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ABSTRACT. We study the space M,, of all m-accretive operators on a
Banach space X endowed with an appropriate complete metrizable unifor-
mity and the space M7, which is the closure in M, of all those operators
which have a zero. We show that for a generic operator in M,, all infinite
products of its resolvents become eventually close to each other and that a
generic operator in M}, has a unique zero and all the infinite products of
its resolvents converge uniformly on bounded subsets of X to this zero.

Introduction

Infinite products of operators are of interest in many areas of mathematics
and its applications. See, for instance, [1], [3]-[5], [11], [16]-[18], [20] and the
references mentioned there. Accretive operators and their resolvents play an
important role in nonlinear functional analysis [6], [7], [9], [13]. Infinite products
of resolvents of accretive operators and their applications were investigated, for
example, in [8], [10], [19], [22], [23], [26], [27].

In the present paper we use Baire’s category to study the asymptotic behavior
of infinite products of resolvents of a generic m-accretive operator on a general
Banach space X. Our first main result is a weak ergodic theorem (Theorem 2.1).
Our second main result (Theorem 2.2) provides strong convergence of infinite
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products to the unique zero of such an operator. More precisely, we consider
two spaces of m-accretive operators on X. The first space is the space of all m-
accretive operators endowed with an appropriate complete metrizable uniformity.
The second space is the closure in the first space of all those operators which
have a zero. For the first space we construct a subset which is a countable
intersection of open everywhere dense sets such that for each operator belonging
to this subset all infinite products of resolvents have the same asymptotics. For
the second space we again construct a subset which is a countable intersection of
open everywhere dense sets such that for each operator belonging to this subset
all infinite products of resolvents converge uniformly on bounded subsets of X
to the unique zero of the operator. Thus, instead of considering the asymptotic
behavior of infinite products of resolvents of a single operator, we investigate it
for a space of all such operators, equipped with some natural metric, and show
that a certain convergence property holds for most of these operators. This allows
us to establish strong convergence without imposing restrictive assumptions on
the space or on the operators themselves. Results of this kind for powers of a
single (nonexpansive) operator were already established by De Blasi and Myjak
[14], while such results for infinite products of (nonlinear) nonexpansive and
order-preserving self-mappings of bounded subsets have recently been obtained
by the authors [24], [25]. The approach used in these papers and in the present
paper is common in global analysis and the theory of dynamical systems [15],
[21]. Recently it has also been used in the study of the structure of extremals of
variational and optimal control problems [28], [29].

The paper is organized as follows. In the first section we recall several prop-
erties of accretive operators and define the spaces of m-accretive operators which
we are going to study. We state our two main results (Theorems 2.1 and 2.2)
in the second section. Section 3 contains three auxiliary results. We establish
Theorems 2.1 and 2.2 in Sections 4 and 5, respectively.

1. Preliminaries

Let (X, - ||) be a Banach space. We denote by I : X — X the identity
operator on X (that is, Iz = z, * € X). Recall that a set-valued operator
A: X — 2% with a nonempty domain

D(A) = {z € X : Az # 0}

and range
R(A)={y e X :y € Ax for some x € D(A)}

is said to be accretive if

(1.1) le =yl < llz =y +r(u—0)]|
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forall z,y € D(A), u € Az, v € Ay and r > 0. When the operator A is accretive,
then it follows from (1.1) that its resolvents

(1.2) JA=(I+7rA)" ' R(I+rA) — D(A)
are single-valued nonexpansive operators for all positive r. In other words,
(1.3) [Tz = T2yl < [|lz =y

for all  and y in D(JA) = R(I +rA). As usual, the graph of the operator A is
defined by
graph(A) = {(z,y) € X x X : y € Ax}.
Note that if A is accretive, then the operator A : X — 2%, the graph of which
is the closure of graph(A) in the norm topology of X x X is also accretive. We
will say that the operator A is closed if its graph is closed in X x X.
An accretive operator A : X — 2% is said to be m-accretive if

R(I+rA)=X forallr>0.

Note that if X is a Hilbert space (H,{-, -)), then an operator A is accretive
if and only if it is monotone; that is, if and only if

(u—v,z—y) >0 forall (z,u),(y,v) € graph(A4).

It is well-known that in a Hilbert space an operator A is m-accretive if and only
if it is maximal monotone. It is not difficult to see that in any Banach space an
m-~accretive operator is maximal accretive; that is, if A: X — 2% is accretive
and graph(A) C graph(A), then A = A. However the converse is not true in
general.

In the sequel we are going to use a certain topology on the space of nonempty
closed subsets of Y = X x X. We will now define this topology in a more general
setting (cf. [2]). Let (Y, p) be a complete metric space. Fix § € Y. For each
positive r > 0 define

Y={yeY:p(yb) <r}
For each y € Y and each E C Y define
oy, B) = int{p(y,2) : = € B}.
Denote by S(Y) the set of all nonempty closed subsets of Y. For F,G € S(Y)

and an integer n > 1 define

hn(Fv G) = Sup |p(y7F) - p(yaG)|
yEY,

Clearly h,(F,G) < oo for each integer n > 1 and each pair of sets F,G € S(Y).
For the set S(Y') we consider the uniformity generated by the following base:

(14)  Emn)={(F,G)eSY)xS(Y):h,(F,G)<n™'}, n=12...
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This uniform space is metrizable by the metric
(1.5) WEF,G) = 27" [ha(F,G)/(1+ ha(F, G))].
n=1

The metric space (S(Y),h) is complete.
From now on we apply the above to the space Y = X x X with the metric

p((xlva)v (ZlaZQ)) = ”1'1 - Zl” + HxQ - Z2||7 Ti, % € Xa i= 172a

and with 6 = (0, 0).
Denote by M, the set of all closed accretive operators A : X — 2X. For
each A, B € M, define

(1.6) ha(A, B) = h(graph(A), graph(B)).

Clearly (Mg, h,) is a metric space and the set {graph(A) : A € M,} is a closed
subset of S(X x X). Therefore (M,, h,) is a complete metric space. Denote by
M., the set of all m-accretive operators A € M,.

PRrROPOSITION 1.1. M,, is a closed subset of M,.

PRrROOF. Suppose that {4;}°, € M,,, A € M,, and that A; — A as
i — oo in M,. Assume that r is a positive number. We have to show that
R(I +rA) = X. To this end, let z € X. For each integer n > 1 there exists
yn € X for which

(1.7) z € (I +7A,)y, or, equivalently, y, = (I +7A4,) 'z

We will show that the sequence {y,,}22; is bounded. Fix (z,u) € graph(A).
There is a sequence {(Z,,u,)}52; C X x X such that

(1.8)  (xn,un) € graph(4,), n=12,..., and lim (z,,u,) = (z,u).
For each integer n > 1,

(1.9) xn =T+ rAp) "N, +1ruy,)  and lZn — ynll < |2n + ru, — 2||.

By (1.8) and (1.9) the sequence {y,}22 is bounded. By (1.7), for each integer

n=1

n > 1 there exists v,, for which

(1.10) vp € An(yn) and  z =y, + ru,.

Clearly the sequence {(yn,vn)}52; is bounded. There exists a sequence
{(Un,on)}3Z1 C graph(4)

such that

(1.11) ||gn_yn‘|+||5n_vn” —0 asn— oo
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Set, for all integers n > 1,
(1.12) Zn =Yn + 100 € (I +1A)Yn.
By (1.10)—-(1.12),
nlerolo zn=2 and ||z, — 2| > ||gn — Ykl for all integers n, k.

Therefore the sequence {(Yn,Vn)}o2, converges to (y,v) € graph(A). Clearly
z =y + rv. Proposition 1.1 is proved. O

Denote by M7, the set of all A € M,, such that there exists z4 for which
0 € A(z4) and denote by M7, the closure of M?, in M,,. The two complete
metric spaces (M,,, h,) and (M, h,) are the focal points of our investigations.
Finally, we denote by M the set of all A € M, for which there exists x4 € X

such that 0 € A(x4) and (J{*)"(z) — x4 as n — oo for all z € X.

2. Statements of the main results

Let {7,}52; be a sequence of positive numbers such that

(21) ?n<1, TL:]_,Q,, hIn Fn:O and Z?HZOO
n=1

and let 7 > 1. We now state our two main results.

THEOREM 2.1. There exists a set F C M,, which is a countable intersection
of open everywhere dense sets in M., such that for each A € F, each § > 0 and
each K > 0 the following assertion holds:

There exist a neighbourhood U of A in M, and an integer ng > 1 such
that for each sequence of positive numbers {r,}52, satisfying ¥ > r, > Ty,
n=12,..., each B €U and each z,y € X satisfying ||z||,|ly|| < K, we have

|JE . JB . JBax—JB . JB Py <6

1 Tn—1

for all integers n > nyg.

We remark in passing that such a result is called a weak ergodic theorem in
population biology [12]. It means that for a generic operator in M,, all infinite
products of its resolvents become eventually close to each other.

THEOREM 2.2. There exists a set F C Mg N M, which is a countable
intersection of open everywhere dense sets in M, such that for each A € F the
following assertions hold:

(i) There exists a unique 4 € X such that 0 € A(xy).
(ii) For each 6 > 0 and each K > 0 there exist a neighbourhood U of A
in M,, and an integer ng > 1 such that for each sequence of positive
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numbers {r, }5_, satisfying™ > ry, >T,, n=1,2,..., each B € UNM;
and each x € X satisfying ||z|| < K, we have
[JE T8 . JBx—aal <6

for all integers n > ng.

This result means that a generic operator in M, has a unique zero and all
the infinite products of its resolvents converge uniformly on bounded subsets of
X to this zero.

3. Auxiliary results
Let {7, }52, C (0,1) satisfy (2.1) and let 7 > 1.

LEMMA 3.1. Let A € M,,, Koy > 0 and let ng > 2 be an integer. Then
there exist a neighbourhood U of A in M, and a number co > 0 such that for

each B € U, each sequence {r;}1°7" C (0,7) and each sequence {x;}°, C X
satisfying ||x1|| < Ko, xip1 = JE(z3), i = 1,...,ng — 1, we have ||z;|| < co for

allizl,...,no.

PRrROOF. Choose (z4,u4) € graph(A). There exists a neighbourhood U of A
in M, such that for each B € U there exists (zp,up) € graph(B) satisfying

(3.1) leg — za| + [Jua —up|| < 1.
Assume that B € U,

(32) {ri}2y' C(0,7), z:eX, |nl <Ko

and Ti4+1 = Jf(ﬂjz), 1= 17...,710 —1.
We will estimate ||a;|| for ¢ = 1,...,ng. To this end, set
(3.3) zi=xp+nrug, i=1,...,n9—1.

For such i we clearly have, by (3.1)~(3.3), 25 = JZ(2), [t — i1 || < ||z — 2]
and

il < llzsll + llz:ll + [zl < [lzill + lzall + 1+ lzp + riug|
< lzill + 1+ [leall + x5l + 7llusll
<l + 1+ 2fjzall + 14+ 7([lual +1).

This implies that fori=1,...,n9 — 1,
lzival < i2lzall + 2+ F([Juall + 1)) + Ko. U

Assumption (2.1) and Lemma 3.1 imply the following result.
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LEMMA 3.2. Let A € M,,, Koy > 0 and let ng > 2 be an integer. Then
there exist a neighbourhood U of A in M, and a number ¢; > 0 such that for
each B € U, each sequence r; € [T;,7), 1 =1,...,n9— 1, and each two sequences
{z;}i°y C X, {yi}i%5 C X satisfying

z1]] < Ko, @ip1 = Jf(ﬂfi)a Ti = Tip1 +TiYi+1,  Yie1 € B(iga),
i=1,...,n9 — 1, the following two estimates hold:
lzil] <e1, i=1,....,n0 and |yl <c, 1=2,...,n0.
LEMMA 3.3. Let A € My, . € X, 0 € A(xy), € > 0 and let ng > 2 be an
integer. Then there exists a neighbourhood U of A in M., such that for each

B € U and each sequence r; € (0,7), i = 1,...,n9 — 1, there exists a sequence
{z;}1°y C X such that

mi+1:Jf(xi), i=1,....,n0—1, and |z;—x.| <e, i=1,...,np.

PrROOF. Choose a natural number p such that

(3.4) p>4+ng+||lz. and p>7F(ng+ 1)(inf{l,e})!
and define
(3.5) U={B € M,,: hy(graph(A),graph(B)) < p~'}.

Assume that B € U and r; € (0,7),i=1,...,n0 — 1. By (3.4) and (3.5) there
exists (z1,y1) € graph(B) such that

(3.6) o1 = @] + ol <P~

Set

(3.7) & =x1+1my1, t=1,...,m9— 1.

Then

(3.8) z1=J2(&) and |z —&|| <7/p, i=1,...,n0— L

Set

(3.9) zig1 = J2(2), i=1,...,n0— 1L

Since fori=1,...,n9 — 1, Jf is a nonexpansive operator it follows from (3.6)—

(3.9) that for each integer k € [2, ng] we have
i = 21ll < oo = §eoall < s — aall + Tl | < llowos w1l + 7/,
[z — 21|l < k7/p,

and  [lzg — 2ol < ok =l + oy — 2ol < (B +1)7/p < (no + 1)7i/p<e. O
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4. Proof of Theorem 2.1

For each A € M,,, £ € X and each positive number  let the operator A, ¢
be defined by
Ay cx=Az+v(x —§), zeX.

We begin the proof with the following three observations.
LEMMA 4.1. IfAe M, £€ X and v > 0, then A, ¢ € M,,.

LEMMA 4.2. Let Ac My, £ € X, v,r >0 and let x,y € X. Then

A, A, _
1727 (@) = T ()l < (2 +9r) " e =yl

LEMMA 4.3. For each fizred { € X, the set {Ay¢: A€ M,,, v € (0,1)} is

everywhere dense in M,,.

In the rest of the proof we assume that (cf. (2.1))

(41)  F>1, {F.}2,C(0,1), lim 7, =0 and » 7, =oc.
n—oo ne1

LEMMA 4.4. Let A € M,,, £ € X, v € (0,1) and 6, K > 0. Then there
exist a neighbourhood U of A, ¢ in M,, and an integer ng > 4 such that for
each B € U, each sequence of numbers r; € [F;,7), i = 1,...,n9 — 1, and each
z,y € X satisfying ||z||, |ly|| < K, the following estimate holds:

(4.2) ||qu,071 : mef? o B =gl gB TRy <

Tng—1 Tng—2

Proor. Choose a number vy such that

(4.3) Y0 € (0,7).
Clearly
(4.4) H(l + YT;) — 00 as n — oo.

i=1
Therefore there exists an integer ng > 4 such that

’n(]*l

(4.5) 2K +2) J] @ +rom) ™" < 6/2.

i=1
By Lemma 3.2 there exist a neighbourhood U; of A, ¢ in M,, and a number
¢1 > 0 such that for each B € Uy, each sequence r; € [F;,7;), i =1,...,n9 — 1,

and each pair of sequences {z;};°; C X and {u;};°, C X satisfying

(4.6) a1l < K, wip1=J2 (@), @i=xip1+ruia, tig € B(wig)
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for i =1,...,n9 — 1, the following estimates hold:

zi|| <ec1, t=1,...,n0,
@ o] ‘

luil] <1, 1=2,...,n0.

Choose a natural number m; such that

(48) my > 4(710 + 8(61 + 1)),
[(14507) " = (L +A7) e > 22+ 7)myt, i=1,...,n0,
and set
(4.9) U={BcU : hp,(graph(A, ¢),graph(B)) < m;'}.
Assume that Be U, r; € [F;,7),i=1,...,n0 — 1, and
(4.10) z,y € X and |z|, |yl < K.
Set
(411) zi ==, y=y, =z =)
and  yiy1 =J2(yi), i=1,...,n0— 1.

For each ¢ = 1,...,n9 — 1 there exist u;41 and v; 11 € X such that

Uiy1 € B(ziv1), @i = Tip1 + rittiga,
(412) +1 ( +1) +1 +1

Viy1 € B(Yiv1), ¥i = Yit1 +7Tivig1

It follows from the definition of U; (see (4.6)) and (4.12) that
Zills [|Yi SC, i:l’,,,7n7
w1s) el ol < ex, .
llwill, [Jvs|| <1, i=2,...,n0.

To prove the lemma it is sufficient to show that

(4.14) N
Assume the contrary. Then

(4.15) lo: —yill > 9, i=1,...,n0.

Let i € {1,...,n9 — 1}. It follows from (4.12), (4.13), (4.9) and (4.8) that there

exist

(4.16) (Tit1,Wir1) € graph(A, ¢) and  (Y;1q,Viv1) € graph(A, ¢)

such that
[1Tiv1 — i || + Wi — wiall <mi',

1

(4.17) B B B
1511 — Yirrll + Vi1 — viga | <mi .
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Set
(418) T; =Ti+1 +1Ui41  and Yi =Yjp1 T TiVit1-
By Lemma 4.2, (4.16) and (4.18),
(4.19)
_ _ Ay e Ay
[Tit1 = Gogall = 107575 — T, Gl
< (A 4r) iz =7l < Q7)) T -3l
It follow from (4.18), (4.12) and (4.17) that
(4.20) I1Zi — 2ill < |1 Tigr — igall + rill@isr — wiga | <mi ' (147)
and
1% = will < W1 — visall + 7illBig1 — vigall < myt(1+7).
By (4.17), (4.19) and (4.20),
(4.21)  |lzigr — girall < Tisr — Toga | +2m7 "
<2mit + (1+m) "z — 7l
<2my !t 4 (L4 97) " (lei — will +2my (14 7))
< (1497 Hlas — yill +2mi (14 (L +47) (1 +7))
< (L 497) s — will +2my (24 7).
Now (4.21), (4.8) and (4.15) imply that
[Zig1 — yirall < (14 v07) "l — vl

and since these inequalities are valid for all ¢ € {1,...,n9 — 1}, it follows from
(4.10), (4.11) and (4.5) that

’nofl

||$7l0 - yno” < 2K H (1 +'70?i)_1 < (5/2

i=1

This contradicts (4.15). Therefore (4.14) is true and Lemma 4.4 is proved. [

COMPLETION OF THE PROOF OF THEOREM 2.1.. Let A € M,,, £ = 0,

v € (0,1) and let i > 1 be an integer. By Lemma 4.4 there exist an open neigh-

bourhood U(A,7,t) of A, in M,, and an integer g(A,~,¢) > 4 such that for

each B € U(A,~,1), each sequence of numbers r; € [7;,7),i =1,...,q(A,7,1)—1,
and each x,y € X satisfying ||z||, |y|| < 2¢*!, the following estimate holds:

B B B B —i—1
”J’"q(A,'y,i)—l T J7‘1x - JTq(A,v,z‘)—l Tt JhyH <27

Define
F=NUUAA.) : A My, 7€ (0,1), i = n}.
n=1
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Clearly (see Lemma 4.3) F is a countable intersection of open everywhere dense
sets in M,,,. Let A € F,§ > 0and K > 0. Choose an integer n > 2K +2+8571.
There exist C € M,,, v € (0,1) and ¢ > n such that A € U(C,~, ). The validity
of Theorem 2.1 now follows from the definitions of U(C,~, ) and ¢(C,~,7). O

5. Proof of Theorem 2.2

Asin (4.1) let

(5.1)  T>1, {Fa}32,C(0,1), lim 7, =0 and Y 7, =oo.

n=1

By definition, for each A € M, there exists x4 € X such that
(5.2) 0€ A(xa).

Recalling the definition of A, ¢ at the beginning of Section 4, we will use in this
section the operator A, ,,. In other words,

(5.3) Ay go=Ac+vy(x —z4), z€X.

By Lemma 4.1 and (5.2), for each A € M}, and each v € (0,1),
(5.4) Ayz, €My, and 0€ A, ,,(za).

The following observation is also clear.

LEMMA 5.1. The set {A, ., : A € M, v € (0,1)} is everywhere dense

Let A e M?,,v € (0,1) and let ¢ > 1 be an integer. By Lemma 4.4 with
& = x4 there exist an open neighbourhood Uy (A4,7,1) of A, 5, in M,, and an
integer n(A,~,1) > 4 such that the following property holds:

(a) For each B € U1(A,~,1), each sequence
r; € 7,7, j=1,...,n(A~,4) -1,
and each z,y € X satisfying
(5.5) I, lyll < 871 (4 + 4[lzal),
the following estimate holds:

B B B B —i—1
(5.6) T aiyy e = oyl <8 .

Tn(A,~,i)—1



164 S. REICH A. J. ZASLAVSKI

By Lemma 3.3 there exists an open neighbourhood U(A,~,17) of A, ., in
M,,, such that

(57) U(Av%l) - Ul(Aa’Yvi)

and the following property holds:
(b) For each B € U(A,~,i) and each sequence

r€(0,7), j=1,....8n(A,7,i) -1,
there exists a sequence {z; : j =1,...,8n(A4,v,7)} C X such that
(5.8) zipn=J0(x5), j=1,...,8n(A,7,i) -1,

and
|; —xal <877 j=1,...,8n(A,7,9).
We will now show that the following property also holds:

(c) For each B € U(A,~,1), each z € X satisfying |z < 8F1(2 + 2|zl
and each integer m > n(A,~,i) — 1,

(5.9) I(JF)™(2) = zal <2-8771

Indeed, let B € U(A,~,4). By property (b) there exists a sequence

(5.10) (Zj: j=1,....80(A,7,i)} C X
such that

(5.11) T =JE@), j=1,....8n(4,7,i) -1,
and

|Z; —zall <87, j=1,...,8n(A,7,i).
Let z € X with

(5.12) Izl < 8712 + 2l|2all)

and consider the sequence {(J)7(x) 521 Since the operator JP is nonexpansive
it follows from (5.11) and (5.12) that for j =1,...,8n(A,v,i) — 1,

(5.13) NPVl < T4l + 107 2 = gl
< zall + @551 = @all + 1(J)Y 2 = (JF) @)
< llwall +877 + [l — |
< 2([lwall + 8771 + [l
<82+ 2lzall) +2(lwal +277) <874 + 4|z al).
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We will show by induction that (5.9) is valid for all integers m > n(A4,~,i) — 1.
Let m = n(A,~,i) — 1. Then by property (a) and (5.11),

1) (@) = zall < [(JF) (@) = (JEY™ @)+ 1(JE)™ (@1) — 2al
<8 4 |1 —zall <2-877

Therefore for m = n(A,~,i7) — 1 (5.9) is valid. Assume that ¢ > n(A4,v,7) — 1
and that (5.9) is valid for all integers m € [n(A,~,i) —1,¢|. Consider

(5.14) y=(JEY (@) with p=q— (n(A,7,i) — 1) + 1.

It follows from (5.9), which is valid by our inductive assumption for all integers
m € [n(A,v,7) — 1,q], and (5.13), which holds for all j = 1,...,8n(A4,~,i) — 1,
that

lyll < 8714+ 4f|zall).

By this estimate, (5.14), (5.11) and property (a),

I(T2) 1 (@) = wall = [ (JE)" AT (y) — 24|
< (TP ALy — (JE) AT ()|
+ an(A7%i) — xAH <2 g1,

Therefore (5.9) is valid for all integers m > n(A,~,4) — 1 and property (c) holds.
Next we define

F= [ﬂU{U(Ami):AeM:;, v e (0,1), i >k} NME,.
k=1

Clearly F is a countable intersection of open everywhere dense sets in M. We
will show that F C Mg.

Let A € F. Then there exist sequences {A}72, C M, {w}32; € (0,1)
and a strictly increasing sequence of natural numbers {i;}7°, such that A €
U(Ag,7,i) for all natural numbers k. Property (c) implies that there exists
x4 € X such that

]EIEO(J{A)](Q;) =x4 forallzeX.

Clearly 0 € A(z4) and if y € X satisfies 0 € A(y), then y = x4. Therefore
F C M;.
Let §, K > 0. Choose a natural number ¢ such that

(5.15) 49> 4K +4 and 49>,
and consider the open set U(Ay,vq,%¢). Let r; € [F;,7), ¢ =1,2,..., and let

(5.16) B e M;NU(Ag,vg,ig)-
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There exists a unique zp € X such that

(5.17) 0 € B(zp)
and
(5.18) (JBY'y — 2 asn — oo for all y € X.

It follows from (5.18) and property (c) that

(5.19) |za—za,ll, |z —2a4,| <2871

Let x € X with

(5.20) el < K.
Set T = n(Ay, Vg, iq). It follows from (5.16), (5.19), (5.20), (5.15) and property
(a) that
B B B B —ig—1
(5.21) 1TE o dBe—JB L JBap| <87

By (5.17), (5.21) and (5.19) we now have, for each integer n > 7,

||Jﬁ71 ~...-JTle—xB|| < ||JT';71 -...-fo—xBH < 8 fal
and
[J2 - JBr—aul <5-87 <6,
This completes the proof of Theorem 2.2. O
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