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EXPANDING MAPS AND NON-TRIVIAL SELF-COVERS

ON INFRA-NILMANIFOLDS

Karel Dekimpe — Jonas Deré

Abstract. Every expanding map on a closed manifold is topologically con-

jugate to an expanding map on an infra-nilmanifold, but not every infra-

nilmanifold admits an expanding map. In this article we give a complete
algebraic characterization of the infra-nilmanifolds admitting an expand-

ing map. We show that, just as in the case of Anosov diffeomorphisms, the

existence of an expanding map depends only on the rational holonomy rep-
resentation of the infra-nilmanifold. A similar characterization is also given

for the infra-nilmanifolds with a non-trivial self-cover, which corresponds

to determining which almost-Bieberbach groups are co-Hopfian. These re-

sults provide many new examples of infra-nilmanifolds without non-trivial
self-covers or expanding maps.

The study of certain chaotic dynamical systems on closed manifolds like

expanding maps or Anosov diffeomorphisms is closely related to the study of

infra-nilmanifolds. These manifolds are constructed as quotients of connected

and simply connected nilpotent Lie groups by affine transformations. Expanding

maps and Anosov diffeomorphisms on these manifolds correspond to certain

group morphisms of their fundamental group and this makes it possible to study

them in an algebraic way.
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An expanding map on a closed Riemannian manifold M is a differentiable

map f : M → M such that there exist constants c > 0 and λ > 1 with

‖Dfn(v)‖ ≥ cλn‖v‖ for all v ∈ TM and n > 0. In [13], M. Gromov showed

that every expanding map on a closed manifold is topologically conjugate to an

expanding map on an infra-nilmanifold. Anosov diffeomorphisms are defined in

a similar way (see [12] for an exact definition) and it is conjectured that also ev-

ery Anosov diffeomorphism on a closed manifold is topologically conjugate to an

Anosov diffeomorphism on an infra-nilmanifold. There are some partial results

for this conjecture, see for example [17] and [18]. This motivates the problem

of classifying all infra-nilmanifolds admitting an expanding map or an Anosov

diffeomorphism, which was already raised by Smale in [20].

The fundamental group of an infra-nilmanifold determines a rational nilpo-

tent Lie algebra and a representation of a finite group to the automorphisms of

this Lie algebra, called the rational holonomy representation. It is well known

that the existence of an Anosov diffeomorphism on an infra-nilmanifold depends

only on this Lie algebra and rational holonomy representation, see [11, Theo-

rem A]. The proof of this result strongly uses the fact that every Anosov dif-

feomorphism induces a hyperbolic automorphism on the fundamental group. In

this paper, we show that also the existence of an expanding map depends only

on the Lie algebra and the rational holonomy representation, see Theorem 4.2.

By using the same methods we deduce a similar statement for the existence of

non-trivial self-covers on infra-nilmanifolds in Theorem 5.4. In fact both results

show that the existence is equivalent to the existence of certain gradings of the

Lie algebra, preserved by every automorphism of the rational holonomy repre-

sentation. The techniques of this paper give a simplified proof of the result about

Anosov diffeomorphisms as well.

Up till now, the only known examples of infra-nilmanifolds without a non-

trival self-cover are constructed from nilpotent Lie algebras with only automor-

phisms of determinant 1, see [1]. From the main theorem we deduce a general way

of constructing examples and this provides new examples where the correspond-

ing Lie algebra is not of this type. Another consequence is that the existence of

an expanding map or a non-trivial self-cover on a nilmanifold is invariant under

commensurability of the fundamental group, answering a question of [1]. Finally,

our main results make it possible to determine examples of minimal dimension

for low nilpotency classes.

In Section 1, we recall some basic facts about infra-nilmanifolds and their

fundamental groups, the almost-Bieberbach groups. Next, we study injective

group morphisms of these almost-Bieberbach groups in Section 2 and the relation

between graded Lie algebras and expanding automorphisms in Section 3. These
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technical results are then combined to prove our main results in Sections 4 and 5.

Finally, Section 6 demonstrates how to apply these results.

1. Rational holonomy representation of an infra-nilmanifold

In this section, we briefly recall what an infra-nilmanifold is and how to

construct differentiable maps on these manifolds. For more details, we refer

to [6]. Also, we introduce the rational holonomy representation, which plays

a crucial role in the formulation of our main theorems.

Let G be a connected and simply connected nilpotent Lie group and Aut(G)

the group of continuous automorphisms of G. The affine group Aff(G) = G o
Aut(G) acts on G in the following natural way:

∀α = (g, δ) ∈ Aff(G) ∀h ∈ G : αh = gδ(h).

Let C be a maximal compact subgroup of Aut(G) and consider the subgroup

G o C of Aff(G). A discrete, torsion-free subgroup Γ ⊆ G o C with compact

quotient Γ\G is called an almost-Bieberbach group. The quotient space Γ\G is

then a closed manifold with fundamental group Γ and we call such a manifold an

infra-nilmanifold. Denote by p : Aff(G)→ Aut(G) the projection on the second

component. It is well known that the group F = p(Γ) is a finite subgroup of

Aut(G) and we refer to this group as the holonomy group of the infra-nilmani-

fold Γ \G.

A nilmanifold is an infra-nilmanifold with trivial holonomy group or equiv-

alently a quotient space Γ \ G with Γ ⊆ G o {1} ≈ G a uniform lattice of G.

For a general almost-Bieberbach group Γ, the subgroup N = Γ∩G is a uniform

lattice in G and so every infra-nilmanifold is finitely covered by a nilmanifold,

hence its name. The subgroup N is the unique maximal normal nilpotent sub-

group of Γ and thus is equal to the Fitting subgroup of Γ. This also shows that

every almost-Bieberbach group fits in an exact sequence:

(1.1) 1 // N // Γ // F // 1

The uniform latticeN is a finitely generated, torsion-free and nilpotent group and

every group satisfying these three properties is called an F-group. Conversely,

every F-group is isomorphic to a uniform lattice in some connected and simply

connected nilpotent Lie group G.

Assume that α ∈ Aff(G) is an affine transformation satisfying αΓα−1 ⊆ Γ,

then α induces a differentiable map

α : Γ \G→ Γ \G : g 7→ αg

and this map is called an affine infra-nilmanifold endomorphism. If αΓα−1 = Γ,

then also α−1 induces a differentiable map Γ \ G → Γ \ G which is the inverse

of α. This implies that α is a diffeomorphism and in this case we call α an affine
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infra-nilmanifold automorphism. Automorphisms of the Lie group G correspond

to Lie algebra automorphisms of the corresponding Lie algebra and when we

talk about the eigenvalues of an automorphism, we mean the eigenvalues of this

corresponding Lie algebra automorphism. The eigenvalues of an affine infra-

nilmanifold endomorphism α are defined as the eigenvalues of the linear part

of α. We call an affine infra-nilmanifold endomorphism expanding if it only has

eigenvalues of absolute value > 1. With these notations we can formulate the

exact statement about expanding maps of Gromov:

Theorem 1.1 (Gromov). Every expanding map on a closed manifold is topo-

logically conjugate to an expanding affine infra-nilmanifold endomorphism.

So the problem of classifying all infra-nilmanifolds admitting an expanding

map is translated into the question of classifying all infra-nilmanifolds admitting

an expanding affine infra-nilmanifold endomorphism. To solve this problem,

we need to know more about the algebraic structure of the almost-Bieberbach

groups Γ. From the exact sequence (1.1), it follows that the group Γ contains

a normal subgroup of finite index which is an F-group, but this exact sequence

does not split in general. We can embed the exact sequence (1.1) in a split exact

sequence, but to do this, we need to recall some properties of [19, Chapter 6]

about F-groups.

Let N be an F-group, then we can assume that N is a uniform lattice of

a connected and simply connected nilpotent Lie group G with the corresponding

Lie algebra g. The exponential map exp: g → G is a diffeomorphism and we

denote by log : G→ g its inverse. The rational span of log(N), denoted as n, is

a rational form of the real Lie algebra g and the corresponding nilpotent group

NQ = exp(n) is the radicable hull or rational Mal’cev completion of the group N .

The automorphism groups Aut(NQ) and Aut(n) are naturally isomorphic via the

exponential map and in the remaining part of this paper we will identify these

two groups without further mentioning the exponential map. It is a general fact

that every finite dimensional rational nilpotent Lie algebra occurs in this way

and that two F-groups have isomorphic radicable hulls if and only if they are

abstractly commensurable. A finitely generated subgroup N ′ of NQ such that

NQ is also the radicable hull of N ′ (i.e. if log(N ′) spans n as a rational vector

space) is called a full subgroup.

In general, log(N) is not a Lie subring or even an additive subgroup of g and

therefore the following definition is important:

Definition 1.2. An F-group N is called a lattice group if log(N) is an

additive subgroup of g.

This means that for a lattice group N we can always find a basis for n such

that log(N) is equal to the Z-span of this basis.
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It is well known that every F-group is a subgroup of finite index in some

lattice group. Since the intersection of lattice groups is again a lattice group,

there exists a smallest lattice group containing N and we will denote this lat-

tice group as N lat. If ϕ : N → N is an injective group morphism, then there

exists a unique extension ϕQ : NQ → NQ of ϕ. Since ϕ is injective, also ϕQ

is injective and thus the injective group morphisms can be seen as a subset of

Aut(NQ) = Aut(n). Therefore it makes sense to talk about the determinant and

characteristic polynomial of an injective group morphism ϕ : N → N . Since ϕQ

maps lattice groups to lattice groups, the following proposition is immediate (see

also [1, Lemma 4.1.]):

Proposition 1.3. Let N be an F-group and ϕ : N → N an injective group

morphism. Then the following are true:

(a) ϕQ(N lat) = (ϕ(N))lat ⊆ N lat;

(b) [N : ϕ(N)] = [N lat : ϕQ(N lat)] = |detϕQ| = |detϕ|.

The first statement shows that every injective group morphism of N also

induces an injective group morphism on N lat and we will denote the induced

map as ϕlat.

Since every automorphism of N has a unique extension to an automorphism

of NQ, we can construct the following commutative diagram from the exact

sequence (1.1) where the horizontal sequences are exact:

1 // N //

��

��

Γ //

��

��

F // 1

1 // NQ // ΓQ // F // 1

The lower exact sequence splits and by fixing a splitting morphism s : F →
ΓQ, we get an injective morphism F → Aut(NQ) = Aut(n). This morphism

is called the rational holonomy representation and we will always identify the

holonomy group F with its image under this morphism, so F ≤ Aut(n). Under

this identification, we get that Γ ⊆ NQ o F .

By using the rational holonomy representation, we have the following version

of the Generalized Second Bieberbach Theorem:

Theorem 1.4. Let Γ and Γ′ be two almost-Bieberbach groups with abstractly

commensurable Fitting subgroups N and N ′ and identify their radicable hulls

NQ = (N ′)Q. If ϕ : Γ→ Γ′ is an isomorphism then there exists an affine trans-

formation α ∈ NQ o Aut(NQ) such that ϕ(γ) = αγα−1.

The proof of this version of the Second Bieberbach Theorem is identical

to the proof given in [6, Section 2.2] subject to replacing the Lie group G by

the radicable hull NQ. Note that the theorem also works for injective group

morphisms Γ→ Γ, since the image is a subgroup of finite index in that case.
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2. Injective group morphisms of F-groups

In this section we study the relation between injective group morphisms of an

F-group and automorphisms of the corresponding rational Lie algebra. Let N

be an F-group with Lie algebra n and ϕ : N → N an injective group morphism,

then we know from Section 1 that ϕ has a unique extension ϕQ : n → n. The

question we study here is which automorphisms of n induce a group morphism

on N , i.e. for which automorphisms ϕQ ∈ Aut(n) we have ϕQ(N) ⊆ N .

First we determine the properties of the extension ϕQ ∈ Aut(n). From Propo-

sition 1.3 we know that ϕ induces an injective group morphism ϕlat : N lat → N lat

and it is obvious that ϕQ is also the unique extension of ϕlat. The subset log(N lat)

is a finitely generated Z-module and thus we can fix a basis for log(N lat) as Z-

module. This basis also forms a basis for the vector space n and we get an

isomorphism from n to Qn as vector spaces such that this isomorphism maps

log(N lat) to Zn. The linear map ϕQ then maps Zn into Zn and this implies that

the characteristic polynomial of ϕQ lies in Z[X].

If we also assume that ϕ is an automorphism of N , then ϕlat is an automor-

phism of N lat and thus we get that ϕQ(Zn) = Zn. So for every automorphism

ϕ ∈ Aut(N) we get that |det(ϕQ)| = 1. An automorphism of n with characteris-

tic polynomial in Z[X] and determinant ±1 is called integer-like (see [8]), so we

conclude that ϕQ is integer-like in this case. It is easy to see that the converse

is not true, for example the matrix
(

5/2 1/2
1/2 1/2

)
is integer-like but does not map

Z2 to Z2.

So although not every integer-like automorphism of NQ induces an automor-

phism ofN , there is a partial converse by taking some power of the automorphism

(see [7, Theorem 3.4.]):

Theorem 2.1. Let N be an F-group with the corresponding radicable hull

NQ. If ϕ ∈ Aut(NQ) is integer-like then there exists some k > 0 such that

ϕk(N) = N .

For example, the third power of the matrix above is equal to ( 17 4
4 1 ) ∈

GL(n,Z). This theorem is crucial for the study of Anosov diffeomorphisms on

infra-nilmanifolds. Unfortunately, a similar theorem cannot be true in the more

general case of automorphisms ϕ ∈ Aut(NQ) with characteristic polynomial in

Z[X], not even in the abelian case, as we can see from the following example.

Example 2.2. Consider the matrix

A =


1

2

1

2

−3

2

5

2
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with characteristic polynomial p(X) = X2 − 3X + 2 and the vector v = ( 0
1 ).

A computation shows that

Ak(v) = v +
1

2

k∑
i=1

2i−1
(

1

3

)
and thus Ak(v) /∈ Z2 for all k > 0. This shows us that the condition |det(ϕ)| = 1

is really necessary in Theorem 2.1.

To simplify notations, we will also denote by ϕ ∈ Aut(NQ) the unique exten-

sion of an injective group morphism ϕ : N → N . The main result of this section

shows that we can partially restore Theorem 2.1 by putting constraints on the

determinant of ϕ.

Theorem 2.3. Let N1 and N2 be F-groups with the identical radicable hull

NQ. Then there exists a finite number of primes p1, . . . , pl such that for every

injective group morphism ϕ : N1 → N1 with pj - det(ϕ) for all j ∈ {1, . . . , l},
there exists some k > 0 such that ϕk(N2) ⊆ N2.

It is possible to show that every integer-like automorphism of NQ induces an

automorphism on some full subgroup of NQ, so this theorem is really a general-

ization of Theorem 2.1.

The proof of this theorem uses a few technical lemmas. The first one gives

us information about the index of the intersection of subgroups.

Lemma 2.4. Let H be any group with finite index subgroups K1 and K2 of

index respectively k1 and k2. If gcd(k1, k2) = 1, then K1 ∩K2 is a subgroup of

index k1k2 and if K ′1 is a normal subgroup of index k1 such that K1 ∩ K2 =

K ′1 ∩K2, then K1 = K ′1.

Proof. For the first statement, note that [H : K1 ∩ K2] = [H : K1][K1 :

K1 ∩K2] = [H : K2][K2 : K1 ∩K2] and thus kj | [H : K1 ∩K2] for j ∈ {1, 2}.
Since gcd(k1, k2) = 1 and [H : K1 ∩K2] ≤ [H : K1][H : K2], we have that [H :

K1∩K2] = k1k2. Note that this is equivalent to the fact that [K1 : K1∩K2] = k2.

For the second statement, we assume that K1 ∩K2 = K ′1 ∩K2 and we show

that K1 ∩ K ′1 is a subgroup of index 1 in K1. As K ′1 is a normal subgroup,

K1K
′
1 is a subgroup of H. Since the index of K1 ∩ K ′1 in K1 is equal to the

index of K ′1 in K1K
′
1, it divides k1. From the first statement we know that

K1 ∩K2 = K1 ∩K ′1 ∩K2 is a subgroup of index k2 in K1. Since K1 ∩K ′1 ∩K2 ⊆
K1 ∩K ′1 ⊆ K1, the index of K1 ∩K ′1 in K1 divides k2. As the index of K1 ∩K ′1
in K1 divides both k1 and k2, we conclude from gcd(k1, k2) = 1 that it is equal

to 1. �

As a consequence, we have the following result:
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Lemma 2.5. Let H be any group with a finite number of normal subgroups

of index i and ϕ : H → H be an injective group morphism such that ϕ(H) is

a subgroup of finite index in H and gcd([H : ϕ(H)], i) = 1. If we write the dis-

tinct normal subgroups of index i as K1, . . . ,Km, then there exists a permutation

π ∈ Sm such that ϕ(Kj) = Kπ(j) ∩ ϕ(H) for all j ∈ {1, . . . ,m}.

Proof. By the previous lemma, we know that Kj ∩ ϕ(H) is a normal sub-

group of index i in ϕ(H) and that if Kj 6= Kj′ also Kj ∩ ϕ(H) 6= Kj′ ∩ ϕ(H).

Since ϕ(H) is isomorphic to H, there are exactly m different normal subgroups

of index i in ϕ(H) and thus they are all of the form Kj ∩ ϕ(H). Since also

ϕ(K1), . . . , ϕ(Km) are m distinct normal subgroup of index i in ϕ(H), we find

a permutation π ∈ Sm such that ϕ(Kj) = Kπ(j) ∩ ϕ(H). �

Note that the first condition of Lemma 2.5 is satisfied for every index i in all

F-groups. Also, as we mentioned in Section 1, the image of an injective group

morphism is always of finite index for these groups (and the index is given by

the absolute value of the determinant, see Proposition 1.3).

Take the notations of Lemma 2.5 and π ∈ Sm the permutation corresponding

to ϕ : H → H. Then for any k > 0, we have that

ϕk(Kj) = ϕk−1(Kπ(j) ∩ ϕ(H)) = ϕk−1(Kπ(j)) ∩ ϕk(H)

since ϕ is injective and thus by induction we get that πk is the permutation

corresponding to ϕk.

The last lemma we need is just the abelian version of Theorem 2.3. A lattice

of the vector space Qn is a full subgroup of Qn where we consider Qn as the

radicable hull of Zn.

Lemma 2.6. Let L be a lattice in Qn, then there exist primes p1, . . . , pl such

that for every A ∈ GL(n,Q) with A(Zn) ⊆ Zn and pi - det(A), there exists some

k > 0 such that Ak(L) ⊆ L.

Proof. Fix a basis for L as Z-module (which also forms a basis for Qn as

vector space) and denote by P the matrix of change of basis from this basis to

the standard basis. Take m the product of all the denominators of the entries of

P and P−1 and take pi all the primes dividing m. Now assume A ∈ GL(n,Q)

with A(Zn) ⊆ Zn and pi - det(A). The matrix representation of Ak for the

chosen basis in L is given by P−1AkP and thus we have to check that P−1AkP

has integer entries for some k > 0.

From the choice of the primes pi, it follows that A projects to an element

of GL(n,Zm) and write this projection as A. Since GL(n,Zm) is a finite group,

there exists some k > 0 such that A
k

= In. This means that m divides every

entry of Ak − In. So we have that

P−1AkP − In = P−1(Ak − In)P
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has integer entries because of our choice of m and thus also P−1AkP has integer

entries. �

With the help of these lemmas, we give a proof of the general version of

Theorem 2.3:

Proof of Theorem 2.3. Every injective group morphism ϕ : N1 → N1

also induces an injective group morphism ϕlat : N lat
1 → N lat

1 with the same de-

terminant, so we can always assume that N1 is a lattice group. By fixing a basis

for log(N1) as Z-module (which is also a basis for the vector space n), the vec-

tor space n is isomorphic to Qn such that log(N1) is equal to Zn under this

isomorphism. The injective group morphisms of N1 correspond to Lie algebra

automorphisms which maps Zn into Zn. If we assume that also N2 is a lat-

tice group, then log(N2) is a lattice in n ≈ Qn and the theorem follows from

Lemma 2.6.

Next we show that if the theorem is true forN2, it is also true for every normal

subgroup K of N2. Let p1, . . . , pl be the finite number of primes corresponding

to N2 and add all the primes that divide the index of K in N2. If ϕ : N1 → N1 is

a group morphism satisfying the conditions of the theorem, then we can assume

ϕ(N2) ⊆ N2 by taking some power of ϕ. Since ϕ is an injective group morphism

of N2, we can apply Lemma 2.5. So take K1 = K, . . . ,Km all normal subgroups

of the same index as K in N2 and by Lemma 2.5, we know that there exists

π ∈ Sm with ϕ(Kj) = Kπ(j) ∩ ϕ(N2). Now take k > 0 such that πk = 1, then

ϕk(K) = ϕk(K1) = Kπk(1) ∩ ϕk(N2) = K1 ∩ ϕk(N2) ⊆ K1 = K

and therefore ϕk(K) ⊆ K as we wanted.

For the proof in the general case, we know that N2 ⊆ N lat
2 is a subgroup

of finite index. Since N lat
2 is a nilpotent group, N2 is a subnormal subgroup,

meaning we can find subgroups H0 = N2 ≤ H1 ≤ . . . ≤ Hm = N lat
2 with Hj

normal in Hj+1. By iterating the result of the previous paragraph, we conclude

that the theorem also holds for N2. �

From the proof it also follows that we can give the set of primes explicitly by

looking at the index of N2 in N lat
2 and the matrix of change of basis from N lat

1

to N lat
2 .

Remark 2.7. For the particular case of integer-like automorphisms of NQ,

the technicalities of Lemma 2.5 are avoided. So the proof of Theorem 2.3 gives

us a simplified proof of Theorem 2.1, avoiding the use of Jonquière groups as

in [7].



356 K. Dekimpe — J. Deré

3. Graded Lie algebras

In this section we introduce graded Lie algebras and show why they are

important for studying expanding maps. The most important result states that

a rational Lie algebra is positively graded if and only if it has an expanding

automorphism, which was already known for real and complex Lie algebras. In

this way, starting from an expanding automorphism and an arbitrary prime,

we can construct an expanding automorphism with determinant a power of this

prime, which is important for using Theorem 2.3. All Lie algebras we consider

in this section are finite dimensional.

Definition 3.1. A rational Lie algebra n is called graded if it is endowed

with a decomposition as a direct sum

n =
⊕
i∈Z

ni

of subspaces ni ⊆ n such that [ni, nj ] ⊆ ni+j for all i, j ∈ Z. The decomposition

into subspaces ni is called a grading for the Lie algebra n. The grading is called

positive if ni = 0 for all i ≤ 0. We say that an automorphism ϕ ∈ Aut(n)

preserves the grading if ϕ(ni) = ni for all i ∈ Z.

By a theorem of Jacobson [15], it follows that the existence of a grading

n =
⊕
i∈Z

ni with n0 = 0 implies that the Lie algebra n is nilpotent. In the

remaining part of this article we are only interested in nilpotent Lie algebras,

since these are closely related to (infra-)nilmanifolds.

Sometimes a grading is defined as a decomposition

n =
⊕
r∈R

nr

which is indexed by real numbers rather than integers as in our definition. These

definitions are equivalent because of [9, Proposition 2.6.], even in the case of

positive gradings and we call a grading indexed by real numbers an R-grading.

In fact, the proof of [9, Proposition 2.6.] shows that starting from an R-grading,

the grading of n is formed by just renaming the subspaces nr with integer indices.

We will use this equivalence of definitions later on, as it is often easier to construct

an R-grading for a Lie algebra.

Graded Lie algebras are an important tool to study expanding maps. For

real or complex Lie algebras, [10, Theorem 2.7.] shows that the existence of an

expanding automorphism is equivalent to the existence of a positive R-grading

(and thus a positive grading). For rational Lie algebras, it is easy to see that

the existence of a grading induces an expanding automorphism: if n =
⊕
i∈Z

ni is

the decomposition, then for every q ∈ Q with q > 1 there exists an expanding
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automorphism map which maps an element x ∈ ni to qix. To translate this fact

to F-groups, we first need the following proposition:

Proposition 3.2. Let n be a rational nilpotent Lie algebra and NQ the cor-

responding nilpotent group. Identify the group Aut(n) = Aut(NQ) as a subgroup

of GL(n,Q) by fixing a basis for n as a vector space. Then there exists a full

subgroup N of NQ such that every automorphism with integer entries induces

an injective group morphism on N , i.e. if ϕ ∈ Aut(NQ) ⊆ GL(n,Q) has integer

entries, then ϕ(N) ⊆ N .

Proof. Denote the basis for n as {v1, . . . , vn} and take N the full subgroup

of NQ generated by the elements exp(v1), . . . , exp(vn). Since N is an F-group,

we can consider N lat and we claim that N lat satisfies the properties of the propo-

sition.

Let ϕ be an automorphism of Aut(n) with integer entries in the basis {v1, . . . ,
vn}, then we have to show that ϕ(N lat) ⊆ N lat. Since ϕ has integer entries, we

have that ϕ(N) ⊆ N lat, because ϕ(vi) is in the Z-span of the basis {v1, . . . , vn}
and N lat is a lattice group. By Proposition 1.3 it follows that

ϕ(N lat) = (ϕ(N))lat ⊆ (N lat)lat

and the latter is of course equal to N lat. We conclude that ϕ(N lat) ⊆ N lat. �

It now easily follows that we can construct many expanding group morphisms

if the corresponding Lie algebra is graded.

Corollary 3.3. Let n be a rational nilpotent Lie algebra with a positive grad-

ing and NQ the corresponding nilpotent group. Then there exists a full subgroup

N and some k > 0 such that for every prime p, there exists an injective group

morphism ϕp : N → N with det(ϕp) = pk which is also expanding. Moreover,

these ϕp commute with every automorphism that preserves the grading.

Proof. Fix a positive grading ni for the rational Lie algebra n corresponding

to NQ and fix a basis for n such that every basis vector lies in a subspace ni. For

every prime p there exists an automorphism ϕp : n→ n such that ϕp(x) = pix for

all x ∈ ni. From our choice of basis vectors, it follows that ϕp has integer entries

in the basis and that ϕp commutes with every automorphism that preserves

the grading. Note that every ϕp is expanding since the grading is positive and

det(ϕp) = pk for some fixed k > 0. Now take an F-group as in Proposition 3.2,

then the statement follows immediately. �

So starting from a nilpotent Lie algebra with positive grading, we can con-

struct many expanding group morphisms on a full subgroup of the corresponding

radicable hull. The main result of this section shows that for rational Lie alge-

bras every expanding automorphism also induces a positive grading. The exact

formulation is as follows:



358 K. Dekimpe — J. Deré

Theorem 3.4. Let n be a rational Lie algebra with an expanding automor-

phism ϕ ∈ Aut(n). There exists a positive grading for n such that if ϕ commutes

with an automorphism ψ ∈ Aut(n), then ψ preserves this positive grading. In

particular, this positive grading is also preserved by ϕ.

The proof of this theorem is based on some facts about algebraic number

fields, so let us recall the most important definitions and properties. For more

details, we refer the reader to [21]. A number field is a field extension Q ⊆ E of

finite degree. If E is a number field, there exists θ ∈ E such that Q(θ) = E. If

n is the degree of the field extension E, then the minimal polynomial of θ has

exactly n different roots θ1 = θ, . . . , θn and every θi determines an unique field

monomorphism σi : E → C given by σi(θ) = θi with i = 1, . . . , n. Conversely,

every field monomorphism E → C is one of these σi. The E-conjugates of α ∈ E
are the complex numbers σi(α). For every α ∈ E, we define the norm NE(α) as

the product of all its E-conjugates, so

NE(α) =

n∏
i=1

σi(α).

This gives us a map NE : E → Q which preserves the product, i.e. NE(αβ) =

NE(α)NE(β). If α, β ∈ E are E-conjugate, then NE(α) = NE(β). An element

of E is called an algebraic integer if its minimal polynomial has coefficients in Z
and in this case we also have NE(α) ∈ Z.

Now take A ∈ GL(n,Q) a diagonalizable matrix with characteristic polyno-

mial p(X) ∈ Q[X]. Denote by E ⊆ C the minimal splitting field of p(X), which

is of course an algebraic number field. Let v1, . . . , vn be a basis of eigenvectors for

the matrix A, considered as a linear map Cn → Cn, with eigenvalues respectively

λ1, . . . , λn. We define the matrix N(A) ∈ GL(n,C) by N(A)(vi) = NE(λi)vi,

so it has the same eigenvectors as A but with eigenvalues NE(λi) rather than

λi. This definition does not depend on the choice of the basis vi. It is easy to

see that if P ∈ GL(n,Q), then N(PAP−1) = PN(A)P−1, so N(A) is invariant

under change of basis. Note that if B commutes with A, then B also commutes

with N(A).

A priori we only know that N(A) ∈ GL(n,C), but we show that N(A) ∈
GL(n,Q) for every diagonalizable matrix A ∈ GL(n,Q). If p(X) ∈ Q[X] is

a polynomial over Q, we denote by L(p) the companion matrix of the polyno-

mial p. Let L be the primary rational canonical form of A, so

L =


L(pm1

1 ) 0 . . . 0

0 L(pm2
2 ) . . . 0

...
...

. . . 0

0 0 . . . L(pmk

k )
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with mi > 0 and the polynomials pi(X) irreducible over Q. Denote the degree

of the polynomials pi as ni. Since L is the primary rational canonical form of

A, there exists P ∈ GL(n,Q) such that PAP−1 = L. Now take λi a root of the

polynomial pi. Note that NE(λi) does not depend on the choice of the root λi,

since all roots of pi are E-conjugate. It is easy to see then that N(L) is equal to

N(L) =


NE(λ1)1m1n1 0 . . . 0

0 NE(λ2)1m2n2 . . . 0
...

...
. . . 0

0 0 . . . NE(λk)1mknk

 ∈ GL(n,Q).

From this it follows that N(A) = P−1N(L)P ∈ GL(n,Q).

Now assume n is a rational Lie algebra and ϕ ∈ Aut(n) an automorphism.

Then N(ϕ) is a linear map n → n and we claim that it is also a Lie algebra

automorphism. Consider the complexification nC = C ⊗ n, then it suffices to

show that N(ϕ)C = 1C ⊗N(ϕ) is a Lie algebra automorphism. By the linearity

of the bracket, it is sufficient to show that N(ϕ)C preserves the brackets between

basis vectors for a basis of nC. Since there exists a basis of eigenvectors for ϕC,

we show that N(ϕ)C preserves the bracket of all eigenvectors. Let vλ and vµ be

two eigenvectors of ϕC, then [vλ, vµ] is an eigenvector of eigenvalue λµ. So

[N(ϕ)C(vλ), N(ϕ)C(vµ)] =NE(λ)NE(µ)[vλ, vµ]

=NE(λµ)[vλ, vµ] = N(ϕ)C([vλ, vµ]),

with E the minimal splitting field for the characteristic polynomial of ϕ.

We conclude this discussion with the following proposition:

Proposition 3.5. Let ϕ ∈ Aut(n) be an automorphism of a rational Lie

algebra. Then N(ϕ) ∈ Aut(n) is an automorphism with only rational eigenvalues

and which commutes with every automorphism commuting with ϕ. Moreover, if

ϕ is expanding, then N(ϕ) is also expanding.

Proof. The only thing left to show is the last statement, namely that N(ϕ)

is expanding if ϕ is expanding. The eigenvalues of N(ϕ) are equal to NE(λ) with

λ an eigenvalue of ϕ and E the splitting field of the characteristic polynomial of

ϕ. So it suffices to show that if λ and all its E-conjugates are > 1 in absolute

value, then also NE(λ) > 1. Since NE(λ) is just the product of the E-conjugates

of λ, this follows immediately. �

From this proposition, the proof of Theorem 3.4 now follows directly:

Proof of Theorem 3.4. Since Aut(n) is an algebraic group, we can always

assume that ϕ is diagonalizable. Then N(ϕ) is an expanding automorphism with

only eigenvalues in Q. By squaring ϕ if necessary we can assume that all eigen-

values of N(ϕ) are positive. Since all eigenvalues are rational, the corresponding
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eigenspaces are rational subspace of n. Take the R-grading n =
⊕
r∈R

Vr where

Vr is the eigenspace of eigenvalue er. It is easy to see that this is indeed an

R-grading. Since N(ϕ) is expanding, it follows that the grading is positive. The

existence of a positive R-grading implies the existence of a positive grading by

just renaming the subspaces Vr, as explained above.

If ψ commutes with ϕ, it also commutes with N(ϕ) and thus it preserves the

eigenspaces of N(ϕ). Since the grading is given by eigenspaces of N(ϕ), the last

statement follows. �

4. Algebraic characterization for expanding maps

In this section we combine the previous results to prove our algebraic char-

acterization of infra-nilmanifolds admitting an expanding map. We start with

the easier case of nilmanifolds, which follows almost directly now.

Theorem 4.1. Let N \ G be a nilmanifold with corresponding rational Lie

algebra n, then the following are equivalent:

(a) N \G admits an expanding map;

(b) n has a positive grading;

(c) there exists an expanding automorphism ϕ ∈ Aut(n).

It was brought to our attention that part of this theorem was proved inde-

pendently and by different techniques in [4, Theorem 1.13].

Proof. The fact that (a) implies (c) follows directly from Theorem 1.1. In

Theorem 3.4 we exactly showed that (c) implies (b). So the only implication left

to show is that (b) implies (a).

To show this implication, fix a positive grading of n and a full subgroup N0

of NQ as in Corollary 3.3. Since N0 and N have the same radicable hull, there

exists primes p1, . . . , pl as in Theorem 2.3. Now take p a prime such that p 6= pj
for all j ∈ {1, . . . , l} and the group morphism ϕp : N0 → N0 as in Corollary 3.3.

Because of our choice of p, there exists some power of ϕp such that ϕkp(N) ⊆ N
and the induced map on N \G is an expanding map. �

In particular, this theorem implies that the existence of an expanding map

on a nilmanifold is invariant under commensurability of the fundamental group.

This answers a question of [1]. By combining Theorem 4.1 with [4, Theorem 1.4],

we get also a positive answer to another question of [1], namely if the existence

of an expanding map depends only on the complexification C⊗ n of the rational

Lie algebra n.

For infra-nilmanifolds, we have a similar theorem but with an extra condition

coming from the rational holonomy group:
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Theorem 4.2. Let Γ \ G be an infra-nilmanifold with associated rational

holonomy representation F ≤ Aut(n). Then the following are equivalent:

(a) Γ \G admits an expanding map;

(b) n has a positive grading, preserved by every automorphism in F ;

(c) there exists an expanding automorphism ϕ ∈ Aut(n) which commutes

with every element of the holonomy group F .

Proof. The implication from (c) to (b) is again immediate from Theo-

rem 3.4. We will first show that (a) implies (c) and conclude with the implication

from (b) to (a).

So first assume that Γ\G admits an expanding map. Because of Theorems 1.1

and 1.4, we can assume that this expanding map is given by an affine infra-

nilmanifold endomorphism α with α = (g, δ) ∈ NQ o Aut(n). It is easy to see

that δFδ−1 = F and thus we can assume δ commutes with every element of F

by replacing α by some power of α if necessary. The automorphism δ is then the

expanding automorphism we need.

Next assume that there exists a positive grading, preserved by every element

of F . Let N be the Fitting subgroup of Γ and consider Γ as a subgroup of the

semi-direct product NQ o F where F is the rational holonomy group of Γ. By

Corollary 3.3, we know that there exists a full subgroup N0 of NQ with for every

prime p an expanding group morphism ϕp : N0 → N0 such that det(ϕp) is a power

of p and ϕp commutes with every element of F . Write F = {f1, . . . , fl} and fix

elements nj ∈ NQ with 1 ≤ j ≤ l such that (n1, f1), . . . , (nl, fl) ∈ Γ, where we

consider Γ ⊆ NQoF . So every element γ ∈ Γ can be written as γ = (n, 1)(nj , fj)

for some j ∈ {1, . . . , l} and n ∈ N and vice versa, if an element of NQ o F can

be written in this form, it is an element of Γ. Take N1 the full subgroup of

NQ generated by N and the elements n1, . . . , nl and take N2 a normal subgroup

of finite index in N1 such that N2 ⊆ N . Now take ϕ = ϕp : N0 → N0 with p

different from all the primes we get by Theorem 2.3 for N1, N2 and N (where we

take the first group equal to N0 each time) and also p - [N1 : N2]. By taking some

power of ϕ we can thus assume that ϕ(N1) ⊆ N1, ϕ(N2) ⊆ N2 and ϕ(N) ⊆ N .

Consider now the group morphism that ϕ induces on N1/N2. We claim

that this group morphism is injective (and thus an isomorphism since the group

is finite). For this we have to show that ϕ(N1) ∩ N2 = ϕ(N2). Since N2 ⊆
N1, we obviously have ϕ(N2) ⊆ ϕ(N1) ∩ N2, so it suffices to show that both

subgroups have the same index in N2. From Proposition 1.3 we know that ϕ(N2)

is a subgroup of index |det(ϕ)| in N2. Similarly, ϕ(N1) is a subgroup of index

|det(ϕ)| in N1 and by Lemma 2.4 and our choice of p, we get that ϕ(N1)∩N2 is

also a subgroup of index |det(ϕ)| in N2. The claim thus follows.

By taking some power of ϕ, we can assume that ϕ induces the identity

on N1/N2. Equivalently, we have for every nj that ϕ(nj) = ñjnj for some
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ñj ∈ N2 ⊆ N . This implies that for every γ = (n, 1)(nj , fj) ∈ Γ

(1, ϕ)γ(1, ϕ−1) = (1, ϕ)(n, 1)(nj , fj)(1, ϕ
−1)

= (ϕ(n), 1)(ϕ(nj), ϕfjϕ
−1) = (ϕ(n)ñj , 1)(nj , fj) ∈ Γ

since ϕ(n)ñj ∈ N . We conclude that ϕΓϕ−1 ⊆ Γ and thus ϕ induces an expand-

ing map on the infra-nilmanifold Γ \G. �

As we explained above, every infra-nilmanifold Γ \ G is finitely covered by

a nilmanifold, for example the nilmanifold N \ G corresponding to the Fitting

subgroup N of Γ. The lift of an expanding map is again an expanding map and

thus if Γ \ G admits an expanding map, also N \ G admits one. This fact also

follows trivially from Theorem 4.2, since the holonomy group F only puts extra

conditions in comparison to Theorem 4.1.

5. Co-Hopfian groups

An expanding map of an infra-nilmanifold Γ\G is an example of a non-trivial

self-cover, i.e. a covering map Γ \G→ Γ \G which is not a homeomorphism. So

Theorems 4.1 and 4.2 give an algebraic way of constructing non-trivial self-covers

on infra-nilmanifolds. The natural question we answer in this section is if there

is an algebraic way of describing all infra-nilmanifolds which allow a non-trivial

self-cover. The following definition is then natural in this discussion:

Definition 5.1. We call a group H co-Hopfian if H contains no non-trivial

subgroup isomorphic to itself. Equivalently, H is co-Hopfian if every injective

group morphism ϕ : H → H is automatically surjective.

So infra-nilmanifolds with only trivial self-covers correspond to almost-Bie-

berbach groups which are co-Hopfian. Because of Proposition 1.3, an F-group

is co-Hopfian if and only if every injective group morphism has determinant ±1.

Assume now that N is an F-group that is not co-Hopfian. This means there

exists an injective group morphism ϕ : N → N which is not surjective, so with

|det(ϕ)| > 1. From Section 2 we know that ϕ has characteristic polynomial

p(X) ∈ Z[X]. If we decompose p(X) into its Q-irreducible components, we

get p(X) = p1(X) . . . pl(X) with pi(X) ∈ Z[X] and at least one pi(X) with

|pi(0)| > 1. This means that N(ϕ) is an automorphism with only eigenvalues in

Z and at least one eigenvalue λ with |λ| > 1. So the translation of Theorem 3.4

from expanding maps to non-trivial self-covers is the following:

Theorem 5.2. Let n be a rational Lie algebra with an automorphism ϕ with

characteristic polynomial in Z[X] and |det(ϕ)| > 1. There exists a non-negative

and non-trivial grading on n such that if ψ commutes with ϕ, then ψ preserves

this grading. In particular, ϕ preserves this grading.
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Recall that a grading n =
⊕
i∈Z

ni is called non-negative if ni = 0 for all

i < 0 and non-trivial if n0 6= n. Just as in Corollary 3.3, we have the following

consequence of Proposition 3.2:

Corollary 5.3. Let n be a rational Lie algebra with non-negative and non-

trivial grading. Then there exists a full subgroup N and a k > 0 such that for

every prime p, there exists an injective group morphism N → N with determi-

nant pk. Moreover, this group morphism commutes with every automorphism

that preserves the grading.

We deduce the following theorem, which is the analog of Theorem 4.2 for

non-trivial self-covers. The proof is identical as before.

Theorem 5.4. Let Γ be an almost-Bieberbach group with rational holonomy

group F ≤ Aut(n). Then the following are equivalent:

(a) Γ is not co-Hopfian;

(b) n has a non-trivial and non-negative grading which is preserved by every

element of F ;

(c) there exists an automorphism ϕ ∈ Aut(nQ), commuting with every ele-

ment of F , with characteristic polynomial in Z[X] and |det(ϕ)| > 1.

Note that the proof also works in the more general case of almost-crystallo-

graphic groups. Just as in case of Theorem 4.1, there is an independent proof

by different techniques in [4, Theorem 1.12].

One of the consequences of this algebraic characterization is that an almost-

Bieberbach group is co-Hopfian if its Fitting subgroup is co-Hopfian. We con-

clude this section by giving an elementary proof of this fact.

If H is any group, we call a subgroup K ⊆ H injectively characteristic if

ϕ(K) ⊆ K for all injective group morphisms ϕ : H → H. Every injectively

characteristic subgroup is a normal subgroup (since every inner automorphism

is injective). The notion of an injectively characteristic subgroup is weaker than

a fully characteristic subgroup and stronger than a characteristic subgroup. It is

an exercise to check that the Fitting subgroup of an almost-Bieberbach group is

an injectively characteristic subgroup which is in general not fully characteristic.

The following proposition shows why injectively characteristic subgroups are

important, especially when studying co-Hopfian groups:

Proposition 5.5. Let H be a group and K ⊆ H an injectively characteristic

subgroup. If both K and H/K are co-Hopfian then also H is co-Hopfian.

Proof. Let ϕ : H → H be an injective group morphism of H. Since K is

injectively characteristic, we know that ϕ(K) ⊆ K and thus ϕ induces a injective

morphism on K, which we call ϕK . Because K is co-Hopfian, we know that ϕK
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is an automorphism. Note that ϕ also induces a morphism on the group H/K

and call this induced map ϕ. Thus we have the following commutative diagram:

1 // K //

ϕK

��

H //

ϕ

��

H/K //

ϕ

��

1

1 // K // H // H/K // 1

As a consequence of the 5-lemma, it suffices to show that ϕ is an automorphism.

Because H/K is co-Hopfian, it is sufficient to show that ϕ is injective.

Assume that ϕ(hK) = K for some h ∈ H. This is equivalent to saying that

ϕ(h) ∈ K. Since ϕK is surjective, there exists some k ∈ K with ϕ(h) = ϕK(k) =

ϕ(k). From the injectivity of ϕ we have that k = h and thus hK = K. This

shows that ϕ is injective. We conclude that ϕ is an automorphism and thus H

is co-Hopfian. �

By applying this proposition to the Fitting subgroup of an almost-Bieberbach

group (and because finite groups are always co-Hopfian), we get the following:

Corollary 5.6. Let Γ be an almost-Bieberbach group with Fitting sub-

group N . If N is co-Hopfian, then also Γ is co-Hopfian.

6. Applications

In this section we highlight the most important applications of our main

results. First we give some explicit examples of Lie algebras corresponding to

co-Hopfian F-groups and show that they are of minimal dimension. Next we

give a general way of constructing new examples starting from a Q-group by

using a result of [3].

Recall that a nilpotent Lie algebra n is called characteristically nilpotent if

every derivation of n is a nilpotent endomorphism, meaning that all of its eigen-

values are equal to 0. From [1, Corollary 2.1.] it follows that if the corresponding

Lie algebra of an infra-nilmanifold is characteristically nilpotent, it can never

have a non-trivial self-cover. In [1, Example 2.5.], the author gives an example

of a 7-dimensional nilmanifold without self-covers (starting from a characteristi-

cally nilpotent Lie algebra) and asks if this is an example of minimal dimension.

The following theorem gives a positive answer:

Theorem 6.1. All nilmanifolds of dimension ≤ 6 admit an expanding map.

By Theorem 4.1 it suffices to show that all rational Lie algebras of dimension

≤ 6 have a positive grading and these Lie algebras have been classified, e.g.

in [5]. Let n be a nilpotent Lie algebra of nilpotency class ≤ 2 and consider the

subspace n2 = γ2(n) = [n, n]. By taking any subspace n1 such that n = n1⊕n2 as

a vector space, we find a positive grading for n. So all Lie algebras of nilpotency
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class 2 have a positive grading. By the work in [9] we know that all 2-generated

4-step nilpotent and all 3-generated 3-step nilpotent Lie algebras have a positive

grading as well. So only a few Lie algebras of [5] are left to check and it is an

easy exercise to construct positive gradings on these by hand.

Thus the minimal dimension of a nilmanifold without non-trivial self-cover

is 7. In [1, Example 2.5.], there is a 7-dimensional example of nilpotency class 6

and a natural question is for which nilpotency classes this minimal dimension

can be obtained. We have the following example in nilpotency class 5:

Example 6.2. Let n be the 5-step nilpotent rational Lie algebra with basis

X1, . . . , X7 and Lie bracket given by

[X1, X2] = X3, [X1, X5] = X7, [X2, X4] = X7,

[X1, X3] = X4, [X1, X6] = X7, [X2, X5] = X6,

[X1, X4] = X7, [X2, X3] = X5 [X3, X5] = X7.

A computation shows that n is characteristically nilpotent, so every full subgroup

of the corresponding radicable hull NQ is co-Hopfian.

There is only a classification of complex Lie algebras of dimension 7 (see

e.g. [16]), but no classification over Q. In [4, Theorem 1.4], it is shown that

a rational Lie algebra is positively graded if and only if its complexification is

positively graded. Since all complex nilpotent Lie algebras of dimension 7 of

nilpotency class 3 or 4 are positively graded, this shows that Example 6.2 has

minimal nilpotency class for dimension 7. For nilpotency class 3 and 4, there are

8-dimensional examples of Lie algebras which are characteristically nilpotent.

Another interesting class of examples are Lie algebras without expanding

automorphisms, but which do have non-negative and non-trivial grading. The

minimal dimension of such an example is again 7, because of Theorem 6.1.

Example 6.3. Consider the Lie algebra n with basis X1, . . . , X7 and Lie

bracket:

[X1, X2] = X3, [X2, X3] = X5, [X2, X6] = X7,

[X1, X3] = X4, [X2, X4] = X6, [X3, X5] = −X7,

[X1, X5] = X6, [X2, X5] = X7.

As an exercise, one can check that n has no expanding automorphisms. But the

map ϕ : n→ n defined by

ϕ(X1) = X1, ϕ(X3) = 2X3, ϕ(X5) = 4X5, ϕ(X7) = 8X7,

ϕ(X2) = 2X2 ϕ(X4) = 2X4 ϕ(X6) = 4X6,

is an automorphism of n with characteristic polynomial in Z[X] and det(ϕ) =

210 > 0. The non-negative grading n = n0 ⊕ n1 ⊕ n2 ⊕ n3 corresponding to the
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automorphism ϕ is given by

n0 = 〈X1〉, n1 = 〈X2, X3, X4〉, n2 = 〈X5, X6〉, n3 = 〈X7〉.

Again, since all 7-dimensional rational Lie algebras of nilpotency class 3 and 4

are graded, this is an example of minimal nilpotency class for dimension 7.

We present a general way of constructing nilmanifolds with various properties

starting from an arbitrary Q-group. Let n be a rational nilpotent Lie algebra and

consider the projection map π : Aut(n) → Aut(n/[n, n]), with Aut(n/[n, n]) ≈
GL(n,Q) for some n ∈ N. The kernel of π consists of unipotent automorphisms,

see [14], and the image H is a Q-group of GL(n,Q). We do not go into details

about Q-groups, but the reader can find more information in [2].

Let ϕ ∈ Aut(n) be an automorphism and denote by λ1, . . . , λn the eigenvalues

of π(ϕ). Every eigenvalue µ of ϕ can then be written as an i-fold product

λj1 . . . λji for some i ∈ {1, . . . , c}, where c is the nilpotency class of n. Thus ϕ is

an expanding automorphism if and only if π(ϕ) is an expanding automorphism.

So a nilmanifold admits an expanding map if and only if the Q-group H of the

corresponding Lie algebra n has an expanding automorphism. Similarly, the

existence of a non-trivial self-cover is equivalent to the existence of an element

in H with characteristic polynomial in Z[X] and determinant > 1 in absolute

value.

Starting from a Q-group H ⊆ GL(n,Q) with n ≥ 2, [3] shows that there

always exists a rational nilpotent Lie algebra n, generated by n elements, such

that H is the image of the projection map π. So to construct nilmanifolds with-

out non-trivial self-covers, it suffices to construct a Q-group H not containing

elements with characteristic polynomial in Z[X] and determinant > 1 in absolute

value.

Example 6.4. Consider the Q-closed group

H =


q 0 0

0 q 0

0 0 q−1


∣∣∣∣∣∣∣ q ∈ Q


and n a rational nilpotent Lie algebra with H as image of the projection map π.

The only elements in H with characteristic polynomial in Z[X] are the ones

corresponding to q = ±1, so every nilmanifold with Lie algebra n is co-Hopfian.

Note that n does have automorphisms with determinant 6= 1 in absolute value,

so this is a new type of example for co-Hopfian F-groups.

Example 6.5. Consider the Q-closed group

H =

{(
1 0

0 q

) ∣∣∣∣∣ q ∈ Q

}



Expanding Maps and Non-Trivial Self-Covers on Infra-Nilmanifolds 367

and n a rational nilpotent Lie algebra with H as image of the projection map π.

Every element of H has eigenvalue 1, so n does not admit an expanding au-

tomorphism. There does exists an automorphism with only eigenvalues in Z
and determinant > 1 in absolute value, for example any automorphism ϕ with

π(ϕ) = ( 1 0
0 2 ). So every nilmanifold with Lie algebra n has non-trivial self-covers

but no expanding maps. In fact, the Lie algebra of Example 6.3 is an explicit

example of a Lie algebra with image of π equal to H.

References

[1] I. Belegradek, On co-Hopfian nilpotent groups, Bull. London Math. Soc. 35 (2003),

805–811.

[2] A. Borel, Linear algebraic groups, Graduate Texts in Mathematics, vol. 126, Springer–

Verlag, second edition, 1991.

[3] R.M. Bryant and J.R. Groves, J. Algebraic groups of automorphisms of nilpotent groups

and Lie algebras, J. London Math. Soc. (2) 33 (1986), 453–466.

[4] Y. Cornulier, Gradings on Lie algebras, systolic growth, and cohopfian properties of

nilpotent groups, Preprint, 2014.

[5] W.A. de Graaf, Classification of 6-dimensional nilpotent Lie algebras over fields of

characteristic not 2, J. Algebra 309 (2007), 640–653.

[6] K. Dekimpe, Almost-Bieberbach Groups: Affine and Polynomial Structures, Lecture

Notes in Math. vol. 1639, Springer–Verlag, 1996.

[7] , Hyperbolic automorphisms and Anosov diffeomorphisms on nilmanifolds, Trans.

Amer. Math. Soc. 357 (2001), 2859–2877.
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