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MULTIPLE NONNEGATIVE SOLUTIONS
FOR ELLIPTIC BOUNDARY VALUE PROBLEMS
INVOLVING THE p-LAPLACIAN

GIOVANNI ANELLO

ABSTRACT. In this paper we present a result concerning the existence of
two nonzero nonnegative solutions for the following Dirichlet problem in-
volving the p-Laplacian

—Apu = Af(z,u) in§,
u=0 on 012,

using variational methods. In particular, we will determine an explicit real
interval A for which these solutions exist for every A € A. We also point
out that our result improves and extends to higher dimension a recent
multiplicity result for ordinary differential equations.

1. Introduction
Here and in the sequel, €2 is a bounded open set in RY with boundary 99 of
class C'. In this paper we deal with the following Dirichlet problem
—Apu = Af(z,u) in Q,
(Pxr)
u=20 on 012,

where p > 1, A € R is a parameter, f:Q2 x R — R is a Carathéodory function
and A, = div(|Vu|P~2Vu) is the p-Laplacian operator. In particular, under the
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condition f(z,0) = 0 for a.a. x € Q, we look for multiple nonzero weak non-
negative solutions of problem (P ). Our main result is Theorem 3.4 which is
stated and proved in Section 3. It assures the existence of at least two nonzero
nonnegative weak solutions for problem (P ;) determining, at the same time, an
explicit real interval for which the solutions exist when A belongs to it besides a
stability property of the solutions with respect to A\. When p = 2, several papers
are devoted to the study of problem (Py s). When p > 1 only, a less number
of works are available. For this latter case, among the most recent ones we find
interesting the papers [3], [9] (see also reference therein, in particular we refer
to [3] for motivations in studying problem (Py )) where multiplicity of nonzero
solutions for problem (P () is obtained using variational methods. In particular,
the results of [3] give the existence of multiple nonnegative, multiple nonposi-
tive and multiple sign changing solutions under a suitable oscillatory behavior of
the nonlinearity. However, there the assumptions are essentially different from
ours. The main result of [9] is Theorem 1.2 whose thesis and assumptions are
directly comparable with ours. In fact, apart the additional properties of the
solutions, Theorem 3.4 and Theorem 1.2 of [9] give the same multiplicity re-
sult. Moreover, conditions (F;)—(F3) of Theorem 1.2 of [9] are very similar to
conditions (a)—(c) of Theorem 3.4. Specifically, (F) turns out a particular case
of condition (a) while (Fy), (Fs) are slightly weaker than (b), (c) respectively.
Anyway, it is easy to check that the previous two results are mutually indepen-
dent. For example, Theorem 3.4 allows us to consider nonlinearities f such that
SUP¢c(0,0] fog f(z,t)dt > 0 for all § > 0, contrarily to Theorem 1.2 of [9]. Finally,
note also that, unlike of Theorem 3.4, a real interval A for which the solutions
exist when A € A is non explicitly determined in Theorem 1.2 of [9].

2. Basic definitions and notations

Throughout this paper, for every Carathéodory function g: 2 x R — R, every
A e R and u € Wy P() we put

(2.1) Tng () = %HUHP - A/Q (/Ou(m) gz, ) dt> dx

where
1/p
] = ( /Q |w<x>|pdx>

is the usual norm in W, (). Also, we put

g(z,t) for all (x,t) € Q x [0,00],
g+(f£,t) =
0 for all (z,t) € Q x |—00,0[.
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Moreover, we say that g satisfies condition (I) (resp. (I")) when one of the
following conditions holds
(i1) p < N and there exists M > 0 such that

t
sup lg(, )] <
ter 1+ [t]9

for a.a. x € Q and for some ¢ € ]0,(N(p —1) +p)/(N —p)],
(i) p = N and there exists M > 0 such that

t
90 _
ter 1+ |t]9

for a.a. x € Q and for some g > 0,
(i3) p > N and, for all r > 0,
sup |g( at)| € Ll(Q)a

[t|<r
(resp. when (I) is satisfied by the function g, ).
By standard results, the condition (I) above assures that the functional Jj 4
introduced in (2.1) is well defined, sequentially weakly lower semicontinuous and

Catedux differentiable in W, * ().
As a usual, a weak solution of problem (P ;) is any u € W, *(£2) such that

/ V() P2V u(2) Vo(z) de — A / Fa, u(@))o(z) dz = 0
Q Q

for all v € Wy*(€). Hence, the weak solutions of problem (P ;) are exactly
the critical points of the functional Jy ;. As quoted in the introduction, we will
assume the nonlinearity f in problem (P} f) satisfying the condition:

(ip) f(x,0) =0 for a.a. x € Q.

Note that if f is a Carathéodory function satisfying (ip), then f, is a Carathéo-
dory function as well.

3. The results

Before proving the main result we need of the following lemmas concerning
the regularity of the solutions. Although the proofs of these lemmas follow
standard arguments, nevertheless we prefer to give some of them for sake of
clearness.

LEMMA 3.1. Let A € R and let g : Q@ x R — R be a Carathéodory function
such that

(a) |g(x,t)] < a(z)(1+ [tP~Y) for a.a. . € Q and all t € R



358 G. ANELLO

where a € LN/P(Q). Then, if u € Wy () is a weak solution of problem (Py ),
one has uw € L™(Q) for all m > 1.

ProoOF. Clearly, without loss of generality, we suppose A = 1. Moreover,
we only consider the case p < N otherwise the thesis is obvious by the Sobolev
embedding theorem. We can proceed as in Lemma B.3 of [11, Appendix B
where the same result is proved for p = 2. Let u be a weak solution of (P g4)
and fix M > 0 and s > 0 such that v € L(tDP(Q). Further, fix B > 0 such that

p/N
1
N/p
alx dx <
</|a(x)|>3| (@)l ) cp2P max{1, s*~!/p}

where

(fey o) [PN/ N =) ) (N=)/ (V)

Cp = sup < o0

vEW, P (Q)\{0} [[vll

by Sobolev embedding theorem. We have
/ |Vu(z)|P2Vu(z)Vo(z) de = / g(z,u(z))v(x) de
Q Q

for all v € W, P(Q). In particular, choosing v = umax{|u[*?, MP} and taking
into account condition (a) of Lemma 3.1, we obtain the following inequalities

/ | Vu(a)[” max{|u(z)[*, MV} dz + Sp/ [Vu(z)[Plu(2)|*" dz
Q

lu(z)|* <M

sptl gg u(z)|P max{|u(z)|*P Pldx
g/Q|a<x>||u<x>\ g +/Q| ()P max{u(z)|*?, MP} d

p/n (N—-p)/N
<([latrras) ([ oo )
Q Q
B

+ / ()PP da
la(z)|<B

a(x)||u(x)| max{|u(x)|*P, MP} dx
+/(z)|>B| (@)|u(z)| max{|u(z)| }

1 NN (N—p)/N
< s AV)PN/(N-p
=at cp2P max{1, sP~1/p} (/Q(|u|max{|u(x)| , M}) dl’)
1
< s P
<es+ e 7y (VO me el )
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where ¢; is a constant independent of M. Consequently, we have

/Q|v«u<w>nwx{hwx>f,ﬂf}npdx

sP~1

<2p_1max{1, }/Q|Vu(x)|pmax{|u(x)|8p,Mp}dx

p
+w/ V() [P|u() [ da
|u(z)|s <M

sP~1

<c12P" P max {1,

}+;/(1|V(u(x) max{|u(z)|®, M})|P dx.

p
Then

p—1
/ V()| dz < 2P max {1, 5 }
[u(a)|s <M D

uniformly with respect to M. This imply |u[**' € W, ?(Q) and thus u €
LETDPN/(N=P) Qo we have proved that if our solution u belongs to LETDP(Q)
then u € LHUPN/(N=p)(Q)).  Consequently, if m > 1, iterating we obtain
u € L™(Q) after a finite number of steps. O

LEMMA 3.2. Let f € L"(Q) with r > N/p and let u € Wy () be a weak
solution of problem

—Apu = f(z) inQ,
u=20 on 0.

Then, v € L>®(Q).

PROOF. The lemma can be easily proved by applying the Moser’s iterative
scheme (see [5], [8]). O

LEMMA 3.3. Let A€ R and g : 2 xR — R be a Carathéodory function satis-
fying condition (1). Then, every solution of problem (Py ,) belongs to C'+7(Q),
where v € 10, 1[.

PROOF. Let u be a solution of (Py,4). If p > N we have u € L*(Q) by
Sobolev embedding theorem. Suppose p < N. We observe that u solves the
problem

Ay 9@ u(x)) p1y
Apv = A + Ju(z)p~t (L+ ") i Q,

v=20 on 012,
where g(-,u(-))/(1+ |u(-)]P~1) € LN/P(Q) as it is easy to check. Thus, by
Lemma 3.1 we have v € L™ () for all m > 1. Consequently, by condition (I) we
infer that g(-,u(-)) € L™(Q2) with r > N/p. Since u solves also the problem

—Apv = Ag(z,u(r)) in Q,
v=20 on 0f),
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then, by Lemma 3.2, we have u € L>(f2). So, in any case, we infer g(-,u(-)) €
L>(Q). Hence u € C17(Q), for some v € ]0, 1], by standard regularity results
(see, for instance, [4]). O

At this point we are able to proof the main result.

THEOREM 3.4. Let f:Q x R — R be a Carathéodory function satisfying (io)
and (I7). Assume that there exist &, &1 € [0, 00[ with & < &1 and ug € Wy'P(Q)
with up(x) > 0 for a.a. © € Q such that

€o
(a) / f(z, t)dt = sup / flz,t)dt  for a.a. x € §2;
0 £€[€0,¢1]

_def uo () 3
(b) 7 —/9(/0 f(x,t)dt—ogsgggo/o f(x,t)dt) dz > 0.

Furthermore, suppose that there exist C > 0 and s € [0, p| such that

(C)Spfol fa,t)dt
g0 L+ [E°

Then, for each X > ||uo||”/(p7), there exist two nonzero nonnegative weak solu-

tions uy, vy € Wy () N CHHY(Q) (with v € ]0,1[) of problem (Py. ;). Moreover,

one has sup ¢ i max{||us|, [lva]l} <oo for every bounded set K C||uol|?/(p7), oo[.

<C fora.a xe.

PROOF. Let A > [ug||?/(p7) where ug € Wy (Q) is as in the hypotheses. At
first, we observe that, thanks to condition (c), the functional Jy f, is coercive. So
that it attains the minimum on each nonempty convex closed subset of WO1 P(Q).
Now, let &, & as in the hypotheses. Put

E={ueW,?(Q):0<u(x) <&}

Clearly, E' is a nonempty convex closed subset of VVO1 P(Q). Then, from what
above said, there exists up » € E such that

(3.2) Ingi(uon) = Jy gz,

We want to prove that ug x turns out a local minimum for the functional Jy f, .
To this aim we follow a similar argument used in [1]. Let us consider the following

real function

& ift > &,
ht)y=4t if0<t<g,
0 ift<o.

Define the operator T: WP (€2) — Wy () putting T'(u)(z) = h(u(z)) for every
u e WyP(Q) and = € Q. By the results of [7] we have that the operator T is
continuous. Also, it turns out

(3.3) T(W, 7 (%) C E.
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At this point, we put Xo = {z € Q : ug x(z) > &} and we observe that, taking
into account of condition (a) and being ug » € E, one has

’u,oy)\(:v)
/ flz,t)dt <
0

and VT (ugp,»)(z) = V& = 0 for a.a. x € Xy. Consequently, one has

&o T (uo,x) ()
fatyde— | Fo,t)di
0

0

JA,f+ (T(UOJ\)) - JA,f+ (UO,/\)

1 T(uo,x)(z)
= —7/ |Vup P de — A (/ f(m,t)dt) dx
p Xo Xo uO,)\(z)

1
—7/ |Vuga|P dz.
P Jx,

By the previous inequality, (3.2) and (3.3) we deduce on |Vugp AP dz = 0. Hence,
[T (uon)—uo [P = [, [Vuoa|? dz = 0 from which ug x(2) = T'(uo,x)(2) € [0, &o]
for a.a. x € Q.

Now, let u € Wy () and put X, = {z € Q: u(z) ¢ [0,&)]}. Clearly,

IA

[ twnde=o

T(u)(z)

for all z € {y € Q: u(y) < &}. Moreover, taking into account of condition (a),

[ twwd= [ fand<o
T (u)(z) T(u)(z)

if & < wu(zx) < & . Notice that, in the case p > N, owing to the compact embed-
ding of W, ?(Q) in C°(Q) and being ug x € [0, &, there exists a neighbourhood
U of ug_x in Wy P(Q) such that v(z) < & for all v € U. Finally, if u(z) > & and
p < N, thanks to (IT) we have

we have

u(z) u(z) u(z)
/ fr(z,t)dt = / flz,t)ydt <M (1+t%)dt
T (u)(z) £o o

M ((ule) ~ &) +

< Clu(@) — &l

g

where

_ £—% gatrt — gt )
“- M(gg (€ —&o)at? * (q+ 1)(€ — &)att < o0

Of course, without loss of generality, we can suppose ¢ > p — 1.

Consequently, we have the following two cases:

/ </ f+(x,t)dt> dx <0
Q T(u)(z)
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ifp> N and u € U;

/ (/ Fi(a,t) dt) dz < Ci|lu = T(u)||**,
Q \JT(u)(z)

q+1 g
oo ( gp alir)
vewl o 1Yl

ifp < N and u € Wy"*(€2) (Notice that C; < oo thanks to the Sobolev embedding
theorem). Thus, in any case we have

J>uf+ (u) — JA»f+ (T'(u))

:% /Quwp - IVT()") de — /Q (

1
>1 / Vul? di — Oy [lu — T(w) |7
b Jx

where

/ fr(z,t) dt) dx
T (u)(z)

- / [Vu = VT(w)|” dv — Cyflu — T (u) |7
Q

= lu T(u)HP@ Cyfu- T(u)q“P)

for all v € U. From the previous inequality, taking into account that T'(ug ) =
ug,x, 1" is continuous and ¢ > p — 1, we easily find a beighbourhood V' of ug x
in W,*(€2) such that In o () > Iy g (T(w) > JIx g, (ugn) for all w € V. Then,
up,x turns out a local minimum for Jy y,, as desired. Furthermore, since 0 <
ug,x < & for a.a. z € (2, we have

(3.4) OZJA7f+(O)Z :i%fJA,f+:J,\7f+(u07>\)

3
RACIY R

Since, as already observed, the functional Jy ¢, turns out coercive, then it admits

%

a global minimum vy in Wol’p(Q). Of Course vy is a critical point for Jy y, that
is vy is a weak solution for problem (P s, ). Therefore, by Lemma 3.3 we have
vy € CY(Q), with v €]0,1[. Let us to show that vy is nonnegative in .
Assume the contrary. Then, Y = {z € Q : vy(x) < 0} turns out a nonempty
open set in . Moreover, we have vy|4 € I/VO1 ’Q(A). Consequently, since one has

/ |V (2)|P~2 Vo (2) Vo(z) do = )\/ fo(z,on(x)v(x) de
Q Q
for all v € W, P(Q), we infer

(3.5) /A |Vux(2)|P~2Vuy(z)Vo(z)de =0
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for all v € C§°(A). By density, (3.5) actually holds for all v € Wy?(A). In
particular, choosing v = vy|4 we get J 4 IVor(2)|P de = 0 which is absurd. Now,
we claim that ug x # vy. Indeed, taking into account of condition (b) and since
A > |luo||?/(p7), it is enough to note that

Ingi(va) = W}’I’l’f(ﬂ) Inge < Iagi (uo)
0

1 uo ()
:f||uo||p—)\/ (/ fe(z,t)dt — sup / fi(z,t) dt)
p Q 0 0<&<o
—A/( sup /f+xtdt)dw
0<é<éo
1 uo’)\(w)
< *HUOAHP — )\/ (/ f+($,t) dt) dxr = J)\’f'+ (UO))\).
p Q 0

Observe that, the previous inequality and (3.4) imply vy # 0. Furthermore, in
view of Lemma 3.2 of [6], the functional .Jy y, satisfies the Palais-Smale condi-
tion. Hence, by Theorem 1 of [10], we easily get the existence of a third critical
point uy y of Jy y, distinct by ug x, vy such that
(3.6) Ia gy (urn) = inf sup Jyp, (¥(t))

YElx te(o,1]
where Ty = {1 € C°([0,1], Wy P(Q)) : 9(0) = ug.x and (1) = vy }.

By the same argument used to show that vy is nonnegative in 2 we infer
that u1 ) in nonnegative in €2 as well.

Hence, to prove the first part of our thesis it is enough to observe that at least
one of the functions wug x,u1,» must be nonzero, then we choose it as the nonzero
solution uy. At this point, it remains to prove the second part of our thesis
which provides the stability of the solutions with respect to A. Fix a bounded
set K C ||luol|?/(p7), oc[. By (3.4) and condition (I*) we infer

uo, A ()
B0 sl <o | < / f+<x,t>dt)dx
Q 0

13
p(supK)/ ( sup / flz,t) dt) dr = CY < o0
Q \0<£<& Jo

for every A € K. Now, we claim that

(3.8) sup |luall £ C5 < 0.

AEK
Arguing by contradiction, assume supycg |[va| = oo and let {\,} be a sequence
in K such that lim,_, ||va, || = co. At first observe that the real function

Y N N, (u||p )\/ (/ xt)dt)d:v)
Wy () uEW, P (Q)
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is well defined and concave in R, so in particular it is bounded on every bounded

set in R. Then, if
vy (2)
/ (/ f+<x,t>dt) <0
2 \Jo

for infinite \,, we should have

p

1
oo >sup inf Jy g > Ja, r (V) > —]lva,
SUP ity I SHCWE

for infinite \,, which is absurd. On the other hand, if

/Q(/Omn(a:) foot) dt) .

for infinite \,,, then, putting Ax = sup K, we should have

1 Uy (@)
oo > sup inf Jyjp > —|oa, [P — )\K/ (/ fa(z,t) dt) dz
Q) p Q 0

AeK WP (

Vap (T)
(/ f+($7t)dt> dx > J/\K,f+(v)\n)
0

for infinite A, and this is absurd being J ;, coercive for all A € R. Consequently,

+ (Ak —)\n)/

Q

condition (3.6) holds. So, to complete the prove, it remain to show that

(3.9) sup |Jug |l < oo.
AeK
To this aim, we first note that the functional

dx

v —

v(z)
/0 o () dt

Q

is weakly continuous (and, in particular, bounded) on every closed ball of
WyP(€). Thus, in view of this and taking into account of (3.6)(3.8), we get

Ia gy (un) < sup Jy g, (tugn + (1 —t)vy)
t€(0,1]

1 1 v ()
< ol + Sfoalr - [ ( [ s dt) dn
p p Q 0

v (z) tuo,a (z)+(1—t)vs ()
+/\/ (/ f+(:c,t)dt—/ f+($,t)dt> dx
Q 0 0

1
<-CY+sup inf Jy g,

p AeK WJP(Q)
v(z)
+ sup(K) [ sup / / |f+(z,t)] dt| dx
lvlI<cs Ja | Jo
v(x)
+ sup / / |f(x,t)|dt dx] = Cy <00
lv][<C2+C3 JQ | Jo
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for all A € K. At this point, to prove (3.9) we can follow the same argument used
to prove (3.8) starting from the fact that supycx Ji,r, (u1,0) < 00. So, since the
nonnegative solutions of problems (Py ) and (P y, ) are the same, the proof is
now complete. O

REMARK 3.5. Let us suppose £ = 0 in the assumptions of Theorem 3.4.
Then, conditions (a) and (b) become

&

(a) sup / flx,t)dt <0 for a.a. x € Q,
§€[0,61]J0

(b) there exists ug € Wy*(€) with ug(z) > 0 for a.a. x € Q such that

[ ena)so

REMARK 3.6. Suppose f independent from the first variable and choose
R >0 and zg € Q such that {z € RY : |z — 20| < R} C Q. After, define

(=) c(l =z —ao|/R ifzeq,
up(z) =
’ 0 ifr e Q\{zeRY:|z—x9| <R}

where ¢ > 0. Then, we easily get

/Q (/ouow o dt) e (f)N/OC(C —o /0£ 1) dt de
ol = o (%)’

dzx is the volume of the unit ball in RY. In particular, if

and

where wy = f\fﬂ|<l

in condition (b)of Remark 3.5 we choose ug as above, then we can restate it as
follows:

(b’) there exists ¢ > 0 such that

/Oc(c —N-t /0;5 f(t)dtde > 0.

Taking into account of Remarks 3.5 and 3.6, we obtain the following conse-
quence of Theorem 3.4:

THEOREM 3.7. Let f:R — R be a continuous function with f(0) = 0 satis-
fying (IT), (a), (b’) and

sup (/OE £(1) dt>/(1 HIE[*) < 00 for some s €]0,p[

§20
Then, for all

A> N & <;)N+p <p/oc(c — Nt /05 f) dtdg)
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there exist two nonzero nonnegative weak solutions ux, vy € Wy () N CH7(Q)
(with v € ]0,1[) of problem (P ¢). Moreover, one has supy ¢ g max{|luxll, [[us]}
< o0 for every bounded set K C |\, 00].

Observe that, when p = 2 and Q = ]0, 1], Theorem 3.7 gives back Theorem 3.9
of [2] where, nevertheless, the stability of the solutions is not specified. Also, in
the proof of latter result, the embedding of W,*(]0,1[) in C°([0,1]) turns out
essential. So, in the case p < N, we cannot extend Theorem 3.9 of [2] to problem
(Pa,r) using the same methods employed there. In view of this, Theorem 3.7
turns out a remarkable extension to higher dimension and to the p-Laplacian
operator of Theorem 3.9 of [2].
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