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Abstract. We give a new method to construct isolated left orderings of groups whose
positive cones are finitely generated. Our construction uses an amalgamated free product of
two groups having an isolated ordering. We construct a lot of new examples of isolated order-
ings, and give an example of isolated left orderings with various properties which previously
known isolated orderings do not have.

1. Introduction. A total ordering <G on a group G is a left ordering if g <g ¢’
implies hg <G hg' for all g, ¢', h € G. The positive cone of a left ordering <¢ is a sub-
semigroup P (<) of G consisting of <g-positive elements.

The set of all left orderings of G is denoted by LO(G). For g € G, let Uy be a subset of
LO(G) defined by

Uj={<c€LOG) |1 <¢ g}.

The set LO(G) can be equipped with a topology so that {Ug}4ec is an open sub-basis of
the topology. This topology is understood as follows. For a left ordering <g of G, G is
decomposed as a disjoint union G = P(<g) U {1} U P(<g)~!. Conversely, a sub-semigroup
P of G having this property is a positive cone of a left ordering of G: An ordering < p defined
by g <p ¢ if g~'¢ € P is aleft-ordering whose positive cone is P. Thus LO(G) is identified
with a subset of the powerset 2¢ ~{!}. The topology of LO(G) defined as above coincides with
the relative topology as the subspace of 2¢~{1}, equipped with the topology as the product of
copies of the discrete space 2 = {+, —}.

In this paper, we always consider countable groups, so we simply refer a countable group
as a group unless otherwise specified. Then LO(G) is a compact, metrizable, and totally
disconnected [12]. Moreover, LO(G) is either uncountable or finite [7]. Thus as a topological
space, LO(G) is rather similar to the Cantor set. The main difference is that the space LO(G)
might be non-perfect, that is, LO(G) might have isolated points. Indeed, if LO(G) has no
isolated points and is not a finite set, then LO(G) is homeomorphic to the Cantor set. We call
a left ordering which is an isolated point of LO(G) an isolated ordering.

It is known that a left ordering < whose positive cone is a finitely generated semigroup
is isolated. In this paper we will concentrate our attention to study such an isolated ordering.
We say a finite set of non-trivial elements of G, G = {gi, ..., gr} defines an isolated left
ordering <G of G if the positive cone of < is generated by G as a semigroup. For an
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isolated left ordering <¢ of a group G, the rank of <¢ is the minimal number of generators
of the positive cone and denoted by r(<g). (If P(<¢) is not finitely generated semigroup we
define r(<g) = 00).

We say an isolated ordering < of G is genuine if LO(G) is not a finite set. Then
LO(G) contains (uncountably many) non-isolated points [7]. The classification of groups
having non-genuine isolated orderings, namely, the classification of groups having finitely
many left-orderings is given by Tararin (see [6]).

On the other hand, it is difficult to construct genuine isolated left orderings, and few
examples are known. At this moment to the best of the author’s knowledge, there are only
two families of genuine isolated left orderings. (After the first version of this paper appeared
in a preprint form in July 2011, Dehornoy gave other construction of isolated orderings by
using word-reversing method [1]. It is an interesting problem to understand the relationship
between our construction and Dehornoy’s one.)

(A) Dubrovina-Dubrovin ordering [2], [3].

Let o1, ..., 0,—1 be the standard generator of the n-strand braid group B,. The
Dubrovina-Dubrovin ordering <pp is an isolated left ordering of B, whose positive
cone is generated by {ay, ..., a,—1}, where a; is given by

1)
a; = (Un—io—n—i+l o 'Un—l)( ) .

The rank of the Dubrovina-Dubrovin ordering <pp is n — 1. See [2], [3] for details.
(B) Isolated orderings of Z %z, 7. [5], [10].

Let G = Z =z Z be the group obtained as an amalgamated free product of two
infinite cyclic groups over Z. Thus, G is presented as

G=(x,ylx"=y")

by using some positive integers m and n. Then the generating set {xy!~”, y} defines
an isolated left ordering <4 of G, which is genuine if (m,n) # (2,2). The rank
of <4 is 2. This example was found by Navas [10] for the case m = 2, and by the
author [5] for general cases. We remark here that if (m,n) = (2, 3) then G, is
the 3-braid group Bj3, and the isolated ordering <4 is the same as the Dubrovina-
Dubrovin ordering <pp.

Thus, it is desirable to find more examples or general constructions of isolated left or-
derings. In particular, Dubrobvina-Dubrobin orderings is unique known example of genuine
isolated ordering of rank greater than 2.

In author’s previous paper [5], we gave one general method to construct isolated or-
derings by using rather combinatorial approach. Following [10], we introduced the notion
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of Dehornoy-like ordering. This is a left-ordering whose positive cone consists of certain
kind of words over a special generating set S of G, which we called o (S)-positive words. A
Dehornoy-like ordering is a generalization of the Dehornoy ordering of the braid groups, one
of the most interesting left orderings: The Dehornoy ordering has various stimulating features
and a lot of interesting interpretations that relate many aspects of braid groups and orderings.
See [2] for the theory of the Dehornoy ordering. One fascinating property of the Dehornoy
ordering is that one get the Dubrovina-Dubrovin ordering by modifying the Dehornoy order-
ing.

We showed that, under some condition which we called the Property F, Dehornoy-like
orderings and the Dehornoy ordering share various properties. In particular, we have shown
that a Dehornoy-like ordering produces an isolated ordering and vice versa. Indeed, it is
shown that the above two families of known isolated orderings are derived from Dehornoy-
like orderings.

However it seems to be more difficult to find an example of a Dehornoy-like ordering
than to find an example of an isolated ordering directly, since the definition of Dehornoy-like
orderings includes complicated combinatorics.

The aim of this paper is to give a new construction of isolated left orderings by means
of the partially central cyclic amalgamation. From two groups having (not necessarily gen-
uine) isolated orderings, we construct a new group having an isolated left ordering by using
amalgamated free product over Z.

In almost all cases, the obtained isolated orderings are genuine. Our construction can
be seen as an extension of (B) of known examples, but it is completely different from the
Dehornoy-like orderings construction. In fact, we will see that some the orderings constructed
in this paper cannot be obtained from Dehornoy-like orderings.

The following is a summary of the main results of this paper. Recall that for ¢ € G
and a left ordering < of G, <¢ is called a g-right invariant ordering if the ordering < is
preserved by the right multiplication by g, thatis, a <g b impliesag < bg foralla, b € G.

THEOREM 1.1 (Construction of isolated left ordering via partially central cyclic amal-
gamation). Let G and H be finitely generated groups. Let zg be a non-trivial central element
of G, and zy be a non-trivial element of H.

Let G ={g1, ..., gu} be afinite generating set of G which defines an isolated left order-
ing <G of G. We take a numbering of elements of G so that 1 <g g1 <G -+ <G gm holds.
Similarly, let H = {h1, ..., hn} be a finite generating set of H which defines an isolated left
ordering <y of H such that the inequalities | <y h1 <y --- <y hy hold.

We assume the cofinality assumptions [CF(G)], [CF(H)], and the invariance assumption
[INVH)].

[CF(G)] g¢i <G zg holds foralli .
[CFH)] h; <y zg holds foralli .

[INVH)] <py isazy-right invariant ordering .
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Let X = G %7 H = G *(;5=z) H be an amalgamated free product of G and H over Z.

Fori=1,...,m,letx; = g,'zl_ilhl. Then we have the following results:
(i) The generating set {x1, ..., Xm, h1, ..., hn} of X defines an isolated left ordering <x
of X.

(ii) The isolated ordering <x does not depend on the choice of the generating sets G
and ‘H. Thus, <x only depends on the isolated orderings <, <y and the elements

2G,ZH-
(iii) The natural inclusions g : G — X and 1y : H — X are order-preserving homo-
morphisms.
(iv) 1 <x x1 <x -+ <x Xm <x h1 <x -+ <x hn <x zw = zgG. Moreover,

7 = g = ZH Is <x-positive cofinal and the isolated ordering <yx is a z-right
invariant ordering.

(v) r(<x) =r(<g) +r(<n).

(vi) Let Y be a non-trivial proper subgroup of X. If Y is <x-convex, then Y = (x1), the
infinite cyclic group generated by x1.

We call the construction of isolated ordering described in Theorem 1.1 the partially cen-
tral cyclic amalgamation construction.

As we will see in Lemma 2.3 in Section 2.1, the cofinality assumption [CF(G)] (resp.
[CF(H)]) is understood as an assumption on zg and <g (resp. zg and <g). Thus Theorem
1.1 (ii) shows that the choice of the generating sets G and # is not important though it is
useful to describe and understand the isolated ordering <x. The generating sets G and H are
not essential and play rather auxiliary roles as for the partially central cyclic amalgamation
construction. This makes a sharp contrast with the construction using Dehornoy-like order-
ings, since in the Dehornoy-like ordering construction we need to use a special generating set
derived from Dehornoy-like ordering having the nice property which we called the Property
F

On the other hand, it should be emphasized that the proof of Theorem 1.1 (i) is con-
structive, and will actually provide an algorithm to determine the isolated ordering <x. In
particular, the isolated ordering <x can be determined algorithmically if we have algorithms
to compute the isolated orderings <g and <p, as we will see in Section 2.7. This is why
we added auxiliary information of generators of P(<¢) and P(<pg) — They provide a use-
ful, explicit, and more combinatorial description of the resulting isolated ordering <x. By
utilizing a combinatorial expression of certain isolated orderings from Theorem 1.1, in [4]
we construct chain domains with exceptional prime ideal. This is highly non-trivial object in
a theory of non-commutative valuation rings, and illustrates a usefulness of partially central
cyclic amalgamation construction.

Theorem 1.1 (iii) shows that the partially central cyclic amalgamation construction can
be seen as a mixing of two isolated orderings <g and <py. We remark that Theorem 1.1
(iv) ensures that we can iterate the partially central cyclic amalgamation construction: The
resulting group X, its isolated ordering <x and z can always be used in the role of H, <p
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and zg in Theorem 1.1. Thus, we can actually produce many isolated orderings by using
the partially central cyclic amalgamation constructions from known (not necessarily genuine)
isolated orderings, like the standard ordering of Z.

It is interesting to compare our amalgamation with other natural operations on groups.
Unlike the partial central cyclic amalgamation (the amalgamated free product over Z, used
in Theorem 1.1), the usual free product does not preserve the property that the group has
an isolated left ordering. Here is the simplest counter-example: the free group of rank two
F>, = 7Z % Z has no isolated orderings [9], whereas the infinite cyclic group Z has (non-
genuine) isolated orderings, since it admits only two left orderings. Indeed, recently Rivas
[11] proved that free products of groups do not have any isolated left orderings. Similarly, the
direct products of groups also do not preserve the property that the group has an isolated left
ordering: the free abelian group of rank two Z x Z has no isolated orderings [12].

The plan of this paper is as follows: In Section 2 we prove Theorem 1.1. The main
technical tool of the proof is a reduced standard factorization, which serves as some kind
of normal form of elements in X, adapted to the generating set {x1, ..., X, A1,..., h,}. In
Section 3 we give some examples of isolated orderings obtained by applying Theorem 1.1.
We observe that our examples have various interesting properties, which do not occur in the
previously known examples.

2. Construction of isolated left orderings. LetS = {s1, ..., s,} be a finite generat-
ingsetof G andlet S~! = {sl_l, ce Sy 1}, We denote by S* the free semigroup generated by
S. That is, S* is the set of non-empty words over S. We say an element of S* (resp. (S~1)*)
is an S-positive word (resp. an S-negative word). We will often use a symbol P(S) (resp.
N(S)) to represent some S-positive (resp. S-negative) words, whose actual form may depend
on the context.

2.1. Cofinality and Invariance assumptions. First of all we review the assumptions
in the statement of Theorem 1.1 again, and deduce their direct consequences. This clarifies
the role of each hypothesis in Theorem 1.1.

Let G and H be finitely generated groups having an isolated left ordering < and <py
respectively. Let zg € G be a non-trivial central element of G, and let zy be a non-trivial ele-
ment of H, which might be noncentral. We consider the group X obtained as an amalgamated
free product over Z,

X=Gxz H=G *5=7;) H.

LetG = {91, ..., gn} be a generating set of G which defines an isolated left ordering <¢
of G. We take a numbering of elements of G so that 1 <G g1 <G - -+ <G ¢m holds. Similarly,
let H = {h1, ..., h,} be a generating set of H which defines an isolated left ordering <y of

H, and we assume that the inequalities | <y hy <y --- <y h, hold.

Recall that an element g € G is called the <g-minimal positive element if g is the <g-
minimal element in the positive cone P(<¢). In other words, the inequality 1 <g ¢’ <¢ ¢
implies ¢ = ¢’. A left ordering <¢ is called discrete if <g has a <g-minimal positive
element. Otherwise, < is called dense.
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As the next lemma shows, the choice of the numbering of G (resp. #) implies that g
(resp. hp) is the <g-minimal (resp. <g-minimal) positive element. In particular, g; (resp.
hy) is independent of the choice of the generating set G (resp. H).

LEMMA 2.1. Let G = {g1,..., gm} be a generating set of a group G which defines
an isolated left ordering <G of G. Assume that g\ is the <g-minimal element in the set G.
Then g is the <g-minimal positive element. In particular, < is discrete. Moreover, <g is
a g1-right invariant ordering.

PROOF. Assume g € G satisfies the inequalities 1 <g g <¢g g1.
1 <G g means that g is written as a G-positive word g = g;, - - - gi;. Then

-1 -1
g 9=1C91 9%, % <c 1.

This inequality holds only if iy = 1 and [ = 1, thatis, g = g;.

The g;-right invariance of the ordering < now follows from the fact that g; is the <g-
minimal positive element: If a <G b, then 1 <¢ a b <G a_lbg1. Thus, g1 <¢ a_lbg1 SO
agr <g bgi. O

To obtain an isolated ordering of X from < and <pg, we impose the following assump-
tions, which we call the cofinality assumption for G and H, and the invariance assumption.

[CF(G)] ¢i <¢ zc holds for all i .
[CF(H)] h; <y zg holds foralli .

[INV(H)] <p isazpy-rightinvariant ordering.

Here we remark that the invariance assumption for <¢ is automatically satisfied: that is,
<@ 1s a zg-right invariant ordering since we have chosen z¢ so that it is a central element.
First we observe the following simple lemma.

LEMMA 2.2. Let <y be a discrete left ordering of a group H, and let h| be the <p-
minimal positive element. If <y is an h-right invariant ordering for h € H, then h commutes
with h1.

PROOF. <p is an h-right invariant ordering, so hhih™' >y land ik >5 1. by
is the < g-minimal positive element, so hhh~' >y hy and h='hih >g hy. Thus, we get
hhy >y hihand hih >y hhy, hence hhy = hih. O

By Lemma 2.1 and Lemma 2.2, the invariance assumption [INV(H)] implies that zy
commutes with /.

For a left-ordering <¢ of G, an element g € G is called <g-cofinal if for all ¢’ € G,
there exist integers m and M such that ¢" <G ¢’ <g g™ holds. Although the cofinality
assumptions [CF(G)] and [CF(G)] involve the generating sets G and #, if we assume the
invariance assumption [INV(H)] then these assumptions should be regarded as assumptions
on zg, zy and the isolated orderings <g, <py as the next lemma shows.
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LEMMA 2.3. Assume the invariance assumption [INV(H)] is satisfied. A generating
set H satisfying the cofinality assumption [CF(H)] exists if and only if zy is <p-positive
cofinal and H # {(zy). Here (zp) represents the subgroup of H generated by zy. Moreover,
in such case we may choose a generating set H so that the cardinal of H is equal to the rank
of the isolated ordering <.

PROOF. In the following, we assume the invariance assumption [INV(H)].

Assume that a generating set # satisfies the cofinality assumption [CF(H)]. Then by the
invariance assumption [INV(H)], zg is <g-positive cofinal and H # (zg).

We show the converse: if zg is <py-positive cofinal and H # (zy), then we can choose
a generating set H = {hy, ..., hi} so that H defines the isolated ordering <p, and that H
satisfies [CF(H)]. Moreover, we will show that we can choose k, the cardinal of H, so that k
is equal to r(<p).

Let us take a generating set ' = {h/, ..., h}} of H which defines the isolated ordering
<pg. By definition of rank, we may choose H’ so that k = r(<pg) holds. With no loss of
generality, we may assume that

’ ’ / ’
hl <H"’<Hhs <H ZH <Hhs+1 <H"'<Hhk-

Since zy is < py-cofinal, for each i there is a non-negative integer N; such that 1 <y zl_{Ni h; <

zy. Letus put h; = zl_{Nih;. By assumption, i} = h; if i <.

By the hypothesis H # (zy), we have a strict inequality zy >y h}| = hi. Thus if
necessary, by replacing #; with hl_lhl-, we may assume that h; # zy for all i.

We show that zy is written as an {A, ..., h}}-positive word. Assume that zy = Vh;W,
where i > s and V, W are H’-positive or non-empty words. Then zy wl = Vh; >y Vzy,
hence we get | >y wl>y z?ll Vzu. However, <p is a zy-right invariant ordering, hence
Z;11 Vzy >pg 1. This is a contradiction.

Therefore, the generating set H = {h1, ..., hi} also defines the isolated ordering <p.
By construction, H is a generating set which satisfies the cofinality assumption [CF(H)] with
cardinal k = r(<g). O

Thus, under the invariance assumption [INV(H)], we can always find a generating set H
which defines <y and satisfies the cofinality assumption [CF(H)], if the conditions on <g
and zy in Lemma 2.3 are satisfied. Moreover, if necessary we may choose H so that the
cardinal of H is equal to the rank of <g.

Since for zg and <, the invariance assumption is automatically satisfied, we can always
find a generating set G which defines <¢ and satisfies the cofinality assumption [CF(G)] if
zG 1s <g-positive cofinal and G # (zg).

Nowweput Ay =z th_l. Since zy and /1 do not depend on the choice of the generat-
ing set H, the same holds for Ag. As an element of H, Ap is characterized by the following

property.

LEMMA 2.4. Ay is the <py-maximal element which is strictly smaller than zy.
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PROOF. Assume that thl_1 = Ay <yg h <pg zg holds for some » € H. Then
hl_l <H z;llh <y 1. By Lemma 2.1, hl_1 is the <py-maximal element which is strictly
smaller than 1, so zl_{lh = hl_l. Hence h = thl_l. O

Finally, we put x; = giAZII = giz;llhl and let X = {x1, ..., x;}. Then {X, H} gener-
ates the group X. The following lemma is rather obvious, but plays an important role in the
proof of Theorem 1.1.

LEMMA 2.5. zyg = zg commutes with all x;.

PROOF. By Lemma 2.2, 7z commutes with Ay = thl_l. Since zyg = zg commutes
with all g;, we conclude that zy commutes with all x; = g; A;l,l. O

2.2. Property A and Property C criteria. To prove that {X', 7{} defines an isolated
left ordering <x of X, we use the following criterion which was used in the theory of the
Dehornoy ordering of the braid groups [2] and Dehornoy-like orderings [5, 10]. Here we give
the most general form of this kind of arguments.

DEFINITION 2.6. LetS = {sy, ..., s;} be a generating set of a group G and let W be
a sub-semigroup of (S U S™1)*.

(1) We say W has the Property A (Acyclic Property) if no word in W represents the trivial
element of G.

(2) We say W has the Property C (Comparison Property) if for each non-trivial element
g € G, either g or g~ is represented by a word w € W.

PROPOSITION 2.7. Let W be a sub-semigroup of (SUS™1)*. Let P = n(W), where
7 1 (SUS™HY* — G is the natural projection. Then P is equal to a positive cone of a left
ordering of G if and only if W has Properties A and C.

PROOF. If W is a positive cone of a left ordering, then it is obvious that W has Properties
A and C. We show the converse. Since W is a sub-semigroup, P is a sub-semigroup of G. By
Property C, G = P U {1}U P~!. Property A implies that 1 ¢ P, hence G is decomposed as a
disjoint union G = P U {1} u P~!. This shows that P is a positive cone of a left ordering. O

DEFINITION 2.8. The set of words W in Proposition 2.7 is called the language defin-
ing the corresponding left-ordering.

It is an interesting problem to ask if one can choose a language defining an arbitrary
left-ordering < so that it is a regular language over a finite alphabet: This is related to order-
decision problems which we will consider in Section 2.7, but in this paper we will not treat
this problem.

As a special case, we get a criterion for a finite generating set to define an isolated
ordering, which will be used to show {X’, H} indeed defines an isolated ordering.
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COROLLARY 2.9. A finite generating set G = {g1, ..., gn} of a group G defines an
isolated ordering of G if and only if the following conditions [Property A] and [Property C]
hold:

Property A: If g € G is represented by a G-positive word, then g # 1.
Property C: If g # 1, then g is represented by either a G-positive or a G-negative word.

2.3. Reduced standard factorization. Now we start to show that {X’, H} indeed de-
fines an isolated left ordering of X. From now on, we take G, H, X, <g, <y, G, H, X as
in assumptions in Theorem 1.1, and we always assume the cofinality assumptions [CF(G)],
[CF(H)], and the invariance assumption [INV(H)].

As the first step of the proof, we introduce a notion of reduced standard factorization,
which serves as a certain kind of normal form of X adapted to the generating set { X', H}.

Let PX be the sub-semigroup of X generated by X = {x1, ..., x;,}. A standard factor-
ization of x € X is a factorization of x € X of the form

F(x)=rpiq1--- piqi
wherer, q1,...,q; € H, p1, ..., pi € PX satisfy the conditions

(1) gi >u 1@ #1),andgq; >p 1, and

?2) qi # z% forall N > 0.

It is not hard to see that every x admits a standard factorization. Actually, we will show
that every x admits a standard factorization which is the simplest in certain sense.

The complexity of a standard factorization F(x) = rpiqi - - - p1q: is defined to be [/, and
denoted by c(F).

A distinguished subfactorization of a standard factorization F(x) is, roughly saying, a
part of the standard factorization F(x) which can be regarded as a G-positive word, defined
as follows.

We say a subfactorization

(2.1) W = (i Pi+1qi+1 - Pi+rqi+r)

in a standard factorization JF (x) is a distinguished subfactorization if it satisfies the following
two conditions:

(1) gj=Agforall j=i,i+1,...,i+r.

(2) pjeXforallj=i+1,...,i+r.

That is, a distinguished subfactorization is a part of standard factorization which is written as
(22) W= AuXji AR Xjis, Al -

We will express the distinguished subfactorization w (2.2) by using a G-positive word
gw as follows: Let us take x, € X so that p; = p,'xa_1 € PX U{1} (such a choice of x, might
be not unique), and write a standard factorization F (x) as

Fx)=rpiqi--- piqi
=rpiq1 -+ pi1gi—1(pixy Y Xagi -+ Piyrqitr) Pidri1Gitr1 - PIdI



58 T. ITO

=rpiqi - Pi—1qi—1P; Xa AHXj, , AHX iy * X jiy) AH) Didr-+1Gi4r+1 " PI4I-
Let us put
Jw = Gjiy1 " Gj+itr -

We call gy, the corresponding G-positive word (element) of the distinguished subfactorization
w. Since gi = x,'AH,

XaAHX i AHXji X jiy, AH = 9aYjizr * jivr = aGuw-
Thus, if w is a distinguished subfactorization in F(x), by choosing x, we may express x as

X =rpiqi - Pi—14i-1Pi[9a 9w Pitr+1Gi+r+1 - P1qI

by using the corresponding G-positive word gy,.

Next we introduce a notion of reducible distinguished subfactorization. Let w be a dis-
tinguished subfactorization of F(x) as taken in (2.1). Let us take x, € X so that p; a1 =
X, 1 Pi+r+1 € PX U {1}. As for the choice of x, above, such x,, may not unique. If such x,
does not exist, that is, p;1,+1 = 1, we take x, = 1. We say a distinguished subfactorization
w is reducible if for any choice of such x, and x,, we have the inequality ¢, 9,9 =G 2G-
Otherwise, that is, if one can choose x, and x,, so that g, g, g, <¢ z¢ holds, then we say w is
irreducible.

Now we define the notion of a reduced standard factorization, which plays an important
role in the proof of both Property A and Property C.

DEFINITION 2.10 (Reduced standard factorization). Let F(x) = rpiqi--- piq; be a
standard factorization. We say F is reduced if q; <y zy for all i and F contains no reducible
distinguished subfactorization.

We say a distinguished subfactorization w of a standard factorization F is maximal if
there is no other distinguished subfactorization w’ of F whose corresponding G-positive word
gw' contains gy, as its subword. For any <¢-positive elements g, ¢’, g”, since z¢ is central, if
g >¢ z¢ then ¢’ gg” >¢ zg. Thus, to see whether a standard factorization is reducible or not,
it is sufficient to check that all maximal distinguished subfactorization are irreducible.

EXAMPLE 2.11. A distinguished subfactorization and related notions are slightly
complex, so here we give an example. Let us consider the case X = {x1, x2} and take a
standard factorization of the form

(2.3) F(x) = 1x2) Agx1 Apxo Ap (xix2)hy

for example.

In the standard factorization (2.3) w = Apx1Ap is a distinguished subfactorization.
The corresponding G-positive word is g, = g¢1. In this case, we may choose x, = x since
(xlxz)xz_1 = x1; € PX. So we are able to write x as

x = x1lg g1 12 A (3 x2)h .
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The distinguished sub-factorization w is not maximal: it is included in another distin-
guished subfactorization w’ = Agx; Agx, Ay, and we may write

x = x1[g2(g12)1(x; x2) 1 .

The distinguished subfactorization w’ is maximal.

Is w’ reducible ? To see this, first we need to determine all possibilities of x, and x,, in the
definition of reducible distinguished subfactorization. Assume that (x;x2)x; e Pxu {1},
but xz_l(xfxz) ¢ PX U {1}. Then we may choose x, = x or x2, and x, = x;1. Hence our
definition says, w’ is reducible if and only if

91(g192)91 =6 26, and (g192)91 =G 26
hold.

First we show the existence of the reduced standard subfactorization. The proof of the
next lemma utilizes the standard form of amalgamated free products, and mainly works in
the generating set {G, 7}. This explains how the notion of reduced standard factorization
appears—a reduced standard factorization corresponds to a standard form in amalgamated
free products, taken so that each G-factor g satisfy 1 <g g <¢g zG-

LEMMA 2.12. Every element x € X admits a reduced standard subfactorization.

PROOF. Since X is an amalgamated free product of G and H, every x € X is written as

x =qofiq1 292 fiqi

where g; € H, f; € G, and g; #z% and f; ;ézg forany N € Z andi > 0.
Since zg is <g-cofinal, for each i > 0 there exists N; € Z which satisfies

Ni+1
<6 fi <6 zg " -

N;

<G
We put f* = ZC_;Ni fi- Then f* satisfies the inequality
l <6 f¥ <6 z6 -
Similarly, since zg is < g-cofinal, for each i > 0 there exists M; which satisfies the inequality
Z%i <H AHqi <H Z%iJrl.

LetL; = Zj>i (Nj + M), and put ¢ = z,_{Li (Z;IMiAHq,’)ZZi. Since <y is a zy-right
invariant ordering, 1 <y ¢/ <y zy holds. We have assumed that g; # z%, so we have
q;k #* Apq. Thus, 1 <y ql.* <y Ag.

Then we get a reduced standard factorization of x as follows. First we modify the first
expression of x as

x=qofiq1--- fiqi
N N N N
= QO(ZG1 fl*)CIl(Zszz*) ce (ZG] ]f[*_I)QZ—l(ZGl f[*)cﬂ
N N N
= (qozy") [ (qizy) - i @@=z ffa

N N. N, —1_M;, —M,
= (CIOZHI)fl*(QIZHz) e f[tl(Ql—lZHl)f[*AleHl (ZH IAHCII)
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(CIOZHI)fl (quH f[ 1(41 lZHZHl)(f[ H )41*
= (qoi i@z - fi A M MM Ay g N (A )
= (qozy) i (@1zp7) -+ ~zH1+M’(ﬁ_1A;l)ql_1(ﬁ*AH )a)

= @0z ) T AT -+ i Aghaio (7 Ayhar
Now let us write f* = P;(G) gy, where P;(G) is a G-positive or an empty word. Since
gi = x; Ag, we may express P; (G) as an {X, H}-positive (or empty) word. Hence by rewrit-
ing each P;(G) as an {X, H}-positive (or empty) word, we get a standard factorization

2.4 Fx) = (qozi)PUDIxk qF -+ [P—1( )iy, 41 [Pk g -

Since g # Ap for all i, every distinguished subfactorization of (2.4) comes from
[P;i(G)]. (For example, if P1(G) = 919293 = x1Agx2Agx3Ap, then it yields a (maximal)
distinguished subfactorization ApxyAyx3Apxy,). Therefore for a maximal distinguished
subfactorization w in F(x), we may choose g, and g, so that g, g, g, = Pi(G) g, holds for
some i. Since P;(G) gy, = f* <c zc. this implies that all distinguished sub-factorizations are
irreducible. Hence F(x) is a reduced standard factorization. O

2.4. Reducing operation and the proof of Property A. In the proof of Lemma 2.12
given in previous section, we mainly used the generating set {G, H}. In this section we give
an alternative way to get a reduced standard factorization, which gives a proof of Property A.
This method has an advantage since we work on words over {X’, H}.

We say a standard factorization F(x) = rp1qi - - - piq; is pre-reducedif 1 <y q;i <p zg
holds for all i. It is rather easy to see pre-reduced standard factorization exists.

LEMMA 2.13 (Existence of pre-reduced standard factorization). Every element x € X
admits a pre-reduced standard factorization.

PROOF. Let F(x) = rpiqi1---piq; be a standard factorization. For each i, take

M; Mi+1 i
M; > 0 so that zH <H qi <H zH+ Let L; = Zj>l-M- and ¢/ = ZH q,zH+1 =

2y b (ZH Q’z)ZH+1 Since <y is zy-right invariant, | <y g} <pg zp. Therefore, we get a
pre-reduced standard factorization

X =rpiqi---piqi

_ M«

=rpiq1--- pi-191-1pi(Zg q;)

— M *

=rpiq1 - pi-1(qi-12g' ) piq;

~M—M_i , —M—M;_ M

=rpiq1-- pi-iiy 1—M,; I(ZH 1—M,; Il]l—lZHI)qul*
_ —Li—1_x *
=rpiqi---pi—-1Zy 41 piq;

—L
=(rzg p1gi - ;-
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To show we are actually able to get reduced standard factorization, we observe that we
are able to eliminate all reducible distinguished subfactorizations. Let d(F) be the number
of maximal reducible distinguished subfactorizations. The next lemma gives alternative proof
that a reduced standard factorization exists. It says that by induction on (d(F), c¢(F)) for
pre-reduced factorization F, we are able to get reduced standard factorization.

LEMMA 2.14 (Reducing operation). Let F(x) = rpiqi1---piqi be a pre-reduced
standard factorization of x € X. If F(x) contains a reducible distinguished subfactoriza-
tion, then we can find another pre-reduced standard factorization F'(x) = r'piq] - - - which
satisfies d(F') < d(F) or, d(F) = d(F) and c(F') < ¢(F). Moreover, if r >y 1 then
r’ >H 1.

PROOF. Letw = g;pi+1--- ps—1gs—1 be a reducible maximal distinguished subfactor-
ization in F(x). Thus, we may assume that the pre-reduced standard factorization F(x) is
written as

F(x) =rpiqi -+ pi-14i-1P}[gagw1xuPds - - P1a
where
(1) pj = pix; " and p; = x; ' ps,
() p;. ps € PXU({1},
3) 9agwu =6 26 -

Now take N > 0 so that zg <G 9a9w9u <G zg

Then we may write x as

+1 S -N_ N
sand for j < iletq; = zp qjzy.

X=rpiqi -+ Pi—14i—1Pi[9a gwlXuPiqs - - - Piqi
=rpiq1 - Pi—1Gi-1 Pz (25" GaGw ) Ay Pids -+ Pidi
=2} p1a} - Pic1a 1 PIEG" 9agwa) Ay Pids - piqn -

First assume that (ZC_;N 9a9w9u) = 26 = zH. Then we write x as

x=z2p1ay - pic1g; Piea AR Pigs - pian
=(rz))p1a} - pic1gf PihI DL - P -
If p; # 1 and p; # 1, then we get a pre-reduced standard factorization

2.5) F'(x) = (rzp)piday - pic1q;- pilipids -+~ pigi -
In F'(x), we removed the reducible distinguished subfactorization w and no distinguished
subfactorization is created, so d(F’) < d(F).

If p; = 1 or p; = 1, then the standard factorization (2.5) might fail to be pre-reduced.
We construct a pre-reduced standard factorization " from the standard factorization (2.5)
by using the argument of proof of Lemma 2.13. In such case, we might produce one new
reducible maximal distinguished subfactorization, so in general d(F") < d(F) although we
have removed w from F(x). In this case we have c(F") < c(F).

(Here is a simple example where d(F") does not decrease: assume that p! = 1, p; € X,
and ql.*_ 1h1 = Ap, and that w = g5 - - - is a distinguished subfactorization: then we get a new
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maximal distinguished subfactorization w = --- (¢} ,h1)p}qs --- in F'(x). This maximal
distinguished subfactorization might be reducible, so d(F”) = d(F) may occur.)
Next assume that (ZC_;N 9a9w9u) # 2G- Letus put ¢’ = (zaN 9aJw9u) 9y !and write x as

F@)=z2)p1d} - pi18;1 P} @G gaguw ) Ay Pids - pidi
= (rzy)pray - pic1a; P9 N AY Pias -+ pran
= (rzipigt - piciai_ pig' aipgs - piqr -

If ¢ = 1, then we get a pre-reduced standard factorization

F(x) = (rzi)piaf - picigl_ (pixipl)as - pin

such that d(F') < d(F).
If ¢ >¢ 1, thenletus write ¢’ = g,/ P(G) where P(G) is a G-positive, or empty word. By
rewriting P(G) as an {X, H}-positive word, we get a new pre-reduced standard factorization

F'(x) = rzi)pidf -+ pi—1a;- PiLga PG1x1p))gs -+ - prai-

Observe that P(G) gives rise to a maximal distinguished subfactorization w’ in F’(x)
such that g, = P(G). By Lemma 2.1, <¢ is a gj-right invariant ordering, so 1 <g ¢’ <¢
269, ' so Jda' 9w g1 <G zc. Hence the maximal distinguished subfactorization w’ in F’(x)
is irreducible. By construction, all other maximal reducible distinguished subfactorizations
in F'(x) are derived from the pre-reduced factorization F(x). Since we have removed the
maximal reducible distinguished subfactorization w in F(x), d(F") < d(F).

Moreover, by construction we have always r <g r’. In particular, 1 <y r’if 1 <y r, O

Now we are ready to prove Property A.

PROPOSITION 2.15 (Property A). If x is expressed as an {X, H}-positive word, then
x # 1L

PROOF. Assume that x is expressed by an {X, H}-positive word. Such a word expres-
sion can be modified to a standard factorization which is also an {&X’, H}-positive word: By the
proof of Lemma 2.13, we can modify such a standard factorization so that it is pre-reduced,
preserving the property thatitis also an {&’, H}-positive word. By Lemma 2.14, we may mod-
ify the {X, H}-positive pre-reduced standard expression F(x) so that it is an {X, H }-positive
reduced standard factorization.

Now let us rewrite F(x) as a word over {G, H} as follows. Let w be a maximal distin-
guished subfactorization in F(x) so we may write F(x) as

F(x) =rpiqi -+ Pi—149i—1P:[9agwlPsqs - PIqi -

Since w is irreducible, we may choose g, and x,, € X so that p, = xu_lps, p; e PX U ({1}
and that g, gy g <G zG. Then we write x as

F(x)=rpiq-- 'pi_1qi_1pﬁ-(gagwgu)A;,lpéqs < piqi

and regard (g, gy g,) as a G-positive word.
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Iterating this rewriting procedure for each maximal distinguished subword, and rewriting
the rest of x; in F(x) as a word over {G, H} by using the relation x; = g; Al_il, we finally write
X as

(2.6) x = WoViWy - Vo, W,

where W; is a word over H*! and V; is a word over G*!. By construction, V; € G or
Vi = 949w gy Where g, is a maximal distinguished subfactorization in F(x). Since we have
chosen g, 9w 9 <G zG, this implies that, V; & (zg) for all i. Similarly, the assumption that
F(x) is reduced implies that we may choose W; ¢ (zy) fori > 0. This implies that the
expression (2.6) is a normal form of an amalgamated free product X = G *(;5—;,) H so
x # 1.
O
2.5. Proof of Property C. Next we give a proof of Property C. To begin with, we
observe a simple, but useful observation.

LEMMA 2.16.
hylxi = N(X, H) Ay
where N (X, H) represents an { X, H}-negative word.

PROOF. Since zy = zg and x; = gl-A;Il, we have

zn =09 ‘2697 g1 = xiAu (g7 2697 Hx1Am -

Therefore
Wyt = 0 an Ay GGl g Ayt = 5 hoxT g aan Ay

Since z(_;1 gi <c 1 and ¢ is the <g-minimal positive element, z(_;lgi <¢ 9 ! Hence
zalgl gi <G 1. Thus, (h;lhl)xl_l(zalgl gi) is written as an {X, H}-negative word.
O

Now we are ready to prove Property C.

PROPOSITION 2.17 (Property C). Each non-trivial element x € X is expressed by an
{X, H}-positive word or an { X, H}-negative word.

PROOF. Let x be a non-trivial element of X and take a reduced standard factorization

of x,
F(x)=rpig1---piqi .

If r >y 1, r can be written as an H-positive or empty word, hence we may express x as an
{X, H}-positive word.

By induction on / = c¢(F), we prove that x is expressed by an {X’, H}-negative word
under the assumption that r <g 1.

First assume that g # Apy. Since r <p 1, we can express r as r = N(H)h_l, where
N(H) is an H-negative word or an empty word. Take an X-positive word expression of
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Pl = Xi\Xiy " Xi,. Then by Lemma 2.16,

rpipaqz - = (N(H)hT (i xiy -+ Xi,)q1p2qz -
=NH)(hy'xi)xi, - xi,q1p2q2 -+
=NX, H)Ay'xi, - xi,q1p2q2 - -
=NX, H)(hi ') - xi,q1p2q2 -

=NWX, )AL 'q1p2ga - .

N (X, H) represents an {X, H}-negative word.

Since F(x) is a reduced standard factorization, i <y zp. By Lemma 2.4 Ay is the
< pg-maximal element of H which is strictly smaller than zy, so g1 <y Apn. We have as-
sumed that g1 # Ay so (A;lql) <y 1. Thus the subword (A;ql)pzqz --- piq; is areduced
standard factorization with complexity (/ — 1). By induction, (A;IIql) P2q2 - - - piqp is written
as an {X', H}-negative word, hence we conclude that x is written as an { X', H}-negative word.

Next assume that g1 = Ag. Let w = q1p2ga - - - ps—1gs—1 be a maximal distinguished
subfactorization of F(x) which contains g;. Thus, the reduced standard factorization S is
written as

F(x) = rp|gaguwlXupidsps+1 - pigi
where p| = plxa_l, pi = xu_lps € PX U{l}.
Then by Lemma 2.16,
x = rpy[gagwlXupsqs Ps+1 -+ - piqi
= NX. H)h{ [gagulxuAn Ay pigs - pian
= NX, H)hy ' [9a9w 91 A5 Pis - pran
=NWX, M) Au (g gaguwg) Ay Pias - Pi1di

The distinguished subfactorization w is irreducible so we may choose x, and x, so that
zal 9a9w9u <c 1 holds. This implies that zal 9a 9w gu 1S written as a G-negative word. By
expressing a G-negative word expression of z(_;1 Ja 9w 9u as an {X, H}-negative word, we con-
clude that zal 9a 9w gu 1s written as a word of the form A;N (X, H). Hence

x=N@X, H) Ay Ay NX . H)(AL plas - pran)
= N(X, H)(Ay' pigs - piai) -
If p, # 1, then (Alfl,1 Digs -+ - piqr) is a reduced standard factorization having the com-

plexity less than /. Hence by induction, (Al_i1 Digs -+ piqr) is expressed by an {X, H}-
negative word.
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If p, = 1, then g; # Ap since w was a maximal distinguished subfactorization. Hence
qs <y Ap, and (A;l,l qs)Ps+1 -+ - piqi is a reduced standard factorization with complexity
less than /. By induction, (Al_ilqs)psﬂ -+ p1q; is expressed by an { X', H}-negative word.

Thus in either case, we conclude x is expressed by an { X', H}-negative word. O

2.6. Proof of Theorem 1.1. Now we are ready to prove our main theorem.

Proof of Theorem 1.1. (i): In Proposition 2.15 and Proposition 2.17, we have already
confirmed the Properties A and C for the generating set {X', }. By Corollary 2.9 the gener-
ating set {X’, H} indeed defines an isolated left ordering <x of X.

(i): Let G = {g;....}and H' = {h}, ...} be other generating sets of G and H satis-
fying [CF(G)] and [CF(H)]. Recall that Ay = z th_l does not depend on the choice of a
generating set . Let x; = giAI_il, Xl = gl.’AI_il, X={x,....and X' = {x,....}.

Since H and H' are generators of the same semigroup, we may write ; as an H'-positive
word. Similarly, since G and G’ are generators of the same semigroup, we may write g; as a
gG'-positive word g; = g; g/, - - - g/, Thus,

/

oA=L roA—1 _ 7 / /
xXi = gildy —9i19i2"'9i,AH —xi,AHxizAH”’xi,,lAHxil

so x; is written as an {X’, H'}-positive word. Thus, if x € X is expressed by an {X, H}-
positive word, then x is also represented by an {X”, H'}-positive word. By interchanging the
roles of {G, H} and {G’, H'}, we conclude that {X', H} and {X”’, H'} generate the same sub-
semigroup of X so they define the same isolated ordering of X.

(iii): This is obvious from the definition of <y.

(iv): The inequality iy <x hy <x --- <x h, follows from the definition of <x. By
Lemma 2.16, x; <x h; for all i. Now we show x; <x x; if i < j. Since g; <¢g g; if
i< j, gi_lgj is written as a G-positive word. Now by definition ¢; = x; Ay, so we may
express a G-positive word expression of gi_1 gj as an {X, H}-positive word expression of
the form P; j (X, H)Apy, where P; j (X, H) represents an {X, H}-positive word. Therefore
xi_IXj = AHgl._lng;l = AgP; j(X,H), sox; <x x;. The assertion that z = zg = zp
is < x-positive cofinal is obvious. To see that <y is a z-right invariant ordering, we observe
that z7'x;z = x; >x 1 and Z_ll’ljZ >y 1. Now for x,x’ € X, assume x <y x’, so
x~1x’ is written as {X, H}-positive word w = s1 - - - sy, Where s; denotes x; or hj. Then
7 )z = (27 s12) - (7 Vsmz) >x 1, hence xz <y x'z.

(v): Recall that by Lemma 2.3, we may choose the generating sets G and H so that the
cardinal of G, H are equal to r (<), r (< g ) respectively. Thus, r(<x) < r(<g) + r(<n).
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(vi): We prove that (x1) is the unique <y-convex non-trivial proper subgroup of X.
Recall by (2), (4) and Lemma 2.1, x1 is the minimal < x-positive element of X, hence x| does
not depend on a choice of G and . In particular, (x1) is a non-trivial <y-convex subgroup.

Let C be a <x-convex subgroup of X. Assume that C D (x1). Let y € C — (x1) be an
< x-positive element. Then y is written as y = x{"x; P(X,H) or y = x{"h; P(X,H) where
m=>0,l>0,j>1and P(X,H)is an {X, H}-positive word. Since x; € C, we may choose
y so that m = 0 by considering x; ™y instead.

First we consider the case X ¢ (x1). Then we may choose y so that 1 < x; <x y holds,
so the convexity assumption implies x € C. Now observe that x| lxz = Apyg, ! ng;Il =
Ag P12(X, H), hence

1 <x hp <zuhi' = Ay <x ApP1o(X,H) =x"x.

Since xl_lxg € C, this implies X UH = {x1,...,xm, h1,...,h,} C C. Therefore we
conclude C = X.
Next we consider the case X C (x1). This happens only when G = Z = (g;) and
G = gfv. Then we may choose y so that 1 < h; <x y holds, so h; € C. Then xl_lhl =
AHgl_lhl = hl_lzcgl_lhl NYJ zcgl_1 = gfv_l € C. This implies zg = zy € C,s0 C = X.
O

2.7. Computational issues. In this section we briefly mention the computational is-
sue concerning the isolated ordering <x. Let G = (S | R) be a group presentation and <¢
be a left ordering of G. The order-decision problem for <¢ is the algorithmic problem of
deciding for an element g € G given as a word over S U S~!, whether 1 <¢ ¢ holds or not.
Clearly, the order-decision problem is harder than the word problem, since 1 < ¢ implies
1 # g. It is interesting to find an example of a left ordering < of a group G, such that the
order-decision problem for < is unsolvable but the word problem for G is solvable.

There is another algorithmic problem which is also related to the order-decision problem
of isolated orderings. We say a word over GUG -lisg -definite if w is G-positive or G-negative,
or empty. If G defines an isolated ordering of G, then every g € G admits a G-definite word
expression. The G-definite search problem is a problem to find a G-definite word expression
of a given element of G.

THEOREM 2.18. Letustake G, H,X, <G, <H,2G,z2H,G, H, X as in Theorem 1.1.

(1) The order-decision problem for <x is solvable if and only if the order-decision prob-
lems for <G and <p are solvable.

(2) The {X, H}-definite search problem is solvable if and only if the G-definite search
problem and the H-search problem are solvable.

PROOF. Since the restriction of <y to G and H yields the ordering < and <y respec-
tively, if the order-decision problem for <y is solvable, then so is for <g and <p. Similarly,
if {X, H}-definite search problem is solvable, then we are able to get G-positive (resp. H-
positive) word by transforming {X', H}-positive word representing elements of G (resp. H)
by using g; = x; Ag so G-definite (7{-definite) search problem is also solvable.
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The proof of converse is implicit in the proof of Theorem 1.1 (i). Recall that in the proof
of Property C (Proposition 2.17), we have shown that for a reduced standard factorization
F(x) =rp1q1---piqi, x >x lifr > land x <x 1if rg < 1. Moreover, the proof
of Property C (Proposition 2.17) is constructive, hence we can algorithmically compute an
{X, H}-negative word expression of x if r <pg 1 if the G-definite search problem and the
‘H-search problem is solvable.

Thus, to solve the order-decision problem or the {X, H}-definite search problem, it is
sufficient to compute a reduced standard factorization. We have established two different
methods to compute a reduced standard factorization, in the proof of Lemma 2.12 and Lemma
2.14. Both proofs are constructive, hence we can algorithmically compute a reduced standard
expression. O

It is not difficult to analyze the computational complexity of order-decision problem
or the {X, H}-definite search problems based on the algorithm obtained from the proof of
Proposition 2.17, Lemma 2.12 and Lemma 2.14. In particular, we observe the following
results.

PROPOSITION 2.19. Let us take G, H, X, <G, <H,2G,2H,9, H, X as in Theorem
1.1.

(1) If the order-decision problems for <G and <p are solvable in polynomial time with
respect to the length of the input of words, then the order-decision problem for <y is
also solvable in polynomial time.

(2) If the G-definite search problem and the H-definite search problem are solvable in
polynomial time, then the {X, H}-definite search problem is also solvable in polyno-
mial time.

(3) Moreover, if one can always find a G-definite and an H-definite word expression
whose length are polynomial with respect to the length of the input word, then one
can always find an { X, H}-definite word expression whose length is polynomial with
respect to the length of the input word.

3. Examples. In this section we give examples of isolated left orderings produced
by Theorem 1.1. All examples in this section are new, and have various properties which
previously known isolated orderings do not have. For the sake of simplicity, in the following
examples we only use the infinite cyclic group Z, the most fundamental example of group
having isolated orderings, as a basic building block.

Other groups with isolated orderings, such as groups having only finitely many left-
orderings, or the braid group B, with the Dubrovina-Dubrovin ordering <pp, also can be
used to construct new examples of isolated orderings.

3.1. Group having many distinct isolated orderings. Letaj,...,a, (m > 1) be
positive integers bigger than one and consider the group obtained as a central cyclic amalga-
mated free product of m infinite cyclic groups Z) = (x;).

G = Gal,m,am = *ZZU)
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=(xt, . xm | x] =x2 = =xim) .

Recall that an infinite cycle group Z have exactly two left orderings, the standard one
and its opposite. Using the standard left ordering for each factor Z), by Theorem 1.1 we are
able to construct an isolated left ordering <¢ so that the restriction of <¢ to the i-th factor
7" is the standard left ordering.

First we give a detailed exposition of <¢ for the case m = 2 and m = 3.

EXAMPLE 3.1.

(i) First we begin with the case m = 2, which was already considered in [5], [10]:
Gayay = 2V 57 7P = (x1, x2 | x{' = x3?).

By Theorem 1.1, we get an isolated ordering < defined by the generating set
{xlle_az, x2}.
(i) Next we consider the case m = 3. There are two different ways to express G as an
amalgamated free products of Z.
(a) First we regard G, ay.05 = Gay.ay %2 2 = (ZWV 57 2P %7, 7.
By (1), Gg,.a, have an isolated ordering defined by {xlle_“z, x2}. By
applying Theorem 1.1 again, we get the isolated ordering <(qe)e defined by

l—ay l1—as 1—as
{x1x, “x3 xaxs U x3)
(b) Next we regard Gy, 4,03 = 7MW Gayay = 7V 5 (ZP %7 7). By applying
Theorem 1.1, we get the isolated ordering <q(ss) defined by {x1x; a3x2x31 B =
1—112 1—113 1—a3
X1Xy X3 C,X2Xy U, X3}

Thus two orderings < (ee)e and <o(ee) derived from different factorizations are the
same ordering.

As Example 3.1 (ii) suggests, the isolated orderings constructed from Theorem 1.1 are
independent of the way of factorization as amalgamated free products, that is, the way of
putting parenthesis in the expression Z" %7 Z® %7 - .. % 2™ All factorizations give the

same isolated ordering <¢ defined by {s1, ..., s}, where s; is given by
1—a; _
5 =Xix,~+1a’+l xrln am

This is checked by induction on m. Take a factorization of G as G = G| %z Gy =
Ga,....ar ¥2 Gay,....an- By induction, the isolated ordering < of G is independent of a
choice of a factorization of G1, and is defined by

! 1—a‘+] l—ak .
sl»le-xiﬂ’ Ce X i=1,...,k).

Similarly, the isolated ordering <; of G is independent of a choice of a factorization of G»,
and is defined by

l1—a;
"no_ ... J+1 1—a s
S =X Xy mo(j=k+1,...,m).
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Thus by Theorem 1.1, we get an isolated ordering < of G defined by

/.. "Ak+1 l—aji> l—a .
SiXp1 xk+1xk+2’ Xy (G=1,...,k),
S; =
1—a; 1— .
XX e, i=k+1,...,m)
1=a;t l—a
=XiXig Xy

The group G is the simplest example of a group with isolated orderings constructed by
Theorem 1.1. Nevertheless the group G and its isolated ordering < have various interesting
properties which have not appeared in the previous examples:

(1): The isolated ordering <G of G is not derived from Dehornoy-like orderings if G is
not generated by two elements.

As we mentioned earlier, the special kind of left-orderings called Dehornoy-like order-
ings produces isolated orderings, and all previously known examples of genuine isolated or-
derings are derived from Dehornoy-like orderings.

In [5] it is proved that an isolated ordering derived from Dehornoy-like orderings has
a lot of convex subgroups: if the isolated orderings <g of a group H is derived from the
Dehornoy-like orderings, then there are at least r(<p) — 1 proper, <g-convex nontrivial
subgroups. On the other hand Theorem 1.1 (vi) shows the isolated orderings < has only one
proper, <g-convex nontrivial subgroup.

If G is not generated by two elements, then r(<g) > 2. This implies that the isolated
ordering < of G is not derived from a Dehornoy-like ordering. This provides a counter
example of somewhat optimistic conjecture: every genuine isolated ordering is derived from
Dehornoy-like ordering. (Recall that all previously known examples of genuine isolated or-
derings are constructed by Dehornoy-like orderings.)

We remark that it is known that the group G = Gy, ... 4, is a two-generator group if and
only if @; and a; are not coprime for some i # j [8]. Therefore for example, the isolated
ordering of G234 in Example 3.1 (ii) is an isolated ordering which is not derived from a
Dehornoy-like ordering.

(2): The natural right G-action on LO(G) has at least 2(m — 1)! distinct orbits derived
from isolated orderings.

There is a natural, continuous right G-action on LO(G), defined as follows: For a left
ordering < of G and g € G, we define the left ordering <-g by h (<-g) ' if hg < h’g. This
action sends an isolated ordering to an isolated ordering. Although this action is natural and
important, little is known about the quotient LO(G)/G.

Recall that G is written as the amalgamated free products of m infinite cyclic groups
Z® . As we have seen, the way of decomposition of G (the way of putting parenthesis) does
not affect the obtained isolated ordering <¢.
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On the other hand, for a permutation o € S, Gq,,....a,, = Gayiiyoontom: BY viewing
Gay....am = Gagy..tigim) and applying the construction above, we get an isolated ordering

m

<o whose minimal positive element is

,,,,,

l1-aq(2) 1—ag(m) _ —(m—=Day
xg(l)xa(z) --~xa(m) =X Xo ()Xo (2) * " Xo(m)-
Thus, for two permutations o and 7, if X5 (1)X5(2) - * - Xo(m) and X¢(1)X¢(2) - - Xz (n) are not
conjugate, then two isolated orderings <, and <; belong to distinct G-orbits. Hence, we are
able to construct (m — 1)! distinct G-orbits of isolated orderings.

Recall that these orderings are constructed from the standard left orderings of Z(). By
using the opposite of the standard left-ordering of Z instead, we get other (m — 1)! distinct
G-orbits of isolated orderings in a similar way. Thus we have at least 2(m — 1)! different
G-orbits derived from isolated orderings.

(3): The natural right Aut(G)-action on LO(G) has at least (m — 1)! distinct orbits
derived from isolated orderings if all ay, . . ., ay, are distinct.

As in the group G itself, there is a natural right Aut(G)-action on LO(G). For a left
ordering < of G and 6 € Aut(G), we define the left ordering < -0 by h <-6 g if h6 < g6.
The right G-action on LO(G) can be regarded as the restriction of the natural Aut(G)-action
to the subgroup Inn(G).

There is one symmetry which reduces the number of orbits: the involution defined by
Xi > xl._1 (i =1, ..., m). This amounts to taking the opposite ordering. If all ay, . .., a,, are
distinct, ¢ (a;) # a]jFl for any ¢ € Aut(G). Hence by a similar argument as (2), by looking at
the minimal positive elements, we show that there are (m — 1)! distinct Aut(G)-orbit derived
from isolated orderings.

Thus, the properties (2) and (3) show that the group G has quite a lot of essentially
different isolated orderings.

3.2. Centerless group with isolated ordering. Next we consider the construction of
the case zg is non-central. First of all, let G, , = (b, c | b™ = ¢"*). By Example 3.1 (i), G n
has an isolated left ordering <, , which is defined by {bc' ", c}.

Let us consider a non-central element bc = bc!™" - b™. Then it satisfies the inequality
b" <mn bc <mn b?"_ Since b™ is <m.n-cofinal central element, this shows that bc is also
<m.n-positive cofinal.

<m.n i8 a (be'™")-right invariant ordering by Lemma 2.1, and <, , is also a b™-right
invariant ordering since " is central. Thus, <, , is a (bc)-right invariant ordering.

Thus, we can take the non-central element bc as an element zg in Theorem 1.1 and we
are able to apply the partially central cyclic amalgamation construction. Now we consider the
group H = Hp g m.n = Z %y Gyn = Ly (Z *z Z) defined by

{a,b,c|b™ =", a? = (bc)?).
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This group has an isolated left ordering < 7, defined by {a(bc)! =7, bc!™", ¢}. Let us put
x =a(be)!74, y = (bc)! ™", and z = c. Then the group H) 4 m » is presented as

Hpgmn = (0.3, 2| 02" H" = 2" (22" H? = (y2"))
by using the generator {x, y, z}.
Clearly, H has trivial center. This gives a first example of centerless group having iso-
lated orderings. In fact, Theorem 1.1 will allow us to construct many examples of centerless
group having isolated orderings.

REFERENCES

[1] P. DEHORNOY, Monoids of O-type, subword reversing, and ordered groups, J. Group Theory 17 (2014), 465—
524.

[2] P. DEHORNOY, I. DYNNIKOV, D. ROLFSEN AND B.WIEST, Ordering braids, Mathematical Surveys and
Monographs 148, Amer. Math Soc., Providence, RI, 2008.

[3] T.DUBROVINA AND T. DUBROVIN, On braid groups, Sb. Math 192 (2001), 693-703.

[4] N.HALIMIAND T. ITO, Cones of certain isolated left orderings and chain domains, Forum. Math. 27 (2015),
3027-3051.

[5] T.Ito, Dehornoy-like left orderings and isolated left orderings, J. Algebra 374 (2013), 42-58.

[6] V.KorPYTOV AND N. MEDVEDEYV, Right-ordered groups, Siberian School of Algebra and Logic, Consultants
Bureau, 1996.

[7]1 P. LINNELL, The space of left orders of a group is either finite or uncountable, Bull. London Math. Soc. 43
(2011), 200-202.

[8] S.MESKIN, A. PIETROWSKI AND A. STEINBERG, One-relator groups with center, J. Austral. Math. Soc. 16
(1973), 319-323.

[9] A.NAVAS, On the dynamics of (left) orderable groups, Ann. Inst. Fourier 60 (2010), 1685-1740.

[10] A. NAVAS, A remarkable family of left-ordered groups: Central extensions of Hecke groups, J. Algebra 328
(2011), 31-42.

[11] C. RIVAS, Left-orderings on free products of groups, J. Algebra 350 (2012), 318-329.

[12] A. SIKORA, Topology on the spaces of orderings of groups, Bull. London Math. Soc. 36 (2004), 519-526.

RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES
KYOTO UNIVERSITY

KyoTo 606-8502

JAPAN

E-mail address: tetitoh@kurims.u-kyoto.ac.jp
URL: http://www.kurims.kyoto-u.ac.jp/ tetitoh/




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /ARA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /BGR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHT (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CZE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DAN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ETI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /GRE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HEB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HRV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HUN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ITA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFFff08682aff0956fd969b6587732e53705237793e306e51fa529b6a5f306b90693057305f002000410064006f0062006500200050004400460020658766f830924f5c62103057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e30593002>
    /KOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LTH (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LVI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NLD (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /POL (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /PTB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUM (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SKY (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SLV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SUO (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SVE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /TUR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /UKR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


