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EXISTENCE RESULTS
FOR GENERALIZED VARIATIONAL INEQUALITIES
VIA TOPOLOGICAL METHODS

IRENE BENEDETTI — FRANCESCO MUGELLI — PIETRO ZECCA

ABSTRACT. In this paper we find existence results for elliptic and parabolic
nonlinear variational inequalities involving a multivalued map. Both cases
of a lower semicontinuous multivalued map and an upper semicontinuous
one are considered.

1. Introduction

Let © ¢ RY be a bounded domain with Lipschitz boundary, we use topolog-
ical methods to establish existence results for a class of nonlinear variational in-
equalities on convex closed sets. The inequalities considered involve a quasilinear
operator of class Sy and the nonlinear part is given by the sum of a Carathéodory
map and a multivalued map (multimap). We take into account both the cases
of elliptic variational inequalities and parabolic variational inequalities. We look
for solutions in WP (Q2) = WP (4, R) (1 < p < o0) and in LP([0, d], Wy"*(Q2)),
2 < p < 00, in the elliptic and parabolic case, respectively.

Problems of this kind have been studied by many authors and appear in many
applications, such as the obstacle and bi-obstacle problem, or the elasto-plastic
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torsion problem, in which the set K is given by gradient conditions. We mention
the works of S. Hu and N. Papageorgiou [9], S. Aizicovici, N. Papageorgiou
and V. Staicu [1], M. Véath [16], K.Q. Lan [12], the monograph of S. Carl, Lee
Vy Khoi and D. Motreanu [5], and the references therein. It is also worth to
mention the work of B. Mordukhovich for the link between differential inclusions
and variational inequalities (see [13], [14]) and of M. Kucera for the relation with
partial differential equations (see [8]).

Observe that if the set on which the variational inequality is valid coincides
with the whole space W;"*(Q) or LP([0,d], Wy (£2)), the solutions of the varia-
tional inequalities are weak solutions of elliptic and parabolic partial differential
inclusions involving a second order differential operator in divergence form. Dif-
ferent methods have been applied to solve these problems, the more used ones
being the method of upper and lower solutions (see e.g. [5]) and the degree the-
ory approach. The latter was first used for semilinear variational inequalities by
A. Szulkin [15] and E. Miesermann [11]. In [12] the author proves existence re-
sults for variational inequalities involving a demicontinuous S-contractive, map
A, ie. I — Ais of Sy-type; he finds, as an application, weak solutions for semi-
linear second-order elliptic inequalities.

Concerning the multivalued case, in [16] a fixed point index is constructed
for the studied partial differential inclusion. In [9] and in [1] degree theory meth-
ods based on the degree map for multivalued perturbation of a S operator are
applied: in [9] the authors prove existence results for a class of partial differ-
ential inclusions with an upper semicontinuous multivalued nonlinearity; in [1]
multiplicity results are proved both for partial differential inclusions and varia-
tional inequalities with, as multimap involved, the generalized subdifferential of
a locally Lipschitz function.

On the other hand, we consider both the cases of an upper semicontinuous
and a lower semicontinuous general kind of multivalued nonlinearity. To solve
the problem we use a linearization argument. More precisely, we define a suitable
multivalued operator (multioperator) whose fixed points are the solutions of the
variational inequalities considered.

We do not assume any regularity in terms of compactness, neither on the
quasilinear operator nor on the nonlinearity part to apply the topological degree
theory for completely continuous multimap (see [10]), to obtain the existence
of at least a fixed point. Moreover, with this approach we do not require any
restriction on the set K, as done in [5], see Example 5.1.
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2. Preliminaries

A multimap G:R* — R is said to be:
(a) (upper semicontinuous (u.s.c.)) if G=3(V) = {x € R¥ : G(x) C V} is
an open subset of R* for every open V C R;
(b) (lower semicontinuous (ls.c.)) if G™H(Q) = {z € R* : G(z) C Q} is
a closed subset of R for every closed set Q C R
(c) (closed) if its graph Gr = {(z,y) € R¥ x R : y € G(z)} is a closed
subset of R* x R;
(d) (compact) if it maps bounded sets into compact ones;

(e) (completely continuous) if it is u.s.c. and compact.

For u.s.c. multimaps the following relations hold.

THEOREM 2.1 (see [10, Theorem 1.1.4]). An w.s.c. multimap G:R¥ — R
with closed values is a closed multimap.

THEOREM 2.2 (see [10, Theorem 1.1.5]). A closed multimap G: R¥ —o R with

compact values, such that maps bounded sets into compact ones is u.s.c.

A map ¢:R¥ — R is said to be a Carathéodory map if it is measurable
with respect to the first variable and continuous with respect to the other k — 1
variables.

A map ¢:RF — R is said to be a selection of the multivalued map G if
g(x) € G(z) for any z € R¥.

THEOREM 2.3 (see [7, Theorem 4.4.33]). Let D C R¥ be a given domain and
G:D xR — R be a multimap with closed convex values such that

(a) (x,u) — G(z,u) is measurable and
(b) G(z, - ):R — R is Ls.c. forallz €D,
then G admits a Carathéodory selection, i.e. there exists a Carathéodory map

9: D xR — R such that g(x,u) € G(z,u) for all (z,u) € D x R.

A straightforward generalization of [10, Theorem 1.3.5] leads to the following
result.

THEOREM 2.4. Let D C R* be a given domain and G:D x R —o R be a mul-
timap with compact values such that

(a) for every u € R the multimap G(-,u): D —o R is measurable and
(b) for almost every x € D the multimap F(z, -) — R is u.s.c.,

then for every measurable map q¢:D — R there exists a measurable selection
¢: D — R of the multimap ®: D — R,

O(z) = Gz, q(x)),
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i.e. ¢ is a measurable map and ¢(x) € ®(x,q(x)) for almost every x € D.

Let E be a Banach space and E* its dual space, an operator A: E — E* is
said to satisfy the S4 condition if and only if the weak convergence of a sequence
{un,} C E to u € E and the condition limsup,,_, . (Auy,, u, — u) < 0 imply the
strong convergence of {u,} to u in E.

The existence of solutions of the variational inequalities considered will be
investigated by means of the well-known Ky Fan fixed point theorem.

THEOREM 2.5 (Ky Fan). Let X be a Hausdorff locally convex topological
vector space, V be a closed convexr subset of X and G:V —o V be a compact
u.s.c. multimap. Then G has a fixed point.

Given a Banach space E we denote with By (0) the ball with radius M and
center 0. Moreover, given a domain D C RF we denote in the whole paper
with ||ullp, ||@llm,p, [|ullo the usual norm for LP(D) = LP(D,R), W™P(D) =
Wm™P(D,R) and Wy (D) = WP (D, R), respectively.

3. Elliptic variational inequalities

We consider the following variational inequalities:

|3 Aalentu@)(D*v(@) — Du(a) da
o <m
(3:1) > /Q(g(x,n(u(x)))—i—f(x, u(z))+h)(v(z)—u(z))de forallve K,
flz,u(z)) € F(z,u(z)) a.e. x € Q,
/Q S™ Aala,n(u(@)) (D0(x) — D*u(x)) da
o] <m
(3:2) > /Q(g(x,n(u(x))) + f(x) + h)(v(z) —u(x)) dx for all v € K,
f(z) € F(x,u(z)) a.e. T € (),

where 2 C RY is a bounded domain with Lipschitz boundary 92, K a closed con-
vex subset of Wi"?(Q2) (1 < p < 0o) with 0 € K, a a multiindex, n(u) = {D%u :
|a| < m}, the function 4, maps QxR into R (with N,,, = (N +m)!/(N'!m!)),
g: QO xRV - R and F: Q xR —o R are a given map and multimap, respectively,
finally h € (WP (Q))*.

Let ¢ be such that 1/p+1/q = 1, we assume the following hypotheses on the
function A,:Q x RV — R:

(A1) z — A,(x,n) is measurable in Q for any n € RVm;
n — Aa(x,n) is continuous for almost all (a.a.) z €
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there exist a function ky € LI(€2) and a constant v such that
| Ao (z,m)| < ko(z) + v(||In||P~1), a.e. in Q, for any n € RV=;

(A2) for all z € Q and 1,7, n £ 7/,

> (Aa(z,n) = Aa(z, 1)) (0 — 1) > 0;

la|<m
(A3) there exist a function k1 € L'(Q2) and a constant p such that

Z An(z, )00 > plnl|P — k1(z), a.e. in Q and for all n € RV,

lal<m

As a consequence the function A, generates an operator A from W™ (Q) into
its dual (Wy""(Q2))* defined by

() = [ 3 Aalan(u@) Do) do.
lal<m
A typical example that satisfies (A1)—(A3) is the p-Laplacian operator.
As it is well known, under previous hypotheses, the operator A: W;""(Q) —
(Wy"P(£2))* is continuous, bounded, monotone, and satisfies the S condition

(see e.g. [5 Theorem 2.109]).

REMARK 3.1. Observe that if the set K coincides with the whole space
Wy"P(£2), the solutions of the variational inequalities (3.1) and (3.2) are weak
solutions of the following partial differential inclusion:

—he Y (-1 D Au(,n(u(@))) + g(z, n(u(x))) + Flz,u(z)) inQ,

la|<m

u(z) =0 on 0.
Given ¢ € W"P(Q), consider the linearized variational inequality:

33 (Aw),v—u) = / (9(z,n(q(x))) + f (2, q(x)) + h)(v(2x) — u(x)) dz,

Q
for all v € K, where f: QxR — R is a Carathéodory selection of the multimap F'.

THEOREM 3.2. Let Ay:Q x RVn — R satisfy hypotheses (A1)-(A3) and
g: Q2 x RVN» - R be a Carathéodory map such that

l9(z,m)| < ka(z) +er(lnll7)  a.e. in Q, for alln € RY™,
with ke € LY(Q), c1 >0 and 1 <o <p—1. Let F:Q x R — R be a measurable

multimap with closed convex values such that:

(a) F(z, ):R—oR isls.c. forallxzeQ;
(b) ||1F(z,u)|| < a(z) + blu|” almost everywhere in , for all u € R with
a€Lli(Q),b>0and1<o<p-—1.
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Then the problem (3.1) has a nonempty and compact solutions set.

ProOOF. Hypotheses (a)—(b) on the multimap F imply the existence of a Ca-
rathéodory selection (see Theorem 2.3) and hence the variational inequality (3.3)
is well defined.

We can assume without loss of generality (w.l.o.g.) that 0 € K: if this is not
the case, we can consider an element vy € K and solve the analogous problem:

(A(w),v" —w) > /Q(g(x, n(w(z))) + fz,w(z)) + h) (V' (z) — w(z)) dz,
for all v/ € K1,
flz,w(z)) € F(x,w(x)) a.e. x €,

where K| = K —ug, w = u—ug, A: Wg'* () — (W P(Q))*, g: Qx RN» — R and
F:Q x R —o R are defined by A(w) = A(w + uo), g(x,n(w(x))) = gz, n(w(x) +

uo(x))), Fx,w(r)) = F(z,w(z) + uo(x)), respectively.
We split the proof in several steps and for sake of simplicity we assume m = 1.
Let Uy be the solution set of (3.3). Denote with T" the multioperator

T:WyP(92) — WyP(Q), q—{Us, f(z,q(x)) € F(z,q(2))}.

Step 1. The multioperator 7" has nonempty closed convex values.
Indeed, consider the functional G: W, (Q) — R defined as:

G(u) = /9(9(117761(56),DQ(56)) + f(z,q(z)) + h)u(z) dz.
We have:
|G(u)| = ‘ /S)(9($7Q(I),DQ(96)) + f(z,q(z)) + h)u(z) dz
< /Q (lg(, a(x), Da(@))| + £ (2, a(@))| + [B]) ju(z)| da

< /Q(kz(w) +a(lg(@)” + |Dg()[|7) + alx) + blg(2)[” + [])|u(z)| dx
<(llk2llg + Ml llg + Al llullp
+ Qe (llgllg + I1Dallg) + bllalig)llully < Cllulo,

hence G is a linear and continuous operator, i.e. G € (W, "*(€2))*.
Let x(u) be the indicator function of K

(w) 0 foruckK,
u) =
X oo forue WyP(Q)\ K.

The problem (3.3) can be rewritten in the following equivalent form (see [17,
pp. 874-875])

G e dx(u)+ A(u), ueK,
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o ut e (WyP(Q)*, (wu—v)>0 forallve K, uek,
u) =
X 0 ue WyP(Q)\ K.

The mapping dx: Wy ?(Q) — (W3 (Q))* is maximal monotone, then, for the
regularity properties of the operator A it follows that for any b € (W, *(2))* the
inclusion

b e Ox(u) + A(u)
has at least a solution u € K (see [4]). In particular there exist solutions when
b = G. Moreover, from the monotonicity and the continuity of the operator A
we have that (3.3) is equivalent to the problem

(A(v),v —u) = / (9(z,q(x), Dq(x)) + f(z,q(x)) + h)(v(z) — u(z)) dx

Q

for all v € K. Hence, since F' has convex values, the multioperator T" has closed

and convex values.

Step 2. The multioperator T is a closed operator.
Let ¢, — qo in Wy (Q), up, — ug in Wy*(Q) where u,, € T(gy), then, for
allv € K,

(Aun),v —un) > /ﬂ(g(w, 4n(2), Dgn(x)) + [ (2, (@) + h)(v(2) — un(2)) da

From the convergence of g, in W1P(Q), we can extract a subsequence {¢,, } C
{¢qn} such that:

lim [ (g(2, gn, (%), Dgn, () + [ (2, gy (2)) + 1) (0(2) = un, (2)) dz

k—oo Jq

= lim inf/ﬂ(g(x,qn(x), Dq,(x)) + f(z, gn(x)) + h)(v(z) — up(x)) de

n—oo

and gn, — qo, Dqn, — Dgqo almost everywhere in 2. From the continuity of
g with respect to the second and the third argument, the continuity of f with
respect to the second argument, the Lebesgue convergence Theorem and Hélder
inequality we have

Jim Q(Q(L Gn (%), Dan, (%)) + [ (2, gy (2)) + h)(0(2) = un, (2)) dz

= [ (6(e. a0(@). Dan(e) + . 0() + W(0(2) — wo(a)
Moreover, K is closed, hence ug € K and from the continuity of A we have

lim (A(up),v —un) = (A(ug), v — up).

n—oo
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Then
(A(ug),v — ug) = n]LII;O<A(un), V= Up)
> 117{5@/ (9(2, qn(2), Dan () + f (2, qn(2)) + h)(v(z) — un(z)) dz
Q

=A@@ﬂwWD%@D+ﬂ%%®ﬁ+®@@%ﬂd@ﬁ%

then ug € T'(qo) and T is closed.

Step 8. The multioperator T is a compact operator with compact and convex
values.
To prove this, let g, € Wy (Q) be such that ||g,|lo < N, for all n, with N
a positive constant, and let u,, € T(gy,). Since, by hypothesis, 0 € K we may
consider (3.3) with v = 0, obtaining
pillunlly — F1(z) < (Alun), un)

SA@@AWWD%®D+ﬂm%@D+Mw@Mx

< /Q(\g(qun(x)»an(m))l + 1 (@, gn(2))| + [B])[un(2)| do
< (Ik2llg + llallg + er [ =D Dgn 7) unllp

+ ((er +D)QI P gnI7 + [[Allg) [unlly < Cllunllo).

Since p > 1, by the Young inequality u,, is uniformly bounded, i.e. there exists
a subsequence, that weakly converges in W, () to ug € Wy*(R). Moreover,
from the convexity and the closure of K, we have ug € K. It follows

0< tim | [ alesn): D) + 10002 + D) — ) o

< lim (|[k2llg + llallg + 1|~ Dgy |7

+ (e +0)Q VP 17+ [1Allg) luo — unll, = 0.
Substituting v = ug in (3.1), we have

lim sup (A(un), tn — uo)

n—oo

< lim | (g(2, gn(2), Dgn(2)) + [ (2, gn(2)) + h)(un(2) = uo(2)) = 0.

n—oo Q

Since A satisfies the ST condition, u,, — ug in WHP(Q), hence T is a compact
operator. Finally, by Step 2, T has closed values, hence has compact values.

Step 4. There exists a ball Bjys(0) such that T'(Bs(0)) C Bas(0).
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In fact, let u € T'(q), as before we have:

pllalls = Ikl < (lk2llg + llallq + eal Q=077 Dgll7
+ (e +B)Q TPl + [|Rllg) ull,
<C(llqllg + llallo)lullo-

Since 0 < p—1 and p > 1, there exists a constant M > 0 such that ||ullo < M
for any u € T'(q) with ¢ € Bps(0).

Then, by the Ky-Fan fixed point theorem, there exists a fixed point u € T'(u),
i.e. a solution of (3.1). Moreover, since by Step 3, T is a compact operator and
the fixed point set is a bounded set we have that it is compact. O

Now, to solve (3.2), given ¢ € W;""(Q), consider the linearized variational
inequality:

(3-4) (A(u), v —u) > / (9(z,n(q(x))) + f(x) + h)(v(z) — u(x)) dz,

Q

for all v € K, where f:2 — R is a measurable selection of the multimap

F(-q(+)

THEOREM 3.3. Let Ay:Q x RN» — R satisfy hypotheses (A1)-(A3) and
g:Q x RNm — R be a Carathéodory map such that

lg(z,m)| < ko(x) +c1(|n]|°)  ae. in S, for alln € RNm

with ky € L1(Q), ¢y >0 and 1 <o <p—1. Let F:Q) xR — R be a multimap
with compact and convex values such that

(a) F(-,u) is measurable for all u € R;

(b) F(x, - ):R — R is u.s.c. for all x € §;

() |F(z,u)|| < a(x)+ blul? almost everywhere in Q, for all u € R with
a€Lli(Q),b>0andl1<o<p-—1.

Then the problem (3.2) has a nonempty and compact solution set.

PROOF. Under hypotheses (a)—(b) the multimap F((-), ¢(-)) admits a mea-
surable selection f:€ — R (see Theorem 2.4). So (3.4) is well defined.

As before we assume m = 1 and it is possible to prove the existence of at
least a solution of (3.4). The proof scheme is similar to Theorem 3.2 but we need
to prove the closeness of the multimap 7" in a different way.

Denoting with Uy the solution set of (3.4), we introduce the solution multi-
operator

T Wy P(Q) — WyP(Q), q— {Uy, f(z) € F(x,q(x))}.
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Let g, — qo in WyP(Q), u, — ug in WyP(Q) where u,, € T(g,), we want to
prove that ug € T(qop). From w,, € T'(g,) we have

(Aun),v —un) 2 /Q(g(w, 4n(2), Dgn () + fo () + h)(0(2) = un () dz

for all v € K, where f,(x) € F(z,qy(z)) for almost all z € 2. Since the sequence
{gn} converges in W1P(Q), there exists a subsequence {q,, } in LP(2) converging
to go almost everywhere in 2. From the Egoroftf’s Theorem the sequence gy,
converges almost uniformly to qg, i.e. there exists a zero-measure set O such
that g, () converges uniformly to go(z) for all z € Q\ O. Moreover, from the
hypothesis (¢) on F, |fn, (z)] < [|F (2, gn, (2))|| < a(z) + b|qn,|°. Hence there
exists a constant L > 0 such that || f,, (z)|l; < L, and there exists a subsequence
{fn.}, denoted as the sequence, that weakly converges in L4(f2) to a function
fo. From Mazur’s lemma a convex combination {f,, } of {fn, }, converges to fo
with respect to the norm of L!(2). Passing to a subsequence we can assume that
{fnk} converges almost everywhere to fy. We show that fo(z) € F(x,qo(x)) for
almost all x € Q.

From the upper semicontinuity of the multimap F' there exists an index kg
such that F(z,qn, (x)) C W.(F(z,q90(z))) for all z € Q\ O and k > kg. Then
fr () € We(F(x,q0(x))) for almost all x € . From the convexity of the values
of F

i (@) € We(F (2, 90(2))), k> ko,
for almost all z € Q. It follows fo(z) € F(z,qo(z)) for almost all z € .
Moreover, by the continuity of the operator A,
nli_)n;()(A(un), v —up) = (A(ug),v — ug)
and hence
(A(ug),v —up) = lim (A(up),v — uy)

n—oo

n—oo

> lim inf /Q(g(x, (), Dan(x)) + fo(x) + h)(v(2) — un(z)) dz

- /Q<g<x, 00(x), Daol()) + fo(z) + h)(v(x) — uo(z)) dz.

The last equality follows from the continuity of the functions ¢,, the weak con-
vergence up to subsequence of f,, and the strong convergence of the sequence
uy,. Finally, K is closed, ug € K and hence ug € T'(qo)- O

4. Evolution variational inequalities

We consider now the parabolic case. To this aim let @ € RY be a bounded
domain with Lipschitz boundary 9Q, J = [0,d], and K a closed convex subset
of Xo = LP(J,W"P(Q)) (2 < p < o0) we look for functions u € Yy N K,
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u(0, -) =u(), Yo = {u € Xo,us € X}, solutions of the following variational

inequalities:

/J ; %(U(t,x) —u(t,x))drdt
S Aattmatute )0 o(e.) - Dult ) de

|| <m
(4.1)
2 /J/Q(g(twmvn(u(ta 37)))+f(t7m,u(t, m)) -+ h)(U(t, :E)—u(t,x)) dx dt
for all v € K,
ft, zu(t,z)) € F(t,z,u(t, z)) ae. in J x Q.
ou
/J . a(v(t, x) —u(t,x)) dedt
" /J /52 a|z<:m Aa(t, ,n(u(t, ) (D*0(t, ) — Du(t, z)) dz dt
(4.2) <
forallv € K,
ft,x) € F(t,z,u(t,z)) ae. in J x Q.

where, as before, « is a multiindex, n(u) = {D%u : |a] < m}, the function A,
maps J x Q@ x RN¥m into R (with N,,, = (N +m)!/(N!m!)), and where g: J x  x
RN¥m — Rand F:J x Q x R — R are a given map and multimap respectively,
finally h € X§.

Let g be such that 1/p+1/g = 1, we assume the following hypotheses on the
function A,:J x Q x RN» — R;

(A4) (t,xz) — A,(t,z,n) is measurable in J x Q for any n € RVm;
n — Ay(t,x,7n) is continuous for almost all z € Q;
there exist a function kg € L4(J x Q) and a constant v such that

|An(t,z,n)| < ko(t,z) +v(|n]|P~Y), a.e. in J xQ, for any n € RV,
(A5) for all (t,z) € J x Q, and for all n, ', n £ 7/,

Z (Aa(tvx’n) - Aa(t’mvnl))(na - n:x) > 0;

la|]<m
(A6) there exist a function k1 € L'(J x Q) and a constant g > 0 such that

Z An(t,z,mne > pln|P — k1(t,z), ae. in J x Q and for all n € RNm,

loe|<m
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REMARK 4.1. Observe that if the set K coincides with the whole space Xy,
the solutions of the variational inequalities (4.1) and (4.2) are weak solutions of
the following parabolic partial differential inclusion:

he ‘% e (=1)"1D* A, n(u(t, 2)))

(4.3) + g(t,z,n(u(t,x))) + F(t, z,u(t, z)) inJxQ,
u(t,z) =0 on J x 0Q,
u(0,z) = u(z) a.e. in Q.

Let A from J x W;"?(£2) into the dual (Wy"?(€))* be defined by

guauywyzjg > Aalt,zn(u(t,z))) D*@(t, z) da.
la|<m

Defining A: Yy — Yy as A(u)(t) = A(t,u(t)), by hypotheses (A4)—(A6), we have
that the operator Ais continuous, bounded and satisfies the S, condition (see
[9]). Moreover, we define the operator L:Yy C Xo — X as L(u) = ug. It
is known that the operator L:Yy C X, — X is a closed maximal monotone
operator (see [9]). Given ¢ € Xy, we can consider the linearized variational
inequality:

(4.4) (L(u) + A(u),v — u)
> / / (ot 2 n(a(t, ) + F(t, 2, q(t,2)) + h)(o(t, 2) — u(t, z)) de dt,
JJQ

for all v € K, where f: QxR — R is a Carathéodory selection of the multimap F'.

‘We have three possible cases for the set K. It has non empty interior, denoted
by int(K); eather it has non empty relatively interior, in this case we solve the
problem on X|), the smallest subspace of X, containing K or it is reduced to
a single point K = {0}. We solve the problem in the case 0 € int(X) and the
other two cases follow easily.

THEOREM 4.2. Let YoNint(K) # 0, Ay: J x QxRVm — R satisfy hypotheses
(A4)-(A6), and g: J x Q x RN» — R be a Carathéodory map such that

lg(t,z,n)| < ka(t,z) + 1 (Inl|”) a.e. in J xQ, foralln e RYm

with ko € LY(J xQ),c1 >0 and 1 <o <p-—1.
Let F: J x Q xR — R be a measurable multimap with closed convex values
such that

(a) F(t,x, ):R—oR isls.c. forall (t,x) € J xQ;
(b) |F(t, z,u)|| < a(t,z) + blu|” almost everywhere in J x Q, for all u € R
witha € LY(J xQ),b>0and 1 <o <p-—1.
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Then the problem (4.1) has a nonempty and compact solution set.

Proor. Hypotheses (a)—(b) on the multimap F' imply the existence of a Ca-
rathéodory selection and hence the variational inequality (3.3) is well defined (see
again Theorem 2.3).

As before, for sake of simplicity we assume m = 1 and, denoting with Uy the
solution set of (4.4), we define the multioperator T" as

T: Xy — Xo, q—{Uys, f(t,x,q(t,x)) € F(t,z,q(t,x))}

As for the elliptic variational inequalities we can assume without losss of gener-
ality that 0 € K.
The multioperator T is a compact multioperator with nonempty closed con-

vex values. Indeed, as before we consider the linear and continuous functional
G: Xy — R defined as:

G(u) = []A(g(t,m,q(t,x),Dq(t,x)) + f(t,z, q(t, z)) + h)u(t, z) dz dt.

So, denoting with x(u) the indicator function of K, problem (4.4) can be rewrit-
ten in the following equivalent form (see [17, pp. 893-894])

G e dx+ L(u) + A(u), ueK.

Since by hypothesis Yy N int(K) # 0, the operator dx(u) + L(u) is a maximal
monotone operator as sum of two maximal monotone operators, then, for the
regularity properties of the operator A it follows that for any b € X the inclusion

b e dx(u) + L(u) + A(u)

has at least a solution u € K (see [4]). In particular there exist solutions when
b = G. Moreover, from the monotonicity and continuity of the operator A and
from the monotonicity and linearity of the operator L we have that (4.4) is
equivalent to the problem

(L(v) + A(v),v - u)
> / /(g(t, x,q(t,x), Dq(t,x)) + f(t, z,q(t, z)) + h) (v(t, ) — u(t,x)) dz dt
J JQ

for all v € K. Therefore, recalling that F' has convex values, the multioperator
T has closed and convex values.

T is a closed operator. To this aim let ¢, — ¢¢ in Xo and u,, — ug in Xg
with u, € T(gn), we claim that uy € T'(qo).

We find an estimate for ||Lu,||. Notice that since K is closed convex and
0 € int(K) we have that for any v € X there exists v € R and a vy € K such
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that v = yug. So

| Luy || = sup [(Luy,v)| = sup [{Luy,yvg)|,
vEXo:||v]lxo<1 [[vor|I<1

we have

(L, yor) | = [(Lun, o) | = [y [(Ltin, —vg)|
< L, un = o)+ [Y[[{ L, wn) |-

Since v, € K we obtain

(Linten =l <| [ [ @ttt D)+
JJa
- F (0 (1)) + B) (un(t2) — vkt ) da dt| + | (A, wn — 03)]
From growth conditions on maps ¢ and F' and on the operator A, we have:

[{Ln, un = vi)| < (llallg + [[R2llq + [Follg + 1llx; ) (llunllxo + llvellx,)
+ e (d|Q) TP D 1%, (lnlx + lowllx,)
+ (ex +0) (@) TP gy 1, (N0 + lowllx,)

-1 -1
+v([[Dunlli,” + llunlli, ) llunllxo + llvellx,)-

Since, from the convergence of the sequences {¢, } and {u,,} we have the existence
of two constants M7 > 0 and Ms > 0 such that g, | x, < M7 and ||u, || x, < Ma,
we obtain the existence of a constant N7 such that

|<Lunaun *vkﬂ S Nl'

Choosing v = 0 in (4.4), as before we have the existence of a constant Ny such
that

|<Lunaun>| S N2a

therefore the norm of Lu, is uniformly bounded. Then, up to subsequence,
there exists vy € X§ such that Lu, — vo. By the definition of the operator L we
have that vg = Luyg, i.e. u, — ug in Yy up to subsequence. From the compact
embedding Yy C LP(J, L?(Q2)) and the continuous embedding Yy C C(J, L?(Q2))
it follows uy,(0) — uo(0) and uy,(d) — uo(d) and

lim (L, uy, — ug)

n—oo

— lim (;mn(d) — ug(d)||2 - %Hun(O) —up(0)||2 — (Lug, up — uO>> =0.

n—oo
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Hence, recalling the convergence w,, — ug in Xy and that K is closed (ug € K)

we have

(4.5)  limsup((A(un), tin — o) + (Ltty, ty — tg))

n— oo

<timsup [ [ (g(t.2.0(0.2). Dalt.2)) + (0.2.a(0.2) + )
(un(t,x) —ug(t,z)) dxdt = 0.

The operator A satisfies the Sy condition; from the previous inequality we have
that u,, — up in Yy, in particular Lu,, — Lugp in X§. Finally,

(Lug, v — o) + {A(uo),v — o) = lim (Lttn,.,v = wn,) + (Altn,), v = wn,)

Z//(g(t7vaO(tvx)7DqO(tvx))+f(tavaO(tvx))—’_h)(v(tvx)_uO(t?x))dxdta
JJQ

where u,, and ¢, are the sequences that verify the inferior limit. Then ug €

T'(qo)-
To prove the compactness, let ¢, € Xy be such that ||g,|lo < N, for all n,
with N a positive constant, and let u,, € T'(g,,). Observe that

1

(L(u),u) = 1HU(d)Ilg = )3

Moreover, from (A6) we have that

/ / (ulln(u(t, 2) [P — ka (1, ) da dt

— [ uluolgar~ [ [ kate.a)dodt = ulal, -
J J JQ

By hypothesis 0 € K; we may consider (4.4) with v = 0, obtaining
pllunll, — 1 2l (0)13

< planll, = B = 3 lun(O)I + 3 llun (@)1 < (L) + Alun), un)

< ‘ /J/Q(g(t,:c,qn(t,x),an(t,x)) + f(t, 2, qn(t, ) + R)un(t, x) dx dt|.
From the growth conditions on maps g and F', we obtain

~ 1
pllun i, =k = 5 [[un(0)13 < Cllunllx,-

Since p > 2, by the Young inequality w,, is uniformly bounded, i.e. there exists
a subsequence, that weakly converges in Xy to up € X. Moreover, from the
convexity and the closure of K, we have ug € K. As before it is possible to
prove the uniform boundedness of ||Lu,||, hence to show that w, — ug in Yy up
to subsequence. Since Y is compactly embedded in LP(J, LP(Q)), then u,, — ug
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in LP(J,L”(€2)). So inequality (4.5) holds and we have the strong convergence
Uy — ug in Yy, i.e. the compactness of the operator T'.

As for the elliptic case it is possible to prove the existence of a constant
M > 0 such that ||ul|x, < M for any u € T(q), with ||¢||x, < M. Therefore
we have that there exists a ball By (0) such that T'(B(0)) C B (0), then by
the Ky-Fan fixed point theorem we obtain a solution of (4.1). Moreover by the
compactness of the solution operator T" we have the compactness of its fixed
point set. ]

For parabolic variational inequalities the existence theorem for u.s.c. mul-
timap F' is still valid.

THEOREM 4.3. Let YoNint(K) # 0, Aq: J x QxR¥Nm — R satisfy hypotheses
(A4)-(A6), and g: J x Q x RNm» — R be a Carathéodory map such that

lg(t,z,n)| < kao(t,z) +ci(|n)|°)  a.e. in J x Q, for alln € RNm
with ko € LY(J xQ),¢cp >0and 1 <o <p—1. Let F:J x QxR — R be

a multimap with compact and convex values such that
(a) F(-,-,u) is measurable for all u € R;
(b) F(t,z, - ):R — R is u.s.c. for all (t,x) € J x Q;
() |F(t,z,u)|| < alt,z)+ blu| almost everywhere in J x , for allu € R
witha € LY(J xQ),b>0and 1 <o <p-—1.

Then the problem (4.2) has a nonempty and compact solution set.
PRrROOF. As before given q € X we consider the linearized problem
(4.6) (L(u) + A(u),v — u)
> /J/Q(g(t z,n(q(t, ) + f(t, x) + h)(v(t, ) — u(t, z)) dz dt,

for all v € K, where f:J x 2 — R is a measurable selection of the multimap
F(-,q(+)), which exists again by Theorem 2.4. Moreover, denoting with U the
solution set of (4.6), we introduce the solution multioperator

T: Xo — Xo, qH{vaf(t’x) EF(t7xvq(t7x))}'

As for the elliptic variational inequalities the proof scheme is similar to The-
orem 4.1 but we need to prove the closeness of the multimap T in a different
way.

Given ¢, — qo and u,, — ug in Xo, with w, € T(g,), as in Theorem 3.3
it is possible to find a sequence of selections {f,} C LI(J,L1()), fn(t,x) €
F(t,x,qn(t, z)) almost everywhere in J x Q, such that {f,} weakly converges to
fo with fo(t,z) € F(t,z,qo(t,z)). Now, as in the proof of Theorem 4.1 we have

lim (L(upn) + A(un), v — un) = (L(uo) + A(ug),v — ug).

n—oo
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Hence

(L(uo) + A(ug), v — ug) = lim (L(un) + Aun), v — up)

n—oo

> liminf/J/Q(g(t, x, qn(t, z), Dgn(t, )+ fr(t,x) + h)(v(t, ) — u, (¢, x)) dx dt

= /J/Q(g(t,x, qo(t,x), Dqo(t,z)) + fo(t,x) + h)(v(t, z) — up(t,x)) dx dt

and we have the conclusion. O

5. Examples

We stress that to solve problems (3.1), (3.2), (4.1), (4.2) we do not require
any additional conditions on the set K beside closeness and convexity unlike
similar results in the literature. In Chapter 5 of [5] some existence results for
the following variational inequality

/QAO(:E,Du(x))(Dv(:E) — Du(x))

(5.1) > / F(z,u(z))(v(z) —u(x))dr forallve K,
Q
uec K

are collected, where Q is a bounded domain in R™(n > 1) with Lipschitz bound-
ary, K is a closed and convex subset of Wol’p(Q), 1<p<oo, Ag: Q2 x R* — R"
is a Carathéodory monotone map satisfying analogous hypotheses as (A2)—(A3)
and F:Q xR — R is a Carathéodory map satisfying an analogous hypothesis as
(b) of Theorem 3.2.

In Theorem 5.5. of [5] the existence of k subsolutions u,,...,u; of (5.1) as
well as the following condition on the set K are required

(5.2) w,VKCK, 1<j<k

We point out that variational inequality (5.1) is in the same class of variational
inequalities as (3.1). In order to solve it we do not need condition (5.2) and to
assume the existence of subsolutions. The following example shows as, even in
very simple cases, condition (5.2) may not be satisfied.

EXAMPLE 5.1. We consider the following problem

(5.3) min { / |Dul? dz dy, u € ug + W, *(C, ]R)},
ueK C

where C' C R? is the unit ball centered in zero, ug is an harmonic function and

(5.4) K ={veuy+Wy?:v=uy+w, wis subharmonic}.
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Finding minimizers of problem (5.3) is equivalent to solve the variational in-
equality:

(5.5) (Du,Dv—Du) >0 forallve K,

i.e. we obtain a variational inequality of type (3.1). We can apply Theorem 3.2
obtaining the existence of a solution. We point out that the set K defined in (5.4)
does not satisfy condition (5.2). Indeed it is well known that any subsolution (su-
persolution) of (5.5) is a superharmonic (subharmonic) function and vice-versa.
Moreover given a subharmonic function u € Wy*(C,R) and a superharmonic
function @ € W,"*(C, R), we have

u(z) <u(z) ae xzeC.
Then, for all u;, 7 =1,...,k subsolutions:

QjVK:Qja 1<j<k

If u; € K, u; is either a subsolution and a supersolution, and hence a solution,
and there is nothing to prove. Then in general u; ¢ K.

We give a physical example from which partial differential inclusions of the
type (4.3) arise. We generalize the one dimensional heating problem in [3] to
a multidimensional one.

ExXAMPLE 5.2. We consider a problem of heat dissipation in an isotropic
homogeneous bounded body B C R3, which has to be maintained at a constant
temperature ug. The problem is expressed by the following system

ou

N
E‘FAU*D(LI):;%(t7u)fl(x) t€[07TL Ier

u(t,z) = up(t, ) te[0,T], x € 9B.

The function u(t,z) € WP([0,T] x B,R) describes the change of temperature
at point z and time ¢ due to the dispersion D(¢,z). Heat is supplied by N
sources f; € L*(B;,R), ¢ = 1,...,N of bounded heating output g¢;(¢t,u), i =
1,...,N, where B; C B, in order to keep the body B at a constant temperature
for any ¢ > 0. The heating output is represented by N measurable functions
¢::[0,T] x R+— R, continuous with respect to the second variable.

Now given a constant ¢ € R we consider all the possible amounts of heat
subject to the constraint

N
(5.6) Zqi(t,u) =c,



GENERALIZED VARIATIONAL INEQUALITIES 55

for all t € [0,T] and z € B. Defining the multimap F:[0,7] x @ x R — R as

N
F(t,z,u) = {Zqi(t,u)fi(x) : g; satistying (5.6)},

we obtain an analogous problem as (4.3), i.e.

%—i—Au—D(t,x) € F(t,z,u) tel0,T], z € B,

u(t,z) = up(t, ) tel0,T], x € 0B.

In this way we can obtain a solution that is optimal with respect to the controls

qi(t, u) satisfying (5.6).
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