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DOUBLE LINES ON QUADRIC HYPERSURFACES
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Abstract. We study double line structures in projective spaces and quadric hypersur-
faces, and investigate the geometry of irreducible components of Hilbert scheme of curves and
moduli of stable sheaves of pure dimension 1 on a smooth quadric threefold.
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1. Introduction. Let X be a smooth projective variety over C, the field of complex
numbers. For a fixed polynomial x (¢), C. Simpson introduced in [17] the coarse projective
moduli spaces M, (;)(X) of semistable sheaves with Hilbert polynomial x (¢). If the degree
of x(#) is d, then the support of each sheaf in M, ;)(X) is a d-dimensional subvariety of
X. The study on these moduli spaces inspires the study of Hilbert schemes Hilb, () (X) of
curves, that is, closed subschemes of dimension 1, on X with Hilbert polynomial x (¢), be-
cause certain components of M, ,)(X) can be viewed as compactifications of an open part
of the corresponding Hilb, +)(X). There have been several investigations on the relation of
these spaces in the case of projective spaces X = P", e.g. [6, 8, 14].

In this paper we first investigate rational ribbons, i.e. double structures on P'. Rational
ribbons and their canonical embeddings were studied in [5] and we show several facts on the
Hilbert scheme of double lines in projective spaces and n-dimensional quadric hypersurfaces
QO,,. Note that the study of families of double lines in projective spaces is done in [15]. Then
we describe birational properties of M, +)(Q3) and Hilb, ;) (Q3) when the leading coefficient
of a linear polynomial x (¢) is two. A double line in Q, is a locally Cohen-Macaulay curve
with Hilbert polynomial x () = 2t + a for some constant a and a line as its reduction. The
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information on the set of double lines turns out to be very valuable in describing Simpson’s
moduli spaces and Hilbert schemes. Letting D, be the subscheme consisting of double lines in
Q3 with the Euler characteristic a, we observe that D; consists of reducible and non-reduced
conics on Q3. Indeed Hilby;1(Q3) consists of the conics on Q3 C P* and we observe the
following:

THEOREM 1.1. We have Hilby;1(Q3) = M 11(03) = Gr(3, 5), the Grassmannian
variety parametrizing projective planes in P*.

We also follow the notion of «-stable pairs as in [12] to consider moduli space M; (t)(Q3)
of «-stable pairs, and observe that it is isomorphic to Gr(3, 5) if x (f) = 2¢ + 1, independent
on «. In other words, there is no wall-crossing. Then we turn our interest to the case x () =
2t 4 2, when there is again no wall-crossing. Our main result is as follows:

THEOREM 1.2. For the Hilbert polynomial x(t) = 2t + 2, we have the following
description of the three moduli spaces:

(1) Hilb, ) (Q3) consists of two rational irreducible components, Hi and H, of dimen-
sion 9 and 6 respectively, and it is smooth outside H1 N Ha.

(2) M, (1(Q3) consists of two irreducible components, M| and My, of dimension 6 both,
and 9Ny is rational and smooth outside Dt N M.

3) M‘)"( (t)( Q3) consists of two rational irreducible components, Y1 and My, of dimension
7 and 6 respectively, and it is smooth outside Y1 N Ny.

Note that we have no geometric description on 91, because it consists only of strictly
semistable sheaves. Moreover we give full description of elements in each irreducible com-
ponent and their intersections:

e 7 consists of non-locally Cohen-Macaulay curves and > is the closure of locally
Cohen-Macaulay curves. Their intersection consists of singular conics D with an
extra point p € Dsjyg such that the hyperplane section containing the curve is singular
at p.

o I req is parametrized by the space of conics in Q3 and (M) N IM2)eq IS para-
metrized by the space of singular conics in Q3. 91, has a one-to-one correspondence
to Sym2 (P3), the set of pairs of lines in Q3.

e 1, is birational to the incidence variety of the space of conics in Q3 and I, is
birational to Sym2 P3).

Set-theoretic description of the component induced from locally Cohen-Macaulay curves
is relatively easy and the main ingredients in the study of the other component are the families
of double lines D; and D,. We classify non-locally Cohen-Macaulay curves with respect to
the hyperplane section containing them and study their corresponding pure sheaves with the
deformation data.

Let us summarize here the structure of this paper. In Section 2, we introduce the def-
initions and main properties that will be used throughout the paper, mainly those related to
stability and «-stability conditions. In Section 3, we pay attention to the Hilbert schemes of
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double lines in projective spaces and quadric hypersurfaces to conclude their irreducibility in
some cases. In Section 4, as a warm-up case, we describe the moduli spaces with the Hilbert
polynomial x (t) = 2¢ + 1. Finally in Section 5, we deal with the case of x (t) = 2¢ + 2 and
describe the irreducible components of each moduli space and their intersections.

2. Definitions and preliminaries. Let O, be a smooth quadric hypersurface of the
complex projective space P!, Then we have

Pic(Q,) = H*(Qn, Z) = Z{(h) forn >3

where & is the class of a hyperplane section. If n = 3, the cohomology ring H*(Q3, Z) is
generated by 4, a line [ € H*(Q3,7Z) and a point p € H®(Q3, Z) with the relations: h? =
21, h -1 = p, h* = 2p. If there is no confusion, we will denote Q3 simply by Q.

DEFINITION 2.1. Let F be a pure sheaf of dimension 1 on Q with the Hilbert polyno-
mial x7(t) = ut + x with respect to O (1). The p-slope of F is defined to be p(F) = x/u.
F is called semistable (stable) if

(1) F does not have any 0-dimensional torsion, and
(2) for any proper subsheaf 7', we have

~

pFH) == < ()= =pF)

X
"

=[x

where x 7/ (1) = uw't + x'.

For every semistable 1-dimensional sheaf F with x z(t) = ut + x, let us define Cr :=
Supp(F) to be its scheme-theoretic support and then it correspondsto ul € H 4(0). We often
use slope stability (resp. slope semistability) instead of Gieseker stability (resp. semistability)
with respect to L := Og(1), just to simplify the notation; they should be the same, because
the support is 1-dimensional and so the inequalities for Gieseker and slopes x /u are the same.

DEFINITION 2.2. Let M(u, x) be the moduli space of semistable sheaves on Q with
linear Hilbert polynomial x (t) = ut + x.

Note that x 7(,)(t) = xF + 1 - a and so we may assume 0 < x < p. Our main interest
in this article is on the case u = 2; M(2, 1) in Section 4 and M(2, 2) in Section 5.

For a smooth projective variety X C P", let Hilbx (u, x) be the Hilbert scheme of curves
in X with the Hilbert polynomial ut + x.

DEFINITION 2.3. A locally Cohen-Macaulay (for short, locally CM) curve in X is
a l-dimensional subscheme C C X whose irreducible components are all 1-dimensional
and that has no embedded points. We denote by Hilby (i, x)+ the subset of Hilby (1, x)
parametrizing the locally CM curves.

If there is no confusion, we will simply denote Hilbo (1, x) by Hilb(u, x).
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REMARK 2.4. For F € M(1, 1), we have F = O with aline L C Q. Note that we
have T Q) = OL(2) ® OL(1) ® Or and so Npjg = O (1) @ OL. It implies hO(NL‘Q) =3
and h! (Ncjo) = 0. Thus Hilb(1, 1) is smooth and of dimension 3. It is well known that the
family of lines in Q is isomorphic to P2, Hence we have M(1, 1) = P>,

For a positive rational number o € Q~9, a pair (s, F) of a purely 1-dimensional sheaf F
with x 7(¢#) = ut + x and a non-zero section s : Op — F is called a-semistable if F is pure
and for any non-zero proper subsheaf 7' C F with x 7 () = u't + x’, we have

/
x' +6 a§x+a
w 2

= ,U»a(s,.F),

where we take § = 1 if the section s factors through 7’ and § = 0 if not. As usual, if the
inequality is strict, we call it a-stable. By [12, Theorem 4.2] the wall occurs at o with which
the strictly a-semistability occurs. As a routine, we will write (1, F) for the pair of a sheaf F
with a non-zero section and (0, F) for the pair of sheaf with zero section.

Let us denote by M*(u, x) the moduli space of a-semistable pairs. Note that there are
only finitely many critical values {«q, ..., o} for a-stability with 1 < --- < a; in a sense
that any o € (o, oj11) gives the same moduli space of a-stable pairs. Notice that if ¢ < oy,
then «-stability is equivalent to the Gieseker stability and so there exists a forgetful map

MOF (i, x) i= M* (1, x) — M(i, %)

If « > «, then the cokernel of the pair Og — F is supported at a 0-dimensional sub-
scheme and so we get the moduli of PT stable pairs, which maps naturally to Chow(u, x) :=

Ll Hilb(ie, x — k)4 x Sym* Q:
M (u, x) == M*(u, x) = Chow(u, x) .

3. Double lines in projective spaces and hyperquadrics.

DEFINITION 3.1. Foreacha € Z and aline L C Q, define

D, :={A € Hilb(2,a)+ | Areq is a line };
Dy(L) :={A €Dy | Area =L}.

For the moment we take D, as a set. In each case it would be clear which scheme-
structure is used on it. Since Q is a smooth threefold, [3, Remark 1.3] says that each C € D,
is obtained by the Ferrand construction and in particular it is a ribbon in the sense of [5] with
a line as its support.

For each positive integer a € N, let us denote by T'[a] the unique ribbon 7' on P! with
X (Or[4)) = a whose reduced scheme is a line as in [5, Theorem 1.2]. Then we have an exact
sequence

(l) 0— (’)Pl(a — 2) g OT[Q] — Opl — 0.
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Note that T = T[a] is a split ribbon, i.e. the sequence (1) splits as a sequence of Opi-
sheaves and each line bundle £ on T is uniquely determined by the integer deg(L7,,) by
[5, Proposition 4.1]. We denote this line bundle by O (¢), where ¢t = deg(Lr,,). Using
sequence (1), we get 1! (O7 (1)) = 0 and h%(O7 (1)) = 2t + a for t > 0. To collect several
aspects on double lines, we will first consider double line structures as morphisms in a more
general setting.

DEFINITION 3.2. Fora > 1andn > 3, we define
2) Dy n = {locally CM curves C in Q, with xo.(t) = 2t +a}.
Similarly we define
3) Ca,r = {locally CM curves C in P" with xp. (1) = 2t +a}.

REMARK 3.3. Let ®, , be the family of all possible embeddings 7'[a] — Q, such
that Or)(1) is its hyperplane line bundle. Then the elements in D, , can be obtained as
images of the embedding in ®, ,. Thus we get dimD, , = dim®,, — dim Aut(T[a]).
Similarly we may define €, , for C, , as a family of embeddings.

LEMMA 3.4. LetT = Tla]witha > 0. Fort > 0, we have the following:

(1) the line bundle O (t) is very ample for t > 0 and
(2) a general 4-dimensional linear subspace V.C H O(OT (1)) induces an embedding of
T into P3.

PROOF. Set D := T;¢q. Each line bundle Or (¢) with ¢ > 0, is spanned by the sequence
(1). The line bundle O (1) is ample, because Or (1) generates Pic(T') and h°(O7(—c)) =0
for ¢ > 0. Thus Or(¢) is ample for each t > 0. The morphism f : T — P" with m :=
h(Or (1)) — 1, induces an embedding of D and so it is sufficient to prove that f is a local
embedding.

Fix a point p € D and a non-zero tangent vector v of T at p. If v is tangent to D, then
fiv is an embedding because f|p is an embedding. If v is not tangent to D, then we may
use 11 (Opi(a — 2+ 1)) = 0 to see that h°(Z, (1)) < h°(Z,(1)). Since this is true for all p
and v, the injective morphism f is a local embedding by [9, Proposition II.7.3]. Hence f is
an embedding. Since dim(7) = 1 and each Zariski tangent space of T has dimension 2, a
general linear projection of f(T') into P3 is an embedding. O

REMARK 3.5. By Lemma 3.4, we get that C;, # ¥ foreacha > 0 and r > 3.
The elements of C, , are obtained in the following way: fix an integer s such that 4 < s <
min{r + 1,a+ 3} andlet V C HO(OT[H](I)) be an s-dimensional linear subspace spanning
Or14)1(1) and inducing an embedding of T'[a]. Note that the set of all such subspaces is a non-
empty open subset of the Grassmannian Gr(s, H O(OT[H] (1))). Thus C, , is irreducible and its
general element is obtained by taking s = min{r 41, a 4+ 3}. If a > 3, we get Hilbg, (2, a) +
and Hilbp,+1(2, a)+ contain no reduced locally CM curve, because every reduced locally CM
curve C C P" of degree 2 has x (O¢) < 2.
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By Remark 3.5, D, , with n > 7 contains the embeddings of T'[a] into the maximal
linear subspaces of Q,. Later in Proposition 3.14, we get a description of D, 4 witha = 1 by
considering Q4 as the Grassmannian Gr(2, 4).

For fixed a € Z, we get the following lemma for 7 = T'[a] using the sequence (1).

LEMMA 3.6. The line bundle Or(t) is spanned if and only if t > 0. We also have

0, ift <—a+1;
ROra)=1{ t+a—-1, if—a+2<1<0;
t+a, ift >0,

and WY (O (1)) =0 forallt > —a + 1.

LEMMA 3.7. ForC € Cq4 withr > 2, we have the following:

(i) C is contained in each quadric hypersurface whose singular locus contains L =
Cred and in particular, h°(Z¢ (2)) > ().

(i1) The linear system |Zc(2)| has no base points outside L.

PROOF. Let B C P’ be a quadric hypersurface. We have B € |(Z;)?(2)| if and only
if the singular locus of B contains L and the set of all such quadrics is a projective space of
dimension (g) — 1. Thus the lemma follows from the inclusion (Z)? C Z¢. Fix a point p €
P"\ L and let H C IP" be any hyperplane containing L such that p ¢ H. Since 2H € |Z¢(2)|,
p is not a base point of |Z¢(2)]. O

For each integers r > 3 and @ > 1, let us define
i, :=1C € Cay | KT (1) =0o0r k! (Zc(1)) =0},

i.e. the linear span of C in P” has dimension min{r, hO(OT[a](l)) — 1}. Then CZ, is a dense
open subset of C, ;.

LEMMA 3.8. For each integer a > 3, we have Cy 4+1 # ¥ and all elements ofC’Ia_H

are projectively equivalent.

PROOF. Recall that hO(OT[a](l)) = a + 1 and that Or,)(1) is very ample. Thus we
get Cy.q+1 7 ¥ and all elements of C:’ a41 are projectively equivalent; they correspond to a
choice of a basis of H(Or(4(1)). O

For any C € C, , we have h%(O¢(2)) = a + 4. In particular we have k' (Z¢(2)) > 0 for
i=0,1ifa+4> (1)~ () =r+1byLemma3.7.

PROPOSITION 3.9. For C € C,, we have

(1) K (Zc(t)) =0 foralli >3 andt > —4,

(2) h*(Zc (1)) =O0forallt > —1,

@ wacw ={ 5 1

@) hO(Zc@)) = (ZT) — 2t — 3 forallt > 1 and C is contained in a smooth quadric
hypersurface.
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PROOF. Since dim(C) = 1, we have h2(Zc (1)) = h'(Oc(t)) = 0 for all 1 > —1.
Similarly if i > 3 and ¢ > —4, then we have h' (Zc(t)) = k! (Opa(t)) = 0. Since h°(Z¢) =
0, we have h! (Z¢) = h%(O¢) — 1 = 2. Since C € 6;4, it is linearly normal, i.e. i/ (Z¢ (1)) =
Ofori =0,1.

Since h%(O¢ (2)) = 7 and h%(Ops(2)) = (5) = 15, we have h%(Z¢c (2)) = 8+1' (Zc(2)).
Set L := Creq. By Lemma 3.7 and Bertini theorem, a general element of |Z¢(2)| has singular
locus contained in L.

Fix a point p € P!. The choice of the point p, i.e. a degree 1 effective divisor of P!,
induces a surjective morphism f : T[3] — T[2] inducing an exact sequence

) 00— OT[2] — OT[3] — (Cp -0

by [7, Theorem 1.1]. From (4) we get that the map u : H%(Or3(1))Y — H%(Orp(1)Y
is surjective with a 1-dimensional kernel. Since C is linearly normal, ker() corresponds to a
unique point o € P*. Since f is a morphism, we have 0 ¢ C and f corresponds to the linear
projection from o. Since f is induced by the linear projection from o, the set X,, of all quadric
cones containing C and with o contained in their vertices has dimension hOP3, I (2) —
1 = 3 with C’ = f(C). Since C’ is contained in a smooth quadric surface, we have W =
{o} for a general W € X,. In particular, L is contained in the smooth locus of W and so a
general A € |Z¢(2)| is smooth at all points of L. Hence A is smooth. The set of all B €
|Op4(2)| singular at o has codimension 5 in |Op4(2)|. Since dim(%,) = 3 and W (Zc(2) >
8, we get h%(Zc(2)) = 8 and so h! (Z¢(2)) = 0. Since hi (Zc (3 —i)) = 0 fori = 2, 3, 4, the
Castelnuovo-Mumford lemma gives h' (Z¢ (1)) = 0 for all r > 3. O

PROPOSITION 3.10. We have Hilb(2, 3)+ = D3 # (.

PROOF. Since Q is a smooth three-fold, every degree 2 locally Cohen-Macaulay double
structure on a line is a ribbon ([3, Remark 1.3]). No reduced locally CM curve D C Q has
x(Op) = 3. Therefore Hilb(2, 3);+ = D3. We have D3 # @, because every C € 6;4 is
contained in a smooth quadric hypersurface by Proposition 3.9. O

LEMMA 3.11. Let & be a vector bundle of rankr >2onT = Tlal. If (a1, ...,a,) €
Z®" is the splitting type of E Ty, i.€. ETg = B'_, Oty (ai), then we have £ = &!_, O (a;).

PROOF. We use induction on r; the case r = 1 being true by [5, Proposition 4.1].
Assume r > 1 and that the lemma is true for lower ranks.

Let s be the maximal positive integer i such that a; = a; for all i < s and let & be the
minimal positive integer i < r such that a — 2 4+ a; — a; > 0. Tensoring (1) with £(—ay),
we get h0(E(—ay)) = s + Zf:l(a 4+ a;j —a; — 1). Fix a general map f : Ox(a;) — €&.
Since we have h°(E(—ay)) > Zfl:l(a 4+ a; —a; — 1), so f induces an injective map ¢ :
Opi(—a1) — @/_,Opi(a; — a1) with locally free cokernel. Thus f is injective also with
locally free cokernel, say F. By the inductive assumption we have 7 = @7_,Or (a;). Since
a is nonnegative, the sequence (1) gives ' (Or(j)) = 0forall j > 0. Hence every extension
of 7 by Or(ay) splits and we get £ = @_, Or(a;). O
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DEFINITION 3.12. The sequence of integers (ay, ..., a,) witha; > --- > a, in the
statement of Lemma 3.11 is called the splitting type of £.

REMARK 3.13. By Lemma 3.6 the bundle £ = @&!_, Or(q;) is spanned if and only if
ar > 0. Since dim(7T") = 1, a dimension counting gives that if £ is spanned and hoE) > r,
then £ is spanned by a general (- + 1)-dimensional linear subspace of H%(E) by [2, Theorem
2]. Again by Lemma 3.6, if € is spanned, then we get 2! (£) = 0. Now assume a, > 0 and
so & is spanned. By Lemma 3.4, the pair (£, H°(£)) induces an embedding of T into the
Grassmannian Gr(N, r) with N = ra —r 4+ 2r(a; + - - - + a,) if and only if a; > 0. In the
case aj > 0, the image of T in Gr(N, r) has degree 2, i.e. it is a double structure on a line, if
andonlyifa; = 1andg; =0 foralli > 1.

The case a = 1 is very particular because it is the only case with h%(O7) = 1, and it is
treated separately below.

PROPOSITION 3.14. D 4 is a smooth and irreducible open subset of Hilbg, (2, 1) and
dim(Dy,4) = 9.

PROOF. For fixed A € Dj 4, we have (A) = P2 since h%(O4 (1)) = 3. First assume
(A) C Q. In Q4, we have two families of planes, each of them isomorphic to P2. The set of
all double lines in a plane is isomorphic to a plane; the dual plane of all lines of P2. Hence we
get in this way two irreducible families 77, 7> of elements of Dj 4, each of them of dimension
4. Fix A € 71 and set W := (A). Since A is a conic of W, we have N4jg, = O4(2) &
(Nw04))4- The bundle Nw|g, is the restriction to W of the universal quotient bundle £ on
Q4 and so it is spanned. We get ! (A, (Nw|04)4) = 0 and so h'(Najg,) = 0. We get that
Hilbg, (2, 1) is smooth and of dimension hO(NA‘Q4) =9at[A].

Now fix a line L C Q4 and let H C P> be a general hyperplane containing L. The
quadric Q' := H N Q4 is smooth. Fix 01,0y € L with o; # 0p and let H;, i = 1,2, be
the tangent hyperplane T,, Q4 of Q4 at 0;. The scheme D := Q4 N H N Hy N H has L
as its reduction and hence it is a complete intersection curve D C P35 with Dreg = L and
(D) = HN H; N Hy, ie. dim(D) = 2. Hence we get D € Dj 4. We also get that D is the
complete intersection of Q4 and three hyperplanes, and so Np|g, = Op(1)®3. We get that
Hilbg, (2, 1) is smooth and of dimension 9 at [D]. This part of Dy 4 is irreducible, because
the set of all lines of Qg is irreducible. Since dim(7;) < 9, we get that D 4 has a unique
irreducible component. g

PROPOSITION 3.15. For Dy, withn > 5, we get the following:
(i) D,y is irreducible.

(i) Each C € D1, is a flat limit of a smooth conic of Q.

(iii) Hilbg, (1, n) is smooth at C € D1 5.

PROOF. Fix C € Dy, and let M = (C) C P"*! denote the plane spanned by C. If
M is contained in Q,, then we may deform C to a smooth conic inside M and so inside Q.
Since the normal bundle Ny, is globally generated, we have h!(C, (N M‘Q")I ¢) = 0. From
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Nciy = Oc(2) we have hl(Nc\M) = 0. The inclusion C < M is a regular embedding and
so the natural map N¢jg, — (N MlQn)‘ ¢ 1s surjective. Hence the normal sheaf sequence of

the inclusions C C M C Q,, gives h!(N¢) = 0 and so Hilby, (1, n) is smooth at C.

If M is not contained in Q,, then we have C = Q, N M as schemes and N¢ =
Oc(1)®@ =D Thus we have 2! (N¢) = 0 and so Hilbg, (1, 1) is smooth at C. Moving M
to a plane in P"*! transversal to Q,, we get that C may be deformed inside Q,, to a smooth
conic. O

PROPOSITION 3.16. Let T = T[a] witha > 2. For £ := Or (1) & Or and a general
4-dimensional linear subspace V of H(E), we have the following:

(1) (&, V) induces an embedding of T .

(2) Dy, 4 is non-empty and irreducible.

(3) Every element of D3 4 is a flat limit inside Q4 of a family of disjoint unions of two
lines and a general element of D; 4 is a smooth point of Hilbg, (2, 4).

PROOF. It is sufficient to prove part (1). Note that V spans £ by Remark 3.13.

For each point p € P! = Tpeq, let T, T be the Zariski tangent space of T at p and call
D, C T,T the Zariski tangent space of Treq. Then we have 7,T \ D, = A%. Forv € T,,T \
D, the sequence (1) gives (T, Z,) = h%Or) — 2 since a > 2. So we have h%(T, 7, ®
&) =h&) —4.

Consider U, := HY(T, Z, ® &) as a 4-codimensional linear subspace of H 0(&). Let B,
be the Schubert cycle of all V € Gr(4, H 0(&)) with dim(V N U,) > 0. The variety B, has
codimension 4 in Gr(4, H°(£)). Since dim(T') = 1, the set

U &

pePl, veT,T\D,

is not dense in Gr(4, H%(£)), and so for a general V € Gr(4, H(£)) we have VN B, =
forall pand v € T,T \ D). For a general V we may also assume that it spans £. Let f :
T — Gr(V, 2) denote the morphism associated to (£, V). Note that f(Tiq) is a line and that
fiT,.q 18 injective. Thus f is an embedding if and only if it is a local embedding at all p € P!.
By [9, proof of I1.7.3] it is sufficient to prove that its differential induces an embedding of the
Zariski tangent space 7,7 of T at a fixed point p. Fix v € T,T \ {0}. If v is tangent to Tied,
then df,«(v) # 0, because f1,, is an embedding. If v ¢ D), we have df,«(v) # 0, because
VNB,=0,ie. VNH T, ® &) =0.

Now assume a = 2. Since D, 4 is irreducible, it is sufficient to prove that a general C €
D, 4 satisfies h'(N¢) = 0 and that C is a flat limit of a family of disjoint unions of two lines.
Fix a smooth hyperplane section 03 C Q4 and any C contained in D, 4. By Lemma 5.1 C
is a flat limit of a family of disjoint unions of two lines of 03. By the proof of the Claim
in the proof of Lemma 5.1, C is contained in a smooth quadric surface Q> C Q3. We have
Ncjo, = Oc and so h' (N¢|p,) = 0. Since h! (O¢(1)) = 0, we get h!(N¢) = 0. By the
semicontinuity, we get 1! (Np) = 0 for a general D € D; 4. O
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REMARK 3.17. Ifa = 2 (resp. a = 3), then any C € D, 4 is contained in a 3-
dimensional (resp. 4-dimensional) linear subspace, because h(Oc(1)) =a +2.

PROPOSITION 3.18. For Dy, withn > 5, we get the following:
(1) D3,y is irreducible.
(i) Each C € Dy is a flat limit of a family of two disjoint lines.
(iii) Hilbg, (2, n) is smooth at C € Ds p, outside the (4n — 9)-dimensional family of
curves in D, , whose linear span intersects Q,, in the double plane.

PROOF. Let M = (C) c P*t! denote the linear span of C € D, and then we have
dim(M) = 3.

First assume M C Q. In this case C may be deformed inside M to a disjoint union of
two lines. Since the normal bundle Ny, is globally generated, we have 1! (C, (Nmi0,) )=

0. We also have h! (Ncim) = 0, because C is contained in a smooth quadric surface contained
in M. Since C is a locally complete intersection in M, the natural map N¢g, — (N MlQn)‘ c
is surjective. Hence the normal sheaves sequence of the inclusions C C M C Q, gives
W' (N¢) = 0.

Now assume that M N Q,, is a quadric surface with singular locus of dimension at most
1,i.e. M N Q, is not a double plane. In this case there is a smooth 4-dimensional quadric Q4
such that M N Q, C Q4 C Q,. By part (3) of Proposition 3.16, C is smoothable to a disjoint
union of two lines and there is a smooth quadric surface Q> C Q4 such that C C Q;. We
first get 1! (Nc|g,) = 0 and then 1! (N¢) = 0.

Assume that M N Q, is not a double plane. The family of all curves in D, ,, which is
contained in M N Q,, is irreducible and 5-dimensional by [11, Corollary 4.3] with Z = {q},
Y =P =Landz =y = p = 1. Since the set of all planes contained in Q, is an irreducible
variety of dimension 2+4(n—4) = 4n— 14, we get that the family of all such curves on double
planes is parametrized by an irreducible variety of dimension 5+ (4n — 14) < 2+4(n—2) =
X (Nc). Since C is a locally complete intersection with embedded dimension 2 everywhere, it
deforms to another curve C’ of embedded dimension at most 2 everywhere, which is locally
a complete intersection and so with no embedded point. In particular C’ is either a disjoint
union of two lines or a double structure on a line with no embedded point and with embedded
dimension 2 everywhere. In the latter case it is a ribbon because of its embedded dimension 2
everywhere. Hence we get that C’ € D; , and we many assume that C’ spans a 3-dimensional
linear space whose intersection with Q,, is not a double plane because of dimensional reason.
Since C’ is a limit of a family of two disjoint lines, so is C. O

4. Warm-up case of y = 1.

REMARK 4.1. Let A C P, r > 3, be a locally Cohen-Macaulay scheme of degree 2
with pure dimension 1. Then we have x (O4) > 1 by the upper bound for the genus of locally
Cohen-Macaulay curves with degree 2 in projective space of dimension at least three (e.g. see
[10]). Since deg(A) = 2, this may also be proved using that no ribbon of positive genus has a
very ample line bundle of degree 2. Thus we have Hilb(2, a); = @ foralla < 0.
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LEMMA 4.2. We have Dy = P3.

PROOF. It is enough to check that D; (L) is a single point space for each line L C Q.
The elements of D; are the complete intersection of two quadric cones of Q such that their
vertices are contained in a line L C Q. Indeed, fix any line L C Q and two distinct points
p.q € L. The conic T, 0 N T, Q N Q contains L and it has at least two singular points p and
q. Thus we have T, 0 N T, 0 N Q € Dy. Using the quadratic form associated to O, we see
that the map u : Q — (P*)V defined by p — T, Q is injective with a smooth quadric surface
u(Q) as its image. Thus for all p,q € L with p # g, we have T,Q # T,;,Q andso T, O N
T,0N Q0 € Di(L).

Claim: The set u(L) is a line, i.e. there is a unique plane E C P* such that T,0DE
forall p € L.

Proof of the Claim: Since the set of all lines of Q is homogeneous for the action
of the group Aut(Q), it is sufficient to prove the Claim for a single line. Fix homogeneous
coordinates [xq : - - - : x4] such that Q = {xox1 + x2x3 + xi =0land L ={xo=x = x4 =
0} . Forp=[0:1:0:0:0],wehave 7,0 ={xo=0}.If g =[0:a :0:1: 0] for some a,
then we have T, Q = {axo + x2 = 0}. Thus we may choose E = {xo = x2 = 0}. O

Since T,Q NT,Q = E forall p # g € L in the Claim, we get that D (L) is a unique
point. O

LEMMA 4.3. We have Hilb(2, 1) = Hilb(2, 1)+ = Gr(3, 5), the Grassmannian vari-
ety parametrizing projective planes in P,

PROOF. Recall that Q contains no plane and so the curve C := M N Q for a plane M is
an element of Hilb(2, 1)4. Conversely, for a fixed [C] € Hilb(2, 1), either C is a reduced
conic or C € Dj. In the latter case C fits into the exact sequence

0—> Op(—=1) > Oc—> 0L —0

with L := Creq and so h°(O¢ (1)) = 3. Thus in either case C is contained in a plane (C) =
IP? and so we have C = (C)N Q as schemes. Thus we have (Hilb(2, 1) )eq = Gr(3, 5). Now
we check that Hilb(2, 1) = Hilb(2, 1)+. Fix [C] € Hilb(2, 1) and let D C C be the maximal
locally Cohen-Macaulay subcurve of C; the ideal sheaf Zp ¢ of D in C is the intersection
of the non-embedded components of a primary decomposition of the Noetherian sheaf Oc¢.
Let a be the degree of the kernel of the quotient map Oc — Op. If D # C, i.e. [C] ¢
Hilb(2, 1), then we have @ > 0 and so D € Hilb(2, 1 — a);. Thus we get Hilb(2, 1)eg =
Hilb(2, 1)+ reda = Gr(3, 5) by Remark 4.1. Now for each conic C C Q, we get the locally
free resolution of Z¢,

0— 0g(=2) = Og(=1D)®* = Tc - 0.

Tensor it with O¢ and get Ncjg = Oc(1)®2. In particular we have h°(N¢|g) = 6 and
h! (Nc)g) = 0. Hence we have Hilb(2, 1) = Hilb(2, 1).q and the assertion follows. O
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REMARK 4.4. LetG; fori = 1, 2, 3 be the subvariety of Gr(3, 5) parametrizing con-
ics on Q of rank at most i. In particular, we have G; = P? and G3 = Gr(3, 5). To each point
p € QO we may associate the projective plane formed by the planes contained in 7, Q and
containing p. Thus G, is a hypersurface and so it is an element of |Og;(3,5)(a)| for some a >
0. Fix a general hyperplane H C P* and set Q1 := H N Q a smooth quadric surface. Let
M C Gr(3, 5) be the set of all planes contained in H and then G2 N M is the set of all planes
in H which are tangent to Qy, i.e. the dual variety Q0 of Q1, as a hypersurface of H. Since
le is a smooth quadric surface, we get a = 2. (7 is homogeneous for the action of Aut(Q),
because this group acts transitively on the set of all reducible conics; it acts transitively on the
set of singular points of conics and if D1, D; are reducible conics with common vertex point
p, then they correspond to pairs of different lines of the surface quadric cone 7,0 N Q.

PROPOSITION 4.5. We have
M2, 1) =M“(2,1) = Hilb(2, 1) = Gr(3,5)
for all o > 0 and they are fine moduli spaces.

PROOF. The fineness of M(2, 1) comes from [13, Corollary 4.6.6] with (ag,a;) =
(1,2). Let (1, F) € M*(2, 1) be a strictly a-semistable pair and so it has a subpair (s, F')
with x7(t) =t +csuchthatc+ 6 -a = 1% In particular we have 7' = Oy /(c — 1) for
aline L’ C Q. If § = 1, then we have 2c¢ + o = 1. But since F’ has a non-zero section, we
have ¢ > 1, a contradiction. If § = 0, then we have ¢ = IJZF“. But the quotient pair (1, F”)
has xr(t) =t + 1 — c. Since F”" = O »(-c) with a line L”, we have ¢ < 0, a contradiction.
Thus there is no wall-crossing among M* (2, 1)’s and so we have

M>®2, H=M*2, 1) =M@, 1)

for all @ > 0. Note that a curve C in Hilb(2, 1) is a conic, including a planar double line. For
such a curve C, we have that O¢ is stable with x (O¢) = 1 and h°(O¢) = 1. Note that C is
either

e asmooth conic with 7 Q¢ = Opi(2)® and so N¢jg = Opi (2)%2, or

e areducible conic, say C = L1 U L (possibly L = Lj), with N¢ = (’)C(l)€B2
and so it is evident that Oc¢ is stable. Conversely, for F € M(2, 1), the curve C = Crx has
degree at most 2. If deg(C) = 1, say C = L a line, then F is a vector bundle of rank 2 on
L,ie. F = Op(ay) ® Or(ay) with a; +a>» = —1 and a; > a. The subbundle Oy (ay)
destabilize F and so we have deg(C) = 2. Since x(F) = 1, we have hO(F) > 0 and a
non-zero section induces an injection u : Op < F for a subcurve D C C. In the case D =
C, we have [D] € Hilb(2, 1) by Remark 4.1 and coker(u) = 0. If D C C, then D = L
is a line. Since xo, () = t + 1, it contradicts to the semistability of . Thus the forgetful
morphism ¢ : M*°(2, 1) — M(2, 1) is bijective. To confirm that it is an isomorphism, it is
enough to check the smoothness of M(2, 1). Note that dim Homg (Oc, Oc¢) = 1, since C is
connected. Apply Ext'Q (—, Oc¢) to the standard sequence for C C Q, we get

0 — Homg (Oc¢, Oc) = Homp(Ogp, Oc) — Homg(Zc, Oc)



DOUBLE LINES ON QUADRIC HYPERSURFACES 459

— Extyy(Oc, O¢) — Ext},(0g. Oc) .

Since Exty,(Og, Oc) = H'(Oc) = 0, we get Exty, (Oc, Oc) = Homg(Zc, Oc). But we
have Homg (Z¢, Oc) = Home (Zc ® Oc, Oc) = HO(NC‘Q) and so its dimension is 6. In
particular, M(2, 1) is smooth.

The morphism from M*°(2, 1) — Hilb(2, 1) is bijective and so it is an isomorphism
since Hilb(2, 1) is smooth. In particular, M*°(2, 1) is smooth.

Now let U be the universal sheaf on Q x M(2, 1) and then fi, (i) is a line bundle on Q,
where f7 is the projectionto Q. If g; : Q x M*°(2, 1) — Q is the projection, then the pair
(91 f1+(U), ¢*U) is the universal coherent system. O

5. Caseof y =2.

LEMMA 5.1. Dsisanirreducible and non-empty subset of Hilb(2, 2) with dim(D;) =
5. For any C € Dy, we have the following:
(i) C is contained in a smooth hyperplane section Q2 of Q.
(i) h'(N¢) = 0 and h' (Zc(t)) = 0 for all t > 0. In particular, C is a smooth point of
Hilb(2, 2).
(iii) C is a flat limit of a family of disjoint unions of two lines.

PROOF. Note that for each smooth hyperplane section Q> C Q and any line L C Q»,
the effective Cartier divisor 2L of Q> is a split ribbon with the prescribed x (O¢) and so it is
an element of D,. In particular we have D, # ). Conversely fix any C € D, and then it fits
into the exact sequence

5) 0—- 0L —>0Oc— 0L —0

with L := Creq. Since h°(Oc¢ (1)) = 4, so C is contained in the scheme-theoretic intersection
M N Q, where M C P* is a hyperplane. Note that the hyperplane M is unique, because it is
the linear span (C) of C in P4,

Claim : M is not a tangent hyperplane of Q, i.e. M N Q is a smooth quadric surface.

Proof of Claim : Let A be the split ribbon with x (O4) = 2. The unique line bundle
L of degree 2 on A is very ample and h°(£) = 4. Therefore, up to projective transforma-
tions, there is a unique ribbon E C P3 with Xx(Og) = 2. Set L := Eq4. Any smooth
quadric surface containing L also contains an embedding E of A with L as its support. By the
uniqueness of the embedding of A up to a projective transformation, we get 1! (P3, Zg (2)) =
0, ho(]P’3, Zg(2)) = 4 and that a general quadric surface containing E is smooth. E is con-
tained in all quadric surfaces which are the union of two planes through L. We need to prove
that E is not contained in an integral quadric cone. Assume E C U with U a quadric cone
and call o the vertex of U. Then we have o € L. Since U is a quadric cone, for two points
p,p’ € L\ {o} the planes T,U and T,yU are the same. Since E has planar singularities,
we get that T, U is the Zariski tangent plane to E at 0. Fix a smooth quadric surface Q> D
E. Since E has planar singularities, we get 7, Q = T, E for all p € L. The tangent planes
T, Q2 with p € L\ {0}, have the property that T, 0> N Q = L U L, where L, is the unique
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line of Q> intersecting L and containing p. Hence p # p’ would imply 7,02 # Ty 02, a
contradiction. 0

By Claim, C is contained in a smooth quadric surface and so we get h!' (N¢) = 0. Thus
[C] is a smooth point of Hilb(2, 2). Similarly we get 1! (Zc(t)) = 0 for all + > 0. We also
see that the algebraic set D; is equidimensional of dimension 5 and that it has one or two
irreducible components, because each smooth quadric surface has exactly two rulings. The
set of all lines in Q is isomorphic to P3. In particular it is irreducible and of dimension 3.
For each line L C Q, the set of all hyperplanes M C P* containing L such that M N Q is
smooth is a non-empty open subset of P, Thus it is irreducible of dimension 2 and so D; is
irreducible. ]

REMARK 5.2. Note that the set of hyperplanes in P* whose intersection with Q is a
smooth quadric surface, is parametrized by (P*)¥ \ QV, the dual space of P* minus the dual
of Q. The quadratic form associated to Q induces an isomorphism between Q and its dual
QV, which associates T, Q to each p € Q; under the isomorphism, a line L C Q is mapped
to a line in QV, not just a rational curve. In particular, we have D, (L) = P? \ P'.

PROPOSITION 5.3. Hilb(2, 2) is smooth, irreducible and of dimension 6.

PROOF. Take [C] € Hilb(2, 2);+. Then we have that either C is the disjoint union of
two lines or C € D,. If C is the disjoint union of two lines, then we have h'(N¢) = 0 and
so the set of all such curves is irreducible of dimension 6. Now the assertion follows from
Lemma 5.1. O

REMARK 5.4. The scheme Hilb(2, 2) is not closed in Hilb(2, 2) and in particular it
is not complete. Let T C Q be a quadric cone with vertex o. Fix two distinct lines L, R C
T and so we have L N R = {o}. Let A be an integral affine curve with a fixed point g € A
and {Rp}pea be a family of lines of Q with R; = Rand LN R, = @ forall p € A\ {q}.
The family {L U R}pea\(q) has a flat limit B € Hilb(2, 2) containing L U R, but with an
embedded point o. Note that B is not contained in 7.

Fix [C] € Hilb(2, 2) \ Hilb(2, 2)+. Let D € Hilb(2, ¢) be the maximal locally Cohen-
Macaulay subscheme of C with pure dimension 1. Let a be the degree of the kernel of the
surjection ¢ : Oc — Op and then we have ¢ = 2 — a. Remark 4.1 givesa = 1 and ¢ = 1.
Thus the sheaf ker(¢) is the structural sheaf C, of a unique point p € Q and we have a map

(6) ¥ : Hilb(2,2) — Hilb(2,2), U (Hilb(2, 1) x Q) .

For (D, p) € Hilb(2, 1), x Q, let us define A(D, p) := ¥~ 1(D, p), ie. the set of all
[C] € Hilb(2, 2) with D as the maximal locally Cohen-Macaulay subscheme of C with pure
dimension 1 and with p € Dieq as the support of the kernel of the surjection O¢c — Op. If
P & Dred, then we have C = D U {p} as schemes and so A(D, p) is a single-point space.
Thus it is sufficient to consider the scheme C with p € Dieq.

LEMMA 5.5. For D € Hilb(2, 1) and p € Dyeq, we have A(D, p) = PL.
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PROOF. Assume that D is smooth at p. In the local ring Og,,, there are generators
{x, y, z} of the maximal ideal m of Qg , such that D has local equations y = z = 0. There
is a bijection between A(D, p) and the set of all ideals J of Og,, contained in (y, z) and
with a 1-dimensional vector space (y, z)/J. In particular, J contains a linear combination of
y and z. Thus we may assume that z € J and so we get (v, z)/J = (y)/J’ for an ideal J' C
Clx, y]. The only possibility of such J' is (xy, y?) and so the set of ideals J is parametrized
by the set of planes containing the line y = z = 0. In other words, letting 7, D C T, Q be the
tangent line of D at p, there is a bijection between A(D, p) and the planes in 7, Q containing
T,D. Hence we have A(D, p) = P!

Assume now that D is reduced and that p is a singular point of D. In this case D is a
reduced conic with the singular point p. We may assume that D is locally defined by z =
xy = 0 with the maximal ideal m = (x, y, z) of Og,,. Again there is a bijection between
A(D, p) and the set of ideals J contained in (xy, z) and with a 1-dimensional vector space
(xy, z)/J. Thus J contains a linear combination of xy and z, say axy + bz € J. If a = 0,
i.e. z € J, then C is contained in the plane z = 0, and we have (xy, z)/J = (xy)/J’ for an
ideal J/ C Clx, y]. Since dimc(xy)/J’ = 1, the only possibility is J' = (x2y, xy?). If a #
0, then we have xy + cz € J. Then we must have an isomorphism (xy, z)/J = C{z} defined
by xy — —cz, since we have dimc(xy, z)/J = 1. Thus we have {z?, xz, yz} C J and so
we get {xy + cz, 2%, xz, yz} € J. Indeed the ideal (xy + cz, 7%, xz, yz) defines D with the
embedded point p and so we have J = (xy + ¢z, 2%, xz, yz). Overall we get J = (axy +
bz, 7%, xz, yz, x2 v, xyz) and thus the ideals J are parametrized by the choice of coordinates
(a : b) € P! and so we get A(D, p) = P!. In fact, there are two kinds of curves in A(D, p),
one with a = 0 and the others with a # 0. The curves with a # 0 are isomorphic to each
others, but they define different elements in Hilb(2, 2).

Now assume D € Dj. Since there exists a unique plane (D) = P? containing D, we
may assume that D has local equation z = x> = 0, i.e. (D) is defined by z = 0. The ideal J
defining C is contained in (z, x2) such that the dimension of the vector space (z, x2)/J is 1.
Similarly as in the previous case, if z € J, then we have (z, x2)/J = (x%)/J foranideal J' C
Clx, y]. Thus we have J' = (x3, xzy). If z ¢ J, then we have an isomorphism (z, x2)/J =
C{z} defined by x? > —cz for some ¢ € C and so we get J = (x> + ¢z, 2%, xz, yz). Overall
we get J = (a)c2 + bz, 72, x2, vz, x3, x2y) and thus the ideals J are parametrized by the
choice of coordinates (a : b) € P! for which ax? + bz € J and so we get A(D, p) = Pl O

Let I; be the incidence variety of Hilb(2, 1) x Q, i.e.
Iy :={(D, p) eHilb(2,1) x Q| p € D}.

The set of conics on Q passing through a fixed point p € Q is isomorphic to Gr(2, 4) and so
mp 2 I1 — Q is a Gr(2, 4)-fibration. In particular I; is a smooth variety of dimension 7. Let
us define I to be the diagonal over Sym?(P?), the second symmetric power of P>,

Let H; be the subvariety of Hilb(2, 2) parametrizing the non-locally Cohen Macaulay
curves and then we have a morphism 3, : H1 — Hilb(2, 1) x Q. We also let H; be the
closure of Hilb(2, 2) ..
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Letus set H' := (H1 NH2)red. If D € Hilb(2, 1) and p ¢ Dyeq, then C := DU {p}isa
smooth point of Hilb(2, 2).Therefore we have C ¢ H'.

LEMMA 5.6. Let D be a conic in Hilb(2, 1) and p a point on D.

(1) If p € Dsm, we have A(D, p) NH = @, i.e. no curve in A(D, p) is a flat limit of
Hilb(2, 2),.

(2) If p € Dying, we have A(D, p) N'H' # @, i.e. there exists a curve C € A(D, p)
which is a flat limit of Hilb(2, 2) ;.

PROOF. A flat limit C of a family of locally CM curves {A;};c7 with (A;)red containing
a line, also contains a line. Thus we get A(D, p) NH' = @ if D is a smooth conic. Assume
now that D is a reducible conic and let e be a singular point of D. Assume the existence of
a flat family # : ' — T with T an irreducible curve, 0 € T, 7 Yo) = Candn1(t) €
Hilb(2,2); forallz € T \ {o}. Since the support of the nilradical of Oc¢ is a single point p,
we get 171 (t) ¢ D, for a general t € T. Since p # e, there is an open neighborhood U of
e in I" such that 7y : U — 7(U) has reduced fibers, one connected fiber with an ordinary
node and as general fiber a smooth curve with two connected components because which is
impossible by [1, Proposition X.2.1].

(a) Assume that D is a reducible conic with singular point e, different from p. Since
the support of the nilradical of O¢ is a single point p, we get 7! (¢) ¢ D, for a general t €
T. Since p # e, there is an open neighborhood U of e in I" such that 7y : U — 7 (U) has
reduced fibers, one connected fiber with an ordinary node and a general fiber a smooth curve
with two connected components, which is impossible by [1, Proposition X.2.1].

(b) Assume that D is a reducible conic and let p be its singular point. Write D = L U
R with L, R lines. Let {R;};e7 be a family of lines of Q with T an integral curve, R, = R
forsomeo € T and R, N D = @ forallt € T \ {o}. Since Hilb(2, 2) is proper, the family
{L U R;}1eT\(0) has alimit C € H'. We have ¢ (C) = (D, p).

(c) Forafixedline L C Q andany p, p' € L,setC' := QNT,0NT,Q € D thatis
the only element of D; with L as its reduction. Take a flat family of lines {R,} of Q disjoint
from L and with L as its flat limit. Taking {R; U L}, we get C € H' with ¢ (C) = (C’, p")
for some p” € L. Since Aut(Q) acts transitively on the set of all (L, p”’), we get that for each
p1 € L thereis C; € H' with y(Cy) = (C/, p1). O

COROLLARY 5.7. For a singular conic D in Q and a point p € Dsing, we have
|AD, p)NH|=1.
PROOF. By (2) of Lemma 5.6, we have | A(D, p) N Hz| > 1. From the exact sequence
7 0-C,—->0Oc—-0p—0

for C € A(D, p), we have h°(Oc(1)) = 4 and so we get (C) = P3. In particular, C is
contained in a quadric surface Q> := Q N (C). By the proof of [16, Lemma 2], any surface
containing C is singular at p. In particular, Q> is a singular quadric surface with the singular
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point p. Without loss of generality, we may assume that Q5 is defined by the equation z> —

xy = 01in local coordinates x, y, z of (C) and p = (0, 0, 0).

If D is a singular conic with the singular point p, then we may assume that D is defined
by the ideal (z, xy). We know from Lemma 5.5 that the ideal defining C € A(D, p) is
(axy + bz, 2, xz, vz, xzy, xyz) and the only one containing 22— xy is with b = 0, i.e.
(2%, xy, yz, 2%).

If D is in D2(L) with L defined by (z, x), then D is defined by the ideal (x, z2). Again
the ideal defining C € A(D, p) is (az2 +bx, x%, xz, Xy, 22, yzz) and the only one containing
22— xyiswithb =0, i.e. (zz, x2, xz, Xy).

Hence the curves in (H| N H2)red are determined by the pairs (D, p) with D € G, and
P € Dying. O

REMARK 5.8. By Corollary 5.7, the curves in A(D, p) \ H' with p € Dy is para-
metrized by P! minus a point. Indeed, such curves are given as follows:

(1) Fix a reducible conic D C Q@ with the singular point p and let O, C Q be any
smooth quadric surface containing D and then we have D € |Og,(1,1)|. Let E €
|Og,(1, 1)] be any smooth conic containing p and let 3p C Q> denote the closed
subscheme of Q> with (Z, Q2)3 as its ideal sheaf. The scheme (DU E)N(DU3p) has
D as its reduction, but it contains a degree 3 subscheme of E with p as its support,
while E N D is exactly the degree 2 subscheme of E with p as its reduction.

(2) For a double line D € Dy, fix any quadric cone Q» C Q containing D and take any
point p different from the vertex o of Q;. Let M C H be a plane containing p, but
not the line Dyeq. Set E := Q2 N M. You take as C the union of D and the degree 3
subscheme of the smooth conic E with p as its support.

PROPOSITION 5.9. We have
Hilb(2,2) = H; U H;,

with two irreducible components ‘H; for i = 1, 2 such that

(a) H1 and H; are rational varieties of dimension 9 and 6 respectively,

(b) (H1 N H2)rea consists of singular conics D with an extra point p € Dying such that
the hyperplane section containing the curve is singular at p, and

(c) Hilb(2, 2) is smooth outside Hi N Hj.

PROOF. By Proposition 5.3 and Corollary 5.7, it remains to show the irreducibility of
‘H and its smoothness over (Hilb(2, 1) x Q) \ (H1 N H>).

Let v = Y%, : H1 — Hilb(2,1) x Q be the map defined from (6). We saw in
Lemma 5.5 that ¢ is surjective and that if (D, p) ¢ I, then the fiber is a single point, while
for each x = (D, p) € I; we have v~ ' (x) = P! and in particular the fiber is irreducible
and of dimension 1. Hence ¥ ~!(I;) is irreducible and of dimension 8. Thus to prove the
assertion it is sufficient to prove that a general element of v~ (I}) is contained in the closure
of y~1((Hilb(2, 1) x Q) \ I)).
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Fix (D, p) € Hilb(2, 1) x Q with D a smooth conic and p € D. Let T, D be the tangent
line to D at p. For a general (D, p) we may assume that the line T, D is not contained in Q.
Let H C P* be a general hyperplane containing T, D. We saw in the proof of Lemma 5.5
that a general element of v=L(D, p) corresponds to a general triple (D, p, H). The set HN
Q is a smooth quadric surface. The family {(D, ¢)}4eonn\pn# has a flat limit in Hilb(2, 2)
corresponding to (D, p, H).

For the smoothness in (¢), it is sufficient to check hO(Nc\Q) =9and i’ (Nc|p) = 0 for
C e Hi\ (H1NH). If C = DU {p} with p & Dreq, then it is true since Ncjg = Npjgp @
T, Q. Let C be in A(D, p) foraconic D C Q and p € D. Then we have (C) = P? and let
0> := Q0 N(C). From the following exact sequence

(8) 0 — Ncjg, = Ncjp — Oc(1)

where (Ng,|0)ic = Oc(1), we get that hO(NC‘Q) < 4+ hO(NC‘QZ). Assume that Q, is
smooth and then we have Zp g, = Og,(—1, —1). Tensoring the exact sequence

9) 0— Zc,0, > Ip.g, > Cp = 0,
by Oc, we get
(10) 0 — Tori(Cp, Oc) = Ic,0, ® Oc = Oc(—1) > C* - 0.

If we tensor the sequence (7) by C,,, we get
0— Tori(Oc,Cp) = Tor1(Op,Cp) - C, - Oc®C) - C, = 0
and so we get Tor(Oc, Cp) = Tor1(Op, C,). Tensoring the following exact sequence
0— Og,(-1,-1) > Og, - Op =0

by Cp, we get Tor1(Op,Cp) = C,, and so Tor1(Oc, C,) = C,. Thus the sequence (10)
factors into the following two exact sequences

0—->C,=Tor(Cp,Oc) = Ic,0, ® Oc — Op(—1,-1) = 0,

(11) a2
0— Op(—=1,-1) > Oc(=1,-1) > Oc ®C, = (Cp — 0.

Applying Ext’Q2 (—, Oc¢)-functor to the first sequence of (11), we get
0— Homg, (Op(—1, —1), Oc) = Homy, (Z¢,0, ® Oc, Oc) — Homg,(Cp, Oc) —--- .

Note that dim Homg, (Cp,, O¢) = 1 and dim Homg, (Op(—1, —1), O¢) = 4. It implies that
hO(NC‘QZ) = dimHomyg, (Z¢,0, ® Oc, Oc) is at most 5. Since C is a limit of a flat family
of curves DU {q} C O withq ¢ D and hO(NC|Q2) is an upper semi-continuous function on
C, we get hO(Nc|Q2) = 5. Thus we have hO(NC|Q) < 9. Again by the upper semi-continuity,
we get hO(NC‘Q) =09.

If Q> is a singular quadric surface with the singular point e # p, then we may apply
exactly the same steps as in (a) by replacing Op,(1, 1) by Og, (1), because we still have
that () Zp, g, = Og,(—1), (ii) Tor1(Oc, C,) = C,, and (iii) dimHomg, (Op(—1), O¢) =
4. O
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LEMMA 5.10. For [D] € Hilb(2, 1) and a point p € D, there exists a unique non-
trivial extension

(12) 0—-0Op—F—-C,—0.

PROOF. Let D € Hilb(2, 1) be a conic in Q defined as a complete intersection of zeros
of two linear forms fi, f» with the exact sequence

(13) 0— 0p(=2) = Op(-1)® = Ip - 0.

Applying Ext*(C,, —)-functor to (13) for a point p € D, we get

0 — Ext*(C,, Zp) — Ext*(C,, Og(—2)) > Ext’(C,, Og(—1))%2.

Note that we get that dim Ext*(C,, Og(—2)) = dimExt*(Cp, Og(—1)) = 1 and the map s
is the transpose of Hom(Og(2), Cp)®2 — Hom(Og(1), C)) defined by (g1, g2) = fig1 +
f>g2. Since p is a point on D, the map s is a zero map and so we have dim Ext? (Cp,1Ip) =
1. Applying Ext*(C,, —)-functor to the standard sequence for Op, we get Ext!(C »»Ob)
Ext?(C p»Lp) and so there exists a unique non-trivial extension. O

e 1

PROPOSITION 5.11. Any semistable sheaf F of depth 1 on Q with Hilbert polynomial
2t + 2 is one of the following:
(i) F =0, ® O, with two lines L1, Ly on Q, possibly L1 = Lo,
(ii) a non-trivial extension of Or, by O with L a line on Q,
>iii) F = Oc¢(p) for a smooth conic C and p € C.

PROOF. Let C = Cx be the scheme-theoretic support of F and then deg(C) is either 1
or 2. If deg(C) = 1,1i.e. C = L is a line, then F is a vector bundle of rank 2 on L. Thus we
have F = Op(a1) ® Or(ap) for a; > ap such that a; + a; = 0. In particular the subbundle
OL(ar) destabilize F unless a; = 0 and so we have F = 02,

Now let us assume that deg(C) = 2. Since x (F) = 2, we have h°(F) > 2. A non-zero
section of HO(F) induces an injectionu : Op — F forasubcurve D C C. If D C C, then
D = L is a line and so we get coker(u) = Oy, with a line L', because xcokern)(f) =t + 1.
The vanishing Ext' (O/, Or) = 0 implies that F = O @ Oy. In the case D = C, we get
[D] € Hilb(2, ¢)+ with ¢ € {1, 2} due to the semistability of F. Note that we have F = O¢
if c =2, and coker(u) = Cp, forapoint p € Cif c = 1.

Conversely, the sheaf F = O¢ with [C] € Hilb(2, 2) is strictly semistable from the
following exact sequence

00, —>F—>0,,—>0

with {i, j} = {1,2}. Assume now ¢ = 1 and so [C] € Hilb(2,2) \ Hilb(2, 2)4+. Then F
fits into the exact sequence (12) with p € D and [D] € Hilb(2, 1). If D is a smooth conic,
then any F fitting into (12) non-trivially is stable. Assume that D is a reduced conic with the
singular point 0, say D = L1 U L,. If p € L, \ Ly, then by applying Hom®(—, Oy, )-functor
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to (12), we have Hom(F, Or,) = Hom(Oc, Op,). Thus we have a surjection u : F — Op,
with ker(u) = Or,, contradicting to the semi-stability of F. Conversely, if p = o, let us
assume that G C F is a subsheaf with slope > 1. With no loss of generality we may assume
G = O, (c) with ¢ > 1. The composition ' : G — F — C, is surjective, otherwise we
would have an injection O, (¢) — Oc, absurd. Thus we have ker(u’) = Or,(c — 1) and it
injects into O¢. In particular we have ¢ < 0, a contradiction.

Claim 1 : We have F = Op, @ Op,.

Proof of Claim 1: We have a surjection u : O, ® Or, — C,. The sheaf ker(u) has
depth 1 and 2¢ + 1 as its Hilbert polynomial, D as its support. Since the map u, : H O(OLl &)
Or,) — HO((CP) is surjective, we have hO(ker(u)) = 1 and h'(ker(u)) = 0. By symmetry
we get that the only non-zero section s, up to a scalar, of ker(u#) does not vanish identically on
one of the components L;. We get that s never vanishes, i.e. ker(u) = Op. By the uniqueness
of a non-trivial extension due to Lemma 5.10, we get the assertion. O

Now assume that D € D; with L = Dieg and p € D. If G = Op(c) is a subsheaf of
F with slope > 1, then we have ¢ > 1. The compositionu’ : G — F — C,, is surjective,
otherwise it would give an injection O (¢) — Op and it is absurd. Then we have ker(u') =
Or(c — 1) and it injects into Op. Since ¢ — 1 > 0, it is again absurd and so F is semistable.

Claim 2: F is an extension of Or by Of.

Proof of Claim 2: Since EthQ OL,0p) = HO(NL|Q), its dimension is 3. In particular
the family of non-trivial extensions of Oy, by O is an Og-sheaf up to scalar forms P2, say
IP(L). For a semistable sheaf O¢ with C € D, (L), there exists a section s € H%(O¢), induc-
ing an extension in P(L). Notice that the space of sections inducing the sequence (5) form a
1-dimensional subspace, otherwise every non-zero section of H 9(O¢) induces sequence (5)
and it is impossible because 1 € H 9(Oc¢). Since Dy (L) is isomorphic to P2\ P!, there exists
a P!-family of extensions of O, by Oy, not coming from Oc. Since every element in P(L) is
semistable, the only remaining possibility corresponding to P!  P(L) is given as an exten-
sion of C, by Op for D the unique element in Dy (L) and some point p € L. Indeed such an
extension for every p € L admits an extension in P(L), because Aut(Q) is transitive on the
pairs (L, p). O

REMARK 5.12. For any line L C Q the isomorphism classes P(L) of non-trivial ex-
tension F of Oy by itself are parametrized by P2. We have P(L) = §1 U 3§, where §1 is
parametrized by Dy(L) = P? \ P! and §; is parametrized by L = P!, i.e. the extensions of
C, by Op with {D} = D;(L) and p € L. So the corresponding locally CM curve to F € §»
is the unique D € Di(L).

Moreover, the sheaf F € §2 is not isomorphic to O;Bz. Indeed from two non-proportional
surjective maps u; : F — Op fori = 1,2, we get two non-proportional, possibly not
surjective, maps v; : Op — Op. One of them cannot be surjective and so it has Oy (c¢) with
¢ > 0, as its image, which is impossible since Op is stable by Proposition 4.5.

REMARK 5.13. Let C be an abstract ribbon with x (O¢) = 2 and F be the unique
non-trivial extension of C, by Op with D € D{(L) and p € L. There is a unique morphism
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u : C — D, the blow-up of D at p in the terminology of [7]; set G := u,O¢ and then it is an
Op-module with an injection Op — G with C, as its cokernel. Since G is torsion-free, this
extension of C, as an Op-module is not trivial. Since Op is a quotient of Op, so G is also an
extension as O p-module and it is non-trivial, since it is torsion-free as an O p-module. Hence
we get G = F. F is not locally free at p, because it is locally free outside p and we know
that all line bundles on D have odd Euler number with the form Op(¢), t € Z. Thus the fiber
of F at p is not a 1-dimensional vector space by Nakayama’s lemma. Hence F|;, is not a line
bundle on L and so we get Fip = Or & C,,.

COROLLARY 5.14. Any[F] € M(2,2) appears in this list:
(i) F =0, ® O, with two lines L1, Ly on Q, possibly L1 = Lo,
(i) F = Oc(p) for a smooth conic C and p € C.

REMARK 5.15. (1) For each sheaf F € P(L), we get the exact sequence

(14) 0—-0,—->F—=>0,—>0

and so its corresponding equivalence class in M(2, 2) coincides with [(’)?2].
(2) In (iii) of Proposition 5.11 with D a smooth conic, we have F = O¢(p) and so F is
determined only by the choice of D.
LEMMA 5.16. For a semistable sheaf F of depth 1 on Q with Hilbert polynomial 2t +
2, we have
12, if F = O foralineL C Q,
dimExt,(F, F)={ 8, ifCr € G,
6, otherwise .
Recall that we have Cr € G, if and only if either
(&) F =0, ® Oy, fortwo lines Ly, Lo with |[L1 N La| =1 or
(b) F admits (12) non-trivially with D € Dy and p € Dreq.
PROOF. By [6, Lemma 13] we have the following exact sequence for a smooth subva-
riety Y, a coherent O p-sheaf F and a coherent Oy-sheaf G:

0 — Exty (Fjy. §) = Exty(F. Q)

(15) % 2
— Homy (T or; (F, Oy),G) = Exty(Fy, §) .

If F =2 G = Oc(p) for a smooth conic C and a point p € C, we get ExtlQ(]-', F) =
H(Nc|0)®? and so its dimension is 6.

Let F = O, and G = Oy, for two lines Ly and Ly. If L := L{ = L, then we get
ExtlQ(]-", g = HO(NL|Q) whose dimension is 3. If L1 N Ly = @, then we get ExtlQ(]-', g) =
0. If Ly N Ly = {p}, then ExtlQ (F,9) = ExtlL2 (Cp, OL,) and so its dimension is 1. Using
this we get for 7 = Op, @ Oy, that

12, ifLi=Lo;
dimExty(F, F) = 8, if|LiNLy|=1;
6, ifLiNLy=4@.
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Assume now that F = O¢ with C € D; and L := Cieq. By Claim of Lemma 5.1, we
have Q1 := (C) N Q is a smooth quadric surface. Assume that C € |Og, (2, 0)|. Apply the

sequence (15)to Y = Q1 with F = G = Oc¢ and then we have

0— EthQ1 (Oc, Oc) — EthQ(Oc, Oc¢)
(16) )
— Homg, (Oc(-1), O¢c) — EXth (Oc,O0¢).

Note that the dimension of Homg, (Oc(-1), O¢) is ho(Oc (1)) = 4. Apply Ext‘QI (Oc¢, —)
to the standard exact sequence for C C Q) and then we get

0 — Homyg, (Oc, O¢) — Exty (Oc, Og,(—2.0))

— Exty, (Oc, Og,) — Exty (Oc, Oc) = Exty, (Oc. Og,(-2,0))

— Extle(Oc, Op,) — Extle((’)c, Oc) = 0.
Note that Exty, (Oc, Og,(=2,0)) = H'(Oc(0, =2))" = H(Oc(2,0)) = H(Oc) and so
its dimension is 2. Similarly we get that

dimExty (Oc, Op,) =2 and dimExtp, (Oc, Og,(~2,0)) =0.
Since the dimension of Homg, (Oc, Oc) is at least 2, it is indeed 2 and so we get dim ExtlQ1
(Oc¢, O¢) = 2. Since Ext*(Oc, Op,) = 0 by the Serre duality, we get ExtzQ1 (Oc¢,O¢c) =0.
Hence we get dim Exté2 (Oc, Oc¢) = 6 by the sequence (16).

Let F be the non-trivial extension of C, by Op with D € D{(L) and p € L. Now we
get the following two sequences for Zp: (13) and

(17) 0—-7ZIp—>0p—>0p—0.
Apply Ext‘Q (O, —)-functor to (13) and then we get

(18)

0— Extyy (O, Ip) — Exiy (0L, Og(—2)) > Ext} (01, O (—1)®%) - Exty, (0L, Ip) — 0
since Extyy (Or, Og(—1)%%) = Ext},(Or, Og(=2)) = 0. Now we get Ext}, (01, Og(-2))
= 0 and Exty, (Or, Og(—1)) = H'(O1(=2))". Thus we have

0, ifi £2,

dim Ext} Ip) =
imExty(O1, Ip) {2, ifi=2.

Apply Ext‘Q (Or, —)-functor to (17) and then we get
(19) 0 — Exty(Or, Op) = Extj(Or, Ip) — Extj (O, Og) — Extg (O, Op) — 0

since ExtlQ((’)L, Op) = H*(O1(-3))" = 0. Note that ExtzQ(OL, Op) = H'(OL(-3))Y
and so its dimension is 2. We have ExtzQ (Or,0p) = ExtlQ (Op, Or(—3))" and it admits the
following exact sequence

0— Ext} (Op ® O1,01(=3))— Exth (Op,OL(—3)) = Hom, (Tor2(Op,01),0L(=3)) .
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In particular, the dimension of ExtlQ (Op, Or(—3))is atleast dim ExtlL (OpR0Or, Or(-3)) =
2 since we have Op ® O, = Or. Hence from (19) we get

; 2, ifi=1,2
3 1 _ ’ LEalt)
dim Exto (Or, Op) = { 0, otherwise.
Now we get two exact sequences (12) and (14). Apply Ext‘Q (O, —)-functor to (12) to get

0 — Exty(Or, Op) — BExty (O, F) — Exty (0L, Cp)
— ExtzQ((’)L, Op) — ExtzQ(OL, F) — ExtzQ(OL, Cp) =0,

since Homgp (Op, F) = Homg(Or, C,) with dimension 1. We also get the exact sequence
0 — Ext} (Or, Cp) — Exth(OL, Cp) — Homy (Torf (Or. Op),Cp) — 0,

which gives ExtlQ((’)L, Cp) = Homg(Ny,, Cp). Thus we get dimExtlQ(OL, Cp) =2.
Recall that F; = O @ Cj, by Remark 5.13 and so from the exact sequence

0— ExtlL(]ﬂL, Or(=3)) —» ExtlQ(]-', Or(=3)) —» HomL('TorlQ(]-", Or),0(=3) =0,
we get dimExtlQ(}', Or(=3) =3+ dimHomL(’TorlQ(J-', OL), Or(—3)). Here we get
TorlQ(]-', o= 'TorlQ(]-]L, o= 'TorlQ(OL, OL) =N\

since TorlQ((Cp, Op) is zero. Since HomL(NI\‘/‘Q, Op(=3)) is trivial and ExtzQ(OL, F) =
ExtlQ(]-", Or(=3))Y, we get dimExtzQ((’)L, F) = 3. Hence we have

1, ifi=0,
: 4, ifi=1
. 1 _ ’ )
dlmExtQ(OL,f) =1 3. ifie2.
0, otherwise.

Now apply Ext‘Q (—, F)-functor to (14) and then we get

0 — Exty(Or, F) — Exty(F, F) — Exty(Or, F)
— Ext}(Or, F) — Ext}(F, F) > Exty(Or, F) = 0,

since dimHomg (O, F) = 1 and dimHomg(F, F) = 2. Hence dimExtlQ(]-", F) is at
most 8. Note that any curve in G is a specialization of curves in G, \ G| and so F can
be considered as a degeneration of Oy, @ Oy, for a reducible and reduced conic L; U L».
By [4, Theorem in page 21] in case of N = n = 1, the global Ext!-function is upper semi-
continuous. Since dim ExtlQ (G,G) =8forG =0, @ Or,, sodim ExtlQ (F, F)is at least 8.
Hence the dimension is indeed 8. O
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REMARK 5.17. For a sheaf F = Oc¢(p) with a smooth conic C and p € C, we have
Ethg(OC (P), Oc(p)) = Exty(Oc(p), Oc(p) ® Og(=3))". Applying the sequence (15) to
F =0c(p)and G = Oc(p) ® Og(-3), we get

0 — Extg(F, F(=3)) = Exty(F. F ® Og(=3)) > H(N¢jo(—3)) — 0.

Since 1°(N¢|(—3)) = 0 and dim Ext}-(F, F(—3)) = 5, we get dim Eth‘Q (F,F)=5.
COROLLARY 5.18. The moduli M(2, 2) has the two irreducible components M| and
M such that
o My red is parametrized by G3 = Gr(3, 5),
e M¥(2,2) C 9y consisting of stable sheaves, is isomorphic to Gz \ G,
o My consists only of strictly semi-stable sheaves [Or, @ Or,] with two lines L1, Ly
on Q,
o (M NMW)req is parametrized by Go, consisting of the equivalence classes [Of, @
Or, 1 with two intersecting lines L1, Ly C Q.

LEMMA 5.19. We have
M(2,2)® = M(2,2)% = M(2,2)%*
forall o > 0.

PROOF. As in Proposition 4.5, let (1, F) € M*(2, 2) be a strictly o-semistable pair and
so it has a subpair (s, ') with x () =t + csuchthatc + 6§ -a = ”T“ In particular we
have /' = Op/(c — 1) foraline L’ C Q. If § = 1, then we have 2¢ + o = 2. But since F’
has a non-zero section, we have ¢ > 1, a contradiction. If § = 0, then we have ¢ = HT“ But
the quotient pair (1, F”) has x7#(t) =t + 1 — ¢. Since F” = Op»(—c) with a line L”, we
have ¢ < 0, a contradiction. Thus there is no wall-crossing among M* (2, 2)’s. O

PROPOSITION 5.20. We have M°(2,2) = Ny Uy with two irreducible components
Ny and Ny of dimension 7 and 6 respectively such that
o 1 and Ny are rational,
o M (2,2) is smooth outside Yt NNy, and
o (M N2 req is of dimension 5 and it consists of stable pairs (1, F) where Cr € Ga.

PROOF. Let A := (1, F) be a stable pair in M®(2, 2) and then F is semistable as an
element of M(2, 2), since (1, F) is also in M+ (2, 2). In Proposition 5.11 we have the list of
semistable sheaves and in particular we have ' (F) = 0. Note that the tangent space at [A] is
isomorphic to ExtlQ (A, A) and the obstruction space is EthQ (A, A). By [12, Corollary 1.6],
we get the following exact sequence

0 — Homg(A, A) — Homg(F, F) — Home (1), H(F) /(1))

(20) 1 1
— Exty(A, A) — Exty(F, F) — 0

and an isomorphism EthQ (A, AN = ExtzQ (F, F).
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Take F = (’)?2. Since HY(F) = HO(L, O;Bz), any nonzero section s € H°(F) may
be seen as a non-zero map o : O — F. The sheaf 0 (Op) is a subsheaf of F obviously
isomorphic to Oy, and the pair (s, 0 (O )) shows that (s, F) is not ¢-semistable for any o >
0.

(al) If F = Oc¢(p) for a smooth conic C and p € C, a pair (s, F) for any non-zero
section s € H%(Oc¢(p)) is a-stable. In Lemma 5.16, we observed that dim ExtlQ (F,F)=6
and so we get dim ExtlQ (A, A) =7 by (20). Since the family of such pairs is 7-dimensional,
M (2, 2) is smooth at (1, F).

(a2) Take F = O, @ Oy, with two skew lines L1, Lo C Q. As in the following
item (d), any section s = (s1,s52) € H 0(F) with nonzero s and s, defines a-stable pair
(s, F) for any & > 0. Note that dimHomg (A, A) = 1 and dimHomg (F, F) = 2. Since
dim ExtlQ (F,F) = 6by Lemma 5.16, we have dim ExtlQ (A, A) = 6. Since the family of two
skew lines on Q is 6-dimensional, M*°(2, 2) is smooth at (1, F).

Let 91 be the closure of stable pairs of type (al) and 91, be the closure of stable pairs of
type (a2). By (al) and (a2), we get that 11 and 1, are two different irreducible components
of M*°(2, 2).

(b) Take F = Oc¢ with C € D;. We have F # (’)?2 as an Og-sheaf, because it is
not an O -sheaf. In particular £ is semistable and indecomposable. By (5) we have h°(F) =
2, h'(F) = 0 and the 1-dimensional vector space image V of H 00 by the map induced
by (5) is the 0M-cohomology H® of the nilradical of Oc. For any s € V \ {0}, the inclusion
(s, OL) — (s, F) shows that (s, F) is not ¢-semistable for any « > 0. Now take s € HO(]-")\
V.

Claim: (s, F) is a-stable.

Proof of Claim: Assume that (s, F) is not a-stable and take a proper subpair (s’, G)
with e (s’, G) > ue(s, F). We have G = Oy (a) for some a € Z. Since s’ # 0, we get
a > 0. Since (5) does not split as an Ogp-sheaf, we get that the inclusion G — F is the one
induced by (5) and hence s’ € V, a contradiction. O

Now for each a-stable pair A = (s, F), we have dimHomg (A, A) = 1 and dimHomg
(F,F) = 2. Thus we get dim ExtlQ(A, A) = 6. Note that any two suitable sections of
F define one isomorphism class of stable pairs (1, F) and so the family of such pairs is 5-
dimensional, because the dimension of D, is 5. Thus such pairs are contained in 91, and 91,
is smooth at (1, F).

(c)Let F = Or, ® Or, with D = L U L areducible conic and the singular point
p and then we have h%(F) = 2. Lets = (51, 52) € HO((’)L1 @ Or,) be a non-zero section.
If s; = 0, then the section (0, s2) factors through Oy, and it destabilize (s, F). Similarly we
get sp # 0. If both 51 and s are nonzero, then s gives an automorphism of F and so it does
not factor through any proper subsheaf. In particular, (s, F) is a-stable for any o > 0. Note
that dim Homg (F, ) = 2 and dimExtlQ(]-', F) = 8. Since dimHomg (A, A) = 1, we have
dim ExtlQ (A, A) = 8 by (20). Note that the family of this type of pairs is 5-dimensional and
it is contained in (9T N 2)red due to Lemma 5.6.
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(d) Let F be the non-trivial extension of C, by Op with D € Dy(L) and p € L. We
get hO(F) = 2 and there exists a unique section s up to constant, inducing an extension (14).
For any section s’ € HO(F) \ (s), we get an exact sequence (12) and it gives a stable pair
A := (s, F). Note that Homg (F, F) = 2 and dimExtlQ(]-', F) = 8 by Lemma 5.16. Since
dimHomg (A, A) = 1, we have dim ExtlQ (A, A) = 8. Note that the family of this type of
pairs is 4-dimensional and it is contained in (% N 9N2)req due to Lemma 5.6.

Now 91, is birational to Sym2 (P3) and so it is a rational variety of dimension 6. 91 is
birational to I, since its general point O¢ (p) with a smooth conic C and p € C is determined
by the pair (C, p). The incidence variety [; is a rational variety of dimension 7, since I is
isomorphic to the Grassmannian bundle Gr(2, T}P"‘(—l)‘Q) and TP“(—I)‘Q is trivial on a
nonempty subset of Q. |

REMARK 5.21. The forgetful map ¢ : M*°(2,2) — M(2,2) consists of two mor-
phisms ¢; : 9t — 9N, fori = 1, 2 that are surjective.

Recall that we have a morphism ¢ : H; — Hilb(2, 1) x Q sending [C] € H; to (D, p)
with the exact sequence

0—-Cp—>0Oc—0p—0,

where D is the maximal locally CM subscheme of C with pure dimension 1. Letting 77 :
I, — Hilb(2, 1) be the projection to 15-factor, we obtain the following diagram as a relation
between Hilb(2, 2) and M(2, 2).

1) Hilb(2,2) > H1 —— ¥~ (I} )rea
/|
I <——-—>M——=M>(2,2)
l lwl l«p
Hilb(2, 1) =L~ o, ¢ M(2,2)

By Proposition 5.5, each fibre of  is isomorphic to P! and fibres of 1 over G3 \ G, are
again isomorphic to P! Thus w1 o ¥ : ¥ (I))red = G3 \ G2 is a (P! x P!)-fibration. Note
that there exists a birational map n : I} --» 91 defined by (D, p) — Op(p) for a smooth
conic D and p € D.

REFERENCES

[1] E.ARBARELLO, M. CORNALBA AND P. A. GRIFFITHS, Geometry of algebraic curves Vol. II with a contri-
bution by J. Harris. Springer-Verlag, 2011.

[2] M. F. ATIYAH, Vector bundles over an elliptic curve, Proc. London Math. Soc. (3) 7 (1957), 414-452.

[3] C.BANICA AND O. FORSTER, Multiplicity structures on space curves, The Lefschetz centennial conference,
Part I (Mexico City, 1984), Contemp. Math., vol. 58, Amer. Math. Soc., Providence, RI, 1986, pp. 47-64.

[4] C.BANICA, Sur les Ext-globaux dans une déformation, Compositio Math. 44 (1981), no. 1-3, 17-27.



DOUBLE LINES ON QUADRIC HYPERSURFACES 473

[5] D.BAYER AND D. EISENBUD, Ribbons and their canonical embeddings, Trans. Amer. Math. Soc. 347 (1995),
no. 3, 719-756.

[6] J.CHOL K. CHUNG AND M. MAICAN, Moduli of sheaves supported on quartic space curves, Michigan Math.
J. 65 (2016), no. 3, 637-671.

[7]1 D. EISENBUD AND M. GREEN, Clifford indices of ribbons, Trans. Amer. Math. Soc. 347 (1995), no. 3,
757-765.

[8] H.G.FREIERMUTHAND G. TRAUTMANN, On the moduli scheme of stable sheaves supported on cubic space
curves, Amer. J. Math. 126 (2004), no. 2, 363-393.

[9] R. HARTSHORNE, Algebraic geometry, Springer-Verlag, New York-Heidelberg, 1977, Graduate Texts in
Mathematics, No. 52.

[10] R. HARTSHORNE, The genus of space curves, Ann. Univ. Ferrara Sez. VII (N.S.) 40 (1994), 207-223 (1996).

[11] R. HARTSHORNE AND E. SCHLESINGER, Curves in the double plane. Special issue in honor of Robin
Hartshorne, Comm. Algebra 28 (2000), no. 12, 5655-5676.

[12] M. HE, Espaces de modules de systemes cohérents, Internat. J. Math. 9 (1998), no. 5, 545-598.

[13] D.HUYBRECHTS AND M. LEHN, The geometry of moduli spaces of sheaves, second ed., Cambridge Mathe-
matical Library, Cambridge University Press, Cambridge, 2010.

[14] J.LE POTIER, Faisceaux semi-stables de dimension 1 sur le plan projectif, Rev. Roumaine Math. Pures Appl.
38 (1993), no. 7-8, 635-678.

[15] U. NAGEL, R. NOTARI AND M. L. SPREAFICO, The Hilbert scheme of degree two curves and certain ropes,
Internat. J. Math. 17 (2006), no. 7, 835-867.

[16] R. PIENE AND M. SCHLESSINGER, On the Hilbert scheme compactification of the space of twisted cubics,
Amer. J. Math. 107 (1985), no. 4, 761-774.

[17] C. T. SIMPSON, Moduli of representations of the fundamental group of a smooth projective variety. I, Inst.
Hautes Etudes Sci. Publ. Math. (1994), no. 79, 47-129.

UNIVERSITA DI TRENTO SUNGKYUNKWAN UNIVERSITY
38123 Povo (TN) SUWON 440-746
ITALY KOREA

E-mail address: edoardo.ballico@unitn.it E-mail address: sukmoonh@skku.edu




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


