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WEAK SOLUTIONS TO 3-D CAHN-HILLIARD SYSTEM
IN ELASTIC SOLIDS

IRENA PAWELOW — WOJCIECH M. ZAJACZKOWSKI

ABSTRACT. In this paper we prove the existence and some time regular-
ity of weak solutions to a three-dimensional (3-D) Cahn—Hilliard system
coupled with nonstationary elasticity. Such nonlinear parabolic-hyperbolic
system arises as a model of phase separation in deformable alloys. The
regularity result is based on the analysis of time differentiated problem by
means of the Faedo—Galerkin method. The obtained regularity provides
a first step to the proof of strong solvability of the problem to be presented
in a forthcoming paper [22].

1. Introduction

The present paper is concerned with the existence and regularity of weak so-
lutions to a three-dimensional (3-D) Cahn-Hilliard system coupled with nonsta-
tionary elasticity. Such system arises as a model of phase separation in a binary
deformable alloy quenched below a critical temperature. The problem under
consideration has the following form:

uy — V- -We(e(u),x) =b in 07 =Q x (0,7),
(1.1) uli=0 = o, Ult=0 =u1 in €,

u=0 in ST =8 x (0,7),
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xe =V -MVpy=0 inQf,
(1.2) Xlt=0 = Xo in Q,
n-MVuy=20 on ST,

p=—V-TVx+¢'(x)+Wy(e(u),x) inQ",

1.3
13) n-I'Vx=0 on ST,

Here Q C R3? is a bounded domain with a smooth boundary S, occupied by
a body in a reference configuration with constant mass density ¢ = 1; n is the
unit outward normal to S, and T > 0 is an arbitrary fixed time. The body is
a binary a — b alloy.

The unknowns are the fields u, x and p, where u: Q7 — R3 is the displace-
ment vector, x: Q2T — R is the order parameter (phase ratio) and u: Q7 — R is
the chemical potential difference between the components, shortly referred to as
the chemical potential.

The second order tensor

e=¢(u) = %(Vu + (Vu)h)

denotes the linearized strain tensor.

In case of a binary a—b alloy the order parameter is related to the volumetric
fraction of one of the two phases, characterized by different crystalline structures
of the components, e.g. x = —1 is identified with the phase a and xy = 1 with
the phase b.

The function W(e(u), x) denotes the elastic energy defined by

(1.4) W(e(u),x) = %(5(10 —2(x) - Ale(u) —2(x))-

The corresponding derivatives

We(e(u),x) = Ale(u) —2(x)),
Wixle(u), x) = —&'(x) - Ale(uw) —2(x))

represent respectively the stress tensor and the elastic part of the chemical po-
tential.

The fourth order tensor A = (A;ji) denotes a constant elasticity tensor
given by

(1.5) e(u) — Ac(u) = Mre(u)I + 2fie(u),

where I = (d;;) is the identity tensor, and A, 77 are the Lamé constants with
values within the elasticity range (see Section 2). The form (1.5) refers to the
isotropic, homogeneous medium with the same elastic properties of the phases.
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The second order tensor () denotes the eigenstrain, i.e. the stress free strain
corresponding to the phase ratio x, defined by

(1.6) E(x) = (1 — 2(x))ga + 2(X)Eb,

with £,, &, denoting constant eigenstrains of the phases a, b, and z:R — [0, 1]
being a sufficiently smooth interpolation function (called shape function) satis-

fying
(1.7) 2(x) =0 for x<—-1 and z(x)=1 for x> 1.

Furthermore, the function : R — R denotes the chemical energy of the
system at zero stress. This function depends on temperature and is convex
above a critical temperature and a nonconvex for temperatures less than the
critical one. Here we assume it in the simplest double-well form

1

(1.8) vix) = (1= x)?

with two minima at x = —1 and y = 1.

The second order tensors M = (M;;) and T’ = (I';;) represent respectively
the mobility matrix and the interfacial energy matrix. For simplicity, we shall
confine ourselves to the isotropic, homogeneous situation assuming that

(1.9) M=MI, T=TI, M=T=1,

with positive constants M, I" normalized to unity.

System (1.1)—(1.3) represents respectively the linear momentum balance, the
mass balance and a generalized equation for the chemical potential. In a thermo-
dynamical theory due to Gurtin [10] equation (1.3) is identified with a microforce
balance. The free energy density underlying system (1.1)—(1.3) has the Landau—
Ginzburg—Cahn—Hilliard form

(110)  flefu)x, VX) = Welu) ) +6(x) + 5 Vx TV,

with the three terms on the right-hand side representing respectively the elastic,
chemical and interfacial energy.

The remaining quantities in (1.1)—(1.3) have the following meaning: b: QT —
R3 represents the external body force, and wug, u1:Q — R3, x0:Q — R are the
initial conditions respectively for the displacement, the velocity and the order
parameter.

The homogeneous boundary conditions in (1.1)—(1.3) are chosen for the sake
of simplicity. The condition (1.1)3 means that the body is fixed at the bound-
ary S, (1.2)3 reflects the mass isolation at S, and (1.3)2 is the natural boundary
condition for (1.10).
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Before discussing the results of the paper let us place our study in the present
theory of Cahn—Hilliard systems in elastic solids. In recent years such systems
have been the subject of many different modelling, mathematical and numeri-
cal studies, we refer e.g. to [18], [19], [1], [21] for up to date references. It is
known from the materials science literature that the elastic effects have a pro-
nounced effect on the microstructure evolution of the phase separation process
and consequently on the resulting material properties.

The most general setting of the Cahn—Hilliard system coupled with elastic-
ity, accounting for additional anisotropic, heterogeneous and kinetic effects, was
derived by Gurtin [10] within the frame of his thermodynamical theory of phase
transitions based on a microforce balance. System (1.1)—(1.3) represents a sim-
plified version of Gurtin’s model with neglected anisotropic, heteregeneous and
kinetic effects; for more details see [1] where the full Gurtin’s model was studied.

In view of the fact that the mechanical equilibrium is usually attained on
a much faster time scale than diffusion in most of the studies a quasi-stationary
approximation of (1.1);, obtained by neglecting the inertial term w, was as-
sumed. Various variants of the Cahn—Hilliard system with quasi-stationary elas-
ticity were analyzed by Garcke [7]-[9], Bonetti et al. [2], Carrive et al. [4]
and [5], Miranville [14]-[17]. We stress on the fact that the results of [7], [8], [2]
included mathematically difficult case of nonhomogeneous elasticity with tensor
A = A(x) depending on the order parameter.

The Cahn-Hilliard system with nonstationary elasticity was studied in [15]
and [1] where the existence and properties of weak solutions were examined, and
in [21] where the classical solvability was proved in 1-D case. It is clear that
with the quasi-stationary hypothesis the hyperbolic elasticity system is replaced
by the elliptic one and thereby the mathematical analysis becomes qualitatively
different.

We point out that the study of the Cahn—Hilliard problem with nonstationary
elasticity — apart from the mathematical interest on its own — is of special
importance for the initial stages of phase separation at which the formation of
the microstructure is on a very fast time scale.

The goal of the present paper is to prove the existence and some regularity of
weak solutions to system (1.1)—(1.3). Our ultimate aim is to obtain the existence
and uniqueness of a strong solution to (1.1)—(1.3), i.e. such a solution that its all
derivatives appearing in the equations are at least in Ls. The strong solvability
theory will be presented separately in [22]. It is based on the regularity results
proved in the present paper together with some additional time regularity. More
precisely, having sufficiently high time regularity we shall apply the standard
elliptic regularity theory to conclude further space regularity, and consequently
the strong solvability.
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The main results of the present paper were outlined in [23].

As was already mentioned, the strong solvability of system (1.1)-(1.3) in
1-D case was proved in [21]. The strong solvability of the single Cahn—Hilliard
equation in 1-D and 3-D cases was analyzed first by Elliott and Zheng [6].

We point out that in three space dimensions the coupled system (1.1)—(1.3)
shows features that make its analysis much more difficult than in one-dimensional
setting. The arguments used by the authors in the single space dimension in [21],
based on the space regularity of the wave equation, do not extend to the 3-D
case.

The key idea of the regularity theory presented here and in the forthcoming
paper [22] consists in the analysis of time-differentiated versions of problem (1.1)—
(1.3) which yield solutions with sufficiently high time derivatives. The analysis
is performed with the help of the Faedo—Galerkin approximation. The procedure
is straightforward except for some difficulties of technical nature due to many
nonlinear terms that appear in the system after differentiation with respect to
time variable.

For further analysis it is convenient to introduce a simplified formulation of
problem (1.1)—(1.3) which results on account of particular constitutive equations
(1.4)—(1.6) and (1.9). Let Q be the linear elasticity operator defined by

(1.11) u— Qu=V-Ac(u) =pAu+ A+ 1)V(V - u).
Moreover, let us denote
(1.12) B=-A(,—-%,), D=-B:-(gy—%,), E=-B-g,,

where B = (B;;) is a symmetric second order tensor, and D, E are two scalars.
With such a notation we have

(1.13) V-We(e(u),x) = V-Ae(u) = V-A(Ea+2(x)(Ev—Ea)) = Qu+2'(x) BVX,
and
W (e(u), x) = 2" (x)(B - e(u) + Dz(x) + E),
so that (1.1)—(1.3) simplifies to
uy — Qu =2 (x)BVx+b in QT
(1.14) Ult=0 = wo, Utlt=o =u1 inQ,

u=20 on ST,

xe —Ap=0 inQT,
(1.15) Xlt=0 =X0 inQ,
n-Vu=0 onS7,
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p=—Ax+9'(x) + Wy(e(u),x) nQf,
n-Vx=20 on ST,

with W, (e(u), x) given by (1.13)s.
Let us note that the combined systems (1.15) and (1.16) yield the following
Cahn-Hilliard problem

Xt + A% = Al (x) + 2/ (X)(B - e(u) + Dz(x) + E)] in Q7,

(1.16)

—_0 = in Q,
(1.17) Xlt=0 = Xo
n-Vx=20 on ST,
n-VAx =2 (x)n-V(B-e(u)) on ST,

coupled with the elasticity system (1.14). It is seen that the problems are coupled
not only through the right-hand sides but also through the boundary conditions.
Moreover, by definition (1.7) of the shape function z, the problems decouple for
x < —1 and x > 1. We point out that the boundary coupling is characteristic
for the multidimensional problem and does not appear in its one-dimensional
setting. In fact, in 1-D case assuming that b = 0 on ST it follows from (1.14);,
(1.14)3 and (1.17)3 that u,, = 0 on ST, and consequently condition (1.17)4
yields Xzzz = 0 on ST. This fact was used in [21] in the analysis of the 1-D
version of problem (1.1)—(1.3).

The plan of the paper is as follows: In Section 2 we present our main as-
sumptions and results stated in Theorems 2.1 and 2.2. Theorem 2.1 asserts
the existence of a weak solution to problem (1.1)—(1.3). Theorem 2.2 provides
a time-regularity result obtained by differentiating (1.1)—(1.3) with respect to
time variable. In Section 3 we introduce a Faedo—Galerkin approximation of
(1.1)—(1.3). We derive primary energy estimates with constants independent of
approximation and time, and investigate their implications. In Section 4 we
consider a time-differentiated version of the approximate problem and establish
the first regularity estimates with constants uniform in approximation but de-
pending on time. The subsequent sections 5 and 6 provide the existence proofs
of Theorems 2.1 and 2.2 respectively. The proofs are based on the previously
established uniform a priori estimates which, by standard arguments, allow us
to pass to the limit in the corresponding versions of the approximate problems.

We remark that having in mind a future examination of the long time be-
haviour of solutions we record time-dependence of various constants. The ob-
tained regularity estimates turn out to depend exponentially on time, thus in
the present form are not useful for the long time analysis. We point out that
in long-time analysis the crucial point is to show property that if x(0) € [-1,1]
then x(¢) € [-1,1] for all ¢ > 0, in other words that the order parameter at-
tains physically meaningful values for all times. This question is left open in the
present paper.
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We use the following notation:

= (2;)i=1,23€QC R3  the material point,

fi= 2] , fi= 4 the material space and time derivatives,
’ 8:51 dt
IW (e,
£ = (5ij)i,j:1,2,3; W,s(é?,X) = < 8iX)> 9
ij .j=1,2,3
_OWex) ey - W)
WwX(EaX) - 8X ’ w (X) - dX .

For simplicity, whenever there is no danger of confusion, we omit the arguments
(e,x). The specification of tensor indices is omitted as well.

Vector- and tensor-valued mappings are denoted by bold letters.

The summation convention over repeated indices is used, as well as the no-
tation: for vectors @ = (a;), @ = (a;) and tensors B = (By;), B = (By;),
A = (Aijki), we write

a-a :ai?ii, BE :BijBij7
AB = (AijuBr), BA = (BijAiji),
la| = (a;a:)"?, |B| = (Bi;Bi;)"/.

The symbols V and V- denote the gradient and the divergence operators with
respect to the material point . For the divergence of a tensor field we use the
convention of the contraction over the last index, e.g. V - e(x) = (g45,;()).

We use the standard Sobolev spaces notation H™(Q2) = W3 () for m € N.
Besides,

HI(Q)={veH@Q):v=00n S}, HZ(Q)={ve H*Q):n-Vv=0on S},

where n is the outward unit normal to S = 952, denote the subspaces respectively
of HY(Q) and H?(Q)), with the standard norms of H'(Q) and H?(Q2).
We denote by bold face letters the spaces of vector- or tensor-valued func-
tions, e.g.
Lo(Q) = (Lo(Q)",  HQ) = (H'(Q)", neN;
if there is no confusion we do not specify dimension n.

Moreover, we write

”a”Lz(Q) = |lal ||L2(Q), ||aHH1(Q) = |l|al ”Lg(Q) +1[Val HLQ(Q)

for the corresponding norms of a vector-valued function a(x) = (a;(x)); similarly
for tensor-valued functions.

As common, the symbol (-, -) denotes the scalar product in L2(2). For sim-
plicity, we use the same symbol to denote scalar products in Lo (2) = (L2(92))",
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e.g. we write

(@) = [ a(a)i@) dr /Q as(@)iis(a

(B, B) / B;;(x)B;j(x) de.

The dual of the space V' is denoted by V', and (-, - )y v stands for the duality
pairing between V' and V.

By ¢ and ¢(T) we denote generic positive constants different in various in-
stances, depending on the data of the problem and domain €2; whenever it is of
interest their dependence on parameters is specified. The argument 7" indicates
the time horizon dependence. Moreover, § denotes a generic, sufficiently small
positive constant.

2. Assumptions and main results
System (1.1)-(1.3) (in simplified form (1.14)—(1.16)) is studied under the
following assumptions:

(A1) Q C R3 is a bounded domain with the boundary S of class at least C?;
T > 0 is an arbitrary final time.
(A2) The coefficients of the elasticity operator @, defined by (1.11), satisfy

(2.1) >0, 3\+20>0 (elasticity range).
These two conditions assure the following:
(i) Coercivity and boundedness of the operator A
(2.2) cel* <e-Ae <¢e* forall e e S
where S? denotes the set of symmetric second order tensors in R?, and
¢ =min{3\ + 2, 211}, €= max{3\ + 211, 27 };

(ii) Strong ellipticity of the operator Q (property holding true under weaker
assumption 7 > 0, A\ + 271 > 0, see [24, Section 7]). Thanks to this
property the following estimate holds true (see [20, Lemma 3.2]):

(2.3) cllullaee) < 1Qullz,@) for we H* ()N Hy(Q)

with constant ¢ depending on €.
Hence, since clearly [|Qu||, o) <C|u| g2 (q), it follows that the norms ||Qul|z, (o)
and [|u|| g2 () are equivalent on H?*(Q) N H(Q).
The next two assumptions concern the ingredients of the free energy (see
(1.10) with ' = I)

(2.4) Fle(w), x, V) = W(ew), X) + 9(x) + 59X
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(A3) The elastic energy W(e(u), x) is given by (1.4)—(1.6). The interpolation
function z:R — [0, 1] in definition (1.6) of () is at least of class C*
with the property (1.7). Hence,

(2.5) 0<z(x)<1 and [Z'(x)]<c forall xeR.

(A4) The chemical energy ¥(x) has the form of the standard double-well
potential (1.8), so

(2.6) V) =x"—x, ¥(x)=3"-1, " (x)=6x.

Moreover, for simplicity it is assumed that
(A5) The mobility tensor M and the interfacial tensor I' are the identity
matrices M =1, T = 1.
The second order symmetric tensor B and the scalars D, E are defined
in (1.12).
We note that assumptions (A3) and (A4) imply the following bounds for all
ee8?and y e R:

| < +El<e
=12 0E -2 < e
(27) W(e 0| < gele ~200P < ellef? +1),
W,ele 0] + Wl 201 < el +1),
W00l < el 1), 001 < el + 1)

with some positive constant c¢. Moreover, by the Young inequality, we have

2(x)
€' (x)

IN

X)
X)

1 1 1 1
(2.8) W(e) 2 5l — 200 2 gelelP = SO 2 7elef? = elzal® + =),

and ) )
>\t — -
X)) = g —
This shows that free energy (2.4) satisfies the following structure condition
1 1 1 _ _ 1
(29)  flexVx) 2 gelel + 5xt+ IVl — el + %) - 7
> cp(lef +x" + VX)) = ¢

with constants ¢y > 0 and c} given by

1 1 1
¢ = min {4c, 8}’ = c([Eal? + [53]?) — T
This bound plays the key role in the derivation of energy estimates for problem
(1.1)—(1.3) (see Section 4).
For further purposes we recall here the following two additional properties of
the operator Q:
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(2.10) Q is selfadjoint on H(Q) N Hy(Q), i.e.
(Qu,v) = —i(Vu, Vo) = A+ 1) (V- u,V - v) = (u, Qu)

for w,v € H*(Q) N Hy(Q),

(2.11) —Q is positive on H*(Q) N Hy(Q), i.e.
(—Qu,w) = allVulL,q) + A+ MV - ullf,q >0
for u € H*(Q) N Hy().
We state now the main results of the paper.

THEOREM 2.1 (Weak solutions). Let assumptions (A1)—(A5) hold true. Mo-
reover, let the data satisfy

(2.12) be Ly(QF), wyc Hy(Q), wui €Ly, xoc€ HY(N).
Then there exist functions (u, x, p) such that
w € Loo(0, T3 Hy(), s € Loo(0,T; La(Q)),
Ut S LZ(Oa T7 (H(l)(Q))I)v
(213) X € Loo(0,T5 HY(Q)) N L2 (0, T HY (), xe € La(0, T3 (H(2))),
p € Ly(0,T; HY (),
U(O) = uo, ut(o) = Ui, X(O) = X0>
which satisfy problem (1.14)—(1.16) in the following weak sense

T T
(Ac(u), () dt = / (/(X\)BVx + b,n) dt

for all m € Ly(0,T; H)()),

T
/ (wer, ) (a3 () () AL + /
0 0

T T
(2.14) / (Xt &) (m1 (), H11 () At +/ (Vu, VE)dt =0
0 0

for all € € Ly(0,T; H' (),

/ (1, ) dt = — / (Ax,C)dt + / ('() + Wy (e(w), X), C) dt
0 0 0
for all ¢ € La(0,T; La(2)).

Moreover, (u, x, ) satisfy a priori estimates:

(2.15)  luellL 0,122 + €W Los (0,7:22(2)) T IXI Lo (0,754 (2))
_|_

VXN Lo 0.7:L2(2)) + IVl Lo 0ry + Xt 220,71 (2))) < <o
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(2.16) 1wl L omsm ) + XN Lo 0,781 () < 1,
(2.17) X Lao,r:m2 () + 11l oo, mimn () < ea(T),
(2.18) lwet || Lo 0,13 (2))) < es(D),

with positive constants

co = c(lluollar (@), 1w llpa @), Ixoll#1 @), 101l 0,7:L0 ) €55 )
c1=c(co,Q),  ea(T) = c(e))T?, e3(T) = elco, ||b]l po(@ry) T
The second theorem states a time-regularity result which is concluded from
a time-differentiated version of problem (1.14)-(1.16).
In compatibility with equations (1.14);, (1.15); and (1.16);, we define the
following initial conditions corresponding respectively to w:(0), x+(0) and u(0):
uz = Quo + 2'(x0) BVxo + b(0),
(2.19) X1 = Apo,
to = —Axo + 9" (x0) + 2’ (x0)(B - e(uo) + Dz(x0) + E).
THEOREM 2.2 (Time regularity). Let (A1)-(A5) hold, the boundary S of
domain Q be of class C*, and
(2.20)  z:R —[0,1] be of class C* with |2'(x)| + 2" (x)| < ¢ for all x € R.
Moreover, let the data satisfy
be H'(0,T; Ly(9)),
(2.21) wo € H*(Q)NHNQ), ui € HY(Q), xo€H(Q)NHX(Q),
uy € Ly(Q), x1 € Lo(Q), o € H(Q).
Then there exist functions (u, X, pt) such that
w € Loo(0,T; H*(Q) N Hy(Q)), wu € Loo(0,T; Hy(Q)),
U € Loo(0,T; L2(),  ww € L2(0,T; (HY())),
X € CY2(0, T HY (), Xt € Loo(0,T3 La(2)) N La(0, T3 H (2)),
(2.22) Xee € L2(0,T; (HX (2))'),
pe Loo(0,T; HY (), e € La(Q7),
u(0) = ug, ut(0) =wy, wuu(0)=uq,
x(0) =xo0,  xt(0) = x1,  p(0) = po,
which satisfy problem (1.14)—(1.16) in the sense of the identities:

T

T
(2:23) [ ) gy pri 4+ | (Astun) ) de
0 0

T
- / (' (OBl + bm)dt  for allme H(0,T: H(Q)), n(T) =0,
0
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T T
(2.24) / (Xtt: &) (2, (), 12 () dt:/ (e, AL) dt
0 0

for all § € H*(0,T; HY(2)), &(T) =0,

T T T
(2.25) / (e, C) dt = / (Ao, O)dt + / (/00 + W (e(w), X)) ) dt
for all ¢ € HY(0,T; Ly(2)), ¢(T) =0,

where
Z'(X)BVx|: =2"(x)x:BVx + 2 (x) BV xt,
(2.26) [ (x) + Wle(w), )]s =¢" ()xe + 2" (X)xe(B - e(u) + Dz(x) + E)
+ 2 () (B - (ur) + D' (x)x+)-

In addition, (u,x, 1) satisfy estimates (2.15)—(2.18) and
[l 2 0,ms02(0)) + 16t Lo 0,18 (@)) + et Lo 0,710 (02)) < €5(T),
(2.27) IXllerr2 o032 )) + IXtl Lo 0,7522(2)
. HIxell 2o 0,72, 9)) + Bl Lo (0,7312 () < €a(T),
et |l 10,758 20y + IXet | Laoscz @y + litell pagary < T 2es(T),

with constants
ca(T) = (T2 Er(T) + x| o)) lexp a(T)]V2, - es(T) = T ?eu(T),
where

E\(T) = T'2|[bil 0 + 2]l na0) + le(ui)llzy),  a(T) = e(co)T® exp(eT).

REMARK 2.3. Integrating by parts with respect to time in identities (2.23)—
(2.25) and using compatibility conditions (2.19) we obtain the standard weak
formulation of (1.14)—(1.16).

3. The Faedo—Galerkin approximation

In this section we introduce a Faedo—Galerkin approximation of problem
(1.1)—(1.3) (in simplified form (1.14)—(1.16)) and derive basic energy estimates.
These estimates are used to prove the existence of weak solutions in Theorem 2.1.
Throughout this section we assume that the domain 2 has the boundary S at
least of class C?.

3.1. Approximation. Let us consider the following two eigenvalue prob-

lems

(31) —Q’Uj = )\jvj in Q, v = 0 on S, ] S N;
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where @ is the elliptic operator defined by (1.11), and
(3.2) —Aw; = Nw; inQ, n-Vw; =0 onS, jeN.

We recall that, by virtue of the elliptic regularity theory, if the domain 2 has
the boundary of class C!, I € N, then the solutions of (3.1) and (3.2) satisfy

v € I'IZ(Q)7 w; € HZ(Q)

We take the family {v;};en as a basis of the space Hy(Q2) and the family
{wj};en as a basis of the space H%(Q) = {w € H?*(2) : n-Vw = 0 on S}.
Such choice is possible thanks to the following properties of (3.1) and (3.2). On
account of (2.10) we have

(3:3)  Ai(vi,v)) = (—Qu;,v5) =H(Vvy, Vog) + A+ 1) (V- v,V - v;)
= (v, —Qu;) = A;(vi,v;)
for i,j € N. Identities (3.3) show, by the Poincaré-Friedrichs inequality, that
the family {v;} ey is orthogonal in H'(Q) and Ly (f2) scalar products.
We shall assume that v; are normalized so that (v;,v;) = 1. Thereby the
basis {v;}jen becomes orthonormal in Lo(Q) and orthogonal in H' () scalar

products.

Similarly, the family {w;};en satisfies

(3:4) Ni(wi, wj) = (—Aw;, wj) = (Vw;, Vw;) = (wi, —Aw;) = Aj(w;, wy),
)\i)\j(wi,wj) = (Awl, Aw]) for 1,j € N.

Hence, by the Poincaré inequality, it follows that the family {w,},en is orthog-
onal in H%(Q), H'(?) and Ly(Q) scalar products. We normalize w; so that
(w;,w;) = 1. Then the basis {w;};en becomes orthonormal in Ly(2) and or-
thogonal in H'(2) and H?(f2) scalar products. Furthermore, we assume without
loss of generality that w; = 1.

For m € N we denote by Vy,, = span{vy,..., v}, Vi, = span{wy, ..., wn,}
the finite dimensional subspaces, respectively of Hy(2) and H% (1), spanned by
{v1,..., v} and {wy,...,wy}.

Now, let us introduce the following approximation of problem (1.14)-(1.16):
For any m € N find a triple of functions (v, x™, u") of the form

u™(x,t) = Ze;”(t)vi(a:),
(3.5) X" (@) = e (tw(),
i=1

p () = Zd?’(t)wi(ﬂc),
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with el (t), c/*(t), d7*(t) being determined so that
(uff,v;) + (Ae(u™), &(v;)) = (' (X™) BVX™ + b, v;),
(X" wy) + (Vp™, V) = 0,
(3.6) (1™ wj) = —(AX™ wy) + (' (X™) + Wi (™), x™), w;),
forj=1,...,m,
u™(0) = ug',  w"(0) =w", X"(0) = xq",

where ug’, u® € Vo, and x(* € V;,, are the projections of wg,u; respectively,
and o satisfying for m — oo

u — ug strongly in Hp(Q),
(3.7) ul® — uy strongly in Lo(9),
X' — xo strongly in H'(Q).

Clearly, (3.6) can be expressed as a system of first order ordinary differential
equations for the coefficients (e1",...,em), (€1, ..., em ), (cf';...,cp), with the

»¥m rm

right-hand sides being by assumptions continuous functions of their arguments.
Thus (3.6) has a local in time solution on an interval [0,7,,], T, > 0. The
uniform in m a priori estimates proved in lemmas below show that T;,, =T, i.e.
(3.6) has a solution on the interval [0, T].

3.2. Energy estimates.
LEMMA 3.1. Let (A1)—(A5) hold and the data satisfy
(3.8)  wo € HY(Q), wui € Ly(), xo€ HYQ), becLi(0,T;Ly(Q)).

Then a solution (u™,x™,u™) to problem (3.6) satisfies the following uniform
estimate

(3.9)  Nwi"lLo0,752(2)) + llE(@™) | Loc0,7:22(2)) + X | Lo 0,754 02))

VX" lLw0,152200)) + V™ ([ 2, 07) < co,
with the constant
co = colllwoll mr ) 1wl L), Ixollar @)y 1Bl L, 0,7:2.9))» €55 €F)-

PrOOF. We derive the energy identity for system (3.6). First, let us note
that, according to (1.13),

Z(X)BVx = =V - A(Ea + 2(X) (& — Ea)),
thus an equivalent form of (3.6); is

(3.10) (ugy, vj) + (We(e(w™),x™),e(v;)) = (b, v)).
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Testing (3.10) by w*(¢) (i.e. multiplying by () and summing over j from
j=1to j=m) gives

1 d m m m m m
S 0y (W), ™) () = (b, ).

Further, testing (3.6) by u™ yields

(3.12) X ™) + IV ™ 17, ) = 0.

Finally, testing (3.6)3 by —x7*(t) and integrating by parts, leads to

(3.11)

1d
(3.13) —(u" ") + 5 IV o) + (0 () + W (e(w™), X™), x7") = 0.

Summing up (3.11)—(3.13) we arrive at the following energy identity

10 5o [aPass g [ W) +oeem) + 59 do

Jr/ |Vu™|? de = / b-u"dr.
Q Q
Integration of (3.14) over (0,¢) gives

(3.15) f/|'u,t Pda;+/f )™, V™ )dx+/ VP da di!
Qt
1
— [Pt [ pewp) g vxgyde s [ 6w dear,
Q Q Qt

with f(e, x, Vx) defined by (2.4). Now, bearing in mind that f(e, x, V) satisfies
the structure condition (2.9), we can estimate the left-hand side of (3.15) from
below by

1 m m m m m

5”% ”%2(Q)+Cf(”€(u )||2L2(Q)+||X HZ(Q)‘F”VX ”%2(52))—’_ (A2 H%Q(Qt) —c.

Further, in view of growth conditions (2.7) and the convergences (3.7), we have
/Qf(E(UB”)vXZana Vxo') de < ef[le(wo) Iz, ) + X0l L, @) + 1VX0lZ, (@) +1)-

Thus the sum of the first two terms on the right-hand side of (3.15) is bounded
from above by a constant depending on || xoll g1 (), ||woll @ (o) and [[ui|lL,(«)-
Finally, estimating the third term on the right-hand side of (3.15) by

[ b et | <l ool o)

IN

2 2
ZHUZL”LOO(O,t;Lg(Qn + 1817, (0,4:22(2))
we arrive at the following uniform in m estimate

1
(3.16) ZHU?H%Z(Q) +er(lle(m™)1Z,0 + IX 7. + IVX™1Z,0)
HIVE™ 2,00 < ¢
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for t € (0, T, with constant ¢ depending only on |[uo || g1 (o) w1z, (0), [[Xol 71 (2)
16112, (0,:L(2)) and ¢’. This proves the assertion. O

3.3. Further estimates. Clearly, (3.9) implies that
(3.17) X" | oo 0,511 (02)) < €1
with constant ¢; = ¢(cp, 2). Hence, by the Sobolev imbedding,
(3.18) X" (0.7:L6(2)) < C1-
Further, since 4™ = 0 on ST, it follows from (3.9) by Korn’s inequality that
(3.19) (w1 0,70 () < -
We note that setting w; =1 in (3.6)2 (admissible by assumption) yields

d
3.20 — Mdy =
(320) & [z =o

which shows that the mean value of x™ is preserved

/Xm(t)dx:/xa"dx for t € [0,T7.
Q Q

This property will be used in later analysis. We remark also that thanks to
(3.20) the structure condition (2.9) on f(e, x, Vx) could be in fact replaced by
a weaker one

Fex, Vx) = ep(lel? + [Vx?) = .
In such a case, by the Poincaré inequality, estimate ||Vx||z_(0,1m:z.(2) < co
would still guarantee bounds (3.17) and (3.18) with a constant

c= c(cO,Q,/ X0 dac).
Q

On the basis of (3.9) and (3.18) we derive an additional estimate on p™.

LEMMA 3.2. Let assumptions of Lemma 3.1 be satisfied. Then, fort € (0,T],
(3.21) 1™ | La 0,611 () < c2(t)
with constant co(t) = c(cq)t/2.
PROOF. Setting w; =1 in (3.6)3 (admissible by assumption) it follows that
e = [ 6 + Woewm) ) e

Hence, using growth conditions (2.7) and estimates (3.9), (3.18) we obtain

(3.22) ’ /Q u™ da

3
< c/Q<|x| +le(w)| + 1) di < efer)
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for almost all ¢t € (0,7]. Consequently, by the Poincaré inequality, estimates
(3.9) and (3.22) imply that

t 2 1/2
[0 [[La 00y < el V™ [[La(00) +c{/0 </Qumdx) dt’}

< ccg + c(cl)tl/2 < o).
This shows (3.21). O

By virtue of Lemma 3.2 we can deduce further estimates on x™.

LEMMA 3.3. Let assumptions of Lemma 3.1 hold. Then, fort € (0,T],
(3.23) IX™ | Lo 0,612 () < c2(t).
PRrOOF. In view of (3.2), identity (3.6)3 implies that
(™, Aw;) = (=AX™, Aw;) + (¥ (X™) + Wy (e(uw™),x™), Aw;).

Testing the above equality by x™(¢) and integrating with respect to ¢ yields

t t
/ /(Axm)Q dx dt/ _ _/ / ’umAX'm dx dt/
0 JQ 0 JQ
t
+/ /Q[w’(x’”)+W,X(e(um),xm)]AXm dx dt’.
0

Now, using the Cauchy—Schwarz inequality, and then growth conditions (2.7)
and estimates (3.9), (3.18), (3.21), we obtain

(3.24) IAX" |20ty <™ ILac0r) + 19 (X La(0)
+ [Wx(e(w™), X)Lt
<™ oy + 2 UX™13 L 0.tz
+ ||E(unL)HLOC((),t;L2(Q)) +1) < eaft).

On account of the ellipticity property of the Laplace operator (see e.g. [11, Chap-
ter I111.8] we have

Hence, by (3.24), (3.20) and the convergences (3.7)3, we conclude (3.23). O

(3.25) T c(Axm||L2m> n \ [

Using standard duality arguments we shall estimate also time derivatives u}}

and xi*.
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LEMMA 3.4. Let assumptions of Lemma 3.1 hold, and b € Ly(QT). Then,
fort e (0,T],

(3.26) iy [ oo, @)y < es(t)s X L0601 (2))) < cos
where c3(t) = ¢(co, ||b||L2(Qt))t1/2.
PrOOF. For i € Ly(0,T; Hy(Q)), we test (3.6); by n™ = P™n, where P"

denotes the projection defined by

m

(3.27) Py =2 (n.v)v:

i=1

Then, using the Cauchy—Schwarz inequality, and recalling estimate (3.9), we
obtain

t t
‘/ (ury,m)dt'| = ‘/ (utry, P™n) dt’
0 0

/0 [~ (Ac(u™), =(P™)) + (2 (™) BYX™ + b, P"n)] dt’

<c[lle(u™) |y @) IVP" 1l oty + (VX" [ Lo00) + 18]l Lo 00) 1P 1l 2, 00)]
< c(cot™? + 1|1l £y 0 1P 1l Ly 0,125 (2)) < 31T 10,0550 (2))

for all € Ly(0,; Hy(Q)). This shows (3.26);. Similarly, for £ € Lo (0, T; H'(Q)),
we test (3.6)2 by

(3.28) & =PmE=) (& wiw,
=1

to obtain

- ’ / (g, Pe) di| = ‘ / (Y™, VPE) dt
0 0

<IVE" Lo VP Loy < coll€llao.m @),

t
\ [ oamear
0

where in the last inequality we used (3.9). This implies (3.26)3 and completes
the proof. O

4. Time regularity estimates

In this section we derive uniform in m time-regularity estimates for solutions
of approximate system (3.6). These estimates result from time-differentiated
version of (3.6) and lead to the existence result of Theorem 2.2. Throughout
this section we assume that the domain € has the boundary S of class C*.
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Let us differentiate system (3.6);—(3.6)s with respect to ¢ and rewrite it in
the following form:

(utyr vj) + (Ae(ui"), e(vy)) = ([£'(X™")BVX"].¢ + b, v;),
(4.1) (it wy) = (", Awy) =0,
(1" wy) = —(Axi", wy) + ([0 (X™) + Wi (e(u™), x™)] e, w;),
for j = 1,...,m, where the explicit expressions for [z'(x)BVx]: and [¢'(x) +

W (e(u), x)]+ are given in (2.26). The above system is considered with the
initial conditions

u™(0) =ug',  w(0) =uw",  x"(0) = X0,
ui (0) =wug',  xi"(0) =x1"  w™(0) = ug'

where uy’ € Vg, and x7*, ug* € Vi, are the projections of the data wug, x1 and

(4.2)

Lo, respectively defined in (2.19).
We assume that the following convergences in the strong sense are satisfied:
ul' — g in H*(Q) N H(Q), ul" — oy in Hy(Q),
(4.3) X — xo in H*(Q) N HZ(Q), uy' — uy in Ly(Q),
XTI = xa in La(9), pe' = po  in HY ().
4.1. The basic estimate.
LEMMA 4.1. Let (A1)—(Ab) hold, the boundary of the domain Q be of class
C*%, the function z:R — [0,1] be of class C? with property (2.20) and the data
satisfy (2.21). Then a solution (u™, x™, u™) of approxzimate problem (3.6) satis-

fies system (4.1) with the initial conditions (4.2). Moreover, (u™, x™, u™) satisfy
the estimates in Lemmas 3.1-3.4, and

|\U§7t/||Loo(o,t;L2(Q)) + ||u1767’l||Lm(0,t;H1(Q)) < es(t),
(4.4) m m
X2 HLOO(O,t;Lz(Q)) + I ||L2(0,t;HI2V(Q)) < cy(t)

fort € (0,T), with constants c4(t), c5(t) (independent of m) given by
ca(t) = et Er() + X1l o) lexp a2, es(t) = '/ 2ea(t),
where

Ey(t) =t"2|by |, + lluallza@) + le(ur)ll. @),
a(t) = c(co)t® exp(ct).

PROOF. In the first step we estimate w}" in terms of the Lo(0,t; H?(£2))-
norm of x}". Testing (4.1); by u}}(t), we obtain

1d
1d / (ufp ? + e(ul) - Ae(ul)) di = / (I O™ BYX™], + by) -l do.
2dt Q Q
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Hence, by the Cauchy—Schwarz inequality,

3| (] ui? +eur). As(u;”))dm)l/zr

1/2
< ( /Q (O™ + [V + bf)dx)

([ et Ae(u@"))dm)ma

SO

as) ([ un et As(u;“))dx)l/z

1/2
< ( Lo+ o + |bt|2>dm) .

Integrating (4.5) with respect to ¢ and using the coercivity of A (see (2.2)), it
follows that

@0 [ (i + e ) da
t 1/2 2
<o [ [rmamp 19 ? + o) ar
0
+ [ (i) + et O) ) do
<et [ (OQPIVN" P+ [TXE ) dudt + (BT ()
Qt
where ET'(t) = t'2||b||p,0t) + |4l 1. + le(ul)|1,)- Clearly, due to
convergences (4.3), ET(t) < cEy(t).

We shall estimate the first two terms on the right-hand side of (4.6). On
account of Lemma 3.1, we obtain

t
an [ PV dsar <sup [ {93 Pde [ o

t
< 00/0 IXPE oy ' = 1o

Now, applying the interpolation inequality (see e.g. [3, Chapter III, Section 10])
X () < €7 IV na () + e X a0

with s, = 3/4, € > 0, and setting §; = /4, yields

t t
(4.8) I < 51/0 IV2xE a0 dt’+0(61)5f3/0 X 17 0 -
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Similarly,

t t
@0 [ R <o [V d + o [ I o
where the interpolation inequality

VX a0 < 672 IV nag) + e X | Lo
with s = 1/2, ¢ > 0 and d, = /2, was applied. Using (4.7)-(4.9) in (4.6)
yields

t
/Q (22 + e (™) 2) de < ct(6 + b) / IV2XE I, o

eleo07 +5") [ 1o+ B 1)
Hence, assuming §; = do and choosing § = ctd; we arrive at the estimate
(4.10) ||U?Z||%2(Q) + ||5(U;n)|\%2(9)
t t
<0 [ IV iy 1o ) [N oy + a0

for t € (0,T), where ¢(1/8, co,t) = c(co)d~3t%, § > 0 (arbitrary).
In the second step we consider system (4.1)s, (4.1)3 which on account of (3.2)
can be rewritten in the form of the following equation:

(411) (i wy) = —(AxE" Awy) + ([ (X)) + Wy (e(w™), X)), Aw;).

Testing (4.11) by x7*(¢) gives

3 O de s [ (andn = [ 00 + Wlewm) AN do.

Hence, by the Young inequality, it follows that

@ 4 [ [@mtde < | @O + W) de

< C/ (O™ O + ()2 le (™) + (™) + le(w)™) ] da,
Q

where in the last inequality we used identity (2.26)2 and the assumptions on ¢
and z.

Let us examine the first two terms on the right-hand side of (4.12). Using
the Holder inequality and then recalling estimate (3.18), we obtain

@13) [ ) de < suplx” o I o
<l < GBIV 1E,@) + e(1/8) X 17, )

for 3 > 0, where in the last line the interpolation inequality was used.
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Similarly, an application of the Hoélder inequality, estimate (3.9) and the
interpolation inequality to the second term on the right-hand side of (4.12) yields

(4.14) /Q(Xl”)Qle(um)Ide < Sl;pHs(um)”%Q(Q)HXTH%OO(Q)

< collX 17 ) < 04l VX 2, 0) + c(1/0) X117 00

for 64 > 0. Now, using the inequality

(4.15) X 12 0) < ellAXY | 220

which holds true because [, x7* dz = 0 (see (3.20)), applying (4.13) and (4.14)
in (4.12), and choosing 03, d4 sufficiently small, we conclude that

d m m m m
(4.16) £||Xt ”%2(9) + lIx¢ quf‘v(n) < c(llxi H%Q(Q) + le(ug ”%2(9))'

At this point we apply estimate (4.10) to the second term on the right-hand side
of (4.16). This leads to

d m m m i m
417) =l I @) + X2 172, 0) < ellXi 1L, 0 +5/0 IV 7 0yt

t
1 e{e)d 3t / X2,y ' + (B (1))

for t € (0, T]. Multiplying (4.17) by e, integrating with respect to ¢, and using
that, on account of (4.3), [[XT"||L,0) < cllx1ll L, (q), We arrive at

t
Ol + [ ¢ I iy o
t , t’
<5 [ e [ IV e ot
t , t’
bele)s™ [yt [ IR, o e
. 0 0
e [ e B + bl

0

Hence,

t t
(4.18) Iy 70 +/0 ”X?’l(t/)”%]ﬁ,(ﬂ) dt’ §5t66t/0 ||X§7(tl)||§1]2;,(9) dt’

t
+c(co)d e /0 X2 ()T o A + cte (E1(t)* + e xallLy0)-



WEAK SOLUTIONS TO 3-D CAHN-HILLIARD SYSTEM 369

Choosing § = t~te=* /2, we obtain
t
I O + [ I @By

t
< C(Co)tSeCt/O X3 ()17 ) dt’ + cte (Br(1)? + e xallL, -

Now, the application of the Gronwall lemma yields

t
@19) PO 0+ | IOl 02
< (B (1))? + I ace) explct + eleo)® explet) < (1)

for almost all ¢ € (0,T]. This proves estimate (4.4)2. Applying (4.19) in (4.10)
and setting there § = ¢t we conclude, by virtue of Korn’s inequality, estimate
(4.4)1. Thereby the proof is completed. a

4.2. Further estimates. Firstly, we note that in view of the inequality

¢ 1/2
aa®) = a0 o= 12 ([ oaat)
estimate (4.4)y implies that x™ € C'/2([0,T]; H%(9)), and
(4.20) X" 172 (10,012, () < €cal?).
Next, we prove the following
LEMMA 4.2. Let assumptions of Lemma 4.1 hold. Then, fort € (0,77,
(4.21) lw™[ L (0,612 (0)) < cs5(t).
ProoF. Using (3.1) we rewrite (3.6); in the form
(uif, Qu;) = (Qu™, Quj) = (Z'(x™")BVX™ + b, Qu;).
Testing this equality by u™(t) gives
||QumH%2(Q) = (u}} = 2'(x™)BVX™ +b,Qu™) for a.a.te (0,T].

Hence, using the Cauchy—Schwarz inequality and then recalling estimates (3.9)
and (4.4)1, we obtain

1Qu™ | 0,:L.(9))
< clllwffylleotza9) + VX" L ©.6:2202) + 1Bl 0.65222))
<ecles(t) +eo+1) <es(t).

This, by the ellipticity property of Q (see (2.3)), implies (4.21). O

The next result provides an additional regularity estimate for ™.
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LEMMA 4.3. Under assumptions of Lemma 4.1,
(4.22) ™ ne oz @) < ca(®), i Loy < t%es(t), te (0,T].
PROOF. Using (3.2) we rewrite identity (3.6)2 in the form
(xi", Awj) = (Ap™, Awj).
Testing this equality by p™(¢) and using the Cauchy—Schwarz inequality yields
1A sy < NPl oy for aa. t € (0, T,
Consequently, due to estimate (4.4)s,
(4.23) AL Lo (0,6:22(92)) < X Lo (0,810 (02)) < cal?).

Thus, recalling bound (3.22) on the mean value of pu™, estimate (4.22); follows
from (4.23) on account of the ellipticity property of the Laplace operator.

To show (4.22)2 we test identity (4.1)3 by ui*(t). Then, with the help of the
Cauchy—Schwarz inequality, it follows that

(4.24) (s lzae) < IAXE @) + 11 (™) + Wi (e(w™), X™)].4]

The second term on the right-hand side of (4.24) can be estimated with the
help of bounds (4.12)—(4.14) (with 3 = d4 = 1) in the proof of Lemma 4.1.
Consequently, we obtain

L ()"

1 s 0r) < cUIAXT Lyt + IV X o) + X s o) + le(@i) |z o))
< c(ea(t) + 11 2%e5(t)) < tY2%e5(2),

where in the last line Lemma 4.1 was used. This completes the proof. O
Finally, we estimate time derivatives ui}, and xi;.
LEMMA 4.4. Under assumptions of Lemma 4.1,

iy er | Lo 0,45003 (0))) < t12e5(t),

(4.25) N s
X2 | Lo 0,2, )y < T/ 7es(t), L€ (0,T7.

PrROOF. We proceed similarly as in Lemma 3.4. For n € Lo (0, T; Hy(Q)) we
test (4.1); by n™ = P"n, where the projectin P" is defined by (3.27). Then

t
] [ it at
0

/0 (—(A=(ull), < (P™n) + ([ (™) BVX™ + bl . P"n)} dt

<cllle(ui) Lo @) IVP 1|z,
+ (X VX" oty + IVXE L) + 108 | 2o @) [P 1| 2y 00y
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Hence, recalling Lemmas 3.1, 4.1, and the estimate
X' VX lLa0t) < X220, Loe @) IVX ™ | Le (0,652 () < Cocalt),

it follows that

t
[ timar
0

for all n € Ly(0,t; Hy(Q)). This shows (4.25);.
Similarly, for any & € L2(0,T; H%(12)), testing (4.1)2 by £™ = P™¢, where
the projection P™ is defined by (3.28), we obtain

< c(t*2e5(t) + ca(t) + by || Lo PN Lo 0,05 ()

< t1/205(t)||77||L2(o,t;H1(Q))

t

t
(e €) dt" _ ‘ [ arrear
0 0

<N | Lo IAP™ €l Loy < 25O 1E] Ly 0,6m2 )

where in the last inequality Lemma 4.3 was applied. This shows (4.25)5. (|

5. Proof of Theorem 2.1

From Lemmas 3.2-3.4 it follows that there exists a triple (u, x, 1) with

w € Loo(0,T; Hy(Q)), s € Loo(0,T; Ly(R)), uy € Lo(0,T; (H(Q))),
(5.1) X € Loo(0,T; HY(Q)) N Lo (0, T; H%(Q)), x: € La2(0,T; (HY())"),
p € Ly(0,T; H' (),

and a subsequence of solutions (u™,x™, ™) to problem (3.6) (which we still
denote by the same indices) such that as m — oo:

u™ —u  weakly-* in Lo (0,T; Hy(Q)),
uy® — u;  weakly-" in Lo (0,T; L2(Q)),

ull’ — uy  weakly in Lo (0, T; (HG(Q))),
(5.2) X™ — x  weakly-* in Lo, (0,T; H'(R)) and
weakly in Lo (0,T; Hx (),
xi* — xt  weakly in Ly(0,T; (H'(2))"),

o,
p™ — o weakly in Lo (0, T; H' ().
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Using the compactness results (see e.g. Lions [12], Simon [25, Section 8]) it follows
that for a subsequence (still denoted by the same indices)
u™ —u  strongly in Ly(0,T; Ly(2)) NC([0,T); Ly(2)), ¢ <6,
and a.e. in Q7
(5.3)  ul™ —wu; strongly in C([0,T]; (H(Q))'),
X™ — x  strongly in Ly(0,T; H(Q)) N C([0,T]; L(£2))

and a.e. in Q7.
Hence,
u™(0) = ug® — u(0) strongly in L,(Q2), ¢ <6,

u}"(0) = ul” — uy(0) strongly in (H(R)),
xX"(0)

Xo" — x(0)  strongly in Ls(€2),
what together with convergences (3.7) implies that
(5.4) u(0) =uo, u(0) =u1, x(0)= xo.
The relations (5.1) and (5.4) imply assertion (2.13) of the theorem.
Now, let us introduce the following weak formulation of (3.6):
T T
65 [ iy med+ [ (A, <)
T
= / (Z'(X™)BVX™ + b,m)dt for all p € Ly(0,T; Vo),
0
T T
(5.6) / Xt &) () m1 (o) dt +/ (Vu™,Ve)dt =0
0 0
for all € € Lo(0,T; Vi),

T

T T
(5.7) / (™, C)dt = — / (Ax™.C) dt + / (W (X™) + W (e (™), x™), ) dt
for all ¢ € Ly(0,T; V).

To pass to the limit m — oo in identities (5.5)—(5.7) we follow the standard
procedure (see e.g. Lions—Magenes [13]). Namely, we fix m = mg € N in the
spaces of test functions 1, £, ¢ and take subsequences (5.2) with m > mg. Clearly,
by virtue of the weak convergences (5.2), the linear terms in (5.5)—(5.7) converge
to the corresponding limits. Thus, it remains to examine the convergence of the
nonlinear terms 2'(x™)BVx"™ and ¢'(x™) + Wy (e(u™), x"™).
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Recalling the growth conditions (2.7), and using the energy bounds (3.9),
(3.18), it follows that

I (M) BYX" L 01 Lacsy < EIVX" 2 07 Lacey) < 0
19" (X" M L (0,1520(2)) < C(HXmH%OC(O,T;Lﬁ(Q) +1) < c(er),
IW (™), X o 015000 < @™, oL + 1) < eleo).

Thanks to these uniform in m estimates and the pointwise convergences (5.3) we
can apply the standard nonlinear convergence lemma (see Lions [12, Chapter 1,
Lemma 1.3]) to conclude that

2 (X™)BVX™ — z(x)BVx weakly-* in Lo (0,7T; La(2)),
P'(X™) = (") = X" = xP = x =) weakly-" in Loo(0,T; L2(R)),

Wi (e(u™),x™) =2'"(X")(B-e(u™) + Dz(x™) + E) —
2 (X)(B - e(u) + Dz(x) + E) = Wy ((u), X)
weakly-" in Lo, (0,T; La(92)).

Consequently, passing to the limit in (5.5)—(5.7) for a subsequence my < m — oo,
we conclude that the identities in Theorem 2.1 are satisfied for all test functions
N € L2(0,T; Vomg)s € € L2(0,T; Vi) and ¢ € La(0,T;V,y, ). Next, passing to
the limit mg — oo, we arrive by density arguments at identities (2.14). Clearly,
a priori estimates (2.15)—(2.18) are the consequences of the uniform estimates in
Lemmas 3.1-3.4 and the weak convergences (5.2). This proves the theorem. O

6. Proof of Theorem 2.2

From Lemmas 3.1-3.4 and 4.1-4.4 it follows that there exists a triple (u, x, @)
with
61) w € Loo(0,T; H*(Q) N HY(Q)), wu; € Loo(0,T; H'(Q)),
' Uy € Loo(0,T; La(Q)),  ww € Lo(0,T; (H(R))'),
X € CY2([0,T); HY (), Xt € Loo(0,T5 La(€2)) N Lo (0, T; HY (R2)),
(6.2) Xit € L2(0,T; (H (Q))"),
p € Loo(0,T; HY (),  ps € L2(Q7),

and a subsequence of solutions (u™,x™, u™) to problem (3.6) (which we still
denote by the same indices) such that as m — oo:
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u™ —u  weakly-* in Lo (0,T; H*(Q2)),
ul™ — uy  weakly-" in Lo (0, T; H*(Q2)),
uyy — uy  weakly-" in Lo (0,T; La(9)),
ull, — wyy  weakly in Lo (0, T; (H(Q))'),
X" =X weakly-* in Lo (0,T; Hx (),
(6.3) Xt — xt  weakly-* in Lo (0,T; L2(€?)) and
weakly in Ly(0,T; H3 (),
XW— xee  weakly in Ly (0, T; (H3(Q)))),
uw"t = weakly-* in Lo (0, T; H3()),
uyt — e weakly in Lo ().

Using the compactness results [25] it follows that for a subsequence (still denoted
by the same indices)

u™ —u  strongly in Ly (0, T; Hy(2)) N C([0, T[; L2())
and a.e. in Q7

ul® — u;  strongly in Ly(Q7) N C([0,T]; L2(Q))
and a.e. in Q7

wjp —wy strongly in C([0,T); (HA(Q))),

(6.4) X™ — x  strongly in Ly(0,T; H'(Q)) n C([0, T); H'(Q))

and a.e. in Q7

X" — x¢  strongly in Ly(0,T; H(Q)) N C([0,T]; (H%(Q))")
and a.e. in Q7

p™ — p strongly in Lo (0,T; H(Q)) N C([0,T]; H*(Q))

and a.e. in Q7.

Hence,
u™(0) = ul" — u(0) strongly in Hy(Q),
u;'(0) = uf" — u(0) strongly in Lo(9),
w(0) = ul — uy(0) strongly in (H3(Q)),

(0)
(0)
(0)
X™(0) = xg" — x(0)  strongly in H'(€),
Xi"(0) = x7" = x+(0)  strongly in (HX(2))',
(0) = pg* — p(0)  strongly in H'(Q),

what together with convergences (4.3) implies that

(6.5) u(0) = uo, uy(0) = w1, uu(0) =us,
x(0) = xo0, xt(0) = x1, 1(0) = po.
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The relations (6.1)-(6.2) and (6.5) imply assertion (2.22) of the theorem.
We introduce now the following weak formulation of system (4.1):

T

T
| ) ey e+ [ (As(u) )

T
— [ (OB byt for all m € HYO,T5 Vo), (T) =0,
0
T T
(6.6) /0 (Xt &) (a2 (), B2, (0) = /0 (pe, AE) dt
for all £ € H'(0,T; V), &(T) =0,

T T T
/ (. ¢ dt = / (A C) di + / (/O™ + Woa(e(u™), x™)] 0. C) dt
0 0 0
for all ¢ € H'(0,T;V,,), ¢(T) = 0.

We pass to the limit m — oo in a similar fashion as in the proof of Theorem 2.1.
Clearly, due to the weak convergences (6.3), all linear terms in identities (6.6)
converge to the corresponding limits. It remains to examine the convergence
of the nonlinear terms [2'(x™)BVx™]: and [¢'(x™) + Wy (e(u™), x"™)]+ whose
explicit expressions are given in (2.26).

Recalling assumptions on z,v¢ and using Lemmas 3.1, 4.1 we obtain the
following bounds (these bounds can be also directly concluded from the proofs
of Lemmas 4.3, 4.4):

12" (X™) BV X" tll o ory < c(IXe" VX" [ Lo07) + IVXE Lo@r))
<clIxt" a0, 1:00 @) IVX " I Lo 0,75222)) + IVXE | L2 07))
<c(eo+ 1)eq(T),

119" (™) el Loy < ell((X™)? + DxE o)
c(IX™17 o 0.7 L) IXE 2207 Lo () + X | Lo (07)

< (e} + Dea(T),

W (e(@™), X)) tll Lo ar)
<c(llxt"e(u™)l L, ory + X Loy + lle(ud™) ||z, 7))

I /\

<e(lIxt" ”Lz(O,T;LDO(Q))Hs(um)HLoc(O,T;Lg(Q)) + ||XT||L2(QT)
+ lle(ui)l|z,@r)) < clco + 1)ea(T) + es(T).
Thanks to these uniform in m bounds and the pointwise convergences (6.4) we
can apply the nonlinear convergence lemma (see [12, Chapter 1, Lemma 1.3]) to
conclude that
(6.7) [Z'(X™)BVX"]e = 2" (X" BVX™ + 2/ (X" BVX]"
— 2" (X)x:BVx + 2 (x)BVx: = [¢/(x)BVx]: weakly in Ly(Q7),
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BX™)? = 1x7" = Bx* — Dxe = [/ (X))
weakly in Ly(Q7T),

=

=

=
I

(Wox(e(@™), x™)].¢

Z'(X™Mxi (B - e(u™) + Dz(x™) + E) + 2/ (X™)(B - e(ui") + D2 (X™)x{")

— 2" (X)xt(B - e(u) + Dz(x) + E) + 2'(x)(B - e(us) + D2’ (x)xt)
= [W(e(u),x]+ weakly in Ly(QT).

)

In view of (6.7)—(6.9), passing to the limit m — oo in identities (6.6) we conclude
(2.23)—(2.25). We also note that a priori estimates (2.27) result immediately from
the estimates in Lemmas 3.1-4.3, 4.1-4.4 and the weak convergences (6.3). This

completes the proof of the theorem. O
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