Topological Methods in Nonlinear Analysis
Journal of the Juliusz Schauder Center
Volume 36, 2010, 153-178

GLOBAL EXISTENCE, ASYMPTOTIC BEHAVIOR
AND BLOW-UP OF SOLUTIONS
FOR A VISCOELASTIC EQUATION
WITH STRONG DAMPING AND NONLINEAR SOURCE

WENJUN LI1u

ABSTRACT. This paper deals with the initial-boundary value problem for
the viscoelastic equation with strong damping and nonlinear source. Firstly,
we prove the local existence of solutions by using the Faedo-Galerkin ap-
proximation method and Contraction Mapping Theorem. By virtue of the
potential well theory and convexity technique, we then prove that if the
initial data enter into the stable set, then the solution globally exists and
decays to zero with a polynomial rate, and if the initial data enter into
the unstable set, then the solution blows up in a finite time. Moreover, we
show that the solution decays to zero with an exponential or polynomial
rate depending on the decay rate of the relaxation function.

1. Introduction
In this paper, we are concerned with the following initial-boundary value

problem for nonlinear viscoelastic equations with strong damping and nonlinear

2010 Mathematics Subject Classification. 35115, 35L70, 35B35, 35B40.
Key words and phrases. Blow up, global solutions, asymptotic behavior, viscoelastic equa-
tion, strong damping, stable and unstable set.

©2010 Juliusz Schauder Center for Nonlinear Studies

153



154 W. Liu

source
¢
ug — Au + /0 g(t — s)Au(z, s)ds
(1.1) - WAut + pug = ‘u|r—2u, (xat) € x (Oa OO),
u(z,0) = up(x), w(x,0) = ui(x), x €,
u(z, t) =0, (z,t) € 9Q x [0, 00),

where 2 is an open bounded Lipschitz subset of R™ (n > 1). The relaxation
function g is a positive and uniformly decaying function. The functions ug and
uy are given initial data satisfying

(1.2) ug € HY(Q), wuy € LA(Q),
(1.3) w >0, > —wy,

where A1 is the first eigenvalue of the operator —A under homogeneous Dirichlet
boundary conditions, and

(1.4) 2<r<2*=2n/(n—2) ifn>3, 2<r<oo ifn=1,2.

This type of problem arises in viscoelasticity and in system governing the longi-
tudinal motion of a viscoelastic configuration obeying a nonlinear Boltzmann’s
model (see [1], [4]).

In the absence of the viscoelastic term (that is, if ¢ = 0), the equation in
(1.1) reduces to the damped wave equation

(1.5) ey — Au — wAug + pug = |u]""2u,  (x,t) € Q x (0,00).

This equation has been extensively studied by many mathematicians. Sufficient
conditions for the existence of nonglobal as well as global solutions in the nondis-
sipative case (w = p = 0) were obtained by L. E. Payne and D. H. Sattinger [23]
where they introduced the concepts of stable and unstable sets. For the case
w =0 and g > 0, R. Tkehata [9] gave a characterization of the global solutions
decaying to zero. He also gave a characterization of the existence of blow-up
solutions, but restricted to sufficiently small coefficient . The later result was
improved by J. A. Esquivel-Avila in [7] for any positive coefficient ;. Recently,
F. Gazzola and M. Squassina [8] considered equation (1.5) where strong damping
term was included (w > 0) and proved global existence and finite time blow-up
of solutions.

As far as the viscoelastic term fot g(t — s)Au(z, s) ds is concerned, problems
related to (1.1) have also been extensively studied and many results concerning
existence, decay and blow up have been established. For example, the following
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equation
¢
gy — Au +/ g(t — T)Au(r)dr + a(@)us + Ju"u =0, (x,t) € Qx (0,00)
0

has been considered by Cavalcanti et al [5], where a: Q — R is a function, which
may be null on a part of 2. Under the condition that a(z) > ap > 0 on w C £,
with w satisfying some geometric restrictions and —&;g(t) < ¢'(t) < —&a9(t),
t > 0 to guarantee [|g||£1((0,00)) is small enough, they proved an exponential rate
of decay. S. Berrimi and S. A. Messaoudi [2] improved Cavalcanti’s result by
introducing a different functional, which allowed them to weaken the conditions
on both a and g. In the related work, M. M. Cavalcanti et al. [4] studied
solutions of

t
|ue|Puee — Au — Augy + / g(t — T)Au(r)dr — yAu, =0, (z,t) € Q x (0,00),
0

for p > 0 and proved a global existence result for v > 0 and an exponential
decay for v > 0. This result was later extended by Messaoudi and Tatar [20] to
a situation where a source term is competing with the strong damping mechanism
and the one induced by the viscosity. More recently, S. A. Messaoudi and N.-
E. Tatar [21] considered

t
| |Puge — Au — Augy —|—/ g(t — s)Au(z,s) ds = blulP"?u, (z,t) € Q x (0,00),
0

where b > 0, p > 2 are constants, in which the source term competes with
the dissipation induced by the viscoelastic term only. By introducing a new
functional and using potential well method, they obtained the global existence
of solutions and the uniform decay of the energy when the initial data are in
some stable set.

Concerning blow-up results, S. A. Messaoudi [18] investigated the equation

t
ugy — Au —|—/ g(t — T)Au(T) dr + auglug|" "2 = blu|""?u, (x,t) € Q x (0,00).
0

He proved that any weak solution with negative initial energy blows up in finite

° r—2
ds < ———

while continue to exist for any initial data in the appropriate space if m > r. This

time if r > m and

latter result was improved by the same author in [19] for positive initial energy
under suitable conditions on g, m and r. For results of same nature, we refer
the reader to H. A. Levine and J. Serrin [14], H. A. Levine and S. R. Park [13],
W. J. Liu [16], W. J. Liu and M. X. Wang [17], F. Q. Sun and M. X. Wang [24],
[25], E. Vitillaro [26].
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Motivated by [3], [4], [8], [9], [18], we intend to study the global existence,
asymptotic behavior and blow-up of solutions to the initial boundary value prob-
lem (1.1) in the present work. The main difficulties we encounter here arise from
the simultaneous appearance of the viscoelastic term, the strong damping term,
as well as the nonlinear source term. We will show that if the initial data is in
the stable set, the solution is global and decaying to zero when only the non-
positivity of ¢’ is needed. Moreover, we will show that the solution decays to
zero with an exponential or polynomial rate depending on the decay rate of the
relaxation function g. On the contrary, if the initial data is in the unstable set,
the solution will blow up in a finite time. To achieve our goal, we use the poten-
tial well theory, Faedo—Galerkin approximation, perturbed energy method and
concavity technique.

This paper is organized as follows. In the next section we present some as-
sumptions, notations and state our main results. In Section 3 we prove the local
existence of solutions for problem (1.1). In Section 4 we discuss the global exis-
tence and asymptotic behavior of solutions. In Section 5 we show the exponential
or polynomial decay of the solution. A finite time blow-up result for initial data
in the unstable set is obtained in the last section.

2. Preliminaries and main results

In this section we present some assumptions, notations and state our main
results. We first make the following assumptions.

(G1) g: Ry — Ry is a nonincreasing differentiable function satisfying

1—/ g(s)ds=1>0.
0

(G2) There exists a positive constant & such that

3
gt) < =€), t>0,1<p< 3

REMARK 2.1. (G1) is necessary to guarantee the hyperbolicity of the sys-
tem (1.1).

We use the standard Lebesgue space L"(€2) (1 < r < oo) and Sobolev space
HL(Q). We denote by ||u|,- the L™(Q) norm and by ||V - |2 the Dirichlet norm in
HL(9Q). Moreover, for later use we denote by (-, -) the duality pairing between
H=1(Q) and H}(Q). For all v,w € H}(Q), we put

(v, W) :w/ VU~dea:+,u/ vwdz, ||v]. = (v,v)im.
Q Q
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By (1.3), ||+ ||« is an equivalent norm over H{ (€2). For r satisfies (1.4), we assume
that B is the optimal constant of the embedding inequality

lull: < B[ Vull2, w e Hy(Q).

We introduce the following functionals as in [3], [20], [21]:

21)  I(t) = 1(ul(t)) = (1 */0 9(s) d5> IVu®)ll + (g0 Vu)(t) —
(2.2)  J(t)

where

(g0 Vu)(t) = / gt - 7)|[Vu(t) — Vu(r)|Zdr > 0.

To state our main results we introduce the definition of a weak solution to
problem (1.1).

DEFINITION 2.2. A weak solution to the initial-boundary value problem (1.1)
over [0,7] is a function

u € C([0,T], Hy () N C* ([0, T], L*(2)) n C*([0, T], H ()

with u; € L2([0,T], H} () such that u(z,0) = ug € Hg(Q), ui(z,0) = uy €
L3(Q2) and

(uge (1), @) + /Q Vu(t) - Vodr — /Q V- /0 g(t — s)Vu(s)dsdx

. T U T = w(t)|" " 2u T
o [ Vut) - Vodo+i [ wiode = [ O 2utod

for all test function ¢ € H{(£2) and for almost all ¢ € [0, 7).

We are now in a position to state our main results. Our first theorem estab-
lishes the existence and uniqueness of a local weak solution to problem (1.1).

THEOREM 2.3. Assume that (1.2)—(1.4) and (G1) hold. Then problem (1.1)
has a unique weak solution over [0,T] for some T small enough. If

Tmax = sup{T > 0: u = u(t) ezists on [0,T]} < oo,
then ||u(t)]|, — o0 ast /" Trmax-
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THEOREM 2.4. Assume that (1.2)—(1.4) and (G1) hold and let u be the
unique local solution to problem (1.1). In addition, assume that ug,u; satisfy

r— r/(r—2)
(2.4) B(0) < dy = %2@;) ,
(2.5) 1(0) > 0.

Then the solution is global and bounded. Moreover, there exists a constant M > 0
such that

(2.6) E@t) < %, for all t € [0, 00),
1) jim | (1= [ o) ds)ITu)1B + (50 V)0 = fim Jus(o)z = .

Observe that in the previous theorem, only the non-positivity of ¢’ was
needed and p can be negetive. We have established the polynomial decay result
(see (2.6)) for the global solutions of problem (1.1). In the next section, we shall
prove further decay result by strengthening the conditions on g and pu.

THEOREM 2.5. Assume that (1.2)—(1.4), (G1) and (G2) hold, > 0 and
let u be the global solution to problem (1.1). Then, for each ty > 0, there exist
positive constants K and k such that the solution of (1.1) satisfies, for allt > tg,

Ke™*t ifp=1,
(2.8) E(t) <
K1 +)~Y/e=D 41 <p<3/2.

THEOREM 2.6. (1.2)—(1.4), (G1) hold and let u be the unique local solution
to problem (1.1). For any fized 6 < 1, assume that ug, w1 satisfy

(2.9) E(0) = dd,
(2.10) 1(0) < 0.

Suppose that

> r—2
@1 A 9 s < e A 3)r 3 2501 )]

where § = max{0, 0}, and suppose further that [, uouy dz > 0 for 0 < E(0) < d,
then Thax < 00.

For t > 0, we define d(t) = inf ¢ g1 (q)\ 10} SUPA>0 J/ (Au). Then, the following
lemma shows that d; is the lower bound of d(¢).
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LEMMA 2.7. Fort > 0, we have 0 < dy < d(t) < da(u) = supy>oJ(Au),
where

dg (U) =

[ 1= Jy 9(s) ds)|| Vu(t )|§+(9°VU)(’5)Y/(T2)
2r '

[u()]7

PROOF. Since

g0 =5 (1= [ o661 ds) 1l + (g0 70| = 2l

aJ(Au) )\Kl —/Otg(s) ds)||w||§+ (gOVU)} = A"l

we get

and
d2 ‘ 2 2
00 = | (1= [ o) ds)Ivul} + (g0 v0)| - = D2l
Let -4 J(Au) = 0, which implies

- - s)ds)||Vu goVu)/ =2
)\1 — 0, )\2 |: fO ||!u|| HQ ( ):| )

An elementary calculation shows

d? -
WJ()\W) >0 and WJ()\Q'LL) < 0.

So, we have

sup J(A\u) = J(Aau) =

r2{ L— [y g(s) ds) || Vu(t )II§+(goVu)(t)]’"/“‘2’
A>0 2r

lu(E)II?

r—92/ 1\
> o <B2> > 0.

We conclude the result. O

3. Local existence of solutions

To obtain the local existence of solutions for problem (1.1), we consider firstly
a related linear problem. Then, we use the well-known Contraction Mapping
Theorem to prove the existence of solutions to the nonlinear problem. Let us
now consider, for v given, the linear problem

t
uge — Au + / g(t — s)Au(z, s) ds
0
(3.1) — WA + pug = v, (x,t) € Q x (0,7,
u(z,0) = up(x), u(x,0)=wui(x), x €,
u(z,t) =0, (x,t) € 00 x [0,T],



160 W. Liu

where u is the sought solution.
For a given T' > 0, consider the space H = C([0, T, Hj (2))NC* ([0, T, L*())
endowed with the norm

7 = tgg§](llut(t)\|§ +HI[Vu®)[l3)-

We first prove the following

LEMMA 3.1. Assume that (1.3), (1.4) and (G1) hold. For every T > 0, every

v € H and every initial data ug,uy satisfying (1.2), there exists a unique
uwe HNC*[0,T), H Q) such that u; € L*([0,T), Hy(Q))
which solves the linear problem (3.1).

PROOF. We use the Faedo—Galerkin approximation method. For every h>1,
let Wi, = Span{ws,... ,wp}, where {w;} is the orthogonal complete system of
eigenfunctions of —A in H}(Q) such that |wj]2 = 1 for all j. Then {w;} is
orthogonal and complete in L?(2) and in H}(£2); denote by {);} the related
eigenvalues repeated according to their multiplicity. Let

h

h
(32)  ul= Z </QVuO - Vw; daz) w; and ul = Z (/Qule dac)wj7
j=1

Jj=1

so that ul € Wy, ul € Wy, ul — up in H}(Q) and u? — u; in L?(Q) as h — oo.
We seek approximate solutions wup,(f) to the problem (3.1) of the form

h
(3.3) up(t) = > A (tw;, h=12 ...
j=1
where the coefficients v (t) satisfy /' (t) = [¢, un(t)wndz with

/Q {ﬁh(t) — Auy(t) + /Otg(t — 8)Aup(s) ds

(3.4) —wlip (t) + i (£) = [o(t)]" >0 (t) | da = 0,

uh(o) = ugv uh(o) = ulllv

for every n € Wj, and ¢t > 0. For j = 1,--- ,h, taking n = w; in (3.4) yields
the following Cauchy problem for a linear ordinary differential equation with

unknown %h-
A (8) 4 (wAj + p)37 (1) + X (1)

—'t — )M (s)ds = ()" 20w, dz
(3.5) y [ o=t ds = [ por-2owu da.

140 = [wwyds, 30 = [ wwyd.
Q Q
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For all j, the Cauchy problem (3.5) yields a unique local solution 'y;»‘ € C2[0,t,,].
In turn, this gives a unique up(t) in an interval [0,%,,] defined by (3.3) and
satisfying (3.4). In particular, (3.3) implies that 1, (t) € H}(Q) for every t €
[0,t,,] so that Sobolev inequality entails

(3.6) [ (2)

oe < C|[Vin ()], for all ¢ € [0, 2]

In the next step, we obtain the a priori estimate for the solution uy(t) so
that it can be extended to the whole interval [0, 7] according to the extension
theorem.

Step 1. (a priori estimate) Taking n = 4 (¢) in (3.4), we have
d . .
3.7 Z(IVun@l3 + [an@)13) + 2llin @)1

— 2/ g(t—s) /Q Vap(t) - Vup(s) deds = 2/Q [o()|" 20 (t )i, (t) da.

0

For the last term on the left hand side of (3.7) we have

(3.8) 2 /Otg(t - s)/ Vap(t) - Vup(s) dxds
/ (t—1s) /Vuh [Vup(s) — Vup(t)] dx ds
+2/ (t—s) /Vuh - Voup,(t) de ds

—3) / |Vun(s) — Vuy(t)|? dz ds

/ (t

+/0 ols (dt/|Vuh )%) ds
d{/ (t—s) /|Vuh Vuh(t)|2dxds}
“all

S [ oo [ vumora) sl
+/0tg’(t—s)/Q|Vuh(s)—Vuh(t)|2dxds—g(t)/ﬂ|Vuh(t)|2dx.

Inserting (3.8) into (3.7) and integrating over [0,¢] C [0, 7], we obtain

39 (1= [ s ) ITun I + lin(13 +2 [ fin(e) s
—/0(9 o Vuy)(s)ds+ (g o Vup)(t // 8)|Vun(s)|* dz ds
— [l + )3 + 2 / [ 2 utsyins) de ds,
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for every h > 1. We estimate the last term in the right-hand side of (3.9)
thanks to Holder, Sobolev and Young inequalities (recall r < 2*, (3.6) and v €
C([0, 77, Hy(2)):

@w)2AAW®W%®M®M@§2£M®MWW®W%

t t t
f;caé|wwﬂﬁ“-nds+pé|mh@»ﬁdss<7T+1£|whwnﬁd&

By using (G1), (3.10) and the fact that

—/0 (g’oVuh)(s)ds+(goVuh)(t)Jr/O /Qg(s)|Vuh(s)|2dxdszO,

estimate (3.9) yields
t
UIVun (8)3 + ln ()13 +/0 i ()12 ds < [|Vug |3 + ut|3 + CT.

Taking the convergence in (3.2) into consideration, we arrive at

T
Hw%+/H%®M@§@
0

for every h > 1, where Cr > 0 is independent of h. By this uniform estimate
and (3.4), we have:
{up} is bounded in L>=([0,T], H3 (%)),
{1} is bounded in L>°([0,T7], L*(Q)) N L?([0,T], H (),
{iip,} is bounded in L?([0,T], H(£2)).
Step 2. (passage to the limit) From the above boundedness, we can extract
a subsequence from {uy}, still denoted by {up}, such that
up, — u weakly star in L>°([0,T], Hg(£2)),
i, — 0 weakly in L2([0, T, H}(Q)),
Uy, — 0 weakly star in L>°([0, 7], L3(2)),
iy, — i weakly in L2([0,T], H=1(Q)).
Considering that the imbedding Hg(2) < L?(Q) is compact and using the
Aubin-Lions compactness lemma (see J. L. Lions [15]), we deduce that
up, — u strongly in L?(Qr),
1, — u strongly in L?(Qr), where Qr := Q x [0, T].

The proof of uniqueness is easy and we omit it here. O

Now, we are ready to prove the local existence result.

PrOOF OF THEOREM 2.3. For M > 0 large and T > 0, we define a class of
functions as

Mr ={ue€H :u(0) =ug, u(0) =uy and |Jullx < M}.
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By the trace theorem, My is nonempty if M is large enough, We also define
the map f from My into H by uw := f(v), where u is the unique solution of
the linear problem (3.1). We would like to show that f is a contraction map
satisfying f(Mr) C My for a suitable T > 0.

Firstly, we show f(Mr) C M. For this, we make use of the energy identity
(3.9) which yields

t
UTu()Z + ()3 +2 / e (3)]2 ds

t
< Va2 + a2 + 2 / / [o(s) 7 20(s)ue () da ds
0 Q

2% ds

T
< [Vuol3 + [lur[I3 + C/O [o(s)ll3 e (s)

T
< Vuol2 + | + C / o)l ue(s)

2% ds

2
5« ds,

T
<|VuolZ + s |3 + CTMD 12 / lue(s)
0

for all t € (0,7]. This leads to
lull? < [Vuol2 + [Ju |2 + CTM2C=D),

By choosing M large enough so that ||[Vug||3 + ||u1]|3 < M?/2 then choose T
sufficiently small so that CTM?"=1) < M?/2, we get ||ullz < M, which shows
that f maps My into itself.

Next, we verify that f is a contraction. To this end we take v; and vs in
My and set U = ug — ug, V = v1 — vg, where uy = f(v1) and ug = f(va). It’s
straightforward to verify that U satisfies

¢
Uy — AU + / g(t — s)AU(s) ds
0

(3.11) — WAU; + pUy; = |1 "1 — [va] " "20a,  (x,) € 2 x (0,77,
U(:c,()) - Ut($70) =0, z €1,
Uz, t) =0, (x,t) € 90 x [0,T.

By multiplying the differential equation in (3.11) by U; and integrating over
Q x (0,t), we arrive at

(1= [ ot )PV + W0 +2 [ e s
_/0(9 oVU)(s)ds+ (go VU)(t // OIVU(s)P de ds
- 2/ (Ju1 ()" 201 (5) — |va(s)|" " 2va(s))Uy(s) dx ds.
0 Q
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Similar to the discussion in [8], we can get
(3.12) 1 (v1) = f02)ll3 = U3 < CTM>T 2oy — s 3.

By choosing T so small that CTM?("=2) < 1, (3.12) shows that f is a contraction.
The Contraction Mapping Principle then guarantee the existence of a unique u
satisfying v = f(u). Obviously it is a (weak) solution of (1.1).

The last statement of Theorem 2.3 can be proved similarly as in [8], therefore
we omit it. O

4. Global existence and decay of solutions

In this section, for the initial data in the stable set, we show that the solution
is global and decaying to zero. We need the following lemmas.

LEMMA 4.1. Assume that (1.2)—(1.4) and (G1) hold. If u is the solution of
(1.1), then

41)  E'()= %(g’ o Vu)(t) — %g(t)HVU(t)H% — ue@)IIF < =llu (O] <0,

for almost every t € [0, Tmax)-

PROOF. In view of (G1), multiplying the differential equation in (1.1) by u,
and integrating by parts over €0, we obtain the result. (I

LEMMA 4.2. Under the same assumptions as in Theorem 2.4, one has I(t)>
0 for all t € [0, Tyax)-

PRrOOF. Since I(0) > 0, there exists a Ty < Tiax such that I(t) > 0 for all
t € [0,T,). This implies that

r—2

5= "2 (1= [ atoyas )ivuig + oo va| + Lo

2r
r—2

> T2 (1 [ tras) vtz + (oo v,

for all ¢ € [0,Ty). Thus, by (G1), (4.2) and Lemma 4.1, we have

t 2r 2r 2r
2< (1= 2 < < <
0vulg < (1= [ oo as)Ival < 2 g0 < 2 op) < 2B 0)

for all ¢ € [0,T). This combines with the Sobolev imbedding, (G1) and (2.4),
implies that

T T T BT rT—
el < BYIVulls < == [IVully "2 Vull3

r (r—2)/2 t

B 2r 9 9
< — —— _
T (Zr0) i< (1- [ awas) v,
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for all ¢t € [0,T). Therefore, I(t) > 0, for all ¢ € [0,7%). By repeating this
procedure and using the fact that

, =22 g (r-2)/2
B 2r B 2r

lim —( — Bt <2 (2 g 1
1 ((7‘—2)[ “) =7 ((r—2)z (0)> s b

T, is extended to Ty ax. O

LEMMA 4.3. Under the same assumptions as in Theorem 2.4, the solution
18 global in time. Moreover, there is a real number M > 0, such that

(13) Va3 + ue(t) < M,
t
di
4.4 u(s)]|2ds < ————,
(44) [ e as < 51—
for all t € [0, 00).
PRrROOF. From ( (4.2) and (2.3), we get
1 t
(45) E(© / () ds = 30+ 3l + [ (o2 ds

27“2;2[(1—/0 o15) s ) IVt + (g V)]

1 t
+ @I+ [ )R ds
r—2

1 t
13 + 5w (I3 +/0 e ()12 ds.

Therefore,

t
UVu(t)2 + [[us(8)|2 < CE(0), / lue(s)]2 ds < i,
0

where C is a positive constant, which depends only on r and [. Hence, u(t) is
bounded in H for all ¢ > 0 and, by Theorem 2.3, global. Moreover, by Poincare
inequality, we get

/ l|ut(s)]|3 ds < —— o for all t € [0, 00). O

LEMMA 4.4. Under the same assumptions as in Theorem 2.4, there is a
constant M > 0, such that, for allt € [0, 00),

/ I(u(s)) ds < M, / [(1—/ )d8>||VU( )2 + (g0 Vu)(r)| dr < M.

PrOOF. Multiplying the differential equation in (1.1) by u and integrating
over (2, using integration by parts and (2.1), we have

@ fu0), u(t)) — e D3+ I((t)) + 5 o D2 = 0
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By integrating the above inequality it follows that
t
1
[ttt as+ o

1
< Slluoll¥ + / e ()13 ds + l[us [l2l|uoll2 + e (8) [2]|u(t)]]2.

Therefore, from (4.4) and Ponicdre inequality, we have

dy
+ i

(4.6) /O I(u(s)) ds < %IIUoIIf o g T lmll2llwollz + Cllue(®)ll2[Vult)ll2-

Since Lemma 4.2 implies

o (1= [ atras) Ivuteiz + (g w0 < e,

. (r-2)/2
B 2r
-2 (T _E
" z ((r )1 (O)) >0

it follows from (4.6) and (4.3) that

7 t [(1 - Tg<s>ds) IVu(r) 3 + (gowxﬂ} i< [ (u(r)) dr < .

with a constant M > 0. O

where

PROOF OF THEOREM 2.4. We only need to prove (2.6) and (2.7). In fact,
note that the following inequality holds

d
S+ 0EW) < E(t)
By integrating this inequality over [0, t], we have
0B < B0+ 5 [ lulids+ [ 6)ds

Since

) =10+ 52 [(1- [ o135 )Ivutol + oo o)

the above inequality gives

(1+ )E() / lue(s)[2ds + = / I(u(s)) ds

*T;r?/o Kl/o 9(s >ds)llvu( )||%+(goVu>(T)} dr.

Finally, by using Lemma 4.3 and Lemma 4.4 we obtain (2.6).
From Lemma 4.2 and (4.2), we get J(u(t)) > 0 and I(u(t)) > 0. (2.6) implies
lim;_,, E(t) = 0. Therefore, we have

lus(®)]] = 0 and J(u(t)) — 0, ast— oo. O
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5. Exponential or polynomial decay of solutions

In this section we state and prove our exponential or polynomial decay result
which depend on the rate of the decay of the relaxation function g. For this
purpose, we adapt the method of S. Berrimi and S. A. Messaoudi in [3]. Since the
damping terms are included in our problem (1.1), we use the following “modified”
functional

(5.1) F(t) = E(t) + e1G(t) + e2 H(2),

where €1 and €5 are positive constants and

G(t) = /Q (u(tyut) + £ huv)?) d,

1) 1=~ [ Gute) +u0) [ ot~ 5)u(0) ~u(s) s
LEMMA 5.1. For €1 and g2 small enough, we have
(5:2) o F(t) < E(t) < agF(t)
holds for two positive constants ay and .

PRrROOF. Straightforward computations, in addition with Poincare inequality
and (4.5), lead to

and

F@zEm—<?+@)AmﬁWm:

—Afl((‘”;’gl +M2€2) [ [9uoP s - 2ot - (g Va0
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+ {z—xll((“zl)el+M2€2)]/Q|vu(t)2dx

+[1- 2 a-o]wevun = Lo,

for 1 and €5 small enough. O

LEMMA 5.2. Assume that (1.2)-(1.4), (G1) and (G2) hold. Then the func-
tional G(t) satisfies, along the solution of (1.1),
l
(5:3) G'(t) < w3 = 51Vu®I3 - @[ Vu@)lI3
1 t
s [l evao+ o
0

PROOF. By using the differential equation in (1.1), we easily see that

(5.4) Q) = /Q [ty (£) + w2 (8) + pru(t)ug ()] d
= ue(@®)I5 — [Vu®)[l5 — wl[Vur ()]l

+ Vu(t)-/ ot — $)Vus) ds dz + [u(t)|"-
Q 0

Young’s inequality, (G1) and direct calculation (see [3]) yield

(5.5) /QVu(t) -/0 g(t — s)Vu(s)dsdx < %||Vu(t)||§
2

w5 [ ([ ate=09uts) - vato + [vuto as) e
<ivui+ 2+ [ ([ o -amunia) @

+;<1+717>/Q(/Otg(t—s)Wu(s)—Vu(t)|ds>2dx

IVu®)ll3 + %(1 +m) (1= D[ Vu(t)|l3

([
(

2
./Q/Otgpt—s)|Vu(s)—Vu(t)|2dsdx,

for any n > 0. By choosing n = /(1 — ) and combining (5.4)—(5.5), we arrive
at (5.3). O
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LEMMA 5.3. Assume that (1.2)—-(1.4), (G1) and (G2) hold. Then the func-
tional H(t) satisfies,

v (20 A

+{25+ <2+ +w>}[/0 g2_p(s)ds}(gpoVu)(t)

(1 zg;)l 9O (g o u) (1) + wi | Veu (1)

+ {5 - (/Otg(s) ds) (1 - ’;) }Ilut(t)llé

for any 6 > 0.

PrOOF. Direct calculations give

(5.7) H'(t) = - / (e (1) + e (1)) / o(t — 5)(u(t) — u(s)) ds dz
- / (uu(t) + (1)) / ¢t — 5)(u(t) — u(s)) ds dx
Q 0

-(/ g(s) ds ) [ ) + w0)uete) o
/QVu </ - ()—Vu(s))ds) do
~ [ ([ ot srute) - watsn as)
(/ ot = 9)9u(s) s ) d
- [ utor-2uin( / - )(ult) ~ u(s)) ds) da
- m(t)( / (0= 5)(ult) = u(s)) ds ) da
-(/ () s ) (o)
+w/ﬂ Vuu(t) - (/Otg(t ) (Vault) - vu(s))ds> do
o [t ([ o= )00~ uts) )
ol [ aras) [utoruioyas
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We now estimate the right side of (5.7). For ¢ > 0, similar as in [3], we have
the estimates of the first to the fourth terms:

(5.8) /QVu(t) . (/Ot g(t — s)(Vu(t) — Vu(s)) ds) dx

<sivueli+ 55| [ 5o 0 v,

(5.9) /Q(/Otg(t—s)( )( ot — $)Vu(s )dm

< 25(1 -1 ||Vu<>||2( S| [ o] e v,

sa0) [ [ - - ) as)

<o) + o [/ ] —P(s)ds] (67 0 Vu)()

<ope b (220 Ivug
1

+ Tn { /0 t 9> (s) ds] (9" o Vu)(t),

and

(5.11) /Qut(t)</0tg’(ts)(u(t)u(s))ds) dz

< ol + 2L (g’ 0 Tu)(o)

For the sixth term
(6:12) w [ Vu(o): ( /O g(t — 8)(Vu(t) — Vau(s)) ds> do

< ol Fu )3+ [ [ e ds} (g7 0 V) 1)
The seventh term

(5.13) u/gu(t)(/otg’(ts)(u(t)u(s))ds> dz
1g(0)

< LIVl + H Y (g0 Tu))
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The last term

o0 o [fo) [
<o / e )ds)nw 0+ ([ o) ) sto

A combination of (5.7)—(5.14) yields (5.6). O

PROOF OF THEOREM 2.5. Since g is continuous and g(0) > 0, then for any
to > 0 we have

t to
(5.15) / g(s)ds > / g(s)ds:=gp >0, forallt>t.
0 0

By using (4.1), (5.1), (5.3), (5.6) and (5.15), we obtain
P < = {utea] (124 )i 8] - el + afucol;
—{21—@F(L+m1—0 i
e (ZEONTY =0T

H{ S ralpr (245 +o)|]

. {/Ot g>P(s) ds} (g” o Vu)(t)

1 1+ 0
+1 5 - ng (¢ o Vu)(t) —w(l + &1 — de2)|| Vg () ||3.
2 46X
At this point we fix § > 0 and choose 1 and 9 satisfying
l
(5.16) ko= X —ep|d(1+201 -2+ 2L
2 >\1
o[ 27EO)\"TH  p(1-1)
B2(7‘ 1) )
+ r—2)i L v

We then pick €; and €2 so small that (5.2) and (5.16) remain valid and

k1 :ﬂ+62|:<1—g)go—(5:| —e1 >0,

(1 (14 p)g(0)
“(2@ 400, >

B R I
0

ky :w( +é&1 —(552) >
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Therefore, using the assumption ¢'(t) < —&gP(t) in (G2), we have, for some
B >0,

(5.17) F'(t) < =Blllue®)ll3 = w7 + [Vu®)3 + (9" o Vu)(1)]

for all t > tg.

Case 1. p=1.

By virtue of the choice of 1, €5 and 9, estimate (5.17) yields, for some
constant o > 0,

(5.18) F'(t) < —aE(t), forallt > t,.
Hence, with the help of the left hand side inequality in (5.2) and (5.18), we find
(5.19) F'(t) < —aay F(t), forall t > t.
A simple integration of (5.19) over (%o, t) leads to
F(t) < F(tg)e* et for all t > t.

Therefore, (2.8) is established by virtue of (5.2) again.
Case 2. 1 <p < 3/2.

Similar as the discussion in [3], we can obtain
(5.20) (gP o Vu) > C1(g o Vu)P,

for some constant C; > 0. Consequently, a combination of (5.20) and (5.17)
yields

F'(t) < =Collue@®)3 = Ilu@)|7 + [Vu@)ll3 + (g0 Vu)?],  for all ¢ > to,

for some constant Cy > 0. On the other hand, since E(¢) is uniformly bounded
(by E(0)), we have

EP(t) < C5[EP~H0)(Jue ()11 = w17 + [Vu@®)3) + (g 0 V)7,

for all t > ty and some constant C5 > 0. Combining the last two inequalities
and (5.2), we obtain

(5.21) F'(t) < —C4FP(t), forall t > t,
for some constant Cy > 0. A simple integration of (5.21) over (tg,t) gives
F(t) < KQ+t)"Y®D forall t > tg.

Therefore, (2.8) is obtained by virtue of (5.2). O
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6. Finite time blow-up of solutions

In this section, we prove a finite time blow-up result for initial data in the
unstable set. We need the following lemmas.

LEMMA 6.1. Under the same assumptions as in Theorem 2.6, one has I(t) <
0 and

(6.1) dy < 7"2;2 {(1 - /Otg(s) ds>||vu|§ +(goVu)| <

for allt € [0, Tmax)-

r—2

.
[y,

PROOF. By Lemma 4.1 and (2.9), we have E(t) < dd; for all ¢t € [0, Tiax)-
Furthermore, we can obtain I(t) < 0 for all t € [0, Tnax). In fact, if it is not
true, then there exists some ¢* € [0, Tyax) such that I(¢*) = 0. Thus I(t) <0
for all 0 <t < t*, i.e.

t
(6.2) (1 - / g(s) ds) V|2 + (go Vu) < |lul|f, 0<t <t
0

By the proof of Lemma 2.7, we get

(6.3) d<’”

—9 t

5 [(1 - / g(s) ds) [Vul2 + (goVu)|, 0<t<tr
0

Tt follows from (6.2) and (6.3) that
2

u(®)||” > %dl >0, 0<t<t".

By the continuity of ¢ — |[u(t)||", we get u(t*) # 0. By Lemma 2.7 and (2.2), we
obtain
r—2 *\ |7 *
di < — = [lu(t)lly = J (u(t?)),
which contradicts to J(u(t*)) < E(t*) < dy. By using Lemma 2.7 again, we
obtain (6.1). O

LEMMA 6.3 ([11], [12]). Let L(t) be a positive, twice differentiable function,
which satisfies, for t > 0, the inequality

L)L (t) — (1 +a)L (1) >0

with some o > 0. If L(0) > 0 and L'(0) > 0, then there exists a time T* <
L(0)/[aL’(0)] such that lim;_ p«— L(t) = oo.

PROOF OF THEOREM 2.6. We prove this result by adapting and modifying
the method used in [8] where a characterization of the blow-up solutions is proved
for problem (1.1) without the viscoelastic term: fot g(t—s)Au(z, s) ds. However,
the authors have ignored the condition “L’(0) > 0” (see Lemma 6.3) when
exploiting the convexity technique. Therefore, we should modify the definition
of the auxiliary function here.
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Assume by contradiction that the solution u is global. Then, we consider
L:[0,T] — R4 defined by

L(t) = [lu(®)3 + /0 lu(r)IZ dr + (T = ) [Juo||Z + bt + To)?,

where T and Tj are positive constants to be chosen later, b > 0 if F(0) < 0 and
b=0if E(0) > 0. Then L(t) > 0 for all ¢ € [0,T]. Furthermore,

64) L) :2/Qu(t)ut(t) da -+ [u(D)|2 = [luo|l? + 2b(t + Ty)
:Q/qu(t)ut(t) dx+2/0t(u(7),uf(f))*df+ 2b(t+Ty)
and, consequently,
L"(t) = 2(uee(t), u(t)) + 2w (t)[13 + 2(u(t), ue (t))« + 20,

for almost every ¢ € [0,T]. Testing the equation in (1.1) with « and plugging
the result into the expression of L” we obtain

L'(t) = 2{||ut(t)|§ - (1 - /Otg(s> ds)nwm%
- /QVu(t)- (/Otg(t — 5)(Vu(t) — Vu(s))ds> dz + [lu(t)][7 +b]a

for almost every ¢ € [0,T]. Therefore, we get

r—+2
4

+v+mbm—(uw—w—mmﬁ)@ww§+Aﬂwmmm+0}

L(t)L"(t) L'(t)* = L(H)L"(1)

where 7:[0,T] — R is the function defined by

mw(u@ﬁ+£ﬁMﬂM&+Muﬂf}@w@ﬁ+éwmwmwvw)
— (/Qu(t)ut(t) dx—l—/ot(u(t),ut(t))*d7+b(t+T0))2 > 0.

As a consequence, we read the following differential inequality

r+2

(6.5) L(t)L"(t) L'(t)* = L(t)(1),



VISCOELASTIC EQUATION WITH STRONG DAMPING AND NONLINEAR SOURCE 175

for almost every ¢ € [0, T, where £:[0,T] — Ry is the map defined by
0 = = rlu@lf - 2(1 [ a)as)IFuOIR - (r+2) [ ol ar
-2 /Q Vu(t) - </0 g(t — s)(Vu(t) — Vu(s)) dS) dx + 2||u(t)||;. — b
= —92r r(go Vu r— - s)ds u(t)||3
= =280+ rlgo Vo) + (-2 (1 [ g(s)ds) IVuto)
-2 /Q Vu(t) - (/0 g(t — s)(Vu(t) — Vu(s)) ds) dz
—(r+2) /0 e ()2 dr — b,
By (4.1), for all t € [0,T], we may also write
(6.6) &(t) > —2rE(0) +r(go Vu)(t) + (r—2) (1 - / g(s) ds) [Vu(t)||3
0
-2 /Q Vu(t) - (/0 g(t — s)(Vu(t) — Vu(s)) ds) dx
r— uy(7)||? dr — rb.
=2 [l ar =
By using the Young’s inequality, we get
6.7) 2 [ Fu(o) ( /0 g(t — 8)(Vu(t) — Vau(s)) ds) do
<2 [ a(s) sV + e(g 0 Vu)0),

for any € > 0. Substitute (6.7) for the fourth term of the righthand side of (6.6),
we obtain

(6.8) £&(t)> —2rE(0) + {(r —-2)— (7‘ — 24 i) /0 g(s) ds} I Vu(t)||3
+(r—e)(go Vu)(t) + (r — 2)/0 l[ue(7)||2 dr = rb.

If § < 0,ie E(0) <0, we choose e = r in (6.8) and b small enough such
that b < —2FE(0). Then, by (2.11), we have

(6.9) ez |r-2-(r-241) | () s 1)

+(r—2) / g ()12 dr + r(—2E(0) — b)
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[ir-2- (r-2+1) [Laas|ivutos

+(r—2) / ug(r) |2 dr > 0.

If0<d<1,ie 0<E(0)=0ddy <dq, we choose e = (1 —0)r+ 26 in (6.8).
Then, we get

602 2080+ [(r=2) - (r -2 ) [ gt 5] Ivuto

+6(r—2)(goVu)(t) + (r — 2)/0 e (7)|% .

By (2.11), we have

(r—2)—<r—2+M)/Otg(s)ds>5(r—2)(l—/o

and therefore, by (6.1), we get

t

ols)ds ).

(6.10) €02 ~205(0) + 82| (1= [ g(e)ds ) ITuCIB + (50 V)0
=2 [ (ol ar
> 20(0dy = B(0) + (r=2) [ ()| dr > 0.
Therefore, by (6.5), (6.9) and (6.10), we obtain

r—+2

L(t)L" (t) L'(t)? >0,

for almost every t € [0,T]. By (6.4), if £(0) < 0, we then choose T sufficiently
large such that L'(0) = 2 fQ wouy dx + 26Ty > 0. If 0 < E(0) < d, the condition
Jouourdr > 0 also ensure that L'(0) > 0. As (r+2)/4 > 1, letting o =
(r — 2)/4, by using the concavity argument, we get lim,_,p-- L(t) = oo, which
implies that lim,_ 7. ||[Vu(t)||3 = oo. O
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