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A CRITICAL FRACTIONAL LAPLACE EQUATION
IN THE RESONANT CASE
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ABSTRACT. In this paper we complete the study of the following non-local
fractional equation involving critical nonlinearities

(—AYsu — M= |u2 ~2u  in Q,
u=0 in R™\ Q,

started in the recent papers [13], [17]-[19]. Here s € (0,1) is a fixed pa-
rameter, (—A)?® is the fractional Laplace operator, X is a positive constant,
2* = 2n/(n — 2s) is the fractional critical Sobolev exponent and € is an
open bounded subset of R™, n > 2s, with Lipschitz boundary. Aim of this
paper is to study this critical problem in the special case when n # 4s and A
is an eigenvalue of the operator (—A)® with homogeneous Dirichlet bound-
ary datum. In this setting we prove that this problem admits a non-trivial
solution, so that with the results obtained in [13], [17]-[19], we are able to
show that this critical problem admits a nontrivial solution provided

e n>4sand A > 0,
e n =4s and A > 0 is different from the eigenvalues of (—A)*,
e 25 < n < 4s and X > 0 is sufficiently large.

In this way we extend completely the famous result of Brezis and Nirenberg
(see [4], [5], [9], [23]) for the critical Laplace equation to the non-local setting
of the fractional Laplace equation.
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1. Introduction

The Yamabe problem for the Laplace operator (or, more generally, for uni-
formly elliptic operators) was widely studied in the literature (see, [10], [20], [22]
and references therein). Recently, also in the non-local framework many papers
concerning critical equationshas appeared, both for pure mathematical interest
and for the various applications in many fields (such as, e.g. optimization, finance,
phase transitions, stratified materials, anomalous diffusion, crystal dislocation,
soft thin films, semipermeable membranes, flame propagation, conservation laws,
ultra-relativisticlimits of quantum mechanics, quasi-geostrophic flows, multiple
scattering, minimal surfaces, materials science and water waves). In the non-
local framework, for instance, in [3], [21] the authors study a critical problem
driven by a non-local operator defined as the power of the Laplacian, while in
[13], [17]-[19] critical problems driven by the fractional Laplace operator (—A)?
are considered.

Aim of this paper is to complete the study carried on in [13], [17]-[19], where

the existence of a nontrivial solution for the problem:
(=A)*u —du = [u]* "2u in Q,
(1.1)
u=0 in R™\ Q,

was established in the special case when the parameter A > 0 is different from
the eigenvalues of (—A)®. Here s € (0,1) is fixed and —(—A)? is the fractional
Laplace operator, which (up to normalization factors) may be defined as

w(@ +y) +u(z —y) — 2u(z)
|y|n+25

(1.2) —(=A)’u(x) = / dy, = eR",

the set 2 C R™, n > 2s, is open, bounded and with Lipschitz boundary, A > 0
and 2* = 2n/(n — 2s) is the fractional critical Sobolev exponent (notice that

n

when s = 1 the above exponent reduces to the classical critical Sobolev expo-
nent).

The homogeneous Dirichlet datum in (1.1) is given in R™ \ £ and not simply
on 0f), as it happens in the classical case of the Laplacian, consistently with
the non-local nature of the operator (—A)®. In the recent works [13], [17]-][19]
we proved that the famous result by Brezis and Nirenberg (see [4], [5], [9], [23])
for the Laplace equation continues to hold also in the nonlocal setting of (1.1),
provided A is not an eigenvalue of (—A)*.

With respect to the classical Brezis—Nirenberg result in these papers it re-
mains open the resonant case in dimension different from 4s, that is the case
when n # 4s and A is an eigenvalue of the operator (—A)® with homogeneous
Dirichlet boundary data. Aim of this paper is to consider (1.1) in this setting,
since we though that it is interesting to check what happens in this case in order



A CRITICAL FRACTIONAL LAPLACE EQUATION IN THE RESONANT CASE 253

to verify if the classical result known for the Laplacian can be extended to the
non-local fractional framework. In this way the study of the critical fractional
Laplace problem is completed. The main result we obtain in the present paper
is the following:

THEOREM 1.1. Lets € (0,1), n > 2s and Q be an open bounded set of R™ with
Lipschitz boundary. Moreover, let A be an eigenvalue of (—A)® with homogeneous
Dirichlet boundary data. Then, problem (1.1) admits a weaksolution v € H*(R™),
which is not identically zero, and such that w = 0 almost everywhere in R™ \ €2,
provided that either

(a) n>4s, or
(b) 2s < n < 4s and X is sufficiently large.

As a consequence of Theorem 1.1 and of [13, Theorem 1.2], [17, Theorem 4]
and [18, Theorem 1] we get the following existence result, which extends com-
pletely to the non-local fractional framework the well-known Brezis—Nirenberg
type results given in [4], [5], [9], [23] for the Laplace equation:

THEOREM 1.2. Lets € (0,1), n > 2s and §2 be an open bounded set of R™with
Lipschitz boundary. Then, problem (1.1) admits a weaksolution u € H*®(R™),
which is not identically zero, and such that uw = 0 almost everywhere in R™ \ Q,
provided that either

(a) n>4s and A > 0, or
(b) n =4s and A > 0 is different from the eigenvalues of (—A)®, or
(¢) n < 4s and A > 0 is sufficiently large.

Roughly speaking, Theorem 1.2 says that what happens in the non-local
framework is exactly what we know in the classing setting (see [4], [5], [9], [23]
and also [10], [20], [22] and references therein; of course the extension from the
local setting to the non-local one is not straightforward as we will see in the
course of the proofs).

We would like to note that, as it happens in the Laplacian case when n = 4,
also in the non-local framework there is a dimension (n = 4s) where resonance
creates problem. Also, when s = 1 (which corresponds to the Laplace case) these
two dimensions are the same.

In the classical setting of the Laplacian this fact was not underlined in the
original paper of Capozzi, Fortunato and Palmieri (see [5]), but it was noticed
by Zhang in [23]. For an explanation of this strange phenomenon see also [2]
and [8].

In order to prove Theorem 1.1 we mainly use the fact that problem (1.1) is

variational in nature and its weak formulation is given by
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(ula) ~ul) @)~ o) \ ([
[, e =2 dray - [ ua)ta) d
(13 = [ @) ut)e) do

for all ¢ € H*(R™) with ¢ = 0 a.e. in R\ Q,
u € H?(R™) with v = 0 a.e. in R™\ Q.

Problem (1.3) represents the Euler-Lagrange of the functional J; x: X9 — R
defined as

A B T T N

where the functional space Xj is the Hilbert space defined as
Xo={ue H*(R"):u=0ae. in R"\ Q}

and endowed with the norm given by

~ [(z) — v(y)? 2
15 Xesee s = ([ MO )

For this see [15, Lemma 7], while for a general definition of X, and its proper-
tieswe refer to [13]-[17] and [19]. Here H*(R"™) is the usual fractional Sobolev
space (for this see, for instance, [7]), endowed with the so-called Gagliardo norm

l9(2) — g(y)|? 2
W6) gl = lgllzaen + ( R

Thus, in looking for weak solutions of (1.1) (that is solutions of problem (1.3)) we
study the critical points of the functional J; x using classical minimax theorems,
namely the Linking Theorem (see, e.g. [1], [11], [12]). In order to apply such
critical points theorem to Js » we argue as in [13], [17], [18]. In particular, since
the functional J; x is not compact (due to the fact that H*(R™) is not compactly
embedded into the critical Lebesgue space L? (R™)), the Palais-Smale condition
does not hold globally, but only in a suitable range related to the best constant
in the embedding H*(R") — L?> (R™). For this reason, in order to apply the
minimax theorem, we need to estimate the critical level of J; » and, for proving
such a estimate, we need to construct an explicit solution of the following limiting
problem
(=A)*u = |u|> "2u in R".

For more details on this see Subsection 2.1. The paper is organized as follows.
In Section 2 we will deal with the variational formulation of the problem. After
introducing some notations and recalling some preliminary results, we will dis-

cuss the geometric and compactness properties of the functional 75 . Section 3
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will be devoted to the estimate of the minimax critical level of J; » and to the
proof of Theorem 1.1.

2. The variational formulation of the problem

As we said in the Introduction, problem (1.1) has a variational structure.
Hence, in order to look for weak solutions of problem (1.1) we study the critical
points of the functional J; » using classical minimax theorems. First of all, note
that this functional is well defined thanks to [15, Lemma 8] and [17, Lemma 9.
Moreover, Js, 5 is Fréchet differentiable in u € X and for any ¢ € X

<‘7S/’/\(u)7 (,0> _ / (u('r) — U(y))((p(l‘) — @(y))

R27 | — y[n+2s

A [ u@ple) o = [ u@)P ula)ota) da.

dzx dy

Before proving Theorem 1.1 we need some notation and some preliminary

results.

2.1. Notations and preliminary results. In the sequel we will denote by
(Ak,s)ken the sequence of eigenvalues of the operator (—A)?®, with homogeneous
Dirichlet boundary data, such that

0<AMs<As <o S Aps A1, <... and A s — 400 ask — +oo.
Moreover, ey, s will be the eigenfunction corresponding to Ay s for any & € N and
Pit1,s := {u € X such that (u,e;)x, =0forall j=1,...,k},

where (-, ) x, is the scalar product on X defined as

/ (u(z) = u(y))(v(z) —v(y))
RZ"L

(2'1) <u’U>X0 = |{E — y‘n+23

dz dy.

For a complete study of the eigenvalues and the eigenfunctions of (—A)® (and,
more generally, of non-local integrodifferential operators) we refer to [16, Propo-
sition 9 and Appendix A]. Here we also need to introduce the best fractional
critical Sobolev constant S, for the embedding of H*(R") into L?" (R") defined
as

Ss = inf Ss(v),
veH=(R™)\{0}

[v(z) —v(y)?
(2.2) /]R =gt 2

HR™")\ {0} 2 v+ Ss(v) := (/ o dx) YR

With this, we can recall the following result obtained in [6, Theorem 1.1]:
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PROPOSITION 2.1. The infimum in formula (2.2) is attained, that is
Sy = Ss(),
where
(2.3) U(z) = k(p? + |z — 2o[?)~ (2972 2 e R"

with kK € R\ {0}, u > 0 and ¢ € R™ fized constants. Equivalently, the function
w defined as

u(z)

||UHL2*(R")
is such that
. [u(z) —v(y)[? / a(x) —a(y)
2.5) S, = f —r 2 _dxdy = —r—— "L dxdy.
25) veH (=) /Rzn oy YT e Ty Y

ol 2% gy

In the sequel we suppose that, up to a translation, g = 0 in (2.5). Arguing
as in [17, Section 4], we consider the function

* — T n

which is an explicit solution of the limiting problem

(2.7) (=A)*u=[u> "2u inR"

such that ||u*||2L2 &) = $2/%) and also the functions
(2.8) Uc(z) =292y (z/e), xR,
(2.9) ue(x) = n(z)Ue(2), z € R,

for any € > 0. Here n € C*°(R™) is a function such that 0 <7 <1 inR" n=1
in Bs and n = 0 in CBys, where Bs = B(0,d) and CBs = R™ \ B, with 6 > 0
fixed so that Bys C Q.

Note that u. € Xy and u. = 0 almost everywhere in R™ \ . What is
important about u,. is that this function satisfies some crucial estimates that we
recall here below (for a proof see [17, Propositions 21 and 22 and Subsection 4.2.1]
and [13, Proposition 7.2]):

PROPOSITION 2.2. Let s € (0,1) and n > 2s. Then the following estimates
hold true:

|u5(x) — uE(y)|2 n/(2s n—2s
/]Rzn |5C - y|”+2s dedy < Ss /2 + 0(6 )’
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Cse?s + O(e"72%) if n > 4s,
/ luc(z)?de > { Cye?*|loge| + O(?*) if n = 4s,
Cse™25 + O(e2%) if n < 4s,

/ Jue(2)|* de = S/ + O("),
Rn

/R uc(2)[* " dz = O (")),
and

/ ue(@) da = O 272),

as € — 0, for some positive constant Cs depending on s.

2.2. Geometric and compactness condition of the functional J, . In
the present paper we are interested in problem (1.1), when the parameter \ is
an eigenvalue of (—A)®, say when A = A\ for some k € N. Without loss of
generality, we can assume that Ay s has multiplicity h € N and that

(2.10) Mimls < Aks = Megls = oo = Meghe1,s < Akth,s-

In order to prove Theorem 1.1 our strategy will consist in applying the Linking
Theorem (see [11], [12]) to the functional Js. , ,, that is Js» with A = Az s.
As it is well-known, the main ingredients of this minimax theorem are a suit-
able geometric structure and a compactness condition, namely the Palais—Smale
condition at level ¢ € R, given by:

every Palais—Smale sequence (u;) en in Xo at level ¢ € R admits a sub-

sequence strongly convergent in Xg.

We say that (u;);en in Xy is a Palais—Smale sequence for J;  at level ¢ € R if

Jsa(u;) — ¢ and sup{|[(J{ (), 9)| : ¢ € Xo, [lllx, =1} = 0 as j — +o0.

By [18, Proposition 10] we know that the functional J; ) satisfies the geometric
features required by the Linking Theorem, when A > A; ;. Hence, in particular,
Js,ax.. has the geometric structure of the Linking Theorem, that is the following
proposition is valid:
PRrROPOSITION 2.3. There exist p > 0 and B > 0 such that
(a) for any u € Prpyy s with |Jul|x, = p it results that Js x, ,(u) > B;

(b) Tsap..(u) <0 for any u € span{eis,... ek, s};
(¢) for any finite dimensional subspace F of Xq, there exists R > p such
that

sup T, a,. . (u) <0.

uelF
lull xg =R
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In particular, we can construct F as follows:

(2.11) F=F. :=span{e1s,...,er s} @ span{z.},

k
with Ze = ze/||zellxo, 2e = ue — 2 ([o ue(2)es, s(x) dx)e; s and ue as in (2.9)
i=1

fore > 0.

Moreover, by [17, Proposition 5] (which holds true for any A > 0) and the
fact that A\r s > A1,s > 0 (see [16, Proposition 9a)]) the functional Jj », , also
verifies the Palais—Smale condition up to a suitable threshold, i.e. the following
result holds true:

PROPOSITION 2.4. Let ¢ € R be such that
(2.12) c< 25/
n

where S is the constant defined in (2.2). Then, the functional Js y, , satisfies
the Palais—Smale condition at level c.

Roughly speaking, Proposition 2.4 says that the functional J , , satisfies
the Palais—Smale condition only below a suitable threshold related to the frac-
tional critical Sobolev constant. Since this condition does not hold globally, in
order to apply the Linking Theorem to Js , ,, we need to estimate the critical
level of this functional and show that it stays below the threshold where the
Palais—Smale condition is satisfied. This will be done in the next section.

3. Estimate of the minimax critical level

This section is devoted to the estimate of the minimax critical level of the
functional Jj », ,. Here, in some sense, we argue as in [13, Subsection 7.2] and
in [18, Section 7] even if, with respect to these papers, some differences arise,
due to the fact that here we consider the resonant case, that is the case when
A is an eigenvalue of (—A)®. In fact, here the estimates are more delicate: on
this we will be more precise in the sequel. The Linking critical level of J », , is

given by
Ce . = f max o, (h(u)),
where
I' ={heC(Q;Xp):h=1id on 0Q},
- {h € C@:X0) Q)

Q = (BrNspan{eis,... ,exs}) @ {rz. : v € (0, R)},

and R and Z; are as in Proposition 2.3. In order to estimate c. », ,, we will use
the particular choice of F = F. given in (2.11) (note that @ C F.). We want to
show the following result
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PROPOSITION 3.1. Let S5 be as in (2.2). Then,
s
Ceprr,, < — 53/
n
for e sufficiently small, provided n > 4s or n < 4s and A s is large enough.
Proo¥F. First of all, note thatby definition of c. y, , for any h € I’
(32) e, . Smax T, (h(u))
ueR
and so, in particular, taking A = id and using the fact that Q@ C F., we have
(3'3) Ce Mg, s < Igleag?( \787>\k,5(u) < gé%,):JSJk,s(u)'

Since F. is a linear space,

U
3.4 = e
GOm0 =max s, (1 )
C#0
= max Jox, . (Cu) < max o, (Cu).
¢>0 ¢>0

Hence, (3.2)—(3.4) yield that
(35) Ce Ak, s < qug?l:‘x js,Ak,s(Cu)'
>0

Then, in order to prove Proposition 3.1, by (3.5) it is enough to show that
S mn S
(3.6) max Tsae, s (Cu) < - Sn/(25),
¢>0

Note that, by [17, Proposition 20], for any v € X \ {0}

s [ lullxo = AeslllFa )\ ™ 32
(37) mans’/\: g(Cu) = < - ) ’
S AN I o

and that the right-hand side in (3.7) is scale invariant. Hence, as a consequence
of (3.7), relation (3.6) is equivalent to
(3.8) M=  max (lulli, = MesllullZz(a)) < S,

€

lull 2= (g =1

so that, in order to prove Proposition 3.1, it is enough to show that (3.8) holds
true. Let us prove inequality (3.8). At this purpose, let us recall that, by [13,
Proposition 7.3)] M. is achieved in some wup; € F., which can be written as
follows (1)

(3.9) Upr =0+ tze,

(1) Beware that ups, ¥ and ¢ (and also v in Claim 2 below) depend on e. For simplicity
we omit this dependence in the notation.
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where U € span{ei s,... ek}, t > 0 and z. is as in Proposition 2.3, and such
that

For now on we proceed by steps.

CraM 1. There exists a positive constant ¢ such thatt =t. < ¢ fore >0
small enough.

PROOF. First of all, note that, by the Holder inequality and the properties
of ups, we can bound uy; as follows

(3.11) HUM||2L2(Q) < |Q|n/(25)”UM||2L2*(Q) — |29,

Moreover, ¥ and z. are orthogonal in L?(Q2) and in X, since the sequence
(e, s)ken of eigenfunctions corresponding to Ay is an orthonormal basis of L2(%2)
and anorthogonal basis of Xy (see [16, Proposition 9f)]). As a consequence of
this, we get that

(3.12) luarlZ2) = 101720) + 2112l 20) = 1011220

By (3.11) and (3.12), we easily get that both [|uas||z2(q) and [[0]|z2(q) are
bounded uniformly in € by a suitable ¢ > 0. Furthermore, by [18, Proposition 4]
we know that e; s € L>(Q) for any 7 € N, so that also v € span{e1 s,... €k s}
does. Hence, v € LQ*(Q)7 since 2 is bounded and, by the equivalence of the
norms in a finite dimensional space,we also have

(3.13) 0] 2% () < €.

Also, by Proposition 2.2 and again [18, Proposition 4] we have

< uellzr @ lleisll o @) = O(e™72972)

‘ /Q e (2)es o (@) da

as € — 0. As a consequence, using the definition of z. and again Proposition 2.2,
we get

k
12l 2= (@) = lluellLe @) — Z

i=1

llei,sll L2 ()

/Q ue()er o (1) d

S(n72s)/(4s)
>
- 2
for e sufficiently small. Then, by (3.9), the fact that ¢t = t. > 0, (3.10) and
(3.13), we have
S£n72s)/(4s)
2

— Sgn—2s)/(4s) + O(E(n_QS)/Q)

= <tellzellpe ) < lluntllpos @) + 01l L2 @) < 1+,
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for € small enough. Hence, t. is bounded for ¢ sufficiently small and this ends
the proof of Claim 1. g

CLAaM 2. The function up; € F. can be written as upy = v + Ppv + tue,
where t > 0,

k—1

(3.14) v (/ — tue(x))e; s(x) dx) ei,s € span{er s, ... ,ex_1,5}
=1

(3.15) U = us — Prue,

and the map Xog > w — Prw denotes the projection of w on the direction ey, s,

that is
Pow = (/ w(x)ek, s(x) dac) Ch,s-
Q

Moreover, there exists a positive constant ®, independent of €, such that

(3.16) Uu ) dx ‘/u ) dx

< FElvll 2 lluell L @),

and

(e () — () (0(2) — () ,
CUNTS P dedy| < ol 2oy o
for any € > 0.

PROOF. By (3.9) and the definition of z. (as given in Proposition 2.3), it is
easily seen that

k k

UM = Z; ( /Q v(z)ei,s(z) dx) €is + t(ug - ; ( /Q ue(z)e; () dx) e)
- Z ([ 60— oo Yer P e~ P
=v+ P,v + tu,,

with v and @, as in (3.14) and (3.15), respectively.Let us start showing that
(3.16) holds true. For this, note that v and Pyu. are orthogonal in L?(2), so
that

/QEE(:E) v(x)dx = /Q(us(x) — Prus)v(z)de = /ng(w) v(x) dz,

while the Hélder inequality and the equivalence of the norm in a finite dimen-

< Hua”Ll(Q [vllze= () < FlluellLr@llvllr @)

sional space give

’/ue x)dx| =
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for a suitable £ > 0, independent of €. Thus, (3.16) is proved. Now, let us show
(3.17). At this purpose, we write

k—1
(3.18) v = Zvieivs
i=1

for some v; € R, so that, again by [16, Proposition 9f)],

k—1
||U||2L2(Q) = Z Uiz'
1=1

By (3.18), the fact that e; s is an eigenfunction of (—A)° with eigenvalue \; s
and the definition of scalar product in Xy (see (2.1)), we have

k—1

<a€a U>X0 = Z vi<a67 e’L,S>X0
i=1
—1

k—1
= )\i,svi/ a6(3'3)61'75($) dr = Z Ai,svi/ us(x)ei,s(x) dz,
) p Q

1

N

-
I

also thanks to the definition of u. and the orthogonality properties of e; ;. So,
by this and again the Holder inequality, we get

k—1

(T, ) xo| <D Nislvil luell o lleisll L @) < FlluellLrollvll 2 @),
i=1

that is

dz dy| < E||v| L2 lluell @)

/ (ue(z) = uc(y))(v(z) = v(y))
R |

xr — y|n+2$

for a suitable £ > 0 possibly depending on k, but independent of e. Hence, (3.17)
is proved and this ends the proof of Claim 2. ]

Now, we are ready to show the validity of (3.8), that is

lunr () — unr(y)|
oy

2
(3.19) M, = dx dy — )‘k,s/ |uM(m)\2dx < S.
Q

R2n
In doing this, we have to take into account that up; = v+ Pyv + tue by Claim 2
and that, in particular, we have to estimate three different contributions coming
from v, P,v and u.. With respect to similar calculations carried on in [13, Sub-
section 7.2] and [18, Section 7], here we have to pay attention to the contribution
coming from v, due to the resonance occurring in this case. Let us show (3.19).
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By Claim 2 we have that

|unr () — un (y)]
|z — y|nt2s

2
(3.20) M. = dx dy — )\k,s/ luns () do
R27 Q

_ / v(z) + Pv(e) + tue(x) — v(y) = Ppo(y) — tue(y)|
R2n |z =yt

2
dx dy

— Mks /Q |v(x) + Ppo(x) + tﬁg(x)|2 dx

=llvll%, + I1Pl%, + £)lE: )%,

b [ o= EOGE o)

= Ms (0l 720y + 1P01172() + 1] 72 (0))

—2Xst /Q Ue () v(x) dx ~ )
= ol + P, +2 | () _|Z€£y;)|ﬁ(i) —0®) 4y ay

= Mes(10ll72(0) + eIz () = 2>\k,st/ﬂﬂs(w)v(x) da,

thanks to the orthogonality properties of v, P,v and u. and also to the definition
of A\g,s. Now, note that by (3.15)

(3.21) ||ﬂs‘|§<0 - )‘k,SHﬂEHQL?(Q) = [lue — PkUE||§(U = M,sllue — Pku€||2L2(Q)

= [, + [1Peue %,

(ue(w) — ue(y)) (Prue(z) — Pruc(y)
_Q/RZH [ — g dx dy

= Aks([uellF2q) + | Petell7zi) + 2>\k7s/ ue () Prue(z) do
Q

= lluclli, = An,slluelzzo)

(ue(z) — ue(y)) (Prue(z) — Pruc(y))
_2/]R% [ — g dx dy

+ 22X, s / ue(x) Prue(x) dx
Q
= el = AksllucllZzq) — 201 PrucllXy = Mes | Pruell72 ()
= Jucl%y = Aos lucll7z (),

thanks to the definition of P;. Then, combining (3.16), (3.17), (3.20), Claim 1
and (3.21), we get

(175(37) - ﬂs(y))(v(x) - ’U(y))

o — g

(3:22) M. =olfy, + Pl +2 [

(10022 + 212 2gy) — 20k, ot / e (2) v(z) da

dx dy
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(e (7) — e () (v(@) — v(y))

2n |z — y|nt2s

— loll%, + 2 ucll%, + 2t / d dy

— s (01220 + 2l ) — 2hwst /Q iie(z) v(x) da

<[lvll, = A.s

U”iZ(Q)
+ 2 ([lueli, — Anslluellze@)) + Fllvlz o) luell o),
provided ¢ > 0 is sufficiently small and for some x > 0, independent of . Since
v € span{eis,...,ex—1,} and (2.10) holds true, by [13, Proposition 2.3] and
(3.22), we have
(3:23) M <[], — AksllvlZa(qy
+ 82 ([lueli, — Ak, slluellze@) + &lvll 2o luellz o)
<(Me-1,5 = M, ) 011720
+ 2 (fJuell%, — Ak,s”“s”%?(sz)) + &l L2y lluell 1 (o)
=(Me—1,5 — Ak,s)”””%ﬂ(ﬁ)
+ Ss a0 (uE)HtuE”iT‘(Q) + EHU”H(Q) ||UEHL1(Q)7

if € is small enough, where S; x, ,(-) is the function defined as

(3.24) H*(R™)\{0}2uw— 5'37,\k,5(u)
@) =) [
/R% da dy )\k,s/Rn|()|d.

|z —y|" >

( / ) |u(m)|2*dx> v

Now, note that by the convexity (?), the monotonicity properties of the inte-

grals, (3.9), Claim 1 and the fact that in span{e; s,... e s} all the norms are
equivalent, we have

(3.25) 1:||uM||2L2*(Q):/QIuM(x)\2* dz

2 * 2" 1~
2/Q|tu€(x)\ dx + 2 /Q(tug(x)) v(z) dx

> [[tue B ) — 2722 e |2 g 17l )

32:711 Q) H5HL2 (£2)»

2 ||tu5Hi2*(Q) = Cllue
for some positive constant ¢, so that

(3.26) ltuelZie gy < 1+ ElluellZir s ) 1220y

(2) If f is a differentiable convex function, then f(y) > f(z) + f'(z)(y — x). Here we take
f(s) =52, & =tue. and y = ups = v + tue.
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for € sufficiently small. Moreover, by the Young inequality for any ¢ > 0 we have

(3.27) Ellvllz2 @ llusllzr@ <UHUIIL2(Q)+ — lluellZi o
for any € > 0. Hence, (3.23), (3.25) and (3.27) give, for € small enough
(3.28) M. = Ae1,s = M) 0] F2 (0
+ S (o) [tue 2o (o) + Flloll L2 (@) llue | 1 o)
< (Ae-1s = M) [Vl 22 )

+ S (ue) (1 +Clluell7o o) 191 2(0)

+a”U”L2(Q) + HUEHLl(Q)
= (/\k—l,s - )‘k,s + U)HU”L2(Q)
+ Sa L (u) (14 OEM2972) - O(" ),

thanks to Proposition 2.2. Now, let us choose o > 0 be such that 0 < Ay s—Ar—1.
(this choice is admissible since A s — Ag—1,s > 0 by (2.10)). Then, (3.28) yields

(3.29) M. < S, (ue)(1 4+ O("729/2)) 4 O(e" %)

as ¢ — 0. Now, let us distinguish the two different cases n > 4s and n < 4s.

Case 1. n > 4s. By Proposition 2.2 and by definition of S x, . () (see (3.24))
we get

Juc () = e (y) [ et
1el?) = YWl g dy — A s d
Jon ey = s [ bl

(o)

_ SR L O(en=25) = Ay ,Cle
(S;l/(%) + O(En))Z/Q*

as € — 0. Thus, as a consequence of this and of (3.29) we deduce

Ss,Ak,s (ue) =

S + O( n 28) - )\k,505527

M. < (S5 + O™ %) — A s Cse?) (1 + O(eM729)/2)) 4 O(e" %)
=8, +0(E"%) = M\ Cse? = Sy +2(0(e" ™) — \g.sCs) < S,
provided e > 0 is sufficiently small. Hence, (3.19) holds true. This concludes the
proof of Proposition 3.1 in the case when n > 4s.

Case 2. n < 4s. Again by Proposition 2.2 and by definition of Ss », ,(-) we
have
S;L/@S) + O(€n72s) _ Ak,sngni% + 0(628)
(57 1 O(eny)2/2
<o+ 0" %) = Mo Cue™ 2 + O(>),

Ss,)\k,5 (Ue) <




266

R. SERVADEI

as € — 0. Thus, by this and (3.29) we deduce

M. < (Ss 4 O("%) = ApsCae™ ™2 + 0(e2)) (1 + O(e"=29/2)) 4 O(e" %)

— Ss + O(En—Qs) _ )\k’sésgn—Qs =+ 0(525)
=S, + "B (0(1) = A 5Cs) + O(%) < S,

if Ay s is large enough, say Ay s > As > 0 and provided € > 0 is sufficiently small.
Thus, (3.19) is verified. Ultimately, the proof of Proposition 3.1 is concluded.d

Finally, we can prove Theorem 1.1 as an application of classical minimax

theorems.

PRrROOF OF THEOREM 1.1. Now, Theorem 1.1 easily follows from the Linking

Theorem (see [11], [12]), thanks to Propositions 2.3, 2.4 and 3.1. O
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