenvalue of —L (of any finite multiplicity) which cannot be
a principal eigenvalue (as every 0 # u € ker(L + X) changes sign).

(b) Hypothesis (L) says that the point (b, :\\) does not belong to the Fucik
Spectrum of —L (see Remark 3.8).

(c) Hypothesis (Ly4) allows applications to problems with selfadjoint operators
which may have continuous spectrum or eigenvalues of infinity multiplicity.

(d) Hypothesis (Gs) is needed for the proof of our result in the present
generality. Nevertheless, in some situations (Gsz) can be removed.

Theorem 2 will be applied to the question of finding time-periodic solutions
of the beam equation and the vibrating string equation, without any symmetry
assumption. We will also consider consider existence of HZ?-solutions of the
Schrédinger equation in the whole space RY. In particular, in this case (G3) is
not needed and we can prove the following result:

THEOREM 3. Assume that V:RN — R satisfies the conditions:

(V1) Ve CRYN) and V(x) — 0 as |z| — .

(Va) There exists ¢ € C§°(RYN) such that [(|[Ve|? + V(z)p?) <O0.

(V3) A > 0 is an isolated point of o(A—V (x)) with o(A—V (z))N[a,b] = {\}.
Let \g < A1 < ... < 0 denote the distinct eigenvalues of L = —A +V(z) in
H2(RN). Then, given b with A = |Ag| < b < [As_1|, for some k > 1, there exists
a with |Agt1] < o < [Ag] (or 0 < o < |Ag| if A is the largest negative eigenvalue
of L) such that, for a € (a,|\x|), and g: RN x R — R satisfying conditions (G),
(G2) above, equation

—~Au+V(2)u+ g(z,u) = f(xr), ue H*(RY)
has a solution for any given f € L?(RYN).

The organization of this paper is as follows. In Section 2 we provide the
abstract framework for problem (P) while Theorem 2 is proved in Section 3.
Applications and proofs of the corresponding theorems are given in Section 4.

We thank the referee for informing us of the recent papers [5], [6] and asking
for a comparison of the results. In [6] the authors give a description of the Fucik
spectrum near (X, X)7 where A is an isolated point of the spectrum o(L) of a
general selfadjoint operator L defined on a Hilbert space H of L?(Q2), with Q a
bounded subset of RY (their work complements or extends other results in this
direction, see e.g. [3], [18], [20] and references therein). Such a description enables
them to apply topological arguments (in particular, degree computations) and
prove some existence results for solutions of (P). However, we remark that both
their approach and existence results are of a different nature from ours.



THE JUMPING NONLINEARITY PROBLEM REVISITED 253

2. The abstract framework

Let H be a Hilbert space of L?(Q)-functions, with innerproduct and norm
denoted by (-, -)2 and | - |2, respectively. Let L: D(L) C H — H be an un-
bounded self-adjoint operator. In view of the spectral theorem, we recall that,
for any continuous function ¢: R — R, we can define the self-adjoint operator

o(L) = /_ T o dEQ) = / R0,

where {E(X) | A € R} is a spectral family for L, o(L) is the spectrum of L and

(2.1) D(@(L))={UGH‘ | 1R a0 < oo

(2.2) (p(L)u,v)y = / oA d(E(Nu,v)2, forall ue D(¢(L)), ve H.

— 00

In particular, we have that

L= / h AE(N),
where B
(2.3) D(L) = {u €cH ‘ /O; N A(E\)u,u)s < oo},
(2.4) (Lu,v)g = /O:o ANd(E(A)u,v)y for all u € D(L), v € H.

We note that (2.4) implies

| Lul3 :/ N d(E(\N)u,u)y for all u € D(L).

— 00

Next, we pick ¢(\) = [A\|'/? and define the unbounded self-adjoint operator
A== [ pde),

that is,

(2.5) D(4) = {u cH ‘ /_O:o A d(E(\)u, u)s < oo},

(2.6)  (Au,v) :/ Y2 d(E(\u,v)s for all u € D(A), v e H.

— 00

As is well-known, the closedness of the operator A implies that E := D(A4) is a
Hilbert space with the graph-innerproduct

(u,v)g = (u,v)s + (Au, Av)s



254 D. G. CosTAa H. TEHRANI

and corresponding graph-norm

fulls = (ulf + 14w = |

— 00

o0

1/2
1+ |A|>d<E<A>u,u>2) |

LEMMA 2.1 (Poincaré-type inequality). Assume that O ¢ o(L) and define

Jull = ( I |A|d<E<A>u,u>2)1/2 — |Aul,.

— 00

Then, there exists dg > 0 such that
lul|?> > dolul?2  for allu € E.
In particular, the norm || - || is equivalent to the graph-norm || - ||g on E.

PRrROOF. It follows at once by letting do = dist(0,0(L)) and noticing that

/_oo IA| d(E(N)u, u)2 = /(L) [N d(E(\)u, u)s > olul3. O

From now on we assume that 0 ¢ o(L). It follows that D(L) C E. We shall
consider the Hilbert space E equipped with the norm || - || defined above, which
comes from the innerproduct

(2.7 (u,v) = /00 Al d(E(AMu,v)2 = (Au, Av)a.

— 00

Let us write R=R; UR_ ={A | A >0} U{X| A < 0} and denote
(2.8) Py = ERy) =xg, (L), P-=ER.)=xe_(L),

where xs denotes the characteristic function of a set S C R. Then, P and P_
are orthogonal projections such that Py @& P_ = I. Correspondingly, we have
the orthogonal decomposition

(2.9) E=E,&E_,

where B, = P, (E), E_ = P_(E).

Also note that the spectral theorem implies that A commutes with both P,
and P_: in other words, if u € D(A) then P u € D(A) and Py Au = APyu.
Moreover, from (2.1), (2.2), (2.6) and (2.8), it follows that D(L) = D(A?) and,
for any u € D(L), v € E,

(2.10) (Py — P_)Au, Av)y = ((Py — P_)A?*u,v)s = (Lu,v)s.

Next, let Q@ c RY be an arbitrary domain and let ¢:Q2 x R — R be a
Carathéodory function (i.e. g(-,s) is measurable for all s € R and g(z, ) is
continuous for almost all 2 € ) satisfying

(2.11) lg(x,s)| < A(x) + Bls|, a.a.z€Q, seR,
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where 0 < A(x) € L*(Q2) and B > 0. From this, it follows that the Nemytskii
operator

u(z) = g(z,u(z))
is well-defined and continuous from L?(Q2) to L?(2) (see [23]). Given f € H and
an unbounded self-adjoint operator L: D(L) C H — H (as in the beginning of
this section), we consider the equation

(P) Lu+g(z,u) = f, we D(L).

A solution of (P) is a function u € D(L) that satisfies the equation in H. We
now verify that equation (P) has a natural variational structure in the sense
that its solutions correspond exactly to the critical points of a related functional
I: E — R. Indeed, consider the quadratic form @Q: F — R defined by

(2.12) Q) = L(IPul? ~ [P-ul?), u€E.

(Note that (2.10) implies Q(u) = (1/2)(Lu, u)2 whenever u € D(L) C E). Next,
let G(z,s) = [ g(x,t)dt, and consider the functional

(2.12) I(u) = Q(u) +/9G(x,u) da:—/ﬂfudx.

Then, the following result holds true.

LEMMA 2.2 (Variational structure and regularity). The functional I: E — R
is well-defined and of class C' on E. In addition, its critical points v € E are
precisely the solutions uw € D(L) of equation (P).

PROOF. Under assumption (2.11) it follows that G(z, s) satisfies the estimate
1
|G, 5)] < A2)]s] + 5 Bls|?,

for a.a. € Q, for all s € R, so that the Nemytskil operator u(x) — G(z,u(x))
is well-defined and continuous from L?(Q) to L!(Q), and it is easy to see that
the functional I: F — R is also well-defined. In fact, it is not hard to show in
this case that I is of class C'! with

I/(u) h= <P+u7h> - <P—ua h> + (g(x,u), h)2 - (f7 h)2 for all u, hekE
or
I'(u) - h = ((Py — P_)Au, Ah)s + (g9(z,u) — f,h)2 for all u,h € E.

Now, let & € F be a critical point of I, that is, I'(z) - h =0 for all h € E. From
the above expression we obtain

(Ah, (P4 — P_)Atu)y = (h, f — g(z,0))2 for all h € E = D(A).
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This shows that (Py — P_)Au € D(A*) and A*(Py — P_)Au = f—g(z,u). Using
the fact that A* = A, we conclude that (P, — P_)u € D(A?) = D(L), that is,
u € D(L), and
(Py — P)A*U = f — g(x,0)
so that, in view of (2.10),
L3 = f - g(z, 7).

We have shown that a critical point @ € F of the functional I belongs in fact to
D(L) and is a solution of equation (P). On the other hand, it is straightforward
to see that a solution @ € D(L) of equation (P) is a critical point of I. O

3. Proof of main result

In this section we prove our main abstract result on existence of solution for
(P) Lu+g(z,u)=f, we D(L).

Keeping in mind the abstract framework developed in the previous section,
we recall the following assumptions that we are making on the unbounded self-
adjoint operator L: D(L) C H — H and on the function g: Q2 x R — R:

(L1

X > 0 is an isolated point of o(=L),

)
(Lg) 1 < dim ker(L + ) < oo and every 0 # u € ker(L + )\) changes sign,
(L3) Lu+ bu™ — \u~ = 0 has no nonzero solution, where N < b,
(Ly) (—o00,—b)Noe(L) =0 (so L has a discrete point spectrum in (—oo, —b)).
(G1) 9: 2 xR — R is a “Carathéodory function” such that
0< tim 2% o po qpm 99
s§——00 S 5—00 S

(Gz2) Set go(z, s) := g(x,s) — (bst —as™). Then, for every € > 0 there exists
0 < b.(z) € L%() such that

lgo(x, 8)| < b.(x) +¢ls| ae xz€Q, seER,

(G3) go(z, -) is nondecreasing for a.a. x € Q.

Furthermore, we write A (resp. XJF) to denote the closest point in o(—L) to
the left (resp. right) of A.

THEOREM 2. Assume (L1)—(L4) for some AN<b< :\\+. There exists A\_ <
a = a(b, L) < X such that, if a € (a, A] and (G1)—(G3) are satisfied, then problem
(P) possesses a solution for any f € H.

The proof of Theorem 2 will follow from a saddle-point type theorem due to
Silva [21] (cf. also Brezis and Nirenberg [8]). We start by recalling a Palais-Smale
type condition.
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Let a C! functional I: E — R be given on the Hilbert space E. Let
E=VaoeWw

be an orthogonal decomposition of the space F, Py: E — V, Py: E — W the
corresponding orthogonal projections, and assume that

WicWycC...cW

is a sequence of finite-dimensional subspaces of W such that [ J,, W, is dense
in W. A sequence (up) C E is called a (PS)} sequence w.r.t. {W,} at the level
¢ €R if and only if there exists k, — oo such that

— 0

Py (up) € Wy, , I(u,) — ¢, and HI’(un)\V@Wk”

as n — oo. And we say that the functional I satisfies condition (PS)¥ w.r.t.
{W,} if and only if any (PS)} sequence w.r.t. {W,} possesses a subsequence
that converges to a critical point of I.

THEOREM 3.1 ([21], [8]). Let E =V @& W be an orthogonal decomposition of
the Hilbert space E. Assume that I: E — R is a C! functional such that
(i) supyepw I(u) =1 < oo,
(ii) infuey I(u) == I > —o0,
(iii) I satisfies condition (PS)% w.r.t. {Wy,} for all I, < ¢ < I°°.
Then I has a critical point u € E.

REMARK 3.2. We remark that, as stated, the above result is a slight variation
of Theorem 7 in [8]. Moreover, similarly to [8], condition (ii) can be replaced by
the weaker requirement that I is bounded below on finite-dimensional subspaces
of V, as long as the Palais—-Smale condition (iii) is strengthened.

We start by pointing out that, without loss of generality, we may assume that
0¢ o(L) and X is the least positive eigenvalue of —L. Indeed, by (L1), we have
that (fX, fXer] No(L) = 0 for some & > 0 and, by letting Lu := Lu + (/):f d)u,
g(z,s) = (b— X+ 8)sT — (a — X+ 0)s™ + go(x, s), we obtain the equivalent
equation

Lu+g(z,u) = f,
where 0 ¢ o(L ) X := 6 is the least positive eigenvalue of —L, and assumptions
(G1)—(G3), (L1)—(Ly) hold for § and L.
Therefore, we will prove all the results that follow from now on under the

corresponding to

assumptlon that 0 ¢ o(L ) and ) is the least positive eigenvalue of —L. Then,
for X < b < )\+ given, —X is the only point of (L) in the interval [—b,0]. We
also let

(3.1) Pt = X(—oo,-t)(L), P2 = x[-b,0/(L),
(3.2) Ey = P(E), Ey = Py(E),
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so that E_ = P_(F) = E1 ® Es and Fy = ker(L + X) In what follows we will
consider the orthogonal decomposition

E=VaoW,

where V :=E, @& Fy and W := Ej.
Finally, we consider 0 < a < X and recall the definition of the functional
I: E — R whose critical points are the solutions u € D(L) of equation (P):

1
1) = 5 (1Psul? = [P-alP) + [Glo) - [ fu
From now on, unless otherwise stated, all integrals are taken over ().

In the next Lemmas 3.3-3.6 we verify the geometric conditions (i), (ii) of
Theorem 3.1

LEMMA 3.3. sup, ey I(u) := 1% < oco.

PROOF. In view of (G3) we have G(z, s) = (b/2)|sT|*+(a/2)|s™|>+Go(x, 5),
where

Go(e,5)] < be(a)ls| + s

Therefore, using the fact that 0 < a <band u € W = Fy C E_, we obtain

63) 1w =5+ 5 [P+ g [P+ [ Gotw - [ u
<=l +3 [P+ [1uP + LB + Cale)
On the other hand, applying Lemma 2.1 with L|g, and noticing that
dist(0,0(L|g,)) =b+ 9, for some d >0,
we have the Poincaré-type inequality
(3-4) [ul® = 1Pl > (b+ 8)[uf3.

Taking € = 6/4 in (3.3) and using (3.4), it follows that

I(u) < - lul* +C

1)
4(b+9)
for some 0 < C < oo. O

Next, we will estimate I(u) from below on the subspace V = E. @& Ey and
show that inf,cy I(u) := I > —00. We need the following lemmas:
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LEMMA 3.4. Let B > 0, assume condition (Lg), 1 < dim ker(L —i—X) < 00,
and that every nonzero element ¢ € ker(L+X) changes sign. If (¢,,) C ker(L+M\),
(wp) C E4 and (8,) C Ry are sequences such that

(i) [[¢nll — 00 as n — oo,
(ii) |lwnl|l <1 for alln > 1,
(iii) 0 <4, <o < uB/(p+ 1), where

+12
/,L:H'lf |’(/} ‘2

>0, 1 €ker(L+N\),
Wolpg 7 vkt

then

n—oo

lim {— Salthnl? +B/ (w +wn)ﬂ .

PROOF. Let s, = ||¢n] and ¢, = ¥ /||¥n]|. Then

[ =l + 5 [ fwa -+,
2
J

Since dim ker(L + X) < oo, we have (by passing to a subsequence, if necessary)

+
= lim si{—énwn@—i—B’(wn —|—<pn)
n—00 S

n

that ¢, — ¢ in E for some 0 # ¢ € ker(L + X) in particular ¢, — ¢ in L2
Also, we have from (ii) that w,, /s, — 0 in E (hence in L?), and we may assume
that d,, — 0, in view of (iii). Therefore,

+2

= lim s [=dlpls + Blet 5 + o(1)]

= lim sT[(B = 9)le* (3 — 3l 3 + o(1)

> lim sp[(B = 8)u— )|~ [3 + o(1)] = oo,
since (B —0)u— 06 = puB — (n+1)5 > 0 , in view of (iii). O

LEMMA 3.5. Consider the function f(p,p,w) =1/2—plol3+B [ |(w+p)*|?
defined for p e Ry, p € ker(L+N), w € Sy :={u € Ey | ||u]| =1}. Then, there
exists po = po(B, L) > 0 such that

my = i}r}lif(p,go,w) >0, 0<p<po.

PRrROOF. Indeed, suppose there exists p, > 0 such that p, — 0 and

inf f(pn, ¢, w) <O0.
@Y, w
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Then, there exist sequences ¢, € ker(L + X) and w,, such that |w,| =1 and

J(Prs Pnywn) < —
n’
that is,
1
3~ palenls + B [ lwa+ o) <
In view of Lemma 3.4, there must exist M > 0 such that |¢, |2 < M for alln > 1.
But then, passing to the limit in the above expression leads to a contradition.

Therefore, it follows that
sionjjf(py%w) >0, 0<p<po.
for some py > 0. 0
LEMMA 3.6. There exists 0 < oy = a1(b, L) < X such that ifa € (ozl,/):] then

inf I(u) = I > —00.
ueV

PrROOF. Let u=w+ ¢ € E; @ ker(L + )\ = V. We have

1 1 b
1) =3l = 51017 + 5 [ 1P+ 5 [lu P+ [ Gt~ [ ru
1 1 a
=gl = 5ol + § [+ 252 [l P+ [ oo - [ fu
1 P\ a b—a
> gl = 1 + Flulf + 25 [ I+ 9) P - efulf - €,
hence

26, 5 @

1 a— —X—25 b—a
1) 2 Sl + S5+ S5+ 20 1w+ )t - cle),

which gives

1 X—a+2 b—A
65) Iz gl - 2 E R+ 12wt - ce)
We note that the above estimate is of the form
1
1) 2 gl - AR + B [ 1w+ 9P -0, u=wtveV.

where A= (A —a+2¢)/2>0, B=(b—A)/2>0, w € E; and 9 € ker(L + \).
We will consider two cases:
Case 1. |jw|| = 0. In this case we have

I(u) = I(¥) > A2+ B / W2 - C(e),
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and, if we take A < puB/(u+1) , then Lemma 3.4 implies that I(¢) — oo
as ||¢|| — oo. In particular, I(¢) is bounded from below. In other words, if

X—a+25< I b—\
2 p+1 2

(3.6)

then, I(1)) is bounded from below.

Case 2. ||w|| # 0 . In this case we can write
+2
/‘(llw ||W|>

A—a+2
2
then Lemma 3.6 implies that I(u) > m,||lw||? — C(e) > —C(e), hence I(u) is

again bounded from below.

) = Jul? | A\H

| -ce.

and, with pg > 0 given in Lemma 3.5, if

(3.7) < o

Combining Cases 1 and 2 and in view of (3.6), (3.7), we define

(2p+ 1A — b ~

(3.8) Qg := max { i

>\ 2p030}

Ifae (oq,X] then, by picking € = € > 0 suitably small, it follows that

inf I(u) =1y > —o0. O
ueV

Next, we will consider the compactnesss condition (PS)} of Theorem 3.1.
LEMMA 3.7. There exists 0 < ag = az(b, L) < X such that if a € (042,3\\] then
(3.9) Lu+but —au” =0, wue D(L)
has only the trivial solution u = 0.
ProOF. For fixed b we consider the functional

1 1 _
Ta(w) = (1Pull? = [1P-al®) + 5 [0+ au ), ueE

whose critical points are the solutions of (3.9) (cf. Lemma 2.2). By negatlon let
us assume there exist sequences (uy,), (an) With u, # 0, an — A, an < A and

(3.10) Luy, + bul — ayu,, =0,

that is, J, (u,) = 0. Then, writing u,, = Pyu,+P_u, € Ey ®E_, and recalling
that

E_=E1® Ez = [X(00,—5)(DI(E) @ [X—b,0)(D)I(E),  Ef = [X[0,00) (L)](E)
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where Ey = [X[—p,0)(L)](E) = ker(L + X), we obtain from (3.10) that
(3.11) ((Py — P_)up, h) + b/u:h —ap /u;h =0 forallheFE,

312) Pl = [P+ [l P+ e flug =0

From (3.12) it follows that ||Pruy,||? < ||P_u,||?, so that ||P_u,| # 0 since
up # 0. Let 2z, = up/||P-uy||. Then 1 < ||z,]* < 2 and (passing to a subse-
quence, if necessary) we obtain that z, — z weakly in E.

Next, we note that the embedding E_ — H is compact in view of hypotheses
(Lz2), (L4) and the comments following Remark 3.2. Therefore,

(3.13) P_z, — P_z strongly in H.

Now, dividing (3.11) by ||P_u,| and letting h = P_z, — P_z, we obtain
— Pz ||* 4 (P_2p, P_2) + b/zf{(P_zn —P_z)— an/z;(P_zn —P_z)=0,
and, by taking limits, it follows that lim || P_z,||? = ||P_z||?, hence

(3.14) P_z, — P_z strongly in E.

Next, we note that J,(u) = (||Prul|® — [|[P_ul|?)/2 + ¥, (u), where ¥, (u) =
(1/2) [(blut]* + alu™|?) is a convex functional. Therefore, recalling that 0 <
an, < A and a, — A\, we obtain

U5 (2) = Us(20) 2 Wa, (2) — Ua, (20) — |an — All2n|3
> \Ij;n (2n) - (2 = 2n) — |an — )\||Zn|§
=J (2n) (2= 20) = (Py = P_)2n, 2 — 2) — |an — A|lzal3
= | Pzl = (Pyzn, 2) = |IP_zall? + (Pozn, 2) — |an — Al 2al3-

Taking lim sup in the above estimate and using (3.14) together with the fact that
V5 is weakly lower semicontinuous, we get

0> U5 (z) — liminf U5 (z,) > limsup || Py 2, [|> — || Py 2|
which implies lim || Py 2, || = || Py z||?, hence
Piz, — Pyz strongly in E.
Finally, dividing (3.11) by ||P_u,|| and passing to the limit gives
(Py — P_)z,h) +b/z+h—i/z—h= 0 forall hekE.
As in the proof of Lemma 2.2, this shows that z € D(L) and

Lz + bzt “ Nz =0.
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By assumption it follows that z = 0, hence z, — 0 strongly in E, which contra-
dicts the fact that 1 < ||z, ||? < 2. The proof is complete. O

REMARK 3.8. Given the selfadjoing operator L: D(L) C H — H, let us call
the Fucik spectrum of L the subset ¥ (L) C R? given by

Yr(L) = {(a,b) € R* | Lz + bz" — az~ = 0 has a nonzero solution}.

An inspection of the proof of Lemma 3.7 shows that, under conditions (L;)—(Ly4),
for any given b > 0 the horizontal slice (R x {b})NEr(L) is a closed set. In fact,
our next lemma shows that, under some weaker assumptions, the compactness
condition (PS)} is intimately connected to the Fucik spectrum.

LEMMA 3.10. Let L: D(L) C H — H be a selfadjoint operator satisfying
conditions (L1), (Lz2), (L4), and assume (G1)—(Gs). If (a,b) ¢ Xp(L) then the
functional

1
1) = 5 (1wl = |P-ulP) + [G(e,0) = [ fu. ueE.
satifies (PS): w.r.t. {W,} for all c € R.
PROOF. Let (u,) be a (PS)! sequence w.r.t. {W,}. As before, we write

Up = Py + Pty = Up1 + Up2 € B4 @ E_. We recall that

V=E,®E,, W:Elzcl(UWn).

n=1

By assumption, there exists k,, — oo such that

— 0

Py (un) € W, I(un) —c¢ and |I'(un)lvew,,

as n — 0o. And we must show that (u,) possesses a subsequence that converges
to a critical point of I. For that, we first show that (u,) is bounded.
Indeed, note that from condition ||I'(u,)|vew,, | — 0 we have

2t [luiP+a [l
+/m@ww%—/ﬂm=dﬂwﬂ

and, in view of hypothesis (Gs), it follows that

WMW+/MW+/mﬁscu+mm

II(“n) CUp = ||un,1||2 — |lun,2

%),

hence
(3.15) [unl* < C(1 + [[un,2|*)-

Therefore, in order to show that (u,,) is bounded, it suffices to show that (u,, 2)
is bounded.
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Arguing by contradiction, assume that ¢, = ||u,2|| — oo and define z,, =
Un/||tn2|l. Then, (3.15) implies that ||z,|| is bounded, so that (passing to a
subsequence, if necessary) we obtain z, — z weakly in E. As in the previous
lemma, we first show that P_z, — P_z. For that, let us introduce the two
families of projections

P*E - E,oW, PME—SE, oBEaoW, (k>1).

We have
I'(un)

[[n, 2]l

= —(P_z,,P_z, — P"2) + b/z,f(P_zn — Phnyy — a/z; (P_z, — P*2)

+/go(x’u”>(Pzn—Pk"z)—/”f|(PZn_Pan)‘
Un,2

(P_z, — Pk 2)

[[n, 2l

Since P¥z — P_z strongly in F, if we take limits as n — oo and use (G2), we
obtain lim || P_z,||> = ||P_z|%, hence P_z, — P_z strongly in E. Again, using
the fact that the functional ¥(u) = (1/2) [(blu™|? + alu™|?) is convex, we get

U(Prnz) — W(z,) > V'(z,) - (P2 - 2,)

I'(un)
- nall (P*nz — 2,) — ((Py — P_)zy, P2 — 2,)
go(:zt,un) k / f k
_ == (P"z —z,) + Phos o
NN ") Tonall )

2 ||P-i-zn||2 - <P+zmpknz> + <P—ZnaPan> - ”P—ZnHz +o(1).

Since P¥nz — z then, by taking limsup in the above expression as before, we
obtain lim || Py z, > = ||Py2||?, hence 2, — z strongly in E. It follows that z
satisfies

(Py — P_)z,¢) —l—b/zﬂi)—a/z*(ﬁ: 0 forall¢ekFE.
As before, this yields z € D(L) and
Lz+bzt —az” =0.

Since (a,b) ¢ X r(L) by assumption, it follows that z = 0, so that
— un

* hunell
which contradicts the fact that ||z, > 1. We have shown that any (PS)¥ se-
quence w.r.t. {W,} is necessarily bounded, so that we may assume that u, — u

Zn — 0 strongly in E.

weakly in F.
The rest of the proof follows by first showing that P_u,, — P_u in E. Then,
using the fact that the functional u — [ G(z,u)dz is convex by (G3), we argue
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as before to conclude that Pyu,, — Pyu in E, and finally that v, — v in F.
This completes the proof of Lemma 3.10. g

REMARK 3.10. It is worth noticing that the above proof of boundedness of
(PS)# sequences did not use the convexity assumption (Gs). In fact, as the fol-
lowing applications show, in some situations the strong convergence of bounded
(PS)% sequences follows from (Gy), (G2) alone.

PROOF OF THEOREM 2. Lemmas 3.3, 3.6, 3.7 and 3.9 show that the condi-
tions of Theorem 3.1 are satisfied for our functional I(u) = I,(u) provided that
a € (a, A}, where o := min{ay, s }. Therefore the functional I(u) has a critical
point w € E. And, by Lemma 2.2, it follows that w € D(L) and it is a solution
of problem (P). O

4. Applications

4.1. The beam equation. Given continuous functions g(z,t,u), f(z,t)
which are 2m-periodic in ¢, we consider the following problem for the nonlinear

beam equation

Ut + Ugzar + g(z,t,u) = f(z,7) for (x,t) € (0,7) x R,
(NBE) w(0,t) = u(m,t) = Upx(0,8) = Ugy(m,t) =0 fort € R,
u(z,t 4 2m) = u(z,t) for (x,t) € (0,7m) x R,

that is, we seek time-periodic solutions with period 27 for the above nonlinear
beam equation in the interval (0, 7) under Navier boundary conditions.

The corresponding eigenvalue problem for the beam operator L = 07 + 02,

Lu=)u for (z,t) € (0,7) x R,
w(0,t) = u(m,t) = Uzg (0, ) = gy (m,t) =0,
— u(a, 1),

u(x,t 4 2m)

has infinitely many eigenvalues \,,, and eigenfunctions ©.,,,, ¥m, given by

Ann =m*—n% meN, ne{0}UN,
Omn(x,t) =sinmasinnt  for m,n € N,
Umn (2, t) = sinmax cosnt form €N, n e {0} UN.

(Similarly to @umn, Ymn, note that the eigenfunctions ¢, p/, W correspond to
1-n/2 =m*—n2) Letting Q = (0,7) x (0,27),
we also note that {@,n, ¥mn} is a complete orthogonal system for H = L?(£2),

the eigenvalue \,,,, whenever m/’
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and the operator L: D(L) C H — H defined by
D(L) = {u = Z(Cmn@mn + dmnd}mn) cH ‘

is a selfadjoint operator with pure point spectrum o(L) = {A,n}. Moreover,
except for A = 0, which is an eigenvalue of infinite multiplicity, all other eigen-
values A\, # 0 have finite multiplicity. In particular, it follows that assumption
(L4) holds true for any b > 0.

Next, let us assume that g(z,¢,s):[0,7] x [0,27] x R — R is a continuous
function satisfying

—a<b= lim d&5%)

5—00 S

uniformly for (z,t) € Q.

t
(g1) 0 < lim w

(g2) g(z,t, ) is nondecreasing for (z,t) € Q.

When applying Theorem 1.2 to (NBE) we plan to use a symmetry result of
Lazer-McKenna [16]. For that, we must restrict ourselves to crossing a positive
eigenvalue of —L whose corresponding eigenfunctions @, (z,t), Wmn(z,t) (for
each fixed ¢ > 0) do not change sign for x € (0,7), a situation that only occurs
when m = 1. Therefore, we shall assume that

(1) o(=L) N [=A1k,b] = —=A1x = k? — 1 for some k > 2, and the equation

m* —n? =1 — k? has the unique solution (m,n) = (1, k).

Then, it follows that A, # Mg for (m,n) # (1,k), hence ker(L — A\yy) =
span{sin x cos kt,sinz sin kt}. Let us denote by u; the largest eigenvalue of —L
that is smaller than —\;, = k% — 1, and by po the smallest eigenvalue of —L
that is larger than —\qj: clearly, we have p; < BP—-1<b< Lo

Now, by a symmetry result of Lazer-McKenna ([16]), the solutions of the
PDE

(4.1) Lu+but —(k* —1)u” =0

are of the form
u(z,t) = (sinz)y(t)
where y(t) is a 27-periodic solution of the ODE

(4.2) Yy’ 4+ (b+ 1)y+ — K%y~ =0.

However, (4.2) has a 2m-periodic solution if and only if (see [11])

s T 2

(4.3) R

o~
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for some [ = 1,2,..., which gives b = k?12/(2k —1)?> — 1. Since k* — 1 < b, it
follows that k < [ < 2k. Therefore, the smallest value of b for which we have a
solution of (4.3) is attained when | = k + 1, that is,

2B+ 1)
b=k m—l.

Now, it is not difficult to see that us < k%(k + 1)2/(k — 1)> — 1 (indeed, we have
po < =AM g+1 = (k+1)% =1, and a simple calculation shows that (k+1)% -1 <
k2(k+1)?/(k —1)2 — 1 for any k > 2). Therefore, as long as b € (k% — 1, uo),
the equation
Lu+but —(E* = 1)u" =0

has no nontrivial solution, so that L satisfies assumption (Lg) with AN=k2-1.
Furthermore, since 119 = sinz is the only eigenfunction that does not change
sign, and the corresponding eigenvalue is A\1p = 1 (a simple eigenvalue of L), it is
clear that L satisfies assumption (Ls) for any eigenvalue A, # 1, in particular
for M\, =1 — k2, k > 2. We can now state:

THEOREM 4. Assume condition (11) with —\j, = k> —1<b< us. Then
there exists a = a(b) with py < o < k* — 1 such that, for a € (o, k* — 1] and
g(x,t, s)satisfying (g1), (g2), equation (NBE) possesses a solution for any given
f e L*Q).

REMARK 4.1. (a) We exhibit below points of o(L) in the interval [—20, 12]

<A =—20< A310=—-19< Ay =—-15< A3 = -9 < \i3=-8
<A =-3< A1 =0< A0 =1< A3 =7T< A =12< ...

(b) Simple calculations show that, for example, A\1o = —3, A3 = —8, Aiqy =
—15, A5 = —24, A1 = —35 all satisfy the conditions of the above theorem.

4.2. The wave equation. Next we look for time-periodic solutions with
period 27 for the nonlinear wave equation in the interval (0,7) under Dirichlet
boundary conditions:

utt*urz‘i’g(xat,u):f(xvt) for (.Z,t) € (Ov,ﬁ) XR?
(NWE) u(0,t) = u(m,t) =0 for t € R,
w(z,t +2m) = u(z,t) for (z,t) € (0,7) x R,

The corresponding eigenvalue problem for the wave operator L = 9? — 92 has
infinitely many eigenvalues A,,,, and eigenfunctions @4, ¥my given by

An =m? —n? meN, ne{0}uUN,
Omn(z,t) =sinmasinnt for m,n € N,
Ymn(z,t) =sinmacosnt form e N, ne€ {0} UN.
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Similarly to the beam equation, letting Q = (0,7) x (0,27), we note that
{@mn,Ymn} is a complete orthogonal system for H = L?(f2), and the opera-
tor L: D(L) C H — H defined by

D(L) = {u = Z(Cmncpmn + dmnwmn) ceH ‘

Z >\m7L(Cmn<Pmn + dmnwmn) € H},

is a selfadjoint operator with pure point spectrum o(L) = {Amn}. Again, except
for A = 0, which is an eigenvalue of infinite multiplicity, all other eigenvalues
Amn 7 0 have finite multiplicity.

Using similar arguments to those for the beam equation, we can now state

THEOREM 5. Assume that k > 2 is an integer for which the only solution
(m,n) of the equation

m? —n*=1-k*, (myn)€Nx ({0}UN)

is (m,n) = (1,k). In addition, assume that =\, = k> —1 < b < ps. Then
there exists a = ab) with py < o < k* — 1 such that, for a € (o, k* — 1] and
g(x,t,8) satisfying conditions (g1), (g2), equation (NWE) possesses a solution
for any given f € L?(Q).

REMARK 4.2. For other recent results on asymptotically linear wave and
beam equations we refer the reader to [4] and references therein.

4.3. The Schrodinger equation. For our last application, we consider the
nonlinear Schrédinger equation

(NSE) —Au+V(x)u+ g(z,u) = f(x), xcRY.

Since we would like to give a simple application, we are not going to consider
the most possible general situation. We assume that g: R x R — R satisfies
conditions (G1), (Gz) in the introduction, and that V:RY — R satisfies:

(V1) V€ C(RYN) and V(z) — 0 as |z| — oo,

(V) there exists ¢ € C§°(RY) such that [(|[Ve|> + V(2)¢?) <0,

(Vs) X > 0 is an isolated point of o(A=V(x)) with o(A=V(z))N[a,b] = {3\\}

REMARK 4.3. We will recall a few basic result in the theory of Schrédinger
operators which are relevant to our discussion:

(a) Given V € L>®(RY), let the operator L: D(L) C L?*(RM) — L*(RY) be
defined by

Lu=—Au+V(z)u, uc D(L)=H*RY).
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In addition, assume that liminf},|_ V(z) > v for some v € R. Then one has
Oess(L) C [7,00). In particular, if lim|, o V(2) = 0 then 0ess(L) = Oess(—A) =
[0, 00).

(b) The bottom of the spectrum o (L) of the operator L is given by
Lww)s J|Vul® + V(z)u?

Ao = in =
07 otucH2(RM) |u|3 0£ucH?(RN) [ u?

Furthermore, if (V) is satisfied then Ag < 0 and, using the Concentration Com-
pactness Principle of P. L. Lions, one shows that A is the principal eigenvalue
of L with a positive eigenfunction ®q:

Ld = APy,
Py € H2(RN), Py > 0.

In fact, by elliptic regularity theory, it follows that ®, € C>(RY).

(¢) The spectrum of L in (—o0, ), namely o(L) N(—oo, ) is at most a count-
able set, which we denote by \g < A1 < Ay < ... where each \; < v is an isolated
eigenvalue of L of finite multiplicity (counted as often as its multiplicity) and
characterized by the minimax formula

L
Ar = inf sup (Uiﬂ;)z
FeFr 04ueF |ul3

)

where F}, denotes the collection of all k—dimensional subspaces of H2(R™Y).

So, if the potential V() verifies (V1) and (V3) then the selfadjoint operator
L:D(L) ¢ L*(RY) — L2(RYN) given by Lu = —Au + V(z)u, v € D(L) =
H?(RY), satisfies conditions (L;), (Ls) and (L4) in Theorem 2 with 0 < a <
= [Ako| < b, for some kg > 1, where we are denoting by Ao < A\ < ... <0
the eigenvalues of L which make up the spectrum of L in (—o0,0) (cf. remark
above).

In fact, if we denote by p; the largest eigenvalue of —L that is smaller than
[Ako|, and by uo the smallest eigenvalue of —L that is larger than |Ay,|, then we
have p1 < a < |Ag,| < b < p2 and we can prove that the following result holds:

LEMMA 4.4. Ifb € (|\k,|, 2) then the equation
(4.4) —Au+V(x)u+but — Ny lu” =0, ue H*(RY)
has no nonzero solution.

PROOF. If (4.4) has a nonzero solution u € H?(R"), then u must necessarily
change sign in RY. Indeed, since b ¢ o(Au — V(x)) we cannot have u positive
and, since = |Akol, ko > 1, we also cannot have u negative. Therefore, v must
change sign and we can rewrite (4.4) as

(4.5) —Au+[V(2) + Aol + (0= A Dxalu =0, 0#ue H*RY),
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where 0 # Q = {z € RV|u(z) > 0} € RY and xq denotes the characteristic
function of the set .

Now, if we set V(z) = V() + [Ary| + (b — [Ako|)xa then (4.5) shows that
0 € Up(Z), where L = —A + V(z). Clearly, we have V(z) € L®(RY) and
lim inf};) o0 V(x) > Akl = 2> 0. So, if we denote by £ < & < ... < 0 the
eigenvalues of L which make up the spectrum of Lin (—oo,X), then, by using
the minimax characterization of the eigenvalues Ax, & of L and E, respectively,

we can write

2 2
A = inf sup J(vul +2V(x)u )»
dim(F)=k 0£uecF fu

= inf su
& dim(F)=Fk oquF [ u?
But then, since V(z) 4 [Ay,| < V(z) < V(z) + b, with both inequalities being
strict on sets of positive measure, we conclude that

Mo — Mg <& <A +b, k=0,1,...
Without loss of generality we assume Ag,—1 < Ag,. Then, we have
Eho—1 < Mg—1 + b= —|Agg—1]| + b <0 = =Xy + Ay < ko »
hence £, < 0 < &,, which shows that 0 ¢ 0, (L), a contradiction. O

We can now state:

THEOREM 6. Assume V(x) satisfies conditions (V1)—(V3) and let L: D(L) C
L2(RN) — L2(RN) be the selfadjoint operator given by Lu = —Au + V(z)u,
u € D(L) = H*(RY), so that (L) = {Ao, A1, ... }U[0,00), where \;j < Xj41 <0
denote the distinct eigenvalues of L. Let A := =Xk = |Ak| > 0 for some k > 1 and
[Ak| < b < |Ag—1| be given. Then there exists a = a(b) with |Agt1| < a < |Ag]
(or 0 < a < || if A\ is the largest negative eigenvalue of L) such that, for
a € (o, |A]] and g: RN x R — R satisfying conditions (G1), (Gz), equation

—Au+V(z)u+g(z,u) = f(x), uec H*RY)
has a solution for any given f € L?(RN).

Proor. In order to apply Theorem 1, since we do not have the convex-
ity assumption (Gs), we must show that bounded (PS)! sequences are actu-
ally precompact (see Remark 3.11). In fact, if (u,) is our bounded (PS)!
sequence with u, — u weakly in £ = H'(RY), then the proof of Lemma
3.10 shows that P_u, — P_u strongly in H'(RY). Then, using the fact
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that the nonlinearity g(x, -) is nondecreasing at infinity, so that the functional
U(u) = (1/2) [(blu™|?> + aJu™|?) is convex, we have

U(u) — U(up) >0 (up) - (u—uy)
=1"(up) - (u—un) = ((Py — P-)up,u — up)

= [ooteu)u—u)+ [ fuw)

> [Pt = (Pt Py} — [ g0 n) = wa) + o(0).

Therefore, in order to show that Pyu, — Pju, it is enough to verify that
J go(z,upn)(u — uy) = o(1). In the present case, this follows from the estimate
(G2) and the fact that the embedding HL (RY) — L2 (R") is compact. The
proof of Theorem 4 is complete. O
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