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ORTHOGONALITY OF DIVISORIAL ZARISKI DECOMPOSITIONS
FOR CLASSES WITH VOLUME ZERO

VALENTINO TOSATTI

(Received June 27, 2016, revised August 8 2016)

Abstract.  We show that the orthogonality conjecture for divisorial Zariski decom-
positions on compact Kéhler manifolds holds for pseudoeffective (1, 1) classes with volume
zero.

1. Introduction. The orthogonality conjecture of divisorial Zariski decompositions
[4] states the following:

CONJECTURE 1.1. Let (X", w) be a compact Kdhler manifold, and « a pseudoeffective
(1,1) class. Then

(1.1) (@Y a = Vol(a).

Here Vol(«) denotes the volume of the class @ [1] and (:) is the moving intersection prod-
uct of classes as introduced by Boucksom [2, 4, 5, 6]. The name of this problem comes from
the following observation. If we choose an approximate Zariski decomposition of the class
a (see Section 2 for the precise details of the construction), given by suitable modifications
Hs : X5 — X, for all small 6 > 0, with 5(a + dw) = 65 + [E;] with 65 a semipositive class and
Es an effective R-divisor, then (1.1) is equivalent to

li =LA Es] =
;{gfxdeg [Es]=0,

which explains the name. This conjecture was first raised by Nakamaye [14, p.566] when X
is projective and @ = c(L) for some line bundle L. This was solved by Boucksom-Demailly-
Péaun-Peternell [4] who more generally proved Conjecture 1.1 when X is projective and «
belongs to the real Néron-Severi group, and posed it in the general case. It was observed
in [4, 6] that Conjecture 1.1 is equivalent to several other powerful statements, including
the fact that the dual cone of the pseudoeffective cone & is the movable cone M, the weak
transcendental Morse inequalities, and the C! differentiability of the volume function on the
big cone. Very recently, Witt-Nystrom [19] has proved Conjecture 1.1 when X is projective.
Our main result is the following:
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THEOREM 1.2. Conjecture 1.1 holds if Vol(a) = 0.

The strategy of proof is similar to the one in [4] with one crucial difference. Since the
weak transcendental Morse inequality

(1.2) %m—m>jﬁtmf@HA&
X X

for the difference of two nef classes @, 8 remains conjectural, we employ instead the weaker

version
n n—1 n
( fx a*—n fx a7 A ,8)

(foo)™

which was proved independently in [18, 17], using the mass concentration technique of
Demailly-Paun [10] and its recent improvements by Chiose [7], Xiao [20] and Popovici [16].
Inequality (1.3) is too weak to prove Conjecture 1.1 in general, but the fact that the numerator
on the right hand side has the correct form turns out to be enough to prove Theorem 1.2.

If we define the “difference function” O : & — R on the pseudoeffective cone & by

(1.4) D(@) := (@Y - a - Vol(a),

(1.3) Vol(a - pB) >

then Conjecture 1.1 simply states that D vanishes identically on €. As a corollary of Theo-
rem 1.2 we have:

COROLLARY 1.3. The function D : & — R is nonnegative, continuous on &, and
vanishes on its boundary.

Theorem 1.2 and Corollary 1.3 are proved in Section 2. In Section 3 we will make some
further remarks on the function 9, and on the relation between Theorem 1.2 and the “cone
duality” conjecture.

Finally a comment about notation. We will often use the same symbol (e.g. @) to denote
a closed form or current and the cohomology class that it represents. This should not cause
much confusion, since the meaning will be clear based on the context.

2. The main theorem. In this section we give the proof of Theorem 1.2 and Corol-
lary 1.3.

PROOF OF THEOREM 1.2. Let @ be any pseudoeffective (1, 1) class on X. By defini-
tion of moving intersection products, for any 1 < p < n the real (p, p) cohomology class (a”)
is defined to be

PN — T p
(a”) 1{%((0 +ow)y,

where for 6 > 0 the class @ + dw is big, and in this case we define
(@ + 6wy = (T2, )],

where Tin,s 1S any positive current with minimal singularities in the class @ + éw, and <T;[:1 ins)
denotes the non-pluripolar product [5].
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The volume of @ (see [1]) is in fact equal to the moving self-intersection product
Vol(a) = (") = laif(r)l((a +o0w)").

We now review the well-known construction of approximate Zariski decompositions
[2, 4, 5, 6], following roughly the argument in [5, Proposition 1.18]. Applying Demailly’s
regularization [9] to Tmin,% we obtain a sequence of currents Ts.,& > 0, in the big class
a + %w, with analytic singularities, with 75, > —ew, and with their potentials decreasing
to that of Ty, 5 as & — 0. As long as & < §, we have that Ty, + §w and Ty, s + §w are
closed positive currents in the class a+dw whose potentials are locally bounded away from the
proper analytic subvariety A := E, g (a+ %w), and so by weak continuity of the Bedford-Taylor

Monge-Ampere operator along decreasing sequences we have

o\ o\
(T(s,g + Ew) — (Tmin,g + 5(1)) .

weakly on X\A as € — 0, for all 1 < p < n. It follows that

o\ o\
f (Tmin s+ —w) A w"P L liminf f (Té,g + —a)) AP
X\A 72 2 &—0 X\A 2

g (Tmin,d)p A a)n—p 5
X\A

where the last inequality follows from [5, Theorem 1.16], since all the currents involved have
small unbounded locus. However, as § — 0 both the left hand side and the right hand side

COnVerge to
f (@) AW
X

and so we may choose a sequence 0 < &(d) < ¢ such that the currents T := T4 — gw in
the class @ have analytic singularities, satisfy Ts > —dw, and are such that

Iim{(Ts + 6w)’y = (a”),
510

forall 1 < p < n. Letus : Xs — X be a resolution of the singularities of 75 + dw, so that
H5(T5 + dw) = 05 + [Es],

so that 65 is a smooth semipositive form, Es is an effective R-divisor and [Es] denotes the
current of integration. We refer to this construction as an approximate Zariski decomposition
for the class a.

As discussed above, we have

Vol(@) = lim fx (s +6w)") =lim fX (s + 0w = lim fX .
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(@M a= limf((T(; +6w) " W Aa= limf((T(; +60)"Y A (@ + 6w)
510 Jx 510 Jx

=lim | (ui(Ts +6w)"™") A pi(a + dw)
610 Jx,

= lim Xﬁ(@:; +657 ALEs]),

so that the orthogonality relation (1.1) is in general equivalent to the statement that
2.1 li 0" AN[Es] =0
@1 im [ 07 1

We now follow [4], and fix a constant Cy such that Cow + (@ + dw) is nef. We write
Es = wi(a + 6w + Cow) — (05 + Coptyw) ,
as the difference of two nef classes. For ¢ € [0, 1] write
0s +tEs=A—-B,
where

A =65 + tuj(a + dw + Cow) ,

B = 1(6; + Coyw),
and A, B are nef. Then
Vol(a + dw) = Vol(6s + E5) > Vol(6s + tEs) = Vol(A — B).

We use [18, Theorem 1.1] (also independently obtained in [17, Theorem 3.5]) and obtain
(j)‘(‘yAll_nJ)‘(‘yAll—l /\B)
n—1 .
(i, 47)

We follow the same argument as in [4, p.218] (see also [12, (11.15)]) and estimate

fA”—an”l fa".+mf ag*‘A[Eé]—snztzcgfw",
X5 Xs X

as long as t < ——. We choose
10n*

(2.2) Vol(A — B) >

O ALES)
100Gy [

which is easily seen to be less than -, and so we obtain

UA[Es]
[ [ anss [ et 1 (R At
Xs Xs Xs 20 Cgfxw”
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and plugging this into (2.2) we obtain
2\
o 1 (fxé ggilA[Eé])
j)‘(‘; s T 30 Cgfan

(f, 47"

Vol(a + dw) >

We also have

2.3) fA":f(95+tp:§(a+6a)+Cow))” gf g +Ct<C,
X5 Xs Xs

g

and so

< CVol(a + 6w)+ — CVol(a)r =0,

[ gostir oy
X5 20 G fx w"
as 0 — 0, and we conclude that
fX 0" AEs] =0,
which proves (2.1). O |

REMARK 2.1. Some of the estimates in this proof, such as for example (2.3), are far
from being sharp. It is easy to make them sharp, but this does not appear to give any useful
improvement.

PROOF OF COROLLARY 1.3. Using the notation as in the proof of Theorem 1.2, we
have that

D(a):limf @' A[Es]1 > 0.
510 Jx,

It follows easily from the definitions that moving intersection products are upper-semicontinu-
ous on the pseudoeffective cone and continuous in its interior (the big cone), while it was
proved in [1] that the volume function is continuous on the whole pseudoeffective cone. It
follows that P is continuous on the big cone and upper-semicontinuous on the pseudoeffective
cone. By Theorem 1.2, D vanishes on its boundary, and hence it is continuouson all of &. O

3. Further Remarks. In this section we collect some further remarks on the function
D and on the cone duality conjecture of [4].

The function O defined in (1.4) clearly vanishes on the nef cone, where moving inter-
section products equal usual intersection products (see e.g. [5]). More generally we have the
following result, which is a simple consequence of the author’s work with Collins [8] and was
also observed by Deng [11]:

PROPOSITION 3.1. Let a be a pseudoeffective (1, 1) class, and write « = P + N for its
divisorial Zariski decomposition. If the class P is nef then D(a) = 0.

Recall here that the positive part is given by P = (@), which is in general only nef in
codimension 1 [3, 15].
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PROOF. First, we show that
(@ "y-N=0.
Since moving products are unchanged if we replace a class by its positive part (see [4, 6]),
this is equivalent to showing that
(Py-N=0,
and since by assumption P is nef, this is also equivalent to showing that
P.N=0.

But by definition the irreducible components of N are contained in E, k(@) = E,x(P) (see e.g.
[13, Claim 4.7]), and so are also irreducible components of E,x(P). By the main theorem of
[8] we have therefore P"~! - N = 0. On the other hand since P is nef we also have

@ N -a=@ Y -P=(P""y.- P=P"=Vol(P) = Vol(a),
as claimed. |

REMARK 3.2. Infact, it is not hard to see (cf. [4]) that in general (1.1) is equivalent to
the following two relations both holding

3.1 @y P =Vol(a),

(3.2) (@ Y-N=0.

It was proved in [4] that Conjecture 1.1 implies (and is in fact equivalent to) the “cone
duality” conjecture, which states that the dual cone of the pseudoeffective cone & of a compact
Kaihler manifold equals the movable cone M C H™=1(X, R). Ttis easy to see that & ¢ MY,
so the point is to prove the reverse inclusion. The proof given there starts by assuming that
there is a class @ € &N (M")°, and derives a contradiction, assuming that X is projective and
that the class belongs to the real Néron-Severi group.

In general we have the following:

PROPOSITION 3.3. Leta € 0&N (MY)°. Then we must have (') = 0.

PROOF. Assume for a contradiction that (¢"!) # 0 in H"~"~1(X,R). Since this class
is represented by a closed nonnegative (n — 1,n — 1) current, it follows that

f<a"*1>Aw>o,
X

where w is a fixed Kéhler metric. We choose an approximate Zariski decomposition 75 with
resolutions us : Xs — X as before, so that we have also

0<2n< =y A w=1i A iw = 1i V(@A w,
<zZn £<a>w§$x56 Hsw ;ﬁ)lj);ﬁua)(a)w

for some fixed n > 0. Up to modifying the classes 65 (and [Es]) by subtracting a small multiple
of Exc(us), we may also assume that the classes 65 are Kihler on X, so that the pushforwards
(16)+(27") are movable classes on X.
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Let & > 0 be such that a—sw € M. Integrating @ — sw against the class (,u(;)*(Hg‘l) eM
we obtain

fa/\(ﬂa)*(é‘g”l)>sfw/\(u(s)*(6‘2’*1)>8n>0,
X X

for all 6 > 0 small. But we also have

faA(u(s)*(H;ﬂ:fu;aAeg*‘ <fu:;<a+6w>Aeg*‘ =f(9§+9§*1A[E5]>,
X ; ; Xs

Xs Xs
and putting these together we have

[ @ o niEs = en.
Xs
for all 6 > 0 small. Since Vol(a) = 0, this implies

f 0 A ES) > 2L,
X5 2
for all 6 > O small, which is a contradiction to Theorem 1.2. Therefore we must have that

(@ =0. O

REMARK 3.4. Even though the class @ € & N (MY)° does satisfy the orthogonality
conjecture (say as in (2.1)) by Theorem 1.2, because it has volume zero, this is not enough to
derive a contradiction in general. Indeed, to make the argument in [4] go through, one would
need the following quantitative version of orthogonality

2
(f g A [Ea]) < C(Vol(a +6w) _f 9;) .
X .

(cf. [4, Theorem 4.1]) which does not follow from the arguments of Theorem 1.2.
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