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FREE BOUNDARY PROBLEM
FOR A VISCOUS HEAT-CONDUCTING FLOW
WITH SURFACE TENSION

EWA ZADRZYNSKA

ABSTRACT. In the paper the equations describing the motion of a drop
of a viscous heat-conducting capillary fluid bounded by a free surface are
examined. Assuming that the viscosity coefficients, the coefficient of heat-
conductivity, the pressue and the specific heat at constant volume of the
fluid depend on its density and temperature we prove the existence of
a global in time solution which is close to a constant state for any mo-
ment of time.

1. Introduction

In this paper we study the motion of a drop of a viscous compressible heat-
conducting capillary fluid, the viscosity and the heat-conductivity coefficients of
which depend on its density and temperature.

Let €; C R3 be a bounded domain of the drop at time t. Let v = v(x,t)
be the velocity of the fluid, p = p(x,t) the density, § = 6(x,t) the temperature,
f = f(x,t) the external force field per unit mass, r = r(z, t) the heat sources per
unit mass, § = 6(x,t) the heat flow per unit surface, p = p(p,6) the pressure,
¢y = ¢y(p, 0) the specific heat at constant pressure, u = u(p,0) and v = v(p, 6)
the viscosity coefficients, s = 3¢(p, 0) the coefficient of heat-conductivity, o the
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314 E. ZADRZYNSKA

constant coefficient of the surface tension, py the external (constant) pressure.
Then the motion of the drop is described by the following system of equations:

plog + (v - V)] —divT(v,p) = pf in Q7
pt +div(pv) =0 in QT
pcy (0 +v - VO) — div (5V0) — Opg divw
3
- (Via; + Vja,)? — (v — p)(dive)® = pr in a7,
(1.1) hi=1 N
Tn — ocHn = —pon on ST,
_ Pt QT
v = — on S*,
Vol
%(p,G)g—z =0 on ST,
pli=o = po, v|i=0 = vo, Ot=0 = to in ©,

where QT = Usicom e < {t}, ST = Uicom ST x {t}, Si = 0, ¢(z,t) = 0
describes S; (at least locally), 7 is the unit outward vector normal to the bound-
ary, i.e. m = Vo /|Vo|; Q@ = Q|i—0 = Qo. By T = T(v,p) we denote the stress
tensor of the form

T = {Tij}ij=1,2.3 = {1(p, 0)Si;(v)+(v(p, 0)—p(p, 0))ds;divv—p(p, 0)di; }i j=1,2,3

where S(v) = {S4;(v)}i,j=1,2,3 = {Viz; + Vja, }i,j=1,2,3 is the velocity deformation
tensor.

Moreover, H is the double mean curvature of S; which is negative for convex
domains and can be expressed in the form

Hn = Ag,(O)xz, x=(z1,22,23),
where Ag, (t) is the Laplace—Beltrami operator on S;. Let S; be given locally by
x = x(s1,82,t), (s1,82) € U C R?, where U is an open set. Then

0 0
_ —1/2 1/2 ap _
(1.2) Ag,(t) =g D5 <g g asﬁ>, a,f=1,2,

where the summation convention over repeated indices is assumed, g =
det{gasta.p=1.2) Jap = O1/Ds4 - 0x/Dsa, {g*P} is the inverse matrix to {gas}-
Finally, thermodynamic considerations imply ¢, > 0, ¢ > 0, v > u/3 > 0,
o>0.
From (1.1)2 5 it follows that the total mass of the fluid in €, is conserved, i.e.

(1.3) /Qtpd:r/gpodfM.

In this paper we prove the existence of global-in-time solutions to (1.1) which

are close to an equilibrium solution.
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Assume that p, > 0, ps > 0 for p,0 € R}r and consider the equation

M 20
(14 p(wsmg’@e) —mt g

We assume that there exist R, > 0 and 6. > 0 satisfying (1.4). Then we have
the following definition.

DEFINITION 1.1. Let f = r =60 = 0. By an equilibrium (constant) state we
mean a solution (v, 0, p, ;) of problem (1.1) such that v =0, § = 6., p = p.,
O = Q. for t > 0, where p. = M/((4/3)7R2), Q. is a ball of radius R, R. > 0
and 0. > 0 satisfy equation (1.4).

In order to prove the existence of solutions to problem (1.1) we have to intro-
duce the Lagrangian coordinates which are initial data to the Cauchy problem

d
(1.5) =), who=geQ.

Integrating (1.5) we obtain the following relation between the Eulearian x and
the Lagrangian coordinates:

t
x:§+A“@fMﬂEXA§W

where u(&,t) = v(X,(€,t),t). Moreover, we have Q; = {x € R : 2 = X, (£, 1),
€eQ}, Si={reR3 2= X,(£1), £€ S}
Using the Lagrangian coordinates we write problem (1.1) in the form
nuy — divy Ty (u, p) = ng in Q7 = Q x (0,7),
n + ndiv,u = 0 in QT

Ney ¥t — divy, (3V 4, 9) + Ipydivyu
3

W) gﬂﬁng%+@Jw%>
— (v — p)(diveu)? = nk in Q7
Ty (u, p)ity, — o Hy = —poTiy on ST =8 % (0,7),
s(n, 9, - VI =9 on ST,
Nlt=0 = po, ult=0 = vo, V|t=0 = o in Q,

where 77(5775) = p(Xu(th)’t)v "9(§7t) = H(Xu(f,t),t), g(f,t) = f( ( t) )
k(€ 1) = r(Xu(§,1),1), 9(€, 1) = 0(Xu(&:1),1), Mu(§,t) = N(Xu(€,1),1), Vu =
§i20¢; = {&ix,; 06, }j=1,2,3,
Tu(u,p) = = pI +Dy(u) = {—p(n,9)di; + p(n,9)(0s, €k 0, u;
+ 0, E10g, i) + (V(1,9) — p(n,9))didivyeuti j=1,2,3,
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1= {(5@‘}1"]‘:172’3, is the unit matrix7
divyu = Vi - u = 03,606, u;,  divy, To(u, p) = {0, €10¢, Tuij(u, p) biz1,2,3

(Ox, &k are the elements of the matrix &, which is inverse to z¢ = I—l—fotug(ﬁ, ') dt’)
and the summation over repeated indices is assumed.

This paper consists of five sections. In Section 2 notation and auxiliary
results are introduced. In Section 3 we prove the local existence theorem for
problem (1.1) (see Theorem 3.3). In Section 4 we derive some estimates which
are necessary for the global existence (see Lemmas 4.1-4.2). Finally, Section 5 is
devoted to the global existence theorem for problem (1.1) (see Theorems 5.1-5.2).

In this paper we prove the global existence of a solution

(u, 0,m) €W5 THHE(QT) s W (@)
x C([0, T); Wate () n Wy T4 2He2(QT) (o e (3/4,1))

to problem (1.1), which is close to the equilibrium state (see Definition 1.1).
To obtain this result we use methods similar to those of [8], [7], [4], [15], [12]
and [13].

Papers [15], [12] and [13] are concerned with problem (1.1) in the case
when v, p and s do not depend on p and 6. In [15] the local existence the-
orem for problem (1.1) is proved, while papers [12] and [13] are devoted to the
global existence of a solution to this problem. Moreover, the regularity of solu-
tions obtained in papers [15] and [13] is the same as in this paper.

In papers [8] and [7] the motion of compressible barotropic viscous capillary
fluids bounded by a free surface is considered, while in [4] the authors study
the global motion of a compressible barotropic viscous fluid with boundary slip
condition.

Finally, papers [11], [9] and [10] are concerned with free boundary problems
for equations describing the motion of viscous incompressible capillary fluids
with the surface tension dependent on the temperature.

2. Notation and auxiliary results

Let Q C R3 be a bounded domain with the boundary S. The Sobolev-Slo-
bodetskii space with the norm

lullygsesraversary = | 3 10206l oy

|81 +2i<k
T |DPu(x,t) — DPu(a't)|?
+ / / / r z dx dx’ dt
|B¥—:k o JaJa |z — /|32

T T ol 2y, ) — 0 Pz, )2 2
i QJo Jo |t—t’|1+a+k—2[k/2] dx dtdt )



FREE BOUNDARY PROBLEM FOR A VIscous HEAT-CONDUCTING FLOW 317

where D? = 8511 65;35;, B = (B1, B2, f3) is multi-index, || = 1 + f2 + B3, we
denote by Wy Tk/2He/2(T) '} e NU{0}, a € (0,1).
Similarly we can define the norms in space Wy+*(Q) and W2k+a’k/2+a/2(ST).

Moreover, we use the notation:

l[ellyysronrzrare gry = lullpta0r,
||UHW,§+‘*(Q) =|ullprag, @ €{Q,S, S} (S*is the unit sphere),
lullz, @ = pe 0], Qe{Q, S5},
lullza@) =llulloq, @ €{2,8,97,5"},

+2,0/2+1 _
et/ >=[||u||3+a,m+T a(nutnagw > ||a£u||3,m)
|8]=2

1/2
+sup||u<-,t>|%+a,ﬂ] ,

2
] 577 = (

aQT+T Oé”u”OQ )1/2’ QG{Q,S}a

lu(z,t) — u(z’, t)[? 1/2
ulg.0r 5 = (/ dt// |x—x’|3+20‘ dx dx’ ,
1/2
u(x, t a: t/
(U] g1 = (/ da:/ / [l t—t’|1+20‘ I dtdt'> )

Next, by BL(R"), p € [l,0], 1l € RY, | ¢ Z, we denote the isotropic Besov
spaces. By the Golovkin theorem from [3] the norms of spaces B},(R") and the
Sobolev—-Slobodetskii spaces W;,(R”) (I € Z) are equivalent.

In the paper we use the following imbedding for the Besov spaces (see [1,
Section 18]):

ol n n n n
(2.1) D7 B,(R") C BJ(R") for 5—5+|0|+g§l,
and the following interpolation inequality
(2.2) D ull perny < 517%““”8;(]1%") + ce” " |lull L, ®n),

where » = (n/p —n/q+ |o| + 0)/1 (which holds for n/p —n/q+ |o| + 0 < ).

In the above notation BL(R") with [ € Z is the Sobolev space.

All above remarks can be applied for spaces of functions defined on a bounded
domain Q0 C R", and by using a partition of unity we can also define spaces of
traces on the boundary of €2 and formulate corresponding trace theorems.

By C£(Q) (Q C R™ is a domain) we denote the space of functions u € C*(Q)
such that D%u is bounded on @ with the norm

D°
lulley @) = I?%’if‘;g‘ u(z)].
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Now, we introduce a partition of unity ({Q},{¢}), Q = UleMuNﬁb
Y emun G(w) = 1 for x € Q (where Q, with [ € M are interior subdomains
and Q; with [ € A are boundary subdomains), which is used in Section 4 to
derive one of inequalities necessary for the global existence. Let S~2; be one of
the (~2le and (;(€) be the corresponding function. If fvll is an interior subdomain

then let &, C and ((§) = 1 for § € ;. Otherwise we assume that QNS % ¢,
o NS + ¢, @ C ﬁl. Let e NS C ﬁl ns, §l =5SnN ﬁl. Introduce local
coordinates connected with {£} by

(2.3) yi = ai (& — B5),  azi=ni(B), i=1,2,3,

where «;; is a constant orthogonal matrix such that g[ is determined by
ys = Fly,y2), FeWwy/*™,

and

(24)  Y={y:lul<d, i=1,2 F(y) <ys <Fy) +d, ¢y = (y1,9)}.

Next, we introduce functions u’, ¢ and n’ by

/

wy; (y) = aijui(€)le=eqy), V' (Y) = 0(E)le=eys 1 (W) = 1(E)le=¢(y)>

where £ = £(y) is the inverse transformation to (2.3). Further we introduce new
variables by

i = Yi, i:1727 Z3:y3_ﬁ(y)’ yeﬁla
which will be denoted by z = ®(y), where F is an extension of F to €. Let

(2.5) V=) ={z:|z| <d, k=1,2, 0< 23 < d}
and 5, = ®(S;). Define
‘]?(Z) = f/(y)|y:¢>_1(z)7 f € {’U,719777}

Introduce ﬁk = &iay, 26, Vi le=y—1(2), where x(§) = ®((§)) and y = ¥(§) is
defined by (2.3). Introduce also the notation

W) = w©)GE),  Vail€) = Ya()G(),
T01(6) = 12(6)G(6), €€, uNS=9¢,
U(2) = W2)G(2),  Vorz) = Vo (2)G(2),
To1(2) = 1 (2)G(2), 2 €D =a(SY), UNS+9,

where ((2) = G(E)|emx—1(2)s Mo = 1 — Ocs V5 = U — O¢; 0c, B are introduced by
Definition 1.1.
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Then problem (1.6) takes the following form in an interior subdomain:

nﬂit - vjﬂj(ﬂ;ﬁo‘) = vuJ Buzg (u C) U’Lj (u pa’)v C
- (V]Ej(a750) - VujTuij(uypU)) = klia 1= 1a2a37

ﬁaf+Qev'a: Qeu'vugfnavu'u§+ge(v'afvu'ﬂ) = ko,
ncvﬂat -V (%v{ga) + Hepﬁ(gm ee)u : VuC
3
(2.6) =nk + |:g Z (Eka, Ogu; + é-k?wjagkui)Q + v =w)(Vu-u)|¢

ij=1
+ 0epo(0c, Oc)u - Vil + (0epo(0e, 0c) — Ipo(0,0))Vau - u
+ gepﬁ(gea 98)(v : a - vu : :J) - %(777 19)(vi<790 + QVUC : Vu'l?a)
— V- V(s —(Vyux - Vs — [V (VDY) — Vy - (5V405)]

= 77%+k3a

where p, = p — 20/R. — po (R is introduced in Definition 1.1), p, = py(,
Bu(uv C) = {Buij (U, C)}i,j=1,2,3 = {M(uivujC+ujvuiC)+(V_:u)5ijuvu<}i7j=172y37

Vu; = &iz,;0¢, and in a boundary subdomain
ﬁﬁit - VjTij(aaﬁU) - % E (u C) zj(u pa)v C

— (VT35 po) — VT (@,5s)) = kasy 1= 1,2,3,
ﬁat"‘@ev'a:Qeu'VC_T/UV'UC+Qe(v"E—§-ﬂ)Ek‘5,

eo0ot — V- (3V0,) + Oepg(0e, 0c)V - U
~ 3

| S~ S S~ NS 2|2

=ik + {2 ,Zl(Viuj +Vju)? + (0= m)(V-)* ¢
2,7

o~ o~

(2.7) +06p§(gea ) C (Oep (Qmee) 19p19(7l’?9))v ug
% PPN

+0ep5(0c,06)(V - T = V - W) — %(2V2(0, +2VC - Vi,)
— V3V, — (V5 Vi, — [V - (3V0,) — V- (3:V9,)] = 1k + ke,

T(@,§o)i = 0AgE - C 4 oA /udt T, 5,)7 — T, By

+@(a,2)ﬁ—a<2§/a VE+ /udtv2g)
0 0

i Vi, — 9+ Vi, + 527 - Vi, — 71 - Vi,) = 19+k8,

\ S

~ 0' ~
i — k
C—R <+ 7

u(@,9), v = v(i,v),

where B, = po(7,9), & = ,(.9), % = (7,9), i =
V; n' = (0,0,1), n is the

T and B indicate that operator V, is replaced by
vector T, written in z coordinates and

1 0
5(t) = NS

0
v6 Y
(\/ 9alz; 92 ) )
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{ggé} is the inverse matrix to {ggys},

or Ox

t
Jiys = g . 67257 T = g +/0 a(‘?"7251) dtla 9 = det{gﬁ’y(s}'
Y

In particulary gz (0) = 1+F221+F32, 9%1(0) = gﬁ_l(O)(l+Fz22), 9%2(0) = 951(0)(1+
F2), g%(0) = ¢21(0) = —g; '(0)F;, F., and we assume that d from (2.4) and
(2.5) is so small that

F.|<1/4, i=1,2.

Moreover, we can write
po(n,9) = P11 + p29s,
where py(n,9) = fol Pn(0e+s(n—o0e), V) ds and pa () = f01 Do (0e, 0c+s(0—0,)) ds.

3. Local existence

First, consider the following auxiliary problem

nug — divy, Dy (u) = F in QF,
M(777 V)HOHwa(u)ﬁw = 1_[Oc;(l on ST,
(3.1) t
Mo - Dy (w)70y, — o - Aw(t)/ wdt' =Gy on ST,
0
ult=0 = vo in Q,
where

Do () = pu(1,7)Sw(u) + (v(n,7) — p(n,v))divyul,
Sw(u) = {0, 6x0¢,uj 4 0z, Ex gy Ui }ij=1,2,3,
divaw(u) = {8wj£k6£kaij (u)}i:1,2,3a
O,k (4, k = 1,2,3) are elements of matrix ¢, which is inverse to z¢ = I +
[Twe(€, ) dt', Ty = A(Xw(E1),1), Ay(t) is given by (1.2) with z = ¢ +
S w(e,t')dt', Mg = g — (M - 9), Go = GV + 0 [ G at'.
We prove.
LEMMA 3.1. Let S € W5/*T y e C([0, T); Wite(Q))nw, To/2Te/2(qT),
T 2+a,14a /2 T 2+a,14a/2 T
1/n € Lo(QY), v € W, QY), w e W, (QY), a € (3/4,1),
v e C3(R?), u € C3(R?) and assume that for some a > 0
1

2,a/2+1 2,0/241
(32) T [[Jw| & 4 ]S L sup [Inllsao
0<t<T

T 1/2
Filigagr+ ([ Inltand) ] <5
0



FREE BOUNDARY PROBLEM FOR A VIscous HEAT-CONDUCTING FLOW 321

where § is a sufficiently small constant. Let

Fews2an), Gy e W,/ Hel/ite(gTy,
Gy e wy/Hre a2 (g G e Wt (GT) gy e Wyt ()
and let the following compatibility conditions be satisfied:
1(nle=0, vle=0)IoS(vo) 0| s = TloG1li=o,
7o - [1(Mlt=0, V]t=0)S(v0) + (¥(n|t=0,7]t=0)
—p(l=0,YNi=0))div voI ]| s = G5 |,

where S(vo) = {voie; + voje, }i,j=1,2,3- Then there exists a unique solution u €
W22+a’1+a/2(QT) of problem (3.1) and

1
’ |77|<>o,QT
n 00,07

a,af2 1
(IFNS 411G 2 rast + IGSD 12 4a.s7
2 —1/2,a/2—1/4
GG

(3.3) [ul &2/ <3, (T,

+ [lvoll14a,0),
where 51 18 a positive continuous nondecreasing function of its arguments.
PRrOOF. The existence can be proved by using the method of successive

approximations, and the uniqueness of a solution follows from estimate (3.3).
Thus, we shall only derive (3.3). First, consider the problem

nug — uV2iu —vVyVy -u=F in Q7

,uHOHwa(u)ﬁw = HOG1 on ST,

(3.4) t
no - Dow(u)ﬁw —ong - Aw(t)/ wdt = G5 on ST,
0

Uli=p = Vo in €,
where p, v are positive constants, Doy, (u) = uSy (u) + (v — p)div,ul, the data
S, n, w, F, G1, G2 satisfy the assumptions of the lemma and moreover
pIloS(vo)no|s = o G1li=o,
Mo - [S(vo) + (v — p)div ugl]ig|s = Gél)|t:0.

Then in view of (3.2), using the methods of [7] (see also [2]) we obtain the unique

existence of a solution u € W22+a’1+a/2(QT) of (3.4) satisfying the estimate

« [0 e 1
(35) [[u (&2 <3, (T,

‘OO,QT

2 a—1/2,a/2—1/4
NGRS 2 2D gl 14ann)-

a,a/2 1
7|n|oo,m)<||F||§zT D 416D 2 asr

In order to prove estimate (3.3) introduce a partition of unity ({Cx(€)}, {Q%«})
(see [5], [6]) such that supp ¢ C Q, k=1,..., N, Z;ICV:1 (&) =1for £ € Q,
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G > 0,0 < ng < a6 < No and [DgG(6)] < ex~lol, where A =
max diam Q. Let ur = ulx, vor = voCk, i = FCk, G = G1(k, Gap = Galy,
Qr = x(0,T), >, =0 x(0,T). Then (3.1) yields the system of problems:
Nugs — V2 U — VeV Vi - Uk
= Fj, + divy (Do (ug) — Diow (ug)) + Ry = Hy in Q,
e IloT, Sy (ug )T
=Gy + (e — ) oIl Sy (ur)w + Re = Hy  on ),

(B6) By Dy ()T — 070 - Aw(?) /O !
= Gop + 70 - (Dpw(ur) — Do (ur)) 7w + R3
=g+ /t HP dt! on Y,
0
Uk|i=0 = Vo in Q,

where R; (i = 1,2,3) contain terms with lower order derivatives,

Mg = ﬂ(n(£k7tk)77(§k7tk))v Vi = V(U(fkatk)ﬂ(fkatk))
and (&g, tx) € Q. Since each problem (3.6) has the form (3.4), estimate (3.5)

holds for ug, i.e.

a+2,0/241) _— 1
(B7) el ”’s%(ﬂ‘ ,|n|oo,m)
noo,QT

a,a/2 1
CHS D 1 el jorass, + TH 1 joras,
2)(a—1/2,a/2—1/4
+H 22T 1 vor 14 .0).

Now, we estimate the terms on the right-hand side of (3.7). First, consider
I1 = din(Dw(uk) - Dkw(uk))
= (,“(777’)’) - Mk)vfuuk + (V(77,’Y) - Vk)vwvw cUE + R4 = I2 + IB + R4,

where R4 contains terms with lower order derivatives.
In order to estimate I we rewrite it in the form

Iy = [py(c1, e2)(n(€, ) — 1€k, 1)) + pn(er, e2) €k, 1) — 1€k, tr))
+ py(c1, ) (V(E, 1) = V(& 1)) + i (c1, e2) (Y (ks 1) — Y (Eks t)] Vit

4
=3k
i=1

where ¢ = m + s(n — k), c2 = e +5(y =), 0 < s < 1.
First, we estimate

T
2 o oepln(€t) = n(&k )
(38) [Kl]a,Qk{ <C/Qk AkA |£ gk‘ |§_§k‘2ﬁ
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. |8guk(€vt) - anguk(gl,t)P
€-eF

T (€, 1) — (€', 1) 2102 ?
de de' dt!
/Q/Q/ = 5'|3+2°f < e dt

. |f0 We —wg/)dt |2
e P

<eA? sup  sup
0<t<T &,6 €,

In(&.t) = n(&,p* >/
+Coiltl£)T</Qk /Qk ‘5 5/‘3+4( +a) d§d§
T |8§ k‘4 1/2
. dé d d
/0 </Q/Q eep® 5) t

§,t) —n(E't)
+ NPT su su [
0<t£T§ g'e%k € —¢&')%8

/ </Qk /Qk € - §/|3i§/+a dgd 5)1/2dt
[ L )

283 2 2
<cA S, 170186 ) (1 + Tl a,00) luxl3 0.0,

d¢ de’ dt’

|Oup|? de de’ dt

n(§.t) —n& O, -
‘6 — 51‘2[3 ||’u’}€||2Jro¢,Q;C

+e sup [|nlliia0
0<t<T

T T
~ ( [ halwsdt <o) [l dt),

where 0 < 3 < a—1/2 and we have used the imbedding W5 +*(Q) C W41/4+“ ()
and the interpolation inequality

T T T
/0 uil2 g, dt < ¢ / ks, i+ () / il e, dt,

0

which hold for a > 3/4.
Using the imbedding W, () ¢ C?(Q) (which holds for 0 < § < o — 1/2)
estimate (3.8) yields

(K12 0 e ScOP + X0 wl3y 0 or +€) sup [0l iaolurlbiag,
0<t<T

+c(€)T sup [nlfiae sup [lukll§a,-
0<t<T 0<t<T
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Next, we have

P

|0Fun (€, 1) — FFu (&, 1)
t_t/‘l-&-a

Tlnﬁt (& t)[?|0Fux]? )
/Qk/ / [ dé dt dt
| Jy we dr|?
+c/ / / n(&,t) — (&, t)]? |tt P |0Fuy,|” dt dt’
Qg

23 2 2
<o (O;g§T|nncm)nukn%wk

T T
Tl—a/ |w§|i’ﬂkdt/ |a§uk|2dt)
0

¢
N dr|? o |0%u
—|—c/ / |ft Nt |4Qk| 3 k|4m gt v’

|t*t,|1+a

de dt dt’

NP1 4T a||w||2+a QT)OEHP ||77||1+aQ

+ Tl ¢ ||77t||o¢ QT] ||uk||2+a,Qk .

Now, we estimate K5. First, we obtain

oQnt < /Qk /Qk/ (Exst) — (&, te) P

) |:|fo we — wer) dt’ 2
E-ep
|8§2uk(§7t) - 8{?’“«%(5/7 t)|2
€ gpe

T
<o / (€, t) — (e te) 2,

O2ur(E, 1) — Run(€ O
dé d€" d
UQ/Q € —gprea St di

|’LU —wr,|4 ) 1/2
T/O (/Qk /Qk |§—§£/|3+4(£1/4+a) d§d€> dt
|0Fup|* /)1/2}
’ dé d.
</Qk/9k ‘5_5/‘2 5 5

T
<e / (Ellne,t) — n(E, t0) 12 sa,

+e(@)n(€,t) = n(& te)3.0,) (1 + Tlwlls o o) llukl3 a0, 4t

|8£2uk|2

} de de’ dt




FREE BOUNDARY PROBLEM FOR A VIscous HEAT-CONDUCTING FLOW 325
<cle sup [nlsan +c@T I3 0r) 1+ Tlwl3, 0 or) luelia.0,-
0<t<T
Next, we get

[Ks)2 0,000 /ﬂk/ / 0k t) — (k. t)?

' | [}, we dr|? 02ur>  02uk(€,t) — 2ur(E, 1)
| —t'|1+o‘ |t—t'|1+a

T N2
) , T
+C/Q / / |n gk t/l(f]; )‘ |82Uk|2dfdtdt/
k

< C/o /0 (elln(&.t) — 77(5%k)||?+a79k + (@) (&, t) —n(é,t)3a,)

d¢ dt dt’

- (Tl-ﬂw||§+a,m|a§uk|%,gk

|a§uk(§a t) - 8?“16(6’ t/)|§7Qk ’
o ) dé dt dt

| /77 é‘ka d7"2
+C/Q / / ft : — /|l ‘3§Uk|2d§dtdt’
k

<o [(e s 30+ TR ar) (14 T )

T
e | ||m||z,gdt]||uk||%+a,Q,c}-
0

In the above estimates of K; and K, ¢ and ¢(e) are positive continuous
increasing functions of |12 or and [y]Z o7
The terms K3, K4 and I3 can be estimated in the same way as K; and Ks.
The terms R; and Ry are estimated by using the imbedding (2.1) and the inter-

polation inequality (2.2) as follows:
Ry + Ry < (£ +¢(e)T™) (X0 (X) + 1) (fug | 552D 4 fluf| G o/200)y,

where

+2,a/2+1 +2,a/241
X = [lw]| 522 |y e )+021£T||77||1+a,9+||77||1+a,szT

T 1/2
" ( [ Il dt) ,

b1 is a continuous positive increasing function, a; > 0 is a constant.
The boundary terms in (3.6) can be estimated in the same way. Thus,
summarizing the above considerations and assuming that A, €, 7" and § from (3.2)
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are sufficiently small we get

at2,a/241) _ = 1
(3.9) ||uk||(Qk+ “/+)<¢2(T,H ,Inloo,m>
n 00,07

(e 4 e(e)T2) (Xba(X) + 1) [Ju 55 >/2+1)
a,o/2 1
FIENS A Gkl jarass, +1GH hyatas,

2 a—1/2,a/2—-1/4
HIGENSE 22 4 oo 1),

where by is a continuous positive increasing function and as > 0 is a constant.
Now, summing (3.9) over all sets of the partition of unity and assuming that ¢
is sufficiently small we obtain (3.3) and the assertion of the lemma. O

In the same way the following lemma can be proved.

LEMMA 3.2. Let S € Wi'*T™, n e C([0, T); Wit (Q))nw, T /22T,
1/n € Loo(QT), v € Wi /2T, w e W22 o e (3/4,1),
c, € C%(R?), » € C3(R?) and assume (3.2). Let K € W;7a/2(QT), 9 €
W21/2+a’1/4+a(ST), 0o € W3 T*(Q) and let the compatibility condition holds:

s(Nli=0,Y)t=0)T0 * Vwbo|s = Is=o-

2+a,14a/2 (QT)

Then there exists a unique solution ¥ € W, of the problem

ney(n, )0 — divy, (3(n,7)Vyd) = K in QT
»(n,y)mo - Vo) =0 on ST,
B0 = 0, in Q.

Moreover, the following estimate is satisfied

2,0/24+1) _—
oG 2e/2+D) s¢3(T,

N 5, IMCu 157 ) oo, QT
ncy(m)\wm (1. )

a,a/2 el
(N7 411911 2t a5 + [P0llita),

where ¢4 is a positive continuous nondecreasing function of its arguments.

Now, using Lemmas 3.1-3.2, Lemma 6.1 of [2] and the method of successive
approximations (see [15]) we obtain the following theorem.

THEOREM 3.3. Let S € Wi/*™, 0o € Wite(Q), 0 € WiT¥(Q), ¥y €
Wit (Q), a € (3/4,1), ¢, € C?(R?), ¢, > 0, p € C3(R?), v € C3(R?), pu €
C3(R?), € C3(R?), 5> 0,v > pu/3>0; f,r € C3(R*xRL), § € C}(R*xRL)
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and let the following compatibility conditions be satisfied:

(00, 00)oS(vo )0 = 0 on S,
o - [1(00,00)S(vo) + (¥(20,00) — 11(00,00)) - divvol]mg

=T - (p(00,60) — po)Tio + o H(-,0) on 5,
(00, 00)0 - Vebo = 0(€,0) on S.

Then there exists T > 0 such that there exists a unique solution (u,9,n) €
W) ) W) x ([0, T Wy () Ny TP o)
of problem (1.6) and the following estimates hold for t <T

a+2,a/2+1 a+2,a/241
| G520 (g 22 < A
and

(g™ 4 101G 4 ol + 51D Wollia0)?
TS

< AT, A) | lvollisa.q + llosolliran + [1050l13 ra.0

L2
Re

2
IR 0 4 T2 s+ HH( .,0) }
a+1/2,St

where A is a constant, ¢ is a positive continuous nondecreasing function of its

arguments, No = 1 — Qe; 190' =1 — 967 060 = 00 — Oe, 90’0 = 90 - 95-

4. Some estimates for the global existence

In this section we derive some estimates for the local solution which are
crucial in the proof of the global existence. We use the same methods as in the
case of coefficients u, v and s independent of ¢ and 6.

First, in the same way as Theorem 3.5 from [16] we prove the following

lemma.
LEMMA 4.1. Let

(w0, m) €WSTH T @T) Wt o)
X Wy PPN 0 O((0, T W3 (9),
a € (3/4,1), be a local solution to problem (1.1) and let the assumptions of

Theorem 3.3 be satisfied and let f = 0. Then for any 0 < tg < T and X\ > 0,
u € C[to + \, T]; W2T*(Q)) and the estimate holds

sup  |ull3pa0+  sup  [[96l3ia0
to+ASEST toFASEST

< c(B)([ullzsa,0r + 190ll240.0r + 17123 @oxry) + 1013 @oxr )
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where

K =lul3100r + 103 10.0r + sup lulliino+ sup [96)7 00
0<t<T 0<t<T
+ o1} a0r + sup [1n0li a0
0<t<T

¢(K) is a positive nondecreasing continuous function of K depending also on T .

In order to obtain the other estimates we assume the following condition:
(4.1) Q, is diffeomarphic to a ball and
‘ S; can be described by |z| = r = R(w,t), w € St

where ¢t < T (T is the time of the local existence, S! is the unit sphere).
Moreover, we assume:
(4.2) 01 < o(z,t) < 02, 01 <O(z,t) <0

for all x € Q; and t € [0, T).
By A®(h)f(£) we denote the s-th difference of f such that

Zc )R F(€ + k), c’;:(Z)

and by A¥(h)f(t) we denote

k
=> (-1 f(t+ jh).

j=0

Introduce the functions:

= D1 pancy(n,9) )
t,Q;) = U; +*m+719m‘ d
¢1( ) /. (77 1l eepﬁ(geaee) 5

2 2 2 ~ 2 2 9 12
/dh/df( |A | +p1|A (h)nml + p2ncv(na79) |A (h)19m| >
R3

|h‘3+2(1+a Qe‘h|3+2(1+oz) oepﬂ(geaoe) |h|3+2(1+a)

h
o dh (n,9) o ) =)
* h“"‘/ﬁi( 1 1SAva)” + 5 |div Apaf? ) de

t'=t—hg

1 [ dn ~ ,
+5 e | KOOV (Degi)*) dElir=t—n,  for i € M
0 Q

and
A% (T)w>  p1 | A7) 04)?
(4.3)  oa(t, ) /R2 / dz( |2+2(1+a) + 0c 7220 a)

P21y (7], )|A2(7) Ui|2 ‘A(T)§Bﬁai|2 77|A(7')?7iz|2
Ocpo (e, Oe) |T|2+20F) |7 |2 |7 |22

+Pl |A T}m|2 dn, |A3 V377m|2
Oc ‘2+2a Rl |n|1+2a

k3
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2 t ~ 2
2 [ ez A, )
4 Jpe 5 S |T|2+2(1+a)

2t Aoy~ )
+ g/ dT/ dZ§(27:1 Jo A (7)iz, dt')
4 Joa o Js, 7 [2+10+a)

P1~ p2icy (7, 5) 32 )
+ u; + i+ 92 ) dz
[\ (77 77 Gepﬁ (Qea He)

+U/dez/ szKM AT(H(,0) + 7))

[+

1 [ A3 uidt> . (4A(T)(( (+,0) + &)l

INGETREE el

+ 1 Zizl fOt A(T)aizwzw dt,>2:|

1 [

, N
¢ dh (7, 9) ~ 12
+/0 hlto /ﬁl < 4 IS(A;)]

N,
+ W'leAt’u|2) dZ|t’—t ho

1 [fho an - ~ ‘
+ 5 0 W ﬁl (%(77319)|V(At/19m| )dz|t’:t—t0 for i € N,

where in (4.3) 7 = (11, 72), A%(7) f(2) = Y10 (Z) f(Z 4+ kT, 23), 2/ = (21, 22),
As(n)f(z) =31 ( ) f(&, 23 + kn), {gj} is the inverse matrix to {gs+s} and

Gays = 0x /02y - Ox /025, x = § + fo "Ydt', ¢ > 0 is a constant such that
d d u dt/ d Z’Y 1 ( )azz dt/)Q
/W 7'/ ZS |T|2+2(1+a) /]R2 7'/ |T|2+2(1+a)
(see [1]).

The following lemma holds.

LEMMA 4.2. Let the assumptions (4.1) and (4.2) be satisfied. Assume that
there exists a local solution to problem (1.1). Let f = 0, k € W;’Q/Q(QT),
Je W;‘H/Q’O‘/QHM(ST), where a € (3/4,1), T is the time of the local existence.
Then

(4.4) ¢(t,Q) +6(||u||§+a,ﬂ><(t*,t) + HﬁUH%—i-a,Qx(t*,t) + ||770||§+a,ﬂ><(t*,t))
<c(t, Zs)||

H%,Qx(t*,t)

+ ||k||o¢ Qx(ta,t) T ||5||i+1/2,5’><(t*,t)
+e1Z4 + Zl(Zl + Zs + ull3a.00) + (Z1 + Z4) Z5] + ¢(t., ),

where 0 < t, <t <T, ¢(t,Q) =D ;0 P1(t, ﬁi)—kzia\/ oa(t, ﬁz), c=c(t,Z3) is
a positive continuous function nondecreasing with respect to its arguments, ¢ < 1
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is a positive constant, e1 € (0,1) is a sufficiently small constant and

2 2
Zy = ||u||§+o¢,QX(t*,t) + H190||2+a,9x(t*,t) + ||n<7||1+a,Q><(t*,t)’

Zy = sup |ulijan+ sup IIﬂaHia,nﬂL sup 1017 40,0,
1 <t<t . <t< £ <t<t

a+2,a/241 a+2a 241
Zs = [lu &2 9, T2 g 2 e+ sup 1703 ans
0<t’'<t
2 |12 ¢
Zi=(t—t)||H(-,0) + = +/ IR(- ) = R(- 0)|2, 0 1 dt
€ lla,S? ty

t 2
/ w; dt’
0 2+a,§l

t 2
Z5: H/ ’U,dt/
0

24a,S ieN

PRrOOF. The way of the proof is similar as in ([8], [4], [17]). First, we obtain
the estimate in an interior subdomain Q = Bay (&) = {€ € R? : [€ — &| < 2A}
for

/ / i n|A%(2)ul? P1|A2(z)ﬁo|2+p2770v(777 9) |A2(2)0,

th B JBas(e)  \|2[PT ) 0e| 232042~ 0py(0e, be) |2]3+2(+)
2

e / dz”A (z)all? Boa(6o) | / dz/ 272|V (A2(2)0, ]

e TR 20 S R

where 3 = 1 in By, (&o) for some —\ < g9 < A. In comparison to the case of

u, v and s independent of ¢ and 8 (see [17]) we have to estimate the following
additional terms:

I = / dz / e 2510, 0) Dy + O, i) A7zl
R3 B2 (&o)

2|32+ a)
/ dz/ 2)(w(n, ) — p(n,9))di;div ul®(2)Use,
R3 B2,\(€0) |2[3+2(14) ’
7 72/ dz/ (n,ﬁ)(A(z)a&uj+A(z)85jui)A2(z)ﬂi5j
2 - Bm(go) 2|32 +a)
o[ a (v(n,9) = p(n,9))di;A(2)div uld?(2)ie,
B3 JBan Eo) |2[3+2(14) ’

A2 Ve A2(2)T;
I / dz / . ,
3 = s Bzx(ﬁo) |Z|3+2(1+a
e[| 1 N2V, Do - A7) Do
4 = )
R? Bzx(fo) |2|3+2( 1+“)

)2(n, ) A(2) Ve - A(2) Ve
Is =2 d
5 /R3 Z/ng(go) |Z|3+2(1+a) )

1 DA )T,
Is = /3 dz/ PR
R B2>\(§0
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We get

L A
1l = R Bax (o) ‘Z|3+2(1+a)

| A2 (2)tg|?
< E/; © dz Bax (o) d§ |Z|3+2(1+a) + C(E)‘uﬁﬁo,Q(HTIUH%«FQ,Q + ||19U||%+a7ﬂ)
2 2x(so

<ellls,, &+ c@lul3iaallnliiae + 1900

and

| A% ()T |*
I <€/ dz/ dgi
| | B2x(0 B2 (&o) |Z‘3+2(1+a)

/ i [ gl ()02 + 1A ()96 %) | A (2)ue
B2x(0 Bax( 50

|2[3+2(1+a)

A=)n0 |21\ 7
<l +c(a)K/ dz P e Cld
2Hen2 Baa(0)  JBa(eo)  |2[3TPrOT)

2p; l/pl
A wf sy
Bar(0)  JBor(eo)  |2[FTPrUAe

1
. ( [ d,gm(z)ufFM) v
B2 (0) Bax(8o) |Z|3+p2(l+a)

<ellly,, g + @)U ra0 + 100l o) 434 00;

where 1/p; +1/ps = 1 and we have used the imbeddings By ™(Q) C Bé;“a)ﬂ(g)

and By*(Q) c BT/?(Q) which hold for @ > 1/2 and pi, p» satisfying
3/2=3/2pm+(1+a)/2<14+aand 3/2—-3/2p2+ (1 + @)/2 <1+ a.

I3 and I4 can be estimated by using similar imbeddings as in the cases of I;
and I». I5 consists of several terms, most of which can be estimated in the same
way as I; (i = 1,...,4). Therefore, we estimate only one term of I which has

the qualitative form

1 _ (AQ(Z)%g + AQ(Z)ﬂUS) ) ﬁaéAQ(z){;a
Is = /R3 dZ/Bg)\ ‘@ dg 23201+ 0) :

We have

A2(2)npe P+ |A2(2) e \ P
I} <9, |OCQ</ dz/ d§| z z )
‘ ° | slee B2 (0) Bax (&0) |z|3+p1(1+a)/2

q 1
(/ dz/ dgAQ(Z)ﬁa”) /e
B2x(0) B2x(&o) |Z‘d+p2(1+a)

S 6||’l9£7||§-§—o¢,ﬂ + c(g)||190||§+04,Q(||770”%+a79 + H19<T||%+a,ﬂ)7
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where 1/p1 + 1/p2 = 1 and we have used the imbeddings B (Q) C B(HO‘)/Q(Q)
and B3T(Q) C B} () which hold for p; and p; satisfying 3/2 — 3/p1 + (1 +
a)/2<aand 3/2—-3/p2+1+a <2+

The other terms are estimated in [17] and [4]. Hence we obtain the following
inequality

A% (2 )U|2 1A% (2)7|?
(45) d€ 3+2(1+a) + 3+2(14+«
th ]RS Bax(€0) |Z‘ 20+ Qe|Z| +2(1+e)

paneo(n,9) |A2()0, 2\ | 1A%y, e,
0cpy (e, 0c) |z]3+2(1+a) Ly - 2[+20Ta)

A2(2)0,2

+C2/ dz/ p2|vg+2((1? ) |
R3 Bax(€0) |2| o

<e(lully, oq+ 100l13, 0 g+ 19115, &)

1 t
+ 11 (6, a> [Xng(l + X2) + X (1+ Xg)/ ull3 o0t
0

~ 1
¥ ||na||%+a,g||ut||;§} m( )<|u||1+a o+ 172
~ 1
F Tl 5+ 1071, )+ Y 310 IFI2

where X1 = [[ull3, 0 0 + [70li 0.0 + 196ll3 10,0 X2 = lulya o+ 0l ia0 +
195113 100> @ = Tl/Q(fOT lull34 0.0 dt')'/2 p; (i = 1,2,3) are positive continuous
functions, € > 0 is a sufficiently small constant.

Now, we want to estimate [z |y Hi/?,(t*,t) d¢. To do this apply A:(h)
0 (2.6);. We get

Aty — VT ( Ay, Aypo)
= AU — Ar(Nie) + Akri + [AV;T55(0, U ) — VT (A, Aepo)).

It suffices to estimate only the third and the fourth terms on the right-
hand side (multiplied by Ay ) because the others are the same as in the
case of constant p and v. Moreover, we choose only these terms of Azky;
and of [AV;T;;(w,ps) — V;Ti (A, Ayp,)] which have the qualitative forms
fg/ ue dT(Amy + Ay, )Uge and fot uge dT(Anye + Apdoe)Ue because the other
terms can be estimated similarly. We have

wo) [ [ [ e

<ellal;

(|Avns| + [Apds|) [uge || Aptay | €

2+a, Q>< (tx,t)
t "+h

ho t— ho d
/ dh/ dt/'fo e T||h1+a

g dr|?|tge|?
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ho dr2) [0 dr|? e
e / dh/ dt/lfouwllf o7 d7|? [

h1+a

<5Hu||2+a QX(t*,t) ( )tz aHu||2+a Ot

t
2 ~ 12
(0 T+ [ 102 [ el )

S elll34q gix e, ) + O Nl 0 e 15 o ko)
(el ety + 19011540 e )
and
ho
an [ [T | e ] (o + e e el | de
0

ho dh t— ho , t'+h
S C/ hita / dt / Ug dr <‘ / Uge dT
0 0 0 o0, Q t’

+ |At/1_90-£4’§) |af|4’§|At’,Z’Zt’ |2’§

<el@l2,, g + e NulZ, o g (el 0 e
0ol o), 500 W

Taking into account (4.6), (4.7) and calculations from [17] and [4] we obtain
the inequality

"o dh () 2
(48) /O h1+a/ at [ olavinfdc+ [ h1+a/ﬁ< L (a0

,’19 - ) : 2
+ MMW At/u|2> d€ler=t—no

2

hodh p(n, ¥ ~
S/0 hitao /ﬁ( (4 )‘S(At’“”?

M@V At,m?) de|y—y,

* 2

+€(||u||§+a,ﬂ><(t*,t) + H790||g+a,ﬂx(t*,t) + ||n0||%+oc,§2><(t*,t))
+ dHﬁ ||2+a Tx (ta,t) + C(EﬂtvZ3)(H“’||8,Q><(t*,t) + HﬁUHg,QX(t*,t)
+ H77<7||0,Q><(t*,t) + ”k”g,ﬂx(t*,t) + Z125),

where ¢(g,t,Z3) is a positive continuous function increasing with respect to ¢
and Z3.

An estimate for [5 [[0q¢ ||i/2,(t“t) d¢ can be derived by using similar calcula-
tions.

Now, we have to obtain estimates for boundary subdomains. We concentrate

ourselves only on deriving the estimate for [5 ||u|| dz. As before we apply

a/2,(tx,t)
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A¢(h) to equation (2.7); and to boundary condition (2.7)3. We estimate only
the term which has the qualitative form (An, + Ard,) fg u, dru,. We get

ho t—ho
h1+a/ at' /d'zs ([AeTo| + Ay 79 ) |/ U dr ||t || Ay |

0
<€H“”2+a O (ta,t)
ho ‘ft +h,\ dT‘ |’U,Z|2
+cle tHu||2+ Qt/ dh/ / 3/ 24
ho t—ho ‘Aﬂ? | |Uz|2
S L A R T R
_€Hu||2+a G x (ts t)JrLlJrLQ'

First, we have

ho t_hO SUpt <t'<t |UZ|2 S|uz g
L < @Ml [ an [ d e

< el al3, , a Il e 0, S IIUII

1+aQ
Next, we get
ho |At5cr‘ ‘u2|
8/3,8
Ly <c(e 15||U||2Jr Qf/ dh/ h3/2+a ;
ho ‘At'& |

( )t||u||2+ Qt Sup ‘uz|8/33/ dh/ h1+2(1/4+a/2)

ho HA{& H
C(E)t”““wra ar suP ”“ZHa 1/25/ dh/ h1+2(1/4+a/2)

c(e)tlal, ., ar S IIuIIHQ,Q(Ht%zlll/MSt+H19 I3 )2sa5)
912
< cletlal;, , a t*sgutr;t [T Y L e

The remaining terms are estimated similarly, so we obtain for Q the analogous
estimate to (4.8). The other estimates for boundary subdomains are derived in
the same way as (4.5), (4.8) and the corresponding estimates from [17] and [4].
Thus, inequality (4.4) holds. O

5. Global existence

First, we introduce some notation. Assume

and define functions +; (i =1,2,3) by (see [12]-[14]):
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_ _ 3
coshyy = — — 1 for vy € I = (2up, 00),
Ho
o
cosye = — — 1 for vy € I = (po, 24,
Ho
1Z

cosyz =1-— M—g for vy € I = (0, g,
0

where 19 = co(8—1/3)/3pofB, vo = d(B—1)/2pef, ¢ = (36m)'/3, 3 > 1 is
a constant,

t
d= / 00(v3/2 + e(00,00)) d€ + po|Q| + o|S| + sup / dt’/ 0(s,t') ds,
Q 0<t<T Jo S,
e is the internal energy of fluid per unit mass.
Next, assume

(5.2) e1 <e(p,0) <ey for o€ (01,00), 0 € (01,02),

where 91 = 9. — I, 02 = 0. + 1,01 =0, —1,0, =0, +1 and | > 0 is a constant
such that oo —{ >0 and ., — [ > 0.
Now, we can introduce functions (see [12]-[14]):

pOMSﬁ " 3(8-1)
(bl(M07’717p076a €1, 02, M) = ﬂ 701 (2COSh —_— = 1>
2
-1
. |:2(COSh’Yl +1) — 6_ 73 (QCOSth _ 1) } _ Z%Mﬁ’
2

g—1

B
3 3(8-1)
®2(u0772ap0aﬂaelv QQaM) = Polo (2 COS it — 1>
. {2((}0572 +1) - s

-1
3-1/3 cos 3
34 3(8-1)
™
©3(/j‘0,73ap07ﬂa61, QZ,M) = ];Oliol |:2 COS (3 — /?) _ ]_:|

g—1 T3 ? €1, .3
-{2(1—00573)—51/3 2005(3—3)—1} }—Q%M7

where @ = 8 — 1. Moreover, denote:

Before formulating the global existence theorem for problem (1.1) we present
assumptions which are necessary to prove this theorem.
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We assume:
(5.3) { (v0, 00, 00) € W3 () x W3 ™2(Q) x W32 (€),

||UO||%+O¢,Q + ||QO’O||%+O¢,Q + ”900“%4-047(1 < a1, where a € (3/4,1),

(5.4) ||7“||%§(R3x(o,oo)) + ||§H20%(R3X(o7oo)) <9,
(55) [mac=n. [ agac=0. [ omds=o,
Q Q Q
Q is diffeomorphic to a ball,
(5.6) S is described by |€] = R(w), w € S (S is the unit sphere),

IR(w) - Re|l} 1 < @,

o 2 |
(5.7) S ewd*™  and HH(~,O)—|— < as,
Re a+1/2,81
2 2
5.8 H(-,0)+ — <
(5. (ORI

c, € C%(R?), pe C3R?), puveC*R?, xeC*R?,
e CY(RL xRY),

1
(5.10) V>§M>O, x>0, c,=¢e9>0,

Do >0 pg >0 for p,6 >0,

parameters g, Vo, Po, 3,€1, 02, M satisfy one of the relations (A4;)
(511) where (AZ) ORS Ii7 0< (I)i(lj’077’iap076a61792aM) S 507
|QZ - |Qe|| S 617 1€ {1a273}

In the above assumptions «; (i = 1,...,4), 6, &y, d1 are positive constants.
It is proved in [12] (see also [13], [14]) that in the case when vy € I; and
0 < ®;(o, i, po, B, €1, 02, M) < 6o for i € {1,2,3} we have

(5.12) 1% — Qs] < C8 for t € 0,7,

where §% = ¢dy, C > 0 is a constant, T is the time of the local existence.
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Hence we can add to the previous assumptions (5.1)—(5.11) the following
assumption:

2
.13 [ o Ddct [ oolelon o) e dé + po(2] - Qi+ )
Q Q
t
+ollS] = 2(Qi = 02 4 sup [t [ Bty ds < b
t O St,

where 5 € (0,1/2) is a constant so small that Q; — d2 > 0 for ¢ = 1,2,3 and
6 from C6 < bs.

Now, we formulate

THEOREM 5.1. Let assumptions (5.1)—(5.11), (5.13) and the assumptions of
Lemma 4.1 be satisfied. Let e, > 0 for 0,0 > 0. Then for sufficiently small
constants a; (i = 1,...,4), 0 and &; (i = 0,...,3) there exists a global solution
to problem (1.1) such that

(0,90, 0p) € WETHIT2(Q 1 5 (KT, 1)) x W 2(Qur x (KT, 1))
x C([KT, t); Wit (Qur)) n Wo T Y2022 (0 < (KT 1),

and

[u®1 4 ar + 11O a0 + 19O 100, <
for kT <t < (k+1)T, k € NU {0}, where u, n,, 9, denote v, o,, 8, written
in the Lagrangian coordinates & € Qpr, T is the time of the local existence and
¢ > 0 is a constant. Moreover, S; € W25/2+a fort € RY.

We prove Theorem 5.1 in the same way as Theorem 5.1 of [13] by using
Theorem 3.3, Lemmas 4.1, 4.2 and Lemmas 3.2, 4.2-4.7 of [13].
In the case e, = 0 similarly as in [13] we obtain the following theorem.

THEOREM 5.2. Let assumptions (5.1)—(5.11) and the assumptions of Lemma
4.1 be satisfied. Let e, =0, p = ape, where a > 0 is a constant. Moreover, let

2
/QQO%J d§+/ﬂ(906(90790)—9161)df+p0(|9| — Qi +62)
t
+ 0[|S] = &Qi — 52)*/%] + sup / ' / B(s, )’ < 6,
t Jo S,

where ¢ = (36m)Y/3, t < T, 65 € (0,1/2) is a constant so small that Q; — 65 > 0
fori=1,2,3 and § from (5.12) is so small that C§ < do. Then the assertion of
Theorem 5.1 holds.

The proof of Theorem 5.2 is the same as the proof of Theorem 5.1.
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