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This is dedicated to Professor Yuli Rudyak

ABSTRACT. We give a lower bound for the Lusternik—Schnirelmann cate-
gory of compact exceptional Lie groups by computing the module category
weight through analyzing several Eilenberg—Moore type spectral sequences.

1. Introduction

The Lusternik—Schnirelmann category cat(X) of a topological space X is the
least integer n such that there exists an open cover X = Uy U ... UU,41 with
each U; contractible to a point in X. There are other computable homotopy
invariants such as cup length, category weight, and module category weight with
the relation [5], [14]: cup(X;F,) < wgt(X;F,) < Mwgt(X;F,) < cat(X).

Toomer introduced the explicit formula for the difference between the cup
length and the category weight. Using the formula he calculated the difference
cup(X; Fp) —wgt(X;F,) of any simply connected compact simple Lie group [16].
In fact, it is precisely Fy, Eg, F7, Eg which yield a positive difference.

On the other hand, Iwase and Kono [5] determined cat(Spin(9)) = 8 by
computing the lower bound of the difference between the category weight and

2010 Mathematics Subject Classification. 55M30, 57T35.

Key words and phrases. Lusternik—Schnirelmann category, category weight, module cate-
gory weight, exceptional Lie groups, Eilenberg—Moore spectral sequence.

This research was supported by Basic Science Research Program through the National
Research Foundation of Korea(NRF) funded by the Ministry of Education, Science and Tech-
nology (2013R1A1A2006926).

157



158 Y. CHo1

the module category weight of Spin(9), which is
Mwgt(Spin(9); Fa) — wgt(Spin(9); Fa) > 2.

Here we give a lower bound for the Lusternik—Schnirelmann category of com-
pact exceptional Lie groups by studying the difference between the category
weight and the module category weight through several Eilenberg—Moore type
spectral sequences.

This paper is organized as follows. In Section 2, we collect some known
facts, which will be used in next sections. In Section 3, we compute the module
category weight with respect to [y coefficients of compact exceptional Lie groups
by analyzing several Eilenberg—Moore type spectral sequences. In Section 4, we
compute the module category weight with respect to F3 coefficients of compact
exceptional Lie groups by the similar method as the case of Fy coefficients.

We would like to thank Professor M. Mimura and T. Nishimoto for their
helpful discussions and we also wish to thank the referee for valuable comments.

2. Some known facts

Throughout this paper, the subscript of an element always means the degree
of the element, for example, the degree of x; is i. Let E(x) be the exterior algebra
on z and Fa[z] be the polynomial algebra on z and I'(z) be the divided power
algebra on z which is generated by elements ~;(z) with coproduct

A('Vn(x)) = Z'ani(x) ® 'Vz('r)
i=0
and the product
1+

w(eri@) = ("7 )ees (o)
We define cup(X;F,), the cup-length with respect to F,, by the least integer m
such that z1 ... 241 = 0 for any m+ 1 elements z; € H*(X;F,). Let P"(QX)
be the m th projective space, in the sense of Stasheff [15], such that there is
a homotopy equivalence P> (QX) ~ X. Let e,,: P"(QX) — P>®(QX) ~ X be
the inclusion map. Consider (ey,)*: H*(X;F,) — H*(P™(QX);F,). Then we
can define category weight wgt(X; F,) and module category weight Mwgt(X;Fp)
as follows [5]:

wgt(X;F,) =min{m | (e,,)" is a monomorhism},
Mwgt(X;F,) =min{m | (e,,)" is a split monomorphism
of all Steenrod algebra modules}.

Then we have the following relation [5]:

cup(X;Fp) < wgt(X;Fp) < Mwgt(X;F,) < cat(X).
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Now we describe the mod p cohomology of the exceptional Lie groups, together
with some non-trivial Steenrod operations. We refer [12] for the condensed treat-
ment of these cohomology including Hopf algebra structure and the action of the
Steenrod algebra.

THEOREM 2.1. The mod 2 cohomology of the exceptional Lie groups Ga, Fy,
Es, E7, and Eg are as follows:

w3/ (25) ® E(Sq’w3),
3]/ (x3) © E(Sqxs, 715, S¢°x15),
x:ﬂ/@é) ® E(Sq*s, Sq**xs, 215, 5¢> w3, S¢®z15),
=Folws, Sq°ws, Sq™2ws)/ (x5, (Sq?x3)", (Sq™2w3)")
® B(x15, S¢%" 23, S¢* 115, Sq P a15),
H*(Bg; Fa) 2 Fyz3]/(23°) @ Fo[Sqws]/((Sq?x3)%)
® Fa[Sq" s, 215]/ ((Sq*?23)", a15)
® B(S¢3*?%xs, Sq®x15, Sq* 215, S¢*HB215).

H*(GQ;FQ g]FQ

g
£
5
I
5

THEOREM 2.2. The mod 3 cohomology of the exceptional Lie groups Ga, Fy,
Es, E7, and Eg are as follows:

H*(G2;F3) = E(x3,x11),

H*(Fy;F3) 2 F3[BP'as]/(BP'x3)%) ® E(xs, P'as, 211, P a11),
H*(Eg; F3) 2F3[8P z3] /(8P x3)%) ® E(x3, P w3, 29, 211, P 211, T17),
H*(E7;F3) = F3[BP as]/((BP x3)%)

® E(z3, Plas, x11, P o1, PP as, xar, 235),
H*(Es; F3) =F3[BP xs, BP> x3]/((BP'x3)?, (BP x3)?)

1 3,1 3
® E(x3, P 3,215, P> 23, P x15, 35, £39, Ta7).

3. Module Category Weight with respect to Fs coefficients

Let G be the 3-connected cover of G which is the homotopy fibre of the
map G — K(Z,3) where ¢ is the fundamental class of H3(G;Z). Then we
have the following fibrations: CP*>° — G — G, St — QG — QG. Now we get
the following theorem. Some of results can be obtained from the Serre spectral
sequence of G — G — K(Z,3) and the Adem relations.

THEOREM 3.1 ([6], [9], [11]). The mod 2 cohomology of the 3-connected covers
of the exceptional Lie groups Ga, Fy, Eg, F7, and Eg are as follows:

H*(Ga; Fy) = Fyzs] © E(Sqtas, S¢* ag),
H*(Fy;Fo) 2 Fyzs] @ E(Sq'ws, S¢* as, Sq? g, Sq**% ),
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H*(Eﬁ;FQ) =Ty (x32) ® E(x9,5q219,5q4’2x9 Sq819>$23,sq16’8$9)
H*(E7; Fa) 2 Folass] © E(x11, Sq w11, S¢® w11, 203, S>3 211, St w32, Sq*%31y),
H*(Es; Fa) 2 Far15]/(215) ® Falass)]

1 4 8,4
® E(w23, T27, 229, 5" T32, T35, 59 T35, S¢7 " x35).

To get the module category weight of exceptional Lie groups G, we study
the Rothenberg—Steenrod spectral sequence converging to H*(G) with Ey =
Cotory-(aa;r,)(F2,F2). This is a spectral sequence of Hopf algebras but it de-
pends on the coalgebra structure. So we should determine the coalgebra structure
of H*(QG;F3). Note that since

Ey = Cotory- (aayr,) (F2, F2) = Exty, (oa;Bobr,) (F2, F2)

(see [2]), we can also use the algebra structure of H,(2G;F2) as in [5].
To get the coalgebra structure of H*(Q2G;F2), we consider the Eilenberg—
Moore spectral sequence converging to H*(2G;Fs) with

Ey = TOI"H*(G;FZ)(F27F2)~

Since F5 concentrates in the even dimensions, the spectral sequence collapses at
the Es-term, i.e. F3 = E. Then there is no coalgebra extension problem in such
a spectral sequence [8]. We refer the reader to [10] for concise treatment of above
Eilenberg Moore spectral sequence. So as a coalgebra we have the following

THEOREM 3.2. The coalgebra structure of the mod 2 cohomology of the loop
spaces of exceptional Lie groups Ga, Fy, Eg, E7, and Eg are as follows:

H*(QG2;F9) 2 E(ag) @ T'(ag, b1p),
) (a2) ® T'(a4, bio, ais, azz),
H*(QFEs;Fy) =2 E(ag) @ I'(ay, as, bio, @14, a16, a2z),
) =E(
) = E(

as, ay,ag) @ I'(big, a14, a16, bis, aze, aze, bsa),

3
3332

S

nt

5

IR

&

H*(QEs;F2) = E(ag, a4, ag, a14) @ I'(ai6, a2, aze, azs, baa, bss, bag, bsg),
especially we have Sq*big = a14 and Sq®bis = age by Theorem 3.1.

Note that even though there is no coalgebra extension, there are many
non-trivial algebra extensions in the above spectral sequence. For example,
a2 = Sq?ay = Sq*o(x3) = 0(Sq?x3) = o(xs) = a4, where o is the cohomo-
logy suspension. Similarly a3 = ag and a% = ass.

Now we consider the Rothenberg—Steenrod spectral sequence converging to
H*(G;TF3) with

(31) E2 = COtOI‘H* (QG;]FQ)(]F27 Fg)
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Then we get the next theorem by the standard Cotor computation of the follow-
ing monogenic Hopf algebras:

COtOI‘F(a2i)(F2, FQ) = E(X2i+1)7 COtorE(aZ;)(F27 ]FQ) =T, [X21+1].

We refer the reader to [13] for detail computation method of this spectral
sequence.

THEOREM 3.3. Cotory-(oa:r,)(F2,F2) of the exceptional Lie groups G for
Gs, Fy, Eg, E7, and Eg are as follows:

1

Cotorys(aa,m,) (F2, F2) = Folz3] ® E(xs, 211),
Fa,Fo

( )
( )
(F2, F2)
( )
( )

IR

)
COtOI‘H* (QF 4;F3)
)

Il

Folzs] ® E(xs, g, 211, T15, T17, £23),

[

Folzs] ® E(xs, 211, T15, T23),
COtOI‘H* (QE(;;]FQ [
[

=

Il

Cotory- (g, w,) (F2, Fo) = Falz3, x5, 19] ® E(211, 215, 717, 219, 23, T27, 235),

1

Cotorg«(Qgyr,) (F2, F2) = Falxs, x5, v9, 715]
® E(x17, T23, T27, T29, 235, 239, 2475 259),
especially we have Sq*z11 = x15 and Sq¢®z19 = Ta7.
Then from information Theorem 2.1 of H*(G;F53), we can analyze non trivial

differentials of the Rothenberg—Steenrod spectral sequence (3.1) converging to
H*(G;TF3) as follows:

d3(211) =x§ for G = G27F47E6777
ds(z19) :xg for G = E7,
d3<2:35> :l‘g for G = E77E8,
3.2
( ) d7(2’39) 2.13?) for G = Eg,
d15(2’47) :x:l),ﬁ for G = Eg,
d3(259) :I%s for G = Eg.

Next, as in [4], [5], truncating the above computation with the same dif-
ferential d; in (3.2), we can compute the spectral sequence of Stasheff’s type
converging to H*(P™(QG);Fy). Let A = H*(G;F3) in Theorem 2.1. Then like
the result in [5, Proposition 2.1], for low m such as 1 < m < 3, we have the
following:

(3.3) H*(P™(QG);Fa) =AM @Y zyips- AN a8,
=2 fOrG:GQ,F4,E67

i=2,4,8 for G = FEr,
1=238,9,11,14 for G = E,
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as modules where A" (m > 0) denotes the quotient module A/D™*+1(A) of A
by the submodule D™+1(A) C A generated by all the products of m+1 elements
in positive dimensions in A, and 24,43 -Alm=1I denotes a submodule corresponding
to a submodule in A ® E(z4;43), and S, satisfies Sy, - H*(P™(QG); Fy) = 0 and
Sm|pm-1(0q) = 0. For more detail for S,,, we refer the paper [4]. Now we
compute the module category weight using the similar method as in [1], [5].

THEOREM 3.4. The module category weight is as follows:
MWgt(EﬁFg) 2 15, MWgt(Eg;FQ) 2 32.

PROOF. From Theorem 3.3, Sq*211 = 15 in H*(PY(QG);Fy) for G =
Fy, Eg, E7. Then from (3.3), Sq¢*21; = 715 modulo Sy in H*(P?(QG);Fy) for
G = Fy, Eg, E7. Since S; is even-dimensional [1], [5], the modulo Ss is trivial so
Sqtz11 = x15 in H*(P?(QG); Fy). Thus we have

Sq*(z3w5211703) = T3x52 15703, in H*(P"(QF,);F )
(34) Sq4(x§x5x9z11$17$23) = $§$5I9$15$17$23, in H*(PQ(QEg)

Sq4(x§m§xgz11x17m23x27) = $§£g$g$15l‘17$231}27, in H (P14(QE7) )
Note that for z; € A™, Sq¢'z; = Sq¢i((em)*x;) = (em)*(S¢'z;). Thus in
H* (P™(G); Fy),

(35) Sq4(.’ba151 e .’Eajsj 211)

= Sq*(zayer - T 05 ) 211 F Tager - T, % Sq*z11

= (em)* (Sq* (Tayr - Toyo5))211 + Tayer - o, Sq 211
Since 73 = 73 = 4 = 0, and xi]_ = 0 for other generators x,,; in H*(G;Fy) for
G = Fy, Eg, E7, we have

Sqt(z3x5203) =0, Sq(x3xsw9T17203) =0, S¢*(232323217703207) =0

in H*(Fy;Fs), H*(Eg;F), H*(E+;F3). So in H*(P™(QG);Fy),

St (2o - T, 211) = Taget -« T, %5 T15
By the definition in Section 2, Mwgt(X;Fs) is the least m such that (e,,)* is
a split monomorphism of all Steenrod algebra modules.

Let ¢, : H*(P™(QG);F2) — H*(G;F3) be a epimorphism which preserves
all Steenrod actions and ¢, © (€n)* = 1+ (gyr,). Suppose that there are epimor-
phisms:

o7+ H*(PT(QF,); F2) — H*(Fy;Fy),
pg : H*(P?(QFEg);Fy) — H*(Eg;Fy),
¢14: H*(P*™(QE;);Fo) — H*(Er;Fy).
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Then we have the following diagrams:

(3.6) H*(PT(QF,); Fa) s H*(Fy; Fs)

3 3
L3T5L15T23 » T3L5T1523

(3.7) sqﬁ TSq“

3
T3T5211T23 —— 0

(3.8) H*(PP(QEq); Fa) ~2—s H*(Eg: F2)

3 3
T3X5X9X15217L23 H——> T3T5L9T15L17T23

(3.9) sq{ qu‘*

3
T3T5T9211T17T23 0

(3.10) H* (PY(QE,); Fy) —2%5 H*(Eri Fs)

3,.3,.3 3,.3,.3
T3T5TeT15L17T23L27 H—"> T3XETHT15L17L23TL27

(3.11) sqﬁ %4

3,.3,.3
T3TETH211T17T23T27 0

Obviously this is a contradiction. So ¢7, ¢g, and ¢14 are not epimorphisms.
This means that (e7)*, (eg)*, and (e14)* can not be split monomorphisms of all
Steenrod algebra module. Hence we obtain that

Now we consider the category weight. For Go, x3z5 € H*(P*(QGs);Fy).
Hence (e4)* is a monomorphism, so wgt(G4; Fo) = 4. In the same way, wgt(G; F2)
is 6 for G = Fy, 8 for G = Eg, 13 for G = E;, 32 for G = Eg. In fact the cate-
gory weight is the same as the Toomer’s invariant, the filtration length, that is,
wet(Gi F) = £2(G) in [16].

For the case of G2 and Ejg, by dimensional reason, any generator of type x_
can not be of the form S¢*(z_) for any i and for any generator of type z. So we
can not apply the method in (3.6)—(3.11). Hence we do not obtain any positive
difference between the category weight and the module category weight. Hence
we have
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Summarizing above results, we have:

X | wgt(X;Fa) | Mwgt(X;Fo) |cat(X)
Go 4 > 4 4
Fy 6 > 8 ?
Es 8 > 10 ?
Er 13 > 15 ?
Eg 32 > 32 ?

4. Module Category Weight with respect to Fs coefficients

Now we turn to the case of F3 coefficients.

THEOREM 4.1 ([3], [7], [9], [11]). The mod 3 cohomology of the 3-connected
covers of the exceptional Lie groups Gg, F4, E6, E7, and Eg are as follows:

H*(Ga; F3) = Fslys] ® E(z11, Byse),

[
H*(Fy;F3) = F3lyis] © E(z11, P a11, Byis, P Byis)
H*(Eg;F3) = F3lyis] ® E(zg, 211, P 211, 217, By1s, P Byis),
H*(E7;F3) = Fslysa) ® E(z11, Plaiy, w19, Plarg, PP g, 235, Bysa),
H*(Es;F3) = F3lysa] ® E(215, 223, P 223, 235, 39, Ta7, BYs4, Y59)-

Note that from the following morphisms of fibrations

E; —— Er — K(Z,3)

SN

ES*)EE;*)K(Z,S)

we can choose generators g in H*(E7;]F3) such that i*(z93) = Plzyg and
i*(Plzag) = PPl [12, VII, Theorem 5.8]. Since PPl = 2P? by the Adem
relation, we can also choose generators mllg, Plx/lg, 77233/19 in H* (E7; Fs3).

To get the coalgebra structure of H*(2G;F3), we consider the Eilenberg—
Moore spectral sequence converging to H*(QG;F3) with

Ey = Torg- (ir,) (F3, F3).

For an odd prime p, BP'z3 and SP3Plxs are even-dimensional for z3 €
H?3(G;F,). Since the cohomology of the loop space of a compact simple Lie group
is concentrated on even degrees, we have the following non-trivial differentials
in Fs:

do(y3(o(x3))) = o(BP a3) for G = Fy, Eg, Fr, Eg,

da(v3(o(P'z3))) = o(BP*Plas) for G = E,
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where o is the cohomology suspension. Now the E3 term is even-dimensional,
so that B3 = E,,. Here we put o(z3) = ag, o(P'a3) = ag. Then we get the
following

THEOREM 4.2. The coalgebra structure of the mod 3 cohomology of the loop
spaces of exceptional Lie groups Ga, Fy, Eg, E7, and Eg are as follows:

H*(QG23F3 gF(agaalo)a
H*(QFy; Fs) = Fs[az]/(a3) ® I'(as, a10, a14, ba2),
u* ~TF3laz]/(a3) @ T'(as, as, aio, a14, aie, baa),

T

1

F3[as]/(a3) ® I'(as, a0, a14, ais, baz, aze, ass),

~T3laz]/(a3) @ Fslag)/(ad) @ T'(ay4, ars, baz, aze, asa, ass, ase, bss),

R

)
( )
(QEs; F3)
“(QE7; Fs)
H*(QFg;F3)
especially we have Plboy = asg by Theorem 4.1.

Consider the Rothenberg—Steenrod spectral sequence converging to H*(G; F3)
with

(41) EQ = COtorH*(QG;]Fg) (Fg, Fg,)

Then we obtain the next theorem by the standard Cotor computation of following
monogenic Hopf algebras:

Cotorp(a,,)(F3,F3) = E(22i11),
Cotorp, fa,,]/(ag) (F3,F3) = E(22i41) ® Fsl(2i).3n42]-
THEOREM 4.3. Cotory-(oa;r,)(F3,F3) of the exceptional Lie groups G for
Gs, Fy, Eg, E7, and Eg are as follows:
Cotorg«(a,w,) (F3,F3) = E(z3, 211),
Cotory-(ar, ) (F3, F3) = E(x3) ® F3[8P 23] © E(P w3, x11, P a11, 223),
Cotory-(orgw,) (Fs, F3) = E(x3) ® F3[8P" x3]
® E(P'as, w9, x11, P w11, 217, 223),
Cotory-(op,;r,) (Fs, F3) = E(x3) ® F3[3P a3]
® E(P'as, 211, P a1y, 219, 223, Tor, T35),
Cotory- (Qmy:r,) (F3,F3) = E(x3) @ F3[8P 23] @ E(P'a3) @ Fa[fP°Plas]
® E(x15, 219, 223, T27, T35, T39, Ta7, 259),
especially we have Pl zy3 = wo7.

Then from information Theorem 2.2 of H*(G;F3), we can analyze non trivial
differentials of the Rothenberg—Steenrod spectral sequence (4.1) converging to
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H*(G;F3) as follows:
(4 2) d3(2’23) = (5731%3)37 fOI' G = F4, EG, E7, Eg
’ d3(259) = (ﬁp37)1$3)37 for G = Eg.

Let A = H*(G;F3) in Theorem 2.2. Then like the result in (3.3), for low m
such as 1 < m < 3, we have the following:

(4.3) H*(P™(QG);F3) = A &Y 24,5-Am Ve s,

1=25 fOI’G:F4,E6,E7,
i=25,14 for G = Ej,
as modules. Now we compute the module category weight using the same method
in Theorem 3.4.
THEOREM 4.4. The module category weight is as follows:
Mwgt(Go; F3) > 2, Mwgt(Fy;F3) > 8, Mwgt(FEs; F3) > 10,
Mwegt(Er;Fsg) > 13, Mwgt(Es; Fsg) > 18.
PROOF. From Theorem 4.2, we get Plzos = xoy in H*(PY(QG);F3) for
G = E7,Es. Then Plzy3 = x97 modulo Sy in H*(P?(QG);F3) for G = E;, Eg
from (4.3). Since Sy is even-dimensional [1], [5], the modulo Sy is trivial and

Plzos = 97 in H*(P%(QG);F3). Thus by the similar reason (3.5) as the case
of Fy coefficients, we have

P! ((5P1$3)2$3$7$11$15$19Z239€35) = (m’l$3)2$3$7$11$15$19$27$35a

PH(BP 23)*(BP P a3) wswra15w10 2230350392 47)
= (BP'23)*(BP P as) wswrars w1000, T35230Tar,
in H*(P'2(QE;);F3) and H*(P1"(QEg);F3). Note that the filtration lengths of
Pz and BP3Plzs are both 2 by the result in [16].

Let ¢, H*(P™(QG);F,) — H*(G;F,) be an epimorphism which preserves
all Steenrod actions and ¢, o (e,,)* = Ly« (Gr,)- Suppose that there are epimor-
phisms

12t H*(P'?(QE7);Fs) — H*(Er;Fs),
$17: H*(PY"(QFg);F3) — H*(Eg;Fs3).

Then we have the following diagrams:

(4.4) H*(PY2(QEy); F3) —225 H*(Eq; Fs)
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(BPYz3)2wsz7011215219%270 35— (BPras) w3wra11 015219727235

(4.5) pﬁ Tw

T11T15219223L35 0

(4.6) H*(PY7(QE7s); F3) _, H*(Eg;F3)

(6P1$3)2(5P3P1$3)2X1  — (ﬂP1x3)2(ﬂ793771x3)2X1

(4.7) pﬂ };1

7)1((67)1$3)2(5P3'P11'3)2X2 f 0
where X| = 2327215219227%35039%47, X2 = T3T7215T19223235L39%47-
Obviously this is a contradiction. So ¢12 and ¢17 are not epimorphisms. This
means that (ej2)*, and (e17)* can not be split monomorphisms of all Steenrod

algebra module. Hence we obtain that

Now we consider the category weight. For Go, 325 € H*(P%(QG2); F3), so
(e2)* is a monomorphism, so wgt(Ga;F3) = 2. For Fy, (BPla3)’wszra11215 €
H*(P3(2Fy);F3), so (es)* is a monomorphism, so wgt(Fy;F3) = 8. By the
same way, wgt(Fs;F3) = 10, wegt(E7;F3) = 11 and wgt(Es;F3) = 16. Here
the category weight is the same as the the filtration length in [16], that is,
wet(G; Fs) = f5(G).

For the case of G, Fy, and Ejg, by dimensional reason, any generator of type
x_ can not be of the form P?(z_) or SP(2_) for any i and for any generator of
type z. So we can not apply the method in (4.4)—(4.7). Hence we do not obtain
any positive difference between the category weight and the module category

weight. Hence we have

Mwegt(Ga;F3) > wet(Ga;F3) = 2, Mwegt(Fy; Fs) > wgt(Fy;F3) = 8,
MWgt(EG;Fg) Z Wgt(E(;; ]F3) = 10. O
REMARK 4.5. Combined with Toomer’s result in [16], we have the following
conclusion:

G wgt(GsF3)—cup(GiFs) | Mwgt(GiF2)—wgt(GiF2) | Mwgt(GiF3)—wgt(GiFs)

Gs 0 >0 >0

Fy 2 > 2 >0

Es 2 >2 >0

E; 2 >2 > 2

Eg 4 >0 >2
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