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Abstract. Toponogov’s triangle comparison theorem and its generalizations are im-
portant tools for studying the topology of Riemannian manifolds. In these theorems, one as-
sumes that the curvature of a given manifold is bounded from below by the curvature of a
model surface. The models are either of constant curvature, or, in the generalizations, rota-
tionally symmetric about some point. One concludes that geodesic triangles in the manifold
correspond to geodesic triangles in the model surface which have the same corresponding
side lengths, but smaller corresponding angles. In addition, a certain rigidity holds: Whenever
there is equality in one of the corresponding angles, the geodesic triangle in the surface embeds
totally geodesically and isometrically in the manifold.

In this paper, we discuss a condition relating the geometry of a Riemannian manifold to
that of a model surface which is weaker than the usual curvature hypothesis in the generalized
Toponogov theorems, but yet is strong enough to ensure that a geodesic triangle in the manifold
has a corresponding triangle in the model with the same corresponding side lengths, but smaller
corresponding angles. In contrast, it is interesting that rigidity fails in this setting.

1. Introduction. Let us briefly recall the statement of Toponogov’s Triangle Com-
parison Theorem, also known as the Alexandrov—Toponogov Theorem.

THEOREM 1.1. Let M be a complete Riemannian manifold whose curvature is bounded
below by the constant k, and let M be the complete, simply connected surface of constant
curvature k. Given a geodesic triangle Aopq in M, there exists a geodesic triangle Nopq in
M whose corresponding sides have the same lengths as those in Aopq and which satisfy the
following three properties:

(1) Angle comparison: Each of the three angles in Aopq are less than or equal to the
corresponding angles of Nopgq, thatis Lo < Lo, Lp < /p,and /g < /q.

(2) Alexandrov convexity: dist(o, 6 (t)) < dist(o, o (t)) for all 0 < t < | where o and
o are the minimal geodesics of length | = dist(p, q) joining p to q and p and ¢
respectively.

(3) Rigidity: If equality holds in (1) or (2), then the interior of Ao pq can be isometrically
embedded as a totally geodesic surface in M.

Over the years, numerous differential geometers have developed generalizations of To-
pogonov’s Theorem in which the constant curvature surface is replaced by a surface M that
is rotationally symmetric about a vertex o with variable curvature « (r) depending on the dis-
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tance r from o, and in which the curvature of M at a distance r from a fixed base pointo € M
is bounded from below by « (r). For a sampling of the literature, see [4, 1, 7, 12, 13, 14, 9]. In
this setting one only considers geodesic triangles in M having a vertex at the base point 0. The
most general version [9], for which the existence of a geodesic triangle Ao pg in M satisfying
the conclusion of Toponogov’s Theorem is obtained for every geodesic triangle Aopg in M,
requires the cut points of every p € M to lie on the meridian opposite from p. This holds,
for example, when M is a von Mangoldt surface [18, 17]. On the other hand, some recent
versions relax the restriction on cut points in M , but then impose other restrictions [10, 6].

In this paper we replace the lower curvature bound by a weaker condition that we call
(1\7 , 0) has weaker radial attraction than (M, o). If L, and L; denote the distance func-
tions from o and o respectively, having weaker radial attraction means that given any pair of
geodesics, ¢ in M and o in M satisfying (L 0 6)(0) = (L, 0 0)(0) and (L; 0 6)/,(0) =
(Lo 00)',(0), then there exists an € > 0 such that (L;06)(t) > (L,o0)(t) forall0 <t < e.

We motivate the terminology by imagining a geodesic to be the path of a free particle
and thinking of a base point as a point of attraction. The condition on the pair of geodesics
can be interpreted as saying that if the distances of the particles from the base points and the
radial components of their velocities are equal at an initial time, then for a short time later, the
particle experiencing the stronger attraction moves so as to be closer to the base point than the
particle that is experiencing the weaker attraction.

Our main theorem, proved in Section 4, is the following:

THEOREM 1.2. Let M be a complete Riemannian manifold with a base point o, and
let M be a complete, simply connected surface which is rotationally symmetric about the
vertex o0 such that the cut locus of every point p lies in the opposite meridian of p. Assume
that (1\71 , 0) has weaker radial attraction than (M, 0). Then, for every geodesic triangle Aopq
in M, there exists a geodesic triangle Aopq in M whose corresponding sides are equal and
which satisfies the angle comparison and Alexandrov convexity in Toponogov’s Theorem.

Interestingly, rigidity fails in this setting. See Example 2 in Section 6. This shows that
the radial attraction condition is more flexible than the lower curvature bound and highlights
the essential role that curvature plays in the rigidity portion of Toponogov’s Theorem and its
generalizations.

In the course of proving Theorem 1.2, we establish a Maximal Radius Theorem [Re-
mark 4.8] when Mis compact.

In Section 5 we relate having weaker radial attraction to a comparison of the Hessians
of L, and L;, and as well as to a comparison of the principal curvatures of the geodesic
spheres about o to the curvature of the geodesic circles about o of the same radius. From this,
on account of the Hessian Comparison Theorem of Green and Wu [5], we conclude that if
the radial curvature of (M, o) is bounded from below by the curvature of the surface (1\71 ,0),
then (A71 , 0) has weaker radial attraction than (M, 0). The converse in general is false. (See
Remark 4.2 and Example 1 in Section 6.)
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In view of Proposition 4.13, (1\7[ , 0) necessarily has weaker radial attraction than (M, o),
if every geodesic triangle Aopg in M has a corresponding geodesic triangle Ao pg in M with
equal corresponding sides but smaller corresponding angles. This can be regarded as a partial
converse to Theorem 1.2.

2. Distance functions from a point. If M is a complete Riemannian manifold, the
distance between two points p and g in M will be denoted dist(p, g). The set of all min-
imizing geodesics joining p to ¢ will be denoted Geod(p, q). Any y € Geod(p, q) has
length dist(p, g) and will be parameterized by arclength. The distance function from p is the
function L, : M — R defined by L, (g) = dist(p, q).

2.1. The first derivative of L, along curves.
LEMMA 2.1. Let M be a complete Riemannian manifold, p € M and c : (a,b) - M
a C™ curve. Then for each s € (a, b) the left and right hand derivatives of L), o ¢ exist and
are given by
(Lp o), (s)=min{(c'(s),y' (1)) : ¥ € Geod(p, c(s))}
(Lpoc)_(s)=max {(c(s), ¥’ (D) : y € Geod(p, c(s))}
where | = dist(p, c(s)).
REMARK 2.2. Let C(p) denote the cut locus of p. If c(s) ¢ C(p), then (L, o c) (s)
exists and equals {c'(s), y'(L p(c(s)))) where y is the unique minimizing geodesic from p

to c(s). This is a consequence of the first variation formula. Thus the lemma gives new
information when c(s) € C(p). For a more general lemma of this type, see [8, Lemma 2.1].

PROOF. Set f = L, o c. Fix s9. Let y be any minimizing geodesic joining p to c(so).
Let p be a point on y between p and c(sp). Then c(sp) ¢ C(p), and setting

2.1 f(s) =dist(p, c(s)) + dist(p, p),
one obtains
£(s0) = (¢'(s0). ¥ (f (50)))
by the first variation formula (see above remark). By the triangle inequality
f(s) < f(s) forall s.
Also f(so) = f(so) because y is minimizing. Hence, if 4 > 0,

fGso+h) — fso0) _ fso+h) = f(s0)

2.2) p < -
and
23) floo=h) = fls0) _ flso=h) = f(s0)

—h —h
Taking lim sup,_, ¢+ of equation (2.2) and liminf,_, ¢+ of equation (2.3) give

DT f(s0) < DT f(s0) = f'(50)
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and

D_f(s0) = D_f(s0) = f'(s0)

where DT and D_ denote the upper right and lower left Dini derivates respectively. Conse-
quently, since y € Geod(p, c(so)) is arbitrary,

24 D* f(s0) < min {(c'(s0), ¥'(f(50))) : ¥ € Geod(p, c(s0))}
and

(2.5) D_ f(s0) = max {(c'(s0), ¥'(f(50))) : ¥ € Geod(p, c(50))} -
On setting

fi(s) = min {(c'(s), ¥’ (f(s))) : ¥ € Geod(p, c(s))}
and

fi(s) = max {(c'(s), ¥'(f(5))) : ¥ € Geod(p, c(s))}
it follows that

(2.6) liminf A(s) = ji(so) -

S—)SO
To prove this, let s, be a decreasing sequence converging to so such that (i(s,) converges to

liminf_, st i1(s). Then there exists a sequence of minimizing geodesics y, from p to c(sy)

such that (s,) = (¢(sn), ¥, (f(sn))), Which on passing to a subsequence may be supposed
to converge to a yp € Geod(p, c(sp)). On passing to the limit we have

liminf A (s) = (c/(s0), 5 ((f (50))) = fi(s0)

$=50
by definition of ji(sg). Consequently, for every m < fi(so) there exists a § > 0 such that
as)>m if so<s<so+6.
Thus by equation (2.5)
D_f(s)y>m if sp<s<so+4.

Therefore, for every so < s < sg + &, there exists an n = n(s) > 0 such that

fO-fs—h

W m whenever 0 <h <.

Consequently,
f(s) > f(so) +m(s —so) forall sop<s <s9+96

because f is continuous, that is,

f&) = fG0)

s — 80

if sop<s<sop+86.

Therefore D4 f (so) > m. Butm < [i(so) is arbitrary, so that D f(so) > [t(so). Therefore
fi(s0) < D+ f(s0) < D* f(s0) < fi(s0)



LOWER CURVATURE BOUND IN TOPONOGOV’S COMPARISON THEOREM 309

where we used (2.4). Therefore

.7 f1(s0) = fi(s0) -
By a similar argument
(2.8) fL(s0) = fa(s0) -

a

COROLLARY 2.3. Under the hypothesis and notation of the previous lemma, for all
s € (a,b),

fL(s) = fi(s).

Equality holds, that is, f is differentiable at s, if and only if tangent vectors y'(f(s)) at
c(s) to every y in Geod(p, c(s)) make the same angle with c'(s), that is, they lie in the set
(X € TuyM : (X, /() = ) where i = [i(s) = A(s).

REMARK 2.4. Since the function f is locally Lipschitz, f'(s) exists for almost all s
[15, pp.105-108]. Moreover, f” is integrable, f} = f’ almost everywhere, and

51
f(s1) — f(s0) = / fi(s)ds.
50

2.2. The second derivative of L, along geodesics. Leto : (a,b) — M be a unit
speed geodesic in M. If o(so) ¢ C(p) U {p}, then L, o o is smooth near sy, and its second
derivative at sy can be computed by means of the second variation formula. Let y : [0, ] —
M be the unique minimizing geodesic joining p to o (sg), and let J be the Jacobi field along
y satisfying J(0) = 0 and J (I) = o’ (sp). We have

!
(2.9) (Lpoo)'(so) = / (Vrd, Vi) —(RU,T)T,J) = (VrJ, T)dt
0

where T = y’ is the tangent velocity vector field along y. It might be noted that the term
(VrJ, T) is aconstant equal to (L, o )'(0)/1. (See [3, p. 19].)

Since L is smooth in the open complement of C(p) U {p}, its Hessian VZLI7 is the
symmetric tensor field defined by

(2.10) V2L, (X,Y) = X(Y(L,)) —dL,(VxY)

for two smooth vector fields X and Y in the complement of C(p)U{p}. Thusif ¢ is a geodesic
in M with o (sg) in M\C(p) U {p}, then

(2.11) (Lpo0)(s0) = V2L, (' (50), 0/ (50)) .

On the other hand, when o (so) is in the cut locus of p, L, o o may fail to be smooth
near so. However in this case we can construct smooth upper support functions for L, o o
near so, that is, smooth functions F with F(s) > L, o o (s) for all s near sy and which satisfy
F(so) = L, o o (so). The construction goes as follows: Let y : [0, /] — M be a minimizing
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geodesic joining p to o (sp) and let V be a piecewise smooth vector field along y that satisfies
V(0) = 0and V() = 6’ (s0). Let vs(r) be the variation of y defined by

(2.12) Vs (1) = exp,, (s V(1))
and set
I
(2.13) Fy(s) = L(vs) =/ (v (1), vé(t))%dt
0

where £ denotes the arclength. Obviously, Fy satisfies the conditions of being an upper
support function for L, o o near so. Applying the second variation formula gives

PROPOSITION 2.5.
i
Fy(s0) = / (VrV,VrV) —(R(V,T)T, V) — ({(VrV,T))dr.
0

PROOF. The boundary terms in the second variation formula [3, p. 20] vanish since the
transverse curves are geodesics. o

By choosing nice vector fields V we can obtain useful formulas for the second derivative
of certain upper support functions. For example, let P denote the parallel transport of o”(sg)
along y. For any 79 between 0 and [, y (fp) ¢ C(p). Thus it is possible to define a unique
Jacobi field J satisfying J(0) = 0 and J (#p) = P ().

COROLLARY 2.6. Let V(t) = J(t) forO <t <tyand V(t) = P(t) forto <t <.
Then V is piecewise smooth and

I
F{/(s0) = VZL,(P(t0), P(t0)) — (1 — (P, T)2)/ (P AT)dt

fo

where k(P A T) is the sectional curvature of the 2-plane spanned by P and T .

PROOF. Using additivity, write the integral in the Proposition 2.5 as the sum foto + fzf)
The first integral reduces to Vsz(P(to), P(t)) by (2.9) and (2.11) because J is a Jacobi
field. Since P is parallel, the second integral reduces to fti) —(R(P,T)T, P)dt. Finally recall
that

(P AT) = (R(P, T)T, P) _ (R(P,T)T, P)
|P2IT|> — (P, T)? 1—-(P,T)?

It is important to note that the denominator is constant for 7o < ¢ < [ because P and T are
parallel unit vector fields. O

The integral of the curvature in Corollary 2.6 can be made arbitrarily small by choosing
to sufficiently close to /.

As an aside we point out that the upper support function f defined in equation (2.1) can
be obtained through the construction of Proposition 2.5 by taking V to be equal to 0 between
p and p, and equal to the Jacobi field J with J(p) = 0 and J (o (sg)) = o’ (s0) between p and
o (s0).
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2.3.  Geodesic spheres and the Hessian of L,. If g € M is not in the cut locus of
p € M, there is a unique geodesic y € Geod(p, q). We will let T be the tangent vector to y
at g. Through such points g there passes the geodesic sphere centered at p of radius dist(p, q)
which is a smooth hypersurface in a neighborhood of g with unit normal 7" at g. We will let
11, denote the second fundamental form of that hypersurface at g.

PROPOSITION 2.7. If X and Y are tangent at q to the geodesic sphere centered at p
passing through q then

V2L,(X,Y) = —(T, [1,(X,Y)).

PROOF. Extend X and Y to smooth vector fields denoted by the same letters in a neigh-
borhood of ¢ which are tangent to the geodesic spheres centered at p in that neighborhood.
By definition of the Hessian we have

V2L,(X,Y)=X(Y(Lp)) —dL,(VxY) = —(T, VxY)
= —(T, [1,(X,Y))

when evaluated at g, since Y (L) = 0 because Y is tangent to the geodesic spheres on which
L, is constant, and since T is equal to the gradient of L, at g. O

3. Model surfaces. Let M be a simply connected, complete surface which is rota-
tionally symmetric about the vertex o. If M is compact, then M is diffeomorphic to the sphere
S2. In this case, we let &’ denote the point which is at the maximum distance £ from o. If M
is not compact, then M is diffeomorphic to the plane R?, and we set £ = 00.

In the normal polar coordinate system centered at 0, the Riemannian metric on M takes
the form:

ds* = dr* + y(r)*de?
where y is a smooth function that satisfies y(0) = 0 and y’(0) = 1, and is strictly positive
for r in the open interval (0, £). Since the Riemannian metric on M is smooth, the function
y extends to a smooth odd function y : R — R, that is, y(—r) = —y(r). In addition,
when £ is finite, y satisfies y(¢) = 0 and y'(£) = —1, and is antisymmetric about ¢, that is,

y(r — £) = —y(£ — r). Consequently, the extended function y is periodic with period 2¢.
In polar coordinates, geodesics y (t) = (r(t), 6(t)) satisfy the differential equations:

=)y (r6?
y'(r)
y(r)
where the dot indicates differentiation with respect to . Since y is assumed to be unit speed,
we also have 72 + y(r)?6% = 1. Besides this, it is well known that the quantity

o DN
G.D) (7). 55) = v

is constant along y. It is known as Clairaut’s constant. ([16, pp. 212-213] is one reference for
this material.)

6=-2 oF
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We will be concerned with the set M+ of points in M that satisfy 0 < 6 < 7 and
0 < r < £ and its interior int(M ™) of points satisfying 0 < 8 < 7 and0 < r < £.

DEFINITION 3.1. For0 <6 < and 0 < ¢ < 7, define the functions

Dy :(0,0) x [0,£) > Rt
Ry : (0,0) x [0,00) - RT

as follows: Dy (r1, r2) = L;(g) where p has coordinates (r1,0) and g € M™ has coordinates
(r2,6). Ryp(r1,t) = L;z(o(t)) where o is the unit speed geodesic starting at p = (1, 0)
making an angle ¢ with the meridian & = 0. In particular cos ¢ = (%, o’ (0)).
PROPOSITION 3.2. Dy and Ry have the following monotonicity properties.
(1) For fixed (r1,r2) € (0,£) x (0,£), Dg(r1,rp) is strictly increasing for 0 < 6 < m.
(cf. [9, Lemma 2.1] or [16, Lemma 7.3.2].)
(2) For fixed ry € (0,4), if t is less than the injectivity radius of p, then Ry(r1,1) is
strictly decreasing for 0 < ¢ < m. (c¢f. [11, Lemma 5.1].)

PROOF. (1) Fix (r1,r) € (0,£) x (0, £) and set f(0) = Dg(r1,r2). Let p = (r1,0),
and let §(0) = (r2,0) for0 < 6 <. Then f(0) = L5(¢(®)) and f'(0) = (G'(0), v, (f ()
for some minimizing geodesic yy joining p to ¢(6). Thus f (6) = (%, Yy (f(6))) is equal to
Clairaut’s constant for the geodesic yy. Hence f J’r @ >0 v&ihen 0 < 6 < m, because by (3.1)
the Clairaut constant of any geodesic from p entering int(M ™) is strictly positive. Therefore
f is strictly increasing on [0, r].

(2) Setting p = (r1, 0) and oy equal to the unit speed geodesic from p making the angle
¢ with the meridian & = 0, it is clear that if # is less than the injectivity radius of p, then o (¢),
0 < ¢ < 7, traces out a smooth geodesic semicircle centered at p in M+, Obviously the only
critical points of L; restricted to this semicircle are a maximum at ¢ = 0 and a minimum at
$=m. O

The above proof shows that for fixed (r1,r2) € (0,£) x (0, £), the function Dg has a
positive right-hand partial derivative 8; Dg(r1, r2). We can say more.

LEMMA 3.3. Fixry € (0, %), and let K be a compact subset 0fint(1\7l+). Then there
exists a constant C > 0 depending on r1 and K such that 8; Dg(r1,r) > C whenever
(rn,0) e K.

PROOF. The constant C is the infimum of the set of Clairaut constants of the minimizing
geodesics joining the point p = (1, 0) to the points of K. The infimum is positive because no
sequence of minimizing geodesics from p to points of K converges to a geodesic contained
in the union of the meridians ® = 0 and 6 = . O

COROLLARY 3.4. Let K = {G € M* : § = (r,0) € I, x I} where I, C (0, £)
and I C (0, ) are closed bounded intervals. Suppose p = (r1,0), g1 = (2, 61), and
G2 = (r2,62). If 41, G2 € K and 6, > 0y, then

L;(q2) — Lj(q1) = C(62 —61)
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where C > 0 is the constant associated with K in Lemma 3.3. (cf. [10, Lemma 4.2].)

PROOF. The curve c¢(f) = (r2,0) for 0 < 6 < m is smooth in M. By definition
(Ljo o) ()= BJDQ (r1, r2). Thus, by Remark 2.5 and Lemma 3.3,

)

)
L5(q2) — L3(q1) = L(c(02)) — L (c(h)) = ; (Ljoc) (0)do > /9 cdo.
1 1

a

4. A generalized Toponogov theorem. The sides of a geodesic triangle Aopg in a
Riemannian manifold will always be minimizing geodesics joining the vertices, which are
assumed to be distinct points. Although the notation Aopqg is ambiguous when there are more
than one minimizing geodesic joining a pair of the vertices, there should be no confusion as
it will always be clear which geodesic is part of the triangle. If the lengths of the sides of a
geodesic triangle Aopg in the model surface are equal to the lengths of the corresponding
sides of Aopg, that is, dist(o, p) = dist(o, p), dist(o, q) = dist(o, q), and dist(p, g) =
dist(p, q), then Aopg will be called a corresponding triangle of Aopgq.

DEFINITION 4.1. The model surface (1\7 , 0) is said to have weaker radial attraction
than the pointed complete Riemannian manifold (M, o), if, for any unit speed geodesics o, &
inM, M respectively satisfying L, 00 (0) = L;06(0) < £ and (L,00), (0) = (L;06)’,(0),
then there exists an € > 0 such that L, o o0(t) < Lz o6 (¢) forall 0 < t < €. Recall
£ = max;_j; dist(0, X) in the case that M is compact, and £ = oo if M is not compact.

REMARK 4.2. Iftheradial curvature of M is bounded below by M , then M has weaker
radial attraction than M by the corollary to the Berger-Rauch Theorem [3]. An alternative
argument is given in Section 5. It is possible for M to have weaker radial attraction than M
but not to bound the radial curvature from below. For this see Remark 5.2 and Example 1 in
Section 6.

The portion of a geodesic ray emanating from o € M up to and including the cut point
to o is a maximal minimizing geodesic emanating from o. Of course, if there is no cut point
on the ray, then the entire ray is a maximal minimizing geodesic.

DEFINITION 4.3. We define an axis of (M, o) to be the union of two maximal min-
imizing geodesics emanating from o whose initial tangent vectors are the negatives of each
other. Clearly, given a minimizing geodesic segment y in M joining o to a point p # o, then
there exists a unique axis A of (M, o) containing y .

From now on assume that the model surface (]l71 , 0) has weaker radial attraction than
the complete pointed manifold (M, o) and that for each p in M the cut locus C (p) of p
is contained in the opposite meridian. Thus for each g € int(M) there exists exactly one
minimizing geodesic from p to ¢ contained in M™. Fix p € M with dist(o, p) < ¢, and let
Aopg be a geodesic triangle in M. Let A denote the axis containing the side op of Aopgq.
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LEMMA 4.4. Assume q ¢ A, and suppose L,(q) < € and dist(p, q) < D (Lo(p),
Lo(q)). Then there exists a corresponding triangle Ao pg which satisfies Alexandrov convex-
ity.

PROOF. The hypotheses on g imply that there exists a unique corresponding triangle
A= Aopg with8(p) =0and g € int(A’ZJr). Following the argument in (Section 4.1, [12]),
we deform A through a family A® for 0 < s < 1 with A! = A,

During the first stage of the deformation, we shorten the two sides meeting o, but keep the
length of pg fixed. In detail, set [y = dist(p, g) = dist(p, g). Since lo < D (Lo(p), Lo(q)),
there exists an s € (0, 1) such that foralls < s < 1,1y < Dz(sL,(p),sL,(q)). Conse-
quently, if s < s < 1, there exists a unique geodesic triangle Aopg, such that 6(ps) = 0,
s € int(M*), Ls(ps) = sLo(p), L5(@s) = sLo(q), and dist(ps, §s) = lo. For such s, set
A = Aopsqs, and let o : [0, [g] — M™ be the minimizing geodesic joining p; to gs.

During the second stage of the deformation, the lengths of the two sides meeting o are
fixed while the base angle decreases to 0, and the side opposite o is a broken geodesic of
total length dist(p, ¢). In detail, for every 0 < s < 5, let p; = ps, and let g; be the unique
point in M+ satisfying L5(gs) = L5(gs) and 0(Gs) = $6(gs). If ys denotes the minimizing
geodesic joining o to g, then by the triangle inequality, the function Fi () = dist(ps, ys(?)) +
dist(gy, ys(¢)) is strictly decreasing. Since by Proposition 3.2

F5(0) = Ls(ps) + L3(qs) = Dr(5Lo(p),SLo(q)) > lo

and

lo = Dog5)(5Lo(P), SLo(q)) = Dy(g,)(SLo(p), 5Lo(q)) = dist(py, Gs) = Fy(dist(0, g5)) ,

there exists a unique f; such that Fy(t;) = lp. Set dy = dist(ps, ys(t5)). Thus the broken
geodesic o : [0, o] — M+ consisting of the minimizing geodesic %S 1 [0, ds] — M+ from
Ds to ys(ty) followed by the minimizing geodesic o5 : [ds, lp] — M *from 7, (t;) to s has
total length /o and will be regarded as the side of A* joining p; to g.

Let o : [0,lp] — M be the side of the triangle Aopg joining p to g. Set f(t) =
dist(o, o (1)) and f*(tr) = dist(o, o°(¢)) for 0 < ¢t < Iy = dist(p, ¢). Then, by construction,

(1) £°@0) < f(O0)and f*(lo) < fo) for0 <s <1,

2) f5@t) < f@t)fordy <t <lpwhen0 <s <3,

(3) f*(¢) is continuous in s and ¢, and

@ o<
Continuity (3) holds because we have assumed there are no cut points of py in int(A71 *) so
that 0%, o], and o, depend uniquely and continuously on their endpoints.

We must show that f! < f. Letsp = sup{s € [0,1] : f* < f}. If 59 = 1, we are
done. If not, by (1), (3) and (4), then (i) f*0(¢) < f(¢) forall ¢t € [0, lp], and (ii) there exists a
to € (0, lp) such that f*°(tp) = f(t). Moreover, by (2) we even have 1y € (0, dy,) if so <'5.
Thus f*° is smooth at #p. Using Corollary 2.3, it follows that

(f*) (t0) = f(10) = fi(to) = (f*°) (t0) .
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Thus f/ (to) = fi(to) = (f*) (o). By the hypothesis of weaker radial attraction, there
exists an € > O such that f(t) < f%(¢) forall |t — 19| < €. Thus by (i), f(t) = f*0(¢) for all
|t — t9] < €. Consequently the set where f = f*0 is both open and closed, as well as being
nonempty, and thus equals the entire interval [0, [p]. But this contradicts (1) because sop < 1.
Therefore s) = 1 and f! < £, thereby establishing Alexandrov convexity. O

REMARK 4.5. The proof shows that either fl(t) < f(¢)forall0 <t < lp,or fl(t) =
f (@) forall ¢t € [0, Ip].

LEMMA 4.6. Alexandrov convexity implies the angle comparison at the top angles.
PROOF. Starting with L, o0 (t) > L 06 (t) and L, 0o 0(0) = L; 0 6(0) < £ we have
cos(mr —a) = (Lo 00) (0) > (L;05), (0) =cos(r — @)

where « and & are the angles at the top left corner of the triangles. Thus @ < «. Similarly for
the upper right vertex, but now using the left-hand derivatives. O

LEMMA 4.7. Ifq ¢ Aand L,(q) < ¢, then dist(p, q) < Dz (Lo(p), Lo(q)). (cf. [6,
Assertion 25].)

PROOF. Consider the triangle Aopg in M. We need only consider the case that for each
q’ on the geodesic y joining o to ¢, then dist(p, ¢') < D (Lo(p), Lo(q")). For each y(r)
for 0 < t < dist(o, q), let y(¢) be the vertex of the triangle corresponding to Aopy (t). One
proves that 6 (y (¢)) is nonincreasing, and consequently that 6(y (¢)) < B where 8 < 7 is the
angle at 0 in Aopgq. Thus dist(p, y (t)) < Dg(Lo(p),t). Thus letting ¢ approach dist(o, q),
we have by Proposition 3.2

dist(p, q) = Dg(Lo(p), Lo(q)) < Dx(Lo(p), Lo(q)) -

To show that the function A(¢) = 6 (y(¢)) is decreasing, it suffices to show its upper right
Dini derivate satisfies D+é(t) < Oforall ¢ € (0, dist(o, g)). If not, suppose that D+é(t0) >0
at some fy. Let 7 be the meridian from 6 running through  (z9). Then L;(7 (1)) = L;(7(t)) =
Lo(y (1) = t and (7 (1)) = O(to) for all t. Set Co = D d(tg) > 0. Thus there exists a
sequence h; > 0 converging to 0 as k — oo such that é(to + hy) — é(to) > Cohy for all
k. Taking a compact neighborhood K of 7 (f9) = 7 (fp) contained in int([\71 *) of the form in
Corollary 3.4, there exists by that corollary a constant C; > 0 such that L;(y (to + hi)) —
L@ (to + i) = C1(@(to + hi) — B(t0)) > CoCihy for all sufficiently large k. Since

L;(y(to+h) — LV (to+ h))

h
_ Lo+ m) —Ls(7(0) Lo +h) = Ly (0)
h h
_Lyrlo+m) —Ly(y()) Lo +h) = L7 (0)
h h

it follows that (L, o )’ (to) — (L5 o %) (to) = CoC1 > 0. On the other hand, if « is the
upper right vertex angle of Aopy (tp) and & that of Aopy (tp), then by Lemma 4.6 , & < «.
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Thus (Lj o ¥) (to) = cos@ > cosa > (L, o y)/, (tp) which is a contradiction. Thus 6 is
decreasing.

To finish the proof, we will show that é(0+) = lim,_, o+ é(t) < B where 8 is the base
angle of Aopg. Pick an arbitrary angle E > B and let ¥ be the meridian with 8(y (1)) = Ein
M™. Then

(Lp o 7Y} (0) < cos(r — B) < cos(r — B) = (L 07),(0) .
Thus there exists an € > 0 such that L;(y(¢)) = L,(y (1)) < L[;(')?(t)) forall0 <r < €.

Thus, for all such 7, é(t) = 0(y@) < Eby Proposition 3.2(1), and hence §(0+) < E
Therefore (01) < B because E > B was arbitrary. O

LEMMA 4.8. Ifqg & Athen Ly(q) < L.

PROOF. We may assume £ < oo as otherwise there is nothing to prove. If L,(g) £ ¢,
there exists a point ¢’ on the minimizing geodesic joining o to g such that L,(q") = ¢.
Since ¢ ¢ A, neither is g’. Choose a sequence of points g, along the geodesic from o to g’
converging to ¢’. Then g, ¢ A and L,(g,) < £. Hence dist(p, gn) < D (Lo(p), Lo(gn)) by
Lemma 4.7. Thus on taking limits as n approaches infinity,

dist(p. ") < Dx(Lo(p), ©) = £ —dist(o, p).

Therefore dist(o, p) + dist(p, ¢’) = £ = dist(o, ¢’) by the triangle inequality. Thus ¢’ lies on
the axis A. This is a contradiction. O

REMARK 4.9. By taking arbitrary points p, every maximal minimizing geodesic em-
anating from o can be considered to be part of an axis. Thus if there exists a point g with
dist(o, g) = £, the above argument implies that ¢ is the cut point at distance £ along every
geodesic emanating from o. We can conclude that M is homeomorphic to a sphere. (See [2,
Chapter 5].) This is a version of the Maximal Radius Theorem.

The next statement is an immediate consequence of the previous lemmas.

COROLLARY 4.10. Ifq ¢ A, there exists a corresponding triangle satisfying Alexan-
drov convexity and the angle comparison. Moreover, L,(q) < £ and dist(p, q) < Dz (Lo(p),

Lo()).

THEOREM 4.11. For every geodesic triangle Aopq with dist(o, p) < £, there exists a
corresponding triangle satisfying Alexandrov convexity and the angle comparison. Moreover,
Lo(gq) = €anddist(p, q) < Dz (Lo(p), Lo(q)).

PROOF. By Corollary 4.10, it suffices to let ¢ € A. Since g is in the closure of
M\A, it follows from Lemma 4.8 that L,(¢) < £ and |L,(p) — L,(q)| < dist(p,q) <
D (Lo(p), Ly(q)). There are three cases to consider.

Case 1 : dist(p, q) = |Lo(p) — Lo(q)|. (a) If dist(p, 0) = dist(p, q) + dist(o, q), Aopg
is degenerate with /g = w and /p = 0 = Zo. The corresponding geodesic triangle Ao pg
exists and is a similarly degenerate triangle in which equality holds in Alexandrov convexity
and the corresponding angles are equal. (b) If dist(o, p) + dist(p, g) = dist(o, g¢), which by
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Remark 4.9, occurs when L,(q) = ¢, then /p = m. The corresponding geodesic triangle
is a degenerate triangle whose sides are all contained in the meridian through p and satisfies
/p =m and Lo = /g = 0. Thus the angle comparison holds and Alexandrov convexity is
easily checked.

Case 2: L,(q) < £ and |Ly,(p) — Lo(q)| < dist(p,q) < Dn(L,,(pN), Ly(g)). In this
case there exists a corresponding geodesic triangle Aopg with ¢ € int(M ™), and thus the
argument of Lemma 4.4 proves Alexandrov convexity, and consequently the angle comparison
by Lemmas 4.6 and 4.7.

Note that if there is a minimizing geodesic joining o to ¢ which is not contained in A,
then Case 2 occurs, assuming we are not in Case 1. Let y be a minimizing geodesic joining o
to g and not contained in A. Consider the geodesic triangles Aopy (¢) for 0 < ¢t < dist(o, q).
Then y () ¢ A, and the base angles of these triangles are a constant 8 with 0 < 8 < 7. Thus
by Lemma 4.7, dist(p, y (¢)) < Dg(Lo(p), Lo(y(?))). On taking the limit as ¢ approaches
dist(o, g) we obtain dist(p, g) < Dg(Lo(p), Lo(q)) < Dz (Lo(p), Lo(q)).

Case 3: Ly,(q) < €, dist(p, q) = Dy (Ly(p), Lo(q)) and the minimizing geodesic join-
ing o to ¢ is unique and contained in A. In this case Zo = m. There are two subcases
to consider. (a) If dist(p, g) = dist(o, p) + dist(o, g) then there exists a degenerate corre-
sponding triangle Aopg with /6 = 7 and /p = /g = 0. Hence the angle comparison
holds and one checks that so does Alexandrov convexity. (Note that g lies in the segment of
the meridian opposite to p between the vertex o and the first conjugate point to p.) (b) If
dist(p, g) < dist(o, p) + dist(o, q), then the minimal geodesic o from p to g is not con-
tained in A. We may then take a sequence of points g, along o which converge to g. Thus
gqn € M\ A, and the sides and angles of the sequence of the geodesic triangles Aopg, converge
to the corresponding sides and angles of Aopgq, since by construction, the sides pg, converge
to the side pg, which is o, and the sides 0g, converge to og by uniqueness of the side oq.
Since g, ¢ A, there exist corresponding Alexandrov triangles Aopg, which satisfy both the
angle comparison and Alexandrov convexity. By taking a subsequence we may assume that
the Aopg, converge to a geodesic triangle Ao pg which therefore is a corresponding triangle
for Aopg. (Note that g lies in the interior of the cut locus of p.) O

REMARK 4.12. Inthe above argument we assumed that dist(o, p) < £. If dist(o, p) =
£, then by Remark 4.9, { p} = C(0). Thus in the triangle Aopgq, we would have dist(o, q) < £,
and could argue as above with ¢ instead of p to complete the proof of Theorem 1.2.

We conclude this section by noting that weaker radial attraction is the optimal hypothesis
to prove Toponogov’s theorem.

PROPOSITION 4.13. Let (M, 0) be a pointed Riemannian manifold, and let (1\71, 0) be
a model surface. Assume that for every geodesic triangle Aopq in M there exists a geodesic
triangle AOpq in M whose corresponding sides have the same length and smaller angles than
those in Aopq. Then (1\71 , 0) has weaker radial attraction than (M, 0).
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PROOF. Let o and 6 be geodesics in M and M respectively that satisfy L,(o(0)) =
L5(5(0)) < £ and (L, 0 0), (0) = (Lj o 7)), (0). Pick geodesics y and 7 in M and M
respectively joining o to p = ¢ (0) and & to p = & (0) respectively such that (y'(p), o’ (0)) =
(Lo 0 0)(0) and (p'(p),6'(0)) = (Ls o )’.(0). Thus the angle between y and o at p
equals the angle between y and & at p. Let ¢ be less than the injectivity radius of M at D,
and consider the geodesic triangle Aopo (t). By hypothesis there exists a geodesic triangle
Aopg in M corresponding to Aopo (t) such that dist(p, g) = t, dist(o, g) = dist(o, o (1))
and /p < /p. Since t is less than the injectivity radius at p, Proposition 3.2(2) implies

L;(0(1)) = L5(q) = Lo(o (1)) .

Thus the weaker radial attraction condition holds taking € equal to the injectivity radius at
p- O

5. Hessian comparison. Again let M be a complete Riemannian manifold with base
point o, and let M be a model surface of revolution with vertex . Recall that the radial cur-
vature of M is bounded from below by M if for every p € M and p € M with dist(o, p) =
dist(o, p) the sectional curvature of every 2-plane at p containing a tangent vector to a mini-
mizing geodesic from o to p is greater than or equal to the curvature of M at p-

The next proposition is an immediate consequence of the Hessian Comparison Theorem
in [5] and serves to motivate Theorem 5.3.

PROPOSITION 5.1. Assume that the radial curvature of M is bounded below by M,
then the Hessian of L; dominates the Hessian of L, thatis, if p € M and p € M with
Lo(p) = L;(p) are not cut poznts of o and o respectlvely, and X € TyM, Xe T; M, satisfy
| X]| = |X | and (T, X) = (T X ), where T and T are the tangents to the minimizing geodesics
Jjoining o and o to p and p respectively, then

V2Lo(X, X) < V2L;(X, X).

REMARK 5.2. The converseis false. As a counter example take M to be the Euclidean
plane with metric in polar coordinates dr> +r2d6? and M to be the surface of revolution with
metric dr? + (re"2)2d92. Then the Hessian of L; dominates that of L, because

5(r) Yy _1-27
3(r) v T r

However, M is flat, while the curvature of M satisfies k (r) = 6 — 4r2 < Owhenr > /3 /2.
In fact the negative curvature is unbounded. More examples are constructed in Section 6.

1
= — >
P

THEOREM 5.3. The following are equivalent:

(1) The Hessian of L; dominates the Hessian of L,.

(2) The principal curvatures of the geodesic spheres about o are bounded from below by
the curvature of the geodesic circles about o of the same radius.

3) M has weaker radial attraction than M.
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PROOF. (1) and (2) are equivalent on account of Proposition 2.7. Clearly (3) implies
(1). The proof that (1) implies (3) will be broken down into a sequence of lemmas.

LEMMA 5.4. Given 0 < ry < ry < ¥, then for all sufficiently small § > 0 there exists
a model surface 1\715 such that the Hessian of L,; dominates the Hessian of L and moreover
satisfies
VZLoy =V?L5+6
on the interval [r1, r2]. Furthermore, as § — 0%, 1\73 converges to M in the disk of radius r;

about the vertex.

PROOF. In a model surface M with metric dr? + y(r)2d6?, the Hessian of L; takes the
form

y'(r)
y(r)
(See [5, Prop. 2.20].) Thus we need to construct a ys that defines 1\715 such that

V205X, Y) =

(X, Y) = (X, T)(Y.T)) .

Y _ ys5(r)
y@r) — ys(r)

5.1

for all r and

Y@ %0
y(r) ys(r)
for r1 <r < ry. The details are presented in Example 3 in Section 6. d

(5.2)

LEMMA 5.5. Given 0 < r; < rp < £, let § > 0 be sufficiently small so that 1\715
satisfies Lemma 5.4. Let o, 6, and s, be geodesics in M, M, and Ms respectively such that
r1<Lyoo(0)=L;s06(0) =L, 005(0) <r

and (L, 0 0)/, (0) = (L 06),(0) = (Lo, 0 05),,(0). Then there exists an € > 0 such that
Losoos(t) > Lyoo(t)forall0 <t < e. In other words, 1\73 has weaker radial attraction
than M in the regionry <r < rj.

PROOF. Set 0(0) = p, 0'(0) = X, 6'(0) = X and 0{(0) = X;. We may assume
X # £T, where T € T, M is the tangent vector to the minimizing geodesic y from o to p
such that (X, T) = (L, o a)/+(0), otherwise the result is immediate. Under this assumption,
we have

(5.3) V2Lo(X, X) < V2L5(X, X) < V2 L5(X, X)+8(1X|>— (X, T)*) = V>Ly(Xs, X5) ,

by Lemma 5.4, where T is the unit radial tangent vector at & (0).
First suppose p ¢ C(o), then L, o o is smooth in a neighborhood of 0. By equations
(2.11) and (5.3),

(Ly00)'(0) = VZLo(X, X) < V2L,s(Xs, X5) = (Lo 0 05)"(0).

Thus there exists an € > 0 such that L, oo (t) < L,; o o5(¢) when0 <t < €.
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On the other hand, if p € C(0), then it is possible to use Corollary 2.6 to construct an
upper support function Fy for L, o o that satisfies

(5.4 Fy(0) < V2L (X5, X5) = (Lo; 005)"(0),

and therefore there would exist an € > 0 such that L, o o(¢) < Fy(t) < L, o 05(t) when

0 <t < e. To accomplish this, observe that n = VZLOS (X5, X5) — VZL,,(X, X) > 0 by

equation (5.3). It then suffices to choose 7y in Corollary 2.6 close enough to [ = dist(o, p) so

that both |V2L,(X, X) — V2L, (P(ty), P(t9))| < n/2 and
l

‘(1 — (P, T>2)/ k(P A T)dt

]

<n/2

where P is the parallel vector field along y. For then by Corollary 2.6,

l
(5.5 Fy(0) = V2L (P(to), P(t9)) — (1 — (P, T)2)/ K(P AT)dt < V2Los (X5, Xs) .
fo
O

LEMMA 5.6. Given 0 < r; < rp < £, let § > 0 be sufficiently small so that 1\715
satisfies Lemma 5.4. Let Nopq be a geodesic triangle in M such that r1 < L,(p) < 1,
dist(o, p) — dist(p, g) > ry, dist(o, p) + dist(p, g) < ra2, and dist(p, q) is strictly less than
the injectivity radius of ps in Ms whose polar coordinates are (L,(p), 0). Then there exists a
corresponding triangle Nospsqs in 1\75 satisfying Alexandrov convexity. The angle compari-
son holds for the top angles.

PROOF. The main point here is that the construction of the collapsing family A® in the
proof of Lemma 4.4 works as long as the construction stays away from the cut loci of p = ps
and nearby points p,. Under the given assumptions, there exist €1, €2 > 0 such that

(5.6) dist(o, p) — dist(p, q) =r1 + €1
and
5.7) dist(o, p) + dist(p,q) =r — €.

We may arrange the construction of A’ so that the points p; satisfy dist(ps, p) < min(ey, €2)
and dist(p, g) remains strictly less than the injectivity radius of p; for all s. Since the length
of the (broken) geodesic ¢* is dist(p, g), we have, by the triangle inequality,

(5.8)  dist(p, o’ (1)) < dist(p, ps) + dist(ps, 0* (1)) < min(ey, €2) + dist(p, q)
for every point o* (t) on o*. Therefore, by the triangle inequality and by (5.8) and (5.6),

dist(o, o*(¢)) > dist(0, p) — dist(p, o*(¢))
> dist(o, p) — dist(p, g) — min(eyq, €2)
=r1 + €] — min(eq, €3)
>,
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and similarly, by (5.8) and (5.7),

dist(0, o (t)) < dist(a, p) + dist(p, o (t))
< dist(o, p) + dist(p, g) + min(eq, €2)
=ry) — €y + min(eq, €3)
=n.

This proves that o is contained in the region r; < r < r in ]\~43. Thus on account of
Lemma 5.5, the argument in Lemma 4.4 goes through completely to prove Alexandrov con-
vexity holds. The angle comparison for the top angles follows from Lemma 4.5. O

LEMMA 5.7. M has weaker radial attraction than M.

PROOF. Let o and 6 be geodesics satisfying L, o 0(0) = L; 06(0) < £ and (L, o
0)1(0) = (L5 26),.(0).

If p = 0(0) and p = 6(0), choose € > 0 to be less than the injectivity radius of p
in M. Because the Mj converge to M, for all sufﬁc1ently small §, € will be smaller than the
injectivity radius of the corresponding points ps in Ms. In accordance with Lemma 2.1, let
y € Geod(o, p) be chosen so that (L, o )’ (0) = (y'(L,(p)), c’(0)). For all sufficiently
small 8, let o5 be the geodesic starting at ps making the same angle with the meridian through
ps as o makes with y. Fix 0 < s < € and set ¢ = o(s). For each § > 0, find the geodesic
triangle in Ms corresponding to Aopg according to Lemma 5.6. Its angle at ps is smaller
than the angle at p. By the monotonicity for small hinges, Proposition 3.2(2), L, o o (s) <
L; o o5(s). Letting § — 0, o5 approaches . It follows that L, o o(s) < Ls o 6 (s). O

This completes the proof that (1) implies (3). O

6. Examples. In order to construct examples of smooth model surfaces whose metric
in polar coordinates is given by ds> = dr?+y(r)?d6?, it suffices to produce smooth functions
y : R — R that satisfy all the conditions enunciated in Section 3.

Given two surfaces of revolution M with metric dr? + y(r)2d6%,0 < r < £ and M with
metric dr? + y(r)%ze?, 0 < r < £, it follows from [5, Prop. 2.20] and Theorem 5.3 that M
has weaker radial attraction than M provided

y'(r) - y'(r)

y(r) = y(r)
for0 < r < £. Note that £ < £ < oo. If we set y(r) = m(r)y(r), then y'(r) = ¥ (r)m(r) +
y(r)ym'(r) so that

6.1)

Y V) | m )

yry ¥y om@r)

Thus M has weaker radial attraction than M if m’(r) < 0. Because y(0) = y(0) = 0 and
¥'(0) = y'(0) = 1 it follows that m (0) = 1. In case £ is finite, since y(£) = 0 and y'(£) =

we also have that m(£) = 0 and m' () = = (e) Because y and y are odd functions, m is even.
Moreover, if £ is finite, m (r)¥(r) must be antisymmetric about £. By choosing m with these

(6.2)
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properties we can construct examples of manifolds with stronger radial attraction than the
given M.

LEMMA 6.1. Suppose f1 and f> are smooth functions defined on the interval [a, b].
Let ¢ : [a, b] — [0, 1] be a smooth decreasing function that equals 1 in a neighborhood of a
and equals 0 in a neighborhood of b. Consider the function

f=efit(0—-0)f2.
Clearly f equals f1 in a neighborhood of a and equals f> in a neighborhood of b.
(1) If fi = f2 and both f1 and f> are decreasing, then f is decreasing.
(2) If fi < f2 and both f1 and f> are increasing, then f is increasing.

PROOF. Consider

= (hi—)+efif+0—9f;.

In the case (1), f" < Obecause ¢’ <0, fi — f2>0,9 >0, f{ <0,1 —¢ >0,and f; <O0.
Similarly, in the case (2), /' > 0. O

EXAMPLE 1. Given any M, here is how to construct an M with stronger radial attrac-
tion than M whose radial curvature is not bounded from below by M. First note that since
¥(0) = 0 and y'(0) = 1 there exists a b > 0 such that y(r) > 0 and y'(r) > O for all
0 < r < b. Moreover, there exists a rg € (0, b) such that

63) (y—> (ro) # 0.
y

For if not, % = k on (0, b) for some constant k. The solution of this differential equation
takes the form y(r) = Cek” on (0, b) for some constant C. But this is incompatible with
$(0)=0and y/(0) = 1. Set A = 2%};3; > 0.

Now pick ¢ between rg and £. Then

-0 d [{— -1
e_Ae>O=_— and —<_ r) =—— <0
y(©) dr \ y(r) J|,=¢ YO
Thus by continuity there exists an r| € (rg, £) such that
L — d (-
(6.4) et > g £ ( i r) <0 forall relr,el.
y(r) dr \ y(r)

Let ¢ be a smooth decreasing function on [0, o] that equals 1 in a neighborhood of 0
and equals O in a neighborhood of rg, and let ¢, be a smooth decreasing function on [r1, £]
that equals 1 in a neighborhood of r; and equals O in a neighborhood of £. By construction,
the function m : [0, £] — R defined by

P1(r) + (1 — @1 (r))e=4" r €10, ro]
(6.5) m(r) = e~ Ar r € [ro, r1]

e2(Ne™ " + (1 =2 gh relr.tl
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equals 1 in a neighborhood of 0, e=4" in a neighborhood of 7o, and ) in a neighborhood of

£. The hypotheses of Lemma 6.1(1) are clearly satisfied on [0, 7¢] and on [r, £] by (6.4). We
conclude that m is a smooth decreasing function on [0, £].

Consequently y(r) = m(r)y(r) equals ¥(r) in a neighborhood of 0, e ~4” 5(r) in a neigh-
borhood of rg, and £ — r in a neighborhood of £. Thus y extends smoothly to an odd function
on R with period 2¢ which is antisymmetric about £. The curvature function near ry satisfies

y'(r)
km(r) = kgp(r) + A (2 50 — A)

which shows that the two curvatures are equal at r( but that their difference has different signs
on different sides of rg.

EXAMPLE 2. This example shows that it is possible that the top angles in the corre-
sponding triangle can be equal without the base angles being equal so that rigidity fails. Let
M be the standard sphere of radius 1. Thus we have y(r) = sin(r). Let £ be between and

. Because
1 -4 —
- >0=— and i E r
2 sin(¢) dr \sin(r) /|,—,

by continuity there exists an ry between and £ such that
1 t—r d (L—7r
- - and —
2 7 sin(r) dr

-1
- <
sin(£)

s

(6.6)

v

- ><O forall r e [r,£].
sin(r)

Let ¢; be a smooth decreasing function on [0, 7] that equals 1 in a neighborhood of 0
and equals 0 in a neighborhood of Z, and let ¢ be a smooth decreasing function on [ry, £]
that equals 1 in a neighborhood of 1 and equals O in a neighborhood of £. Lemma 6.1(1) can
be applied to show that the function m : [0, £] — R defined by

P1(r) + (1 —oi(r)y  rel0%]
(6.7) m(r) = relz.nl
P2(r)3 + (1 wz(r))sm(,) r € lry,¢]

is a smooth decreasing function that equals 1 in a neighborhood of 0, 5 in a neighborhood of
2, and an(’) in a neighborhood of €. Thus y(r) = m(r)y(r) deﬁnes a smooth rotationally
symmetric surface on the sphere M with stronger radial attraction than M. Consider the
triangle Aopg where p = (3,0) and ¢ = (%,0) in polar coordinates on M. Then the
corresponding triangle A6pg has p = (%, 0) and ¢ = (%, 0/2). The top angles in Ao pq are
right angles equal to those of the original triangle Aopq in M but the base angle is half of that
of the original triangle. Clearly, the interior of Ao pg does not embed isometrically into M.
If on the other hand we start with a surface of revolution M with metric ds> = dr? +
y(r)2d6? for 0 < r < £ and wish to construct a surface of revolution M with metric d5% =
dr? + 3(r)%d6 for 0 < r < € (with £ < £) with weaker radial attraction than M, then if we
write y(r) = m(r)y(r) for 0 < r < £, by a calculation like that above we need m(0) = 1,
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m(r) to be increasing, and in case ¢ is finite, near ¢, m(r) is asymptotic to % for some
constant k. More precisely we need m (r)y(r) to be smooth near £.

EXAMPLE 3. In this example we explaln how to construct the surface Ms needed in

Lemma 5.4. We are given the model surface M with metric ds®> = dr? + y(r)?d#? and
O0<rp<rp<4{ Leté > 0.
First consider the case £ = co. Since 1 < ¢% and both the constant function 1 and ¢®"

are increasing for r > 0, by using Lemma 6.1(2) we can paste 1 and €% together to obtain
an increasing function m; : [0, c0) — R which equals 1 in a neighborhood of 0 and equals
&% on [r1, r2]. Indeed, let ¢ be a smooth desreasing function on [0, r1] which equals 1 in a
neighborhood of 0 and equals O in a neighborhood of rq, and define

o)+ (1 —p@)e 0<r<r

e rn<r.

(6.8) ms(r) = {

Then on setting ys(r) = ms(r)y(r) we have that ys = y in a neighborhood of 0 and

y'(r) b= y5(r)

(6.9) = for ri<r<m.
y() ¥5(r)

Next consider the case £ < oo. Since y(£) = O and y'(£) = —1, lim,_, - ﬁ = o0.
Hence there exists ar3 withry < r3 < £ such that ( o > 1 and y(r) is increasing on [r3, £).
Thus if § > 0 is small enough so that e®¢ y(lrg)’ then €% < €% < y(lm < y(r) on [r3, £].
Now define

eI+ (1 —@1(r)e”  0<r=<n
(6.10) is(r) = e r<r<rs
(e + (1 =)y r<r<t

where @1 a smooth decreasing function on [0, 1] which equals 1 in a neighborhood of 0 and
equals O in a neighborhood of r1, and ¢, a smooth decreasing function on [r3, £] which equals
1 in a neighborhood of r3 and equals O in a neighborhood of £. Then by Lemma 6.1(2) ms(r)
is an increasing function which by construction equals 1 in a neighborhood of 0, equals %"
on [r1, r2] and equals (r) in a neighborhood of £. On setting ys = ms(r)y(r) we have that
ys =yina ne1ghborhood of 0,

y'(r) 4= y5(r)

6.11 =
@10 y(r) ys(r)

for r1 <r<mnr,
and equals 1 in a neighborhood of ¢. Thus we may extend ys smoothly as we like beyond ¢ to
produce a complete model surface. Indeed, setting ys(r) = 1 for r > £ would work.

In either case the surface Ms with metric ds? = dr? + ys(r)>d6? has the properties
needed in Lemma 5.4. Clearly by construction ys and its derivatives converge to y and its
derivatives as § — O uniformly on [0, r,].
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