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THE EXISTENCE OF NONTRIVIAL CRITICAL POINT
FOR A CLASS OF STRONGLY INDEFINITE
ASYMPTOTICALLY QUADRATIC FUNCTIONAL
WITHOUT COMPACTNESS

GUANGGANG LIU — SHAOYUN SHI* — YUCHENG WEI

ABSTRACT. In this paper, we show the existence of nontrivial critical point
for a class of strongly indefinite asymptotically quadratic functional with-
out compactness, by using the technique of penalized functionals and an
infinite dimensional Morse theory developed by Kryszewski and Szulkin.
Two applications are given to Hamiltonian systems and elliptic systems.

1. Introduction

Let E be a real Hilbert space with an inner product (-, -) and norm || - ||.
Consider the functional of the following form

(11) 8(2) = 5{Lost,2) — 0(),

where Lo,: E — FE is a bounded linear selfadjoint Fredholm operator of index 0,
Vp(0) =0, Vo is a compact mapping and Ve(x) — 0 as ||z| — co. Moreover,
we suppose that 0 € 0(Ls) and ® € C?(E,R) is a strong indefinite functional,
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i.e. ® is unbounded from below and from above on any subspace of finite codi-
mension. Obviously, ® is an asymptotically quadratic functional with a trivial
critical point 0.

The purpose of this paper is to find the nontrivial critical point of ®. There
are two difficulties in treating this problem. On the one hand, since ® is a strong
indefinite functional, it is well known that the Morse index of any critical point
of ® must necessarily be infinite, therefore we can not expect to obtain any useful
information from the usual Morse theory. On the other hand, since 0 € (L),
the global compactness of ® may be lost.

To overcome the difficulties caused by the strongly indefinite property of func-
tional, some new techniques were developed. In 1997, Kryszewski and Szulkin[12]
developed an infinite dimensional Morse theory, which was applied to the asymp-
totically linear Hamiltonian systems, wave equations and elliptic systems. By
developing a method to compute the new cohomology critical groups both at
zero and at infinity precisely, A. Szulkin, W. M. Zou[23] and W. M. Zou[25] ob-
tained the existence of (multiple) nontrivial solutions for asymptotically linear
Hamiltonian systems, beam equations and noncooperative elliptic systems.

In 1997, Abbondandolo [1] developed another Morse theory for strongly indef-
inite functionals, which was applied to study the existence of nontrivial periodic
solutions for Hamiltonian systems. In [17], a similar result was obtained for an
asymptotically linear non-cooperative elliptic system by Abbondandolo’s theory.

In [8], a new Morse index theory for strongly indefinite functionals was de-
veloped via Galerkin approximation. This method was applied to the asymptot-
ically linear Hamiltonian systems [9], noncooperative elliptic systems [10], wave
equation and beam equations [24], respectively.

To overcome the difficulties caused by resonance, some kinds of conditions
were imposed to ensure the compactness of functional, for example, Landsman—
Lazer type condition [13]. In [15], A. Masiello and L. Pisani considered a bounded
resonance problem for semilinear elliptic equations. Since the assumptions that
imposed to the nonlinearities can not ensure the compactness of functional, they
used the technique of penalized functional. In [21], Su and Liu extended the
above result to the nonautonomous case with resonance both at zero and at
infinity. Moreover, they considered the multiplicity and sign-changing properties
of nontrivial solutions via the classical Morse theory.

In this paper, we consider the general bounded resonance strongly inde-
finite variational problem with the nonlinearity near infinity similar to that
in [15] and [21]. By using the infinite dimensional Morse theory developed by
Kryszewski and Szulkin and the technique of penalized functional, we obtain
the existence of nontrivial critical point for functional (1.1). As applications, we
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studied the existence of nontrivial solutions for Hamiltonian system and a class
of strongly indefinite elliptic system, respectively.

The paper is organized as follows. In Section 2, we introduce the infinite
dimensional Morse theory established by Kryszewski and Szulkin as preliminar-
ies. The main result and its proof will be given in Section 3. In Sections 4
and 5, some applications are given to Hamiltonian system and a class of strongly
indefinite elliptic system, respectively.

At the end of the section, we give some notations which will be used.

d(A,B) :=inf{||lz —y|| |z € A,y € B};

K(®):={x e E|?(x)=0}

v :={x e E|®(x) <al;

The kernel of operator L is denoted by N(L);

The image of operator L is denoted by R(L);

The space of bounded linear operators from F to F' is denoted by L(E, F');

The Morse index of operator L is denoted by M~ (L);

The nullity of operator L is denoted by M°(L).

2. Preliminaries

In this section, we introduce the infinite dimensional Morse theory established
by Kryszewski and Szulkin. We shall give some necessary definitions and results,
for more details, see [12].

Let (Gn)52; be a sequence of abelian groups. The asymptotic group of
(Gn)S2, is defined by

G5 = [16, ) DG
n=1 n=1

Let {E,}22, be a filtration of E, i.e. {E,}52, is a sequence of closed sub-

spaces of B, E, C F,11 and |J E, = E. Denote £ := {E,,d,}>2; and the
n=1

orthogonal projector of E onto E,, by P,, where (d,,)

o

o, is a sequence of non-

negative integers. For any integer ¢ and closed subset (X, A) of E, we define the
g-th E-cohomology group of (X, A) with coefficients in a fixed field F by

HY(X,A) = [(H"(X N E,, AN E,))>,].

Here H} satisfies all the Eilenberg-Steenrod axioms for cohomology except the
dimension axiom.

A functional ® € C1(E,R) is said to satisfy the (PS)* condition with respect
to £ means that, whenever a sequence {y;} is such that y; € E,; for some nj,
nj — oo, there is M > 0 such that [®(y;)| < M for all j > 1 and P,, V®(y;) — 0
as j — oo, then {y;} has a convergent subsequence.
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For an isolated critical point p, if ® € C1(E,R) satisfies (PS)* condition,
then there is an admissible pair (W, W ™) for ® and p (see page 3189 of [12]).
We define the g-th critical group(q € Z) of ® at p with respect to £ by

CL(®,p) := HY(W,W™).

If & € CY(E,R) satisfies (PS)* condition and the critical set K = K(®) is
compact, there is also an admissible pair (W, W ™) for ® and K with respect
to £ (see page 3193 of [12]). In particular, if there exist a < b such that K C
int ®~1([a,b]), then (®~1([a,b]),® 1(a)) is an admissible pair for ® and K. We
define the g-th critical group of ® at infinity with respect to £ by

CH(®, K) = H{(W,W~) = H{(®™([a,b]), 2~ (a)).

Denote
z) =[] Z/@Z, 1Z1] = {[(€n)2,] € [Z] : €, > 0 for almost all n}.

Let (X, B) be a pair of closed subsets of F with the property that for each ¢ € Z
there is an n(q) such that

dim H1" 4" (X N E,, BN E,) < oo, for all n > n(q),

then dimg H(X, B) := [(dim H" (X N E,, BN E,)%%,] is a well-defined el-
ement of [Z;]. The sequence (dim H?" % (X N E,,B N E,)>; will often be
constant for almost all n. In such a case we will write dimg HZ(X, B) = [d],
d being the constant. We will say that the pair (X, B) is of E-finite type, if
dimg H(X, B) is well-defined and dimg HZ(X, B) = [0] for almost all ¢ € Z.
Suppose ® € C1(E,R) satisfies (PS)* condition, (W, W ™) is an admissible
pair for ® and K(®) = {p1,...px}. We call p; is of E-finite type, if some(and
therefore every) admissible pair for ® and p; is E-finite. If (W, W ™) and all p;

are £-finite, we define
k
MW, W) =) dime CL(®,p;), q€Z,
j=1

BLW.W™) = dimg HE W, W), q€Z.

Moreover, in such a case we define the Morse and the Poincaré polynomials of
(W, W) by setting

Me(t,W,W™):= Y MIW,W)t?,  Pe(t,W,W~):= Y BHW, W)t

g=—00 g=—00

Here M¢ and Pg are not polynomials in the usual sense, some exponents ¢ may
be negative, Mg and Pe are elements of [Z][t,t71].
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THEOREM 2.1 ([12]). Suppose that ® € C1(E,R) satisfies (PS)* condition,
(W, W7) is an admissible pair for ® and K(®) := {p1,...pe}. If all p; are
E-finite, then the pair (W, W ™) is E-finite, and there is a polynomial

Q(t) = Z aqt?

g=—00

such that aq € [Z4], for all g € Z, and

Let E be a real Hilbert space with a given filtration £ = {E,,, d,, }52;.

A mapping f:D — E (D is a closed subset of F) is said to be A-proper
(with respect to &) if each bounded sequence {z;} C D such that z; € E,,; N D
for some nj, n; — oo and P, f(r;) — y € E as j — oo, has a convergent

subsequence.

PROPOSITION 2.2 ([12]). Assume that L € L(E,E) is a self-adjoint Fred-
holm operator of index 0 and £ is a given filtration. P,: E — E, and Q,: R(L) —
R(L) N E,, are the orthogonal projectors, then

(a) There exists an ng such that if n > ng, then P,|ny: N(L) — P,,N(L)
is a linear isomorphism and ||z|| < 2||Pnz||, for all z € N(L);

(b) E, = (R(L)NE,) ® P,N(L), and the spaces R(L) N E,, and P,N(L)
are orthogonal,

(¢) P, —Qn—0inL(R(L),E) as n — oo;

(d) The sequence {R(L) N E,}22 is a filtration of R(L). More precisely,
for each x € R(L),Qnz — = as n — 00.

PROPOSITION 2.3 ([12]). Let L € L(E, E) be a self-adjoint operator. Then
the following conditions are equivalent:
(a) L is A-proper;
(b) L is a Fredholm operator of index 0 and there exist ¢ > 0, ng > 1 such
that if n > ng, then ||PyLx|| > c||z|| for all x € R(L) N E,.

Let L € L(E, E) be a self-adjoint Fredholm operator, we define the £-Morse
index Mg (L) of L by

Mg (L) := lim (M~ (QnL|r)nE,) — dn),

n—oo

where Q,: R(L) — R(L) N E,, is the orthogonal projector.

PROPOSITION 2.4 ([12]). Suppose L€ L(E,E) is a self-adjoint Fredholm
operator of index 0 such that L(E,) C E, for almost alln and B € L(E, E) is
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a self-adjoint compact operator. Then L—Bis A-proper. If M*(E|En) =d,+k
for almost all n and some k € Z, then Mg (L) is well-defined and finite.

Denote the dimension of the space N(L) by M°(L). As usual P,: E — E,
is the orthogonal projector from E to FE,,.

REMARK 2.5 ([12]). If N(L) C E,, for some ng, then when n > ny,

Mg (L) = Tim (M~ (QuLlnmyne,) — dn) = lim (M~ (P,Llg,) - dn).

— 00
We may make use of £-Morse index of L to compute the critical group
CZ%(®, p) at isolated critical point p.

THEOREM 2.6 ([12]). Suppose that ® € C1(E,R), p is an isolated critical
point of ®, and
1
®(z) = ®(p) + 5{L(z —p),z —p) — (),
where L is an invertible A-proper operator and Vi (z) = o(||lx — p||) as = — p.
If M (L) is well-defined and finite, then
['7:]7 q= ME(L),

Ce(®p) = { 0, q# Mg (L).

3. The main result

Let E = Et & E~ & N(Ly) be the decomposition corresponding to the
positive, negative and zero part of the spectrum of Lo, Lo = ®”(0), and ¢o(z) =
O(z) — (Loz, x) /2.

We make the following assumptions:

(H1) There is a L € L(E, E) such that:

(1) L is a linear self-adjoint Fredholm operator of index 0 in E;
(2) Loo = L— By, Ly = L— By, where By, and By are compact linear
self-adjoint operators in E;

(3) There exists {Ey,dp 5>, with E, C E,y1 CE, U E,=E, d,

n=1

and k are nonnegative integer, such that L(E,) C E, and M~ (L|g,)
=d, +k;
(H2) Ve, Vo are compact mappings, and Vo(x) = o(||z]|) as ||z] — 0;
(H3) Lo is nondegenerate, i.e. M°(Lg) = 0;
(H4) There exists a constant C' > 0, such that |Ve(z)|| < C for all z € E;
(H5) For a sequence {z;}, let z; = x; + z + a:;', with xj[ € E* and 29 €
N(Ly), if xj + 2 are bounded and [[z9]| — oo as j — oo, then
Tim " 2;)] =0,

The following is our main result.
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THEOREM 3.1. Suppose (H1)-(H5) hold. If Mz (Ly) < Mz (L) — 1 or
Mg (Lo) > Mg (Loo)+M°(Lo)+1, then ®(x) has at least one nontrivial critical
point.

To prove Theorem 3.1, we need some lemmas. Denote & = {E/, d,}°,,
where E! := (R(Loo) N E,) @ N(Loo).
Let P/: E — E/ and Q,: R(Lo) — R(Loo)NE,, be the orthogonal projectors.

LEMMA 3.2. Suppose (H1) holds, then Lo, and Lo are A-proper with respect
to &'.

PROOF. Since Lo, = L — B, Le L(E, FE) is a self-adjoint Fredholm ope-
rator of index 0 and B, € L(FE, E) is a self-adjoint compact operator, by Propo-
sition 2.4, L, is A-proper with respect to £.

Let {z;} be a bounded sequence such that x; € Ej, for some n;, n; — oo
andPT’LjLoo—>y€Easj—>oo.

Suppose z; = T; +19 € (R(Loo) N En;) ®N(Loo) = By let T =7, + P,z
By (b) of Proposition 2.2, E,, = (R(Los) N Eyn;) ® P,N(Ls), then T; € Ey,
and ||Z; — z;|| — 0 as j — co. Since {z;} is bounded, {Z;} is also bounded.

It is clear that P x = Qn, for any x € R(Lw). By (c) of Proposition 2.2,
Py, —Qn, — 0in L(R(Ls), E), we have

P, LooTj — P,’LJ,LOO@ =Py, LocTj — Qn;LooTj — 0 as j — o0,

Furthermore, by dim N (L) < 0o, we have (P, —I)|n(z.) — 0in L(N (L), E)
as j — 00, SO

Py, LooPn,x) = Py Loo(Py, — )z} — 0 as j — .

Hence

(3.1) Po,;Loc®j — P} Lootj = Py Loo(Tj + Po,a}) — Py, Loo (T + 27)
= Py, LocTj — P}, LooT;j + Po;Loo P,z — 0

as j — oc. It follows from (3.1) and P, Lecx; — y that Pp;Lec@; — y. Since
L is A-proper with respect to &€, {Z;} has a convergent subsequence. Hence
{z;} also has a convergent subsequence, and L, is A-proper with respect to £’.

Similarly, we can prove Lg is A-proper with respect to £’. O

REMARK 3.3. Since Lo, is A-proper with respect to £, by Proposition 2.3,
there exist ng > 0 and C' > 0 such that for n > ng and = € R(Loo) N Ey,
| P, Loo|| > Cllz[|, thus N (P}, Leo|rr) N (R(Loo) N Ey,) = {0}. Note that E], =
(R(Loo) N Ey) @ N(Loo), so for n > ng, N(P;Loo|g;) = N(Loo). Let B, =
EIT®E!”®N(Ls) be the decomposition corresponding to the positive, negative
and zero part of the spectrum of P} L.|g/. By (b) of Proposition 2.3, there
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exist ng and a constant C; > 0 such that (P! Loz, z) > Cy||z||* for n > ng and
x € Bl (P Loz, z) < —C||z||? for n > ng and x € B/
Let ®,(z) = ®(z) + x,(||2°|?), where x,(t) € C*(R,R),p > 0 and

3.2 t) = 0 b=
(3.2) Xp(t) = (- > p

LEMMA 3.4. Suppose (H1), (H2) and (H4) hold, then for every p > 0, ®,

satisfies (PS)* condition with respect to £', and for n large enough ®,|g: satisfies
(PS) condition.

PRrROOF. Let {z;} be a sequence with z; € E/, for some n;, n; — oo and
J
P, V®,(z;) — 0as j — oc.

First we show the boundedness of {z;}. Let z; = x;r +z; + xg? € E;:Jf o)
E,~ & N(Le). Since P V®,(z;) — 0 as j — oo, by Remark 3.3 and (H4), we
have

ol 1) = (P, V@, (z)), z})
= (P, Loo(aj), 2}) = (P, Veo(xy), af) > Cillf || = Collf |
as j — oo, and

o(llz; [I) = (P, V®p(x;), z;)

= (P}, Loo()), 27 ) — (P, Vp(a;),a;) < —Cillzy ||* + Collz; |

as j — oo. Hence {xj} and {z; } are bounded, and thus {asj +z; } is bounded.
Moreover, by (H4),

(3:3) o(llaf]) = (P, V&, (x;),25)

—(Py, Vp(;), 23) + (1|25 |25
> —Coll=§Il + 2x, (125 1) 711

By the definition of x, and (3.3), {z9} is bounded. Hence {x;} is bounded.

Now we show that {z;} has a convergent subsequence. Since {z;} is bounded,
Vi is compact and dimN (L) < 0o, there exists a subsequence of {z;} (for sim-
plicity still denote by {;}) and y € E such that P,’leLp(xj)—QX;(Hx?\P)x? — Y.
Since

Py V®,(xj) = Py Loc(x5) = P, Vip(x5) + 2x,(I|25]*)2f — 0,

we have P, Loo(7;) — y. By Lemma 3.2, Lo is A-proper with respect to £, so
{z;} has a convergent subsequence. This means that ®, satisfies (PS)* condition
with respect to £’

By a similar argument we can show that for n large enough, any (PS) se-
quence {z;}(x; € E,,) of ®,|g, is bounded. Since EJ, is finite dimensional, {x;}
has a convergent subsequence. Therefore for n large enough ®, |, satisfies (PS)
condition. ]
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REMARK 3.5. Note that in Lemma 3.4 one needs not to assume {®,(z,)}
to be bounded. Hence the critical point set of ®, is compact for every p > 0.

LEMMA 3.6. Suppose (H1), (H2) and (H4) hold, then Mg, (Loo) = Mz (Loo).
PrROOF. Since N(Ly,) C E], according to Remark 2.5, we have

Mg (Log) = lim (M~ (P, Loo|gy ) — dn).

n—oo

On the other hand,
E} = (R(Loo) NE,) ® N(Loo) and Py, Leo|R(Lo)nB, = Qnlcol R(La)NE,
S0
Mz (L) = Tim (M (PiLocli,) — d)
= lim (M7 (@nlLoo|Rr(La)nB,) = dn) = Mg (Loo). O

n—oo

LEMMA 3.7. Suppose (H1) holds. If ®](xo) is invertible, then

Mg, (@7 (o)) = M (P} (x0))-

PROOF. Denote L = ®//(zo). Since L is invertible, according to Remark 2.5,
we have

Mg (L) = lim (M~ (P,Llg,) —dn), Mg (L)= lim (M~ (P,L|g,) — dn).

n—oo n—o0

Since dim N (L) < 00, there exists €, — 0 such that
(3.4) |1 Pz — z|| <enllzll, forall z€ N(Lo).

By Proposition 2.2, there exists a ng > 0 such that P,: N(Ls) — PN (L)
is a linear isomorphism when n > ng. Note that

El, = (R(Loo) N Ey) & N(Loo), By = (R(Loo) N Ey) & PN (Loo).

When n > ng, for z = T+ 2° € (R(L) N E,) & N(Ls) = E!, we define
H,:E! — E, by H,(z) =% + P,2°, then H, is a linear isomorphism.

Since L is invertible, according to Lemma 3.2 and Proposition 2.3, there exists
a ny > ng such that P, L|g: is also invertible when n > n;. Hence, for n > n,
N(P;L|g;) =0, and let E}, = E;;" ® E];” be the decomposition corresponding to
the positive and the negative part of the spectrum of P L|g, . For n > n; there
exists a constant Cy > 0 such that (Lz,z) = (P! Lx,z) > Cs||z||® for z € E.F
and (Lx,z) = (P! Lz,x) < —Cs||z||? for z € E!.



332 G. Liu — SH. SH1 — Y. WEI

For z € E/-\ {0}, let z =T+ 2° € (R(L) N Ep) ® N(Lo), then by (3.4),
for n > n, large enough
(35)  (P,LHnx,Hyx) = (L(T 4 P,a°), (T + P,a"))
= (L(z — 2° + Poa?), (x — 2° 4 P,2°))
(Lz,z) + 2(Lx, (Pya® — 2°)) + (L(P,2° — 2°), (P,2" — %))
—Colz|® + 3eal LIl z]* < 0.

IN

Since H,:E!, — FE, is an isomorphism, then E,, = H,E." & H,E/~. Thus
by (3.5), we have (P, Lz, z) < 0 for x € H,E!", this implies that

M~ (P,L|g,) > M~ (P, L|g;).

Similarly we can prove that (P, Lz, z) > 0 for z € H, E/", and thus
M= (PuLlg,) < M~ (P, L|g,).

Hence M~ (P, L|g:;) = M~ (P,L|g,). Therefore,

Mg (L) = lim (M~ (P,Llg) — dn) = lim (M~ (PyLlg,) — dn) = Mz (L). O

n—oo

According to Theorem 2.6, (H2), (H3), Lemma 3.2 and Lemma 3.7, we have
[f]7 q:Mg(LO)a

LEMMA 3.8. Suppose (H1), (H2) and (H4) hold, then for any p > 0, the
critical group for ®, at infinity is

(3.6) CL,(®,,0) = CL(®,0) = {

[j:]v q= MS_(Loo)v

CE,/((I)WK((I%)) = { [OL q# Mg(Loo)'

PRrROOF. By Remark 3.5, K(®,) is compact, so we can choose b > 0 such
that K(®,) C int ®,'([—b,b]). By the definition of CZ,(®,, K(®,)), we need to
compute HZ, (®,1([—b,b]), 8, (-b)).

Consider the operator P} Loo|g: @ E;, — E;,. By Remark 3.3, for x € E],, we
canset x =z + 2~ +2° € Ef @ E/” @ N(Lw). By (H4), for n > ng we have

(P V®,(2),27) = (P, Loow,z7) — (P, Vp(x),27) < =Cif|z~ || + Clla” |-
Hence there is a R > 0 large enough such that
(3.7) (PIV®,(z),27) < —a, z€E,\(E,NUg),

where a > 0 is a constant, Ur := {x € E | ||z~ < R}. This implies that ®,|g,
has no critical point in E/, \ (E/, NUg), and the negative gradient vector field of
®,|p: points outward of E;, NUg on O(E], NUg).
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By Remark 3.3 and (H4), for any « € E/, N Ug, we have

—_

(3.8) D,(x) = §<me+,x+> +%

1 1
> SOl |? = SIEIR? = Clla | + R+ [l2°l]) + xo ([12°]1%),

(Loo™,27) = () + x,(I|2°[)

By the definition of x, and (3.8), we can choose b > 0 sufficiently large such that
®,(x) > —bforn > ng and x € E},NUg, therefore ®,°NE], C E,\(E,NUg). By
Lemma 3.4, we can take ng large enough such that ®,|g satisfies (PS) condition
for n > ng. Note that ®,|p, has no critical points in E], \ (E;, N Ug) and the
negative gradient vector field of ®,|g, points outward of E;, "Ug on 9(E;, NUg),
we can construct a deformation mapping v1: B}, \ (E;, N\Ugr) — ®,° N E}, by the
flow generated by — P, V®,|g .

We claim that one can choose b and ng large enough such that for n > ny,
K(®,|p,) C ® N E]. Indeed, if this is not true, there is a sequence {z;} such
that z; € By for some nj;, P, V®,(z;) = 0, nj — oo and ®,(z;) — oo as
J — o0. Since in the proof of Lemma 3.4 we do not need to assume {®,(x;)} to
be bounded, by Lemma 3.4 there exists g € E such that {z,} has a subsequence
(still denoted by {z;}) which converges to xg, thus ®,(z;) — ®,(x¢), therefore
we get a contradiction. On the other hand, ®,|g, satisfies (PS) condition, by
deformation lemma, there is a deformation retract vs: E/, — <I>g NE,.

Therefore, for n > ng, we have

F, q=M"(P,Loo|r,),
0, q# M (P,Ller)-
By Lemma 3.6 and Mg, (Loo) = lim (M~ (P} Loo|p: ) —dy), there exists ny > ng
such that M (L) = My, (Loo)n:o;\/[’(PéLoJE;) —d,, for any n > n;. Hence

we have

HY(®yNE,, ®,"NE,) = HY(E,, E,\(E,NUR)) = {

F, q=Mz(Ly) +dy,
HY®,NE,, &,"NE,) = 4= M (Lec)
0, q# Mg_(LOO) + dn,
and
Fl, q= Mz (L),
H&(@ﬁ,@;”)%[(Hﬁdn(@ﬁﬂE;v@;”ﬂE;>>;:°_1]={[] 1= M (Lec)
0], q# Mg (L)

By excision and the definition of C%,(®,, K(®,)),
CE/(Dp, K (D)) = HE(®, 1 ([=0,8]), @, (D)) = HE (), ,°). 0
LEMMA 3.9. There exists a constant M > 0 independent of p such that

for any x € K(®,) withz = 2t + 2~ +2° € ET @ E- & N(Ls), we have
lzt 4+ 27| < M.
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PrOOF. For z € K(®,) with z = 27 + 2~ +2° € ET & B~ & N(Lx),
by (H4), one has

Il
<
K
he)
—
&
"
+
S~
Il
h
8
%
2
+
|

0 (Vo(o),a®) = Clla™|* = Coll2™ |,
0=(V®,(2),27) = (Loo,27) = (Vip(2),27) < =Cllz~ || + Coll27 |,

where Cy and C are constants independent of p. So there exist constants
My, M, > 0 independent of p > 0 such that for z € K(®,), we have ||z1| < M,
|z~ < Ma. Let M = My + Mo, we have |zt + 2~ || < M. O

PROOF OF THEOREM 3.1. Forz € E,letc =zt +2  +2°c Et @ E~ @
N(Ls). If ® has no nontrivial critical point, then ®, has no nontrivial critical
point in set E, := {z € E | ||2°]|* < p}. Since M (Lo) # Mz (L), the critical
set K(®,)\ {0} is not empty. According to Remark 3.5, K(®,)\ {0} is compact,
sod:=d(K(®,),E,) >0. Let Ns(A) :={x € E | d(z,A) <d}. By the Marino—
Prodi perturbation technique [20], for any ¢ > 0, 0 < 7 < min{1,d/3}, there
exists a C? functional I, such that

(a) [|®p = Lpllc2 <&

(b) ®y(x) = Ip(2), v € E\ Nor (K(D,));

(c) @)(x) = I (), z € N, (K(®,)), K(I,) C N;(K(®,)), and the critical
points of I, are all nondegenerate.

By (b), (3.6) and Lemma 3.8 we have

[*7:]7 q= MS_(LOO)7

3.9 CoL(L, K(L)) = C%(®,, K(®,)) =
(39 LK) = CL @, K(2,) {[01, R
(310) Cg,(fp,()) _ Cg,(q)p,()) _ { [«7:]7 q= Mg_(LO)7

0], ¢ # Mg (Lo).

We claim that: there exists a constant 3 > 0 independent of p such that if x €
K(1,) satisfies M (I])(z)) < Mg (Loo) or Mg (I}/(z)) > Mg (Loo) + M%(Loo),
then [|2°] < 8.

If the claim is not true, then there exists a sequence {z;} such that z; €
K(I,,), pi >0, Mg (I}} (x;)) < Mg (Loo) or Mg (I} (2;)) > Mg (Loo)+M°(Loo),
and ||29] — oo as i — oo

Since K(I,,) C N (K(®,,)), there exists a; € K(®,,) such that ||z, — z}| <
7 < 1. By Lemma 3.9, ||z/T + 2/7|| < M. Hence ||z} +2; || < M + 1. On the
other hand ||z{| — oo as i — oo, so by (H5), |¢”(x;)|| — 0 as i — oo. Hence
there exists 49 > 0 such that for any @ > ig, we have ||¢” (x;)|| < C1/2, where C;
is given in Remark 3.3.
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For n > ng, y~— € E/-\ {0}, y* € E/t \ {0}, by Remark 3.3 and (c), we get
(P (xi)y~y™) = (P®y(z)y™,y7)
= (PyLocy ™y~ ) — (P (zi)y ™ y7)
—Cilly~ I + ll¢” (o) lly~1I* < 0,
(PoI(zo)y ™ y™) = (P (zi)y™,y™)
= (PyLocy™ y™) — (P (x)y™ y™)
> Cilly* 112 = ll¢" (@)l )1 > o.

Hence for n > ng and 7 > ig,

(3.11) M~ (P, I (i)|g) > M~ (P, Loc|gr,),
(3.12) M~ (P, I (z:)|g) <M~ (P)Loo|g;,) + M°(Loo).

Since the critical points x; are all nondegenerate, by Lemma 3.7, (3.11), (3.12)
and (c) for i > ip, we have

Mg (I () = Mg, (I (23)) = N (M™ (P, 15 ()| g;) = dn)
> lim (M7 (P, Loc|;,) = dn) = Mg/ (Loo) = Mg (Loo),
Mg (I3 () = Mg, (1 (23)) = N (M™ (P, 15 ()|, ) = dn)

< lim (M~ (P OO|E,) dn) + M°(Loo)

= Mg (Loo) + M*(Loo) = Mg (Log) + M°(Loc).-

This leads to a contradiction. The claim is proved.
Take p = 32 + 1, then I, has no nontrivial critical point in the set E,, so for
xz € K(I,)\ {0}, we have ||x0|| > (. By the above claim, for any « € K(I )\{0}

(3.13) Mg (Loo) < My (I(@)) < Mg (Loo) + M°(Loc).

Since the critical set K(I,) of I, is compact, and the elements of K(I,) are
all nondegenerate, K(I,) is a finite set. Assume that K(I,)\{0} = {z1,... ,z,},
and denote mg (z;) = Mg (I}/(x;)). From (3.9), (3.10), Theorems 2.6 and 2.1 we
know that

(3.14) e (Lo) N " gme (i) = ¢Me (Boe) 4 (14 4)Q(1).
i=1

Since the left-hand side of (3.14) contains the exponent Mg (L) and Mg (Lo) #
M7 (Lo). Therefore Q(t) must have a nonzero term with exponent Mg (L) or
Mg (Lo)—1, and it follows that there is a nonzero term with exponent Mg (Lo)+1
or Mg (Lg) — 1 on the left-hand side. Hence there exists x; € K(I,) such that
mg (x;) = M7 (Lo) — 1 or mg (z;) = Mg (Lo) + 1. So according to the con-
dition Mz (Lo) < Mg (Loo) — 1 or Mz (Lo) > Mz (Lso) + MO(Log) + 1, we
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have mg (z;) < Mg (Loo) or mg (z;) > Mg (Loo) + M°(Loo). This contradicts
to (3.13), so ® has at least one nontrivial critical point. O

4. Application to Hamiltonian systems
Consider the following Hamiltonian systems
(4.1) 2= JH,.(z,1),

where J = (? —01) is the standard symplectic matrix.

First we introduce the following assumptions:

(A1) H € C2(R?N x R) is 2m-periodic in ¢;

(A2) H(z,t) = $A(t)z - z + G(z,t), where A(t) is a symmetric 2N x 2N
matrix with 27-periodic entries, and |G, (z,t)| < C for some C' > 0 and
all (2,t) € R*V x R;

(A3) H(z,t) = $A0(t)z - 2 + Go(z,t),where Ay(t) is a symmetric 2N x 2N
matrix with 27-periodic entries, and (Gp).(z,t) = o(|z|) uniformly in ¢
as |z| — 0;

(A4) The equation z = JAy(t)z has no nontrivial 27-periodic solution;

(A5) ||G:z(2,t)|| — 0 uniformly in ¢ as |z| — oo.

Let

E= {z(t)

oo
z(t) = ap + Zak cos kt + by, sinkt, ag, a, by € RV,
k=1

> Klawl? + ) < o0 .

k=1

Then F is a Hilbert space with inner product (-, -) defined by

o
(2,2") = 2mag - aj, + ﬂ'Zk(ak “ay, + by - b)).
k=1

Let
1 2m 2m
@:,/ (=Jz-2)dt — H(z,t)dt.
2.Jo 0
By (A2) and (A5), ||H..(z,t)|| < C'(1+]z|*) for some C’ > 0,s € (0, 00) and all
(z,t) € R2N xR, then it is known [18] that ® € C?(E,R) and z(t) is a 2m-periodic
solution of (4.1) if and only if it is a critical point of ®.

Let Z, B, and By be the linear operators from E to E defined by
_ 27
(Lz,2") ::/ (—Jz-2')dt, forall z,2' € E,
0

27
(Booz,2') :z/O (A(t)z-2')dt, forall 2,2’ € E,
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2m
(Boz, 2" :z/ (Ap(t)z - 2")dt, forall 2,2’ € E.
0

Then L is a self-adjoint Fredholm operator of index 0, B, and By are compact
self-adjoint operators.
Let

2m 2
o(z) = / G(z,t)dt, po(z) = / Go(z,t) dt.
0 0
Then Vi and Vg are compact mappings, satisfy Vo(x) = o(||z]|) as ||z|| — oo
and Vipo(z) = o([|z[]) as ||z[| — 0.
Denote Lo = =L— By, Lo = L— By, we can rewrite ® by

1

B = 2 (Lo, 2} — 0l2) = 5{Lo2,2) — ol2).

Let

E, = {z eE | z(t) =ap —i—Zak cos kt + by sinkt, ag, ag, br € ]RQN},

k=1

then {E,}5°, is a filtration of E. Set d,, := N(2n + 1) and & := {E,,d,}52,,
then it is casy to see that L(E,) C E, and M~ (L|g, ) = 2nN = d,, — N. Hence
® satisfies conditions (H1), (H2).

It follows from (A4) that ® satisfies the condition (H3).

It follows from (A2) that

2m
e =| [ Gutetwar] < [ 162tz 0l ar < Ol

for all z,w € E for some C > 0, so |V¢(2)|| < C,Vz € E. Hence ® satisfies the
condition (H4).

In what following we show that & satisfies the condition (H5), the idea is
similar to that in [3].

LEMMA 4.1. Suppose (Al), (A2) and (A5) hold, then the functional ® sat-
isfies (H5).

PROOF. Assume that the sequence {xz;} satisfies that {96]+ +a; } is bounded
and [|29|| — oo as j — oo, we will show that [¢”(z;)[| — 0 as j — oo.

First, since {x;r + 2 } is bounded and E — L?([0, 2], R*") is compact em-
bedding, the sequence {xj—i—x;} contains in a compact subset of L?([0, 27], R?Y).
Since x? € N(Lo), x? satisfies the equation

s'c? = JA(t)xY

J b
then we obtain

29 (t) = 29 (to) + / JA(s)z)(s) ds,

to
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thus
t 2m
501 < lafao)l + | TA@llaf)]ds < [a(t0) +C [ la(s)lds,
to
where C' > 0 is a constant. It follows from Gronwall inequality that
(4.2) max{|m9(t)||t e 0,2n]} <’ min{|x?(t)||t € [0,2x]}.

Since [|29]| — oo as j — oo and dim N(Ls,) < 00, according to the equivalence
of the norm between finite dimension spaces, we have ||£L'?||Co — 00 as j — 00,
that is max{|z9(¢)| | t € [0,27]} — oo as j — cc. By (4.2), one has

min{|z)(t)| | t € [0,27]} — 00 as j — oo.

Denote T; = (E;r +x; . We claim that: for any € > 0 there exists M > 0 such
that

mes{t | T;(t) > M} <e.
If the claim is not true, then there exists €9 > 0 such that there is a subsequence
of {x;} (still denoted by {z;}) such that mes{t | Z;(t) > M,} > ey, where
M; — oo as j — oo. Since the sequence {Z;} contains in a compact subset
of L2([0,2x],R2Y), there exists xg € E such that in L?([0,27], R?Y) there is a
subsequence of {Z;} (still denoted by {Z;}), converges to xg, thus, we have

27 27
/ 1z, (t)|? dt — / |lzo(t)]? dt < oco.
0 0
This contradicts to
27
/ T (O dt > M2ey — 00, j — oo
0

The claim is proved.

For any € > 0, by the above claim and (A5), there exist M > 0 and X > 0
such that mes{t | Z,;(t) > M, t € [0,2n]} <, and ||G..(2,t)| < € for |z| > X.
Denote Y = {t | T;(t) < M, t € [0,2x]} and since min{|29(¢)| | t € [0, 27]} — oo
as j — oo, there exists jo > 0 such that

s (0)] = [7,() + 29(0)] > [29(0)] — M > X

for t € Y and j > jo. Moreover, by (A5), there exists My > 0 such that
sup{||G..(2,t)|| | (z,t) € R?N x R} < My. Hence for j > jo, we have

27
/ G s (1), )2 it = / 1Gae a5 (1), )]
0 Y
+

/ Goa (i (), 0)|| dt < 2me® + Me.
[0,27]\Y
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By Hoélder inequality and Sobolev inequality, if j > jo we have

27 27
|<so"<xj>v,v>|=\ / Gzz<xj<t>,t>v-vdt\< 16l at

= (/02” |Gzz(1'j(t),t)|2dt>1/2(/027r v4dt)1/2

< (2me” + Mge) 2|07 o,0m o) < C'(2m” + MGe) 2o,

where C" > 0 is a constant. Hence ||¢"(z;)|| — 0 as j — oo, ® satisfies the
condition (H5). O

Note that Lo, and Lo are decided by A(t) and Ag(t) respectively, we can
denote j~(A) := M7 (Lso), j°(A) == M%(Lso), 57 (Ao) := Mg (Lo), j°(Ao) :=
MP°(Lg). According to Theorem 3.1 we have the following result.

THEOREM 4.2. Suppose that (4.1) satisfies conditions (A1)—(A5), and 5~ (Ao)
<j7(A) =1 orj=(Ag) > i~ (A)+5°A)+1, then (4.1) has at least one nontrivial
2m-periodic solution.

REMARK 4.3. There are many results about the existence of nontrivial so-
lutions of Hamiltonian systems resonant at infinity, some used the Landersman—
Lazer type conditions, which implies that the global compactness((PS)* condi-
tion) of the functional is guaranteed, see [12], [22], some used strong resonance
condition, which implies that the functional satisfies the (PS)* condition apart
from some exceptional levels, see [5], [19]. Here we use a different condition,
which is similar as in [21] for second order elliptic equation. Under this condi-
tion, the (PS)* condition may fail at any level.

5. Application to elliptic system

Consider the following strongly indefinite elliptic system
—Au = F,(xz,u,v) in Q,
(5.1) —Av = Fy(x,u,v) in Q,
u=v=0 on 09,
where Q C RY is a bounded domain with smooth boundary. Problem (5.1) has

been studied in [6] for subquadratic F', in [7], [11] for superquadratic F'. Here we
are interested in the asymptotically quadratic case and introduce the following

assumptions:
(B1) F(x,u,v) € C%(Q x R%,R);
(B2) F(z,u,v) = fa(z)u® + b(zx)w + te(z)v? + G(z,u,v),
b(z),c(z) € C(,R), and there exists C > 0 such that

where a(z),
)+ 1Gy
(B3) F(z,u,v) = tao(x

z,u,v)| < C, for all (z,u,v) € Q x R?;
u? + bo(z)uv + co()v? + Go(z, u,v),

~
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where ag (), bo (), co(z) € C(Q,R), and |(Go)u(, u, v)|+|(Go)v(z, u,v)| =
o(Ju| + |v]) uniformly in z as |u| + |v| — 0;
(B4) The equation
—Au = bo(z)u + co(z)v in Q,
—Av = ag(x)u+ bo(x)v in Q,
u=v=0 on 0f)
has no nonzero solution;
(B5) ||D?G(z,u,v)|| — 0 uniformly in z as |u| + |v| — oco.

Let HZ () be the usual Sobolev space and set E := H}(Q) x H}(2). Then
F is a Hilbert space with inner product given by

{(u,v), (u',0")) = / (Vu-Vu' + Vo -Vo')dz, forall (u,v),(u,v') € E.
Q

It follows from (B1), (B2) and (B5) that the functional ®: E — R defined by

@(u,v):/Vu~Vvdx7/F(ac,u,’u)da:
Q Q

is of class C?(E, R) and critical points of ® correspond to weak solutions of (5.1) [18].
Let 0 < A\; < A2 < ... be the eigenvalues of the operator —A in H}(Q2) and
let (e,)$2; be the corresponding orthonormal basis of eigenfunctions.
Set E,, :=span{(e;,0),(0,e;) : 1 <4,j <n}, E={E,,n}32,.
For (u,v), (u/,v") € E, we define the linear operators L, B, and By by

(L(u,v), (u',v") == /Q(Vv V' + Vu - V') dr,
(Boo (u,v), (u',0")) := /Q(a(x)uu’ + b(x)u'v + b(x)uv’ + e(x)vv’) dx,
(Bo(u,v), (u',0v") == /Q(ao(x)uu’ + bo(z)u'v + bo(z)uv” + co(x)vv’) d.

Then L is a self-adjoint Fredholm operator of index 0, L(E,) C E,, M~ (L|g,)=n.
Bs and B are compact self-adjoint operator. Let

olu,v) = / Gla,uv)de,  oluv) = / Golasu,v) de,
Q Q

then V¢ and Ve are compact mappings. By (B2) and (B3), Vo(u,v) =
o([l(u, v)II) as [[(u, v)|| — oo and Vepg(u, v) = o([|(u, v)|) as || (u, v)[| — 0. Denote
Lo =L — By, Lo =L — By, we can rewrite ® by

¢ = §<L00(u7 ’U), (u7U>> - Qp(uvv) = %(Lo(u, U)» (u7v)> - @O(va)'

Then @ satisfies conditions (H1) and (H2).
By (B4), ® satisfies the condition (H3).
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By (B2), for any (u,v),(u/,v") € E, one has
(Vip(u,v), (') = \ [ (Gutouwvyu+ Gulow o) o

< / (G 1,0)] + [Go (2w 0)])([u] + [0 da
Q
< c/ﬂ<|u| + [o]) de < C'[(u, )],

where C’ > 0 is a constant. So |[Vo(u,v)|| < C’, for all (u,v) € E. Hence ®
satisfies the condition (H4).

To prove ® satisfies the condition (H5), we should reference the proposition
from [14].

PROPOSITION 5.1 ([14]). Let Q be an open domain in RN and M € L2 (Q, A),
where A is the linear space of m xm real symmetric matrices. If u € (HL_(Q))™
satisfies the inequality |Au| < |Mu| and w vanishes on a subset W of Q0 with
positive measure, then u is identically zero in €.

Now we prove that ® satisfies the condition (H5).

LEMMA 5.2. Suppose (B1), (B2) and (B5) hold, then ® satisfies the condi-
tion (H5).

PROOF. Let the sequence {(u;,v;)} satisfies that {(u ;r, j) + (uj,v;)} is
bounded and ||(u9, vj || — oo as j — co. We will show that ||¢” (u;,v;)|| — 0 as
Jj — oo.

First, since {(u),v)) + (u;,v;)} is bounded and E — L2(Q) x L*(Q) is

iV
a compact imbedding mapping, the sequence {(u},v}) + + (uj,v5)} should con-
(Loo), (uf,vf)

]’J

Y
tain in a compact subset of L?(Q2) x L?(Q). Since (uj,vj) N

should satisfies the following equation

Let (w;,0;) = (u),v9)/]l(ud,v7)|, then (1, ;) satisfies the equation
—Au; = b(z)u; + c(z)v; in Q,
—Avj = a(x)u; + b(x)v; in Q,
=0 on 0N).

Since ||(@j,v;)|| = 1, there exists (@, v) € E such that (u;,v;) weakly convergence
in E and strongly convergence in L(2) x L?() to (u,?) € E, and (u, v) satisfies
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the following equation

—Au = b(x)u+ c(z)v in Q,
—AU =a(z)u+bx)v in Q,
u=v=0 on 0N).

Since (u,v) # 0, according to Proposition 5.1 (u,v) is not equal to zero almost

everywhere in 2. Thus by H(u?,v?

everywhere in . Using this fact and (B5) we can follows similarly to the proof

)|| — oo as j — oo, |u9| + \v?| — 00 almost
of Lemma 4.1 and obtain

DQG.’IJU’U N/2d$—>0 as j — oo.
|| s Uy J
Q

Now by Holder inequality and Sobolev inequality, one has

/ D?G(z,u,v)v - vdz
Q

(9" (s, vj)v,v)| =

(N=2)/N
< (/Q||D2G($7U,U)||N/2)2/N</Q|’U|2N/(N_2)>

< (/ | D*G(z, u, v)||N/2)2/NC!||v||?, forallve E.
Q

Hence lim |¢”(uj,v;)|| = 0, then we proved ® satisfies the condition (H5). O
j—o0

Note that Lo, is determined by a(z), b(z) and c¢(z), Lo is determined by
ag(z), bo(z) and co(z), we can denote

ie = Mg (L), 1% :=M"La), iy =Mz (Lo), i) :=M"(Ly).
According to Theorem 3.1 we have the following result.

THEOREM 5.3. Suppose that (5.1) satisfies the conditions (B1)—(B5), and
ig <ig — 1 oriyg >iy +i% + 1, then (5.1) has at least one nontrivial weak
solution.

REMARK 5.4. In [12], the authors studied the existence of nontrivial solu-
tions for elliptic system (5.1) under the Landesman—Lazer type condition, which
implies that the functional satisfies the (PS)* condition. However, under the
condition of Theorem 5.3, the (PS)* condition may fail at any level.
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