Tohoku Math. J.
67 (2015), 349-381

SET-VALUED AND FUZZY STOCHASTIC DIFFERENTIAL
EQUATIONS IN M-TYPE 2 BANACH SPACES

MAREK T. MALINOWSKI

(Received May 31, 2013, revised May 7, 2014)

Abstract. In this paper we study set-valued stochastic differential equations in M-type
2 Banach spaces. Their drift terms and diffusion terms are assumed to be set-valued and single-
valued respectively. These coefficients are considered to be random which makes the equations
to be truely nonautonomous. Firstly we define set-valued stochastic Lebesgue integral in a
Banach space. This integral is a set-valued random variable. We state its properties such
as additivity with respect to the interval of integration, continuity as a function of the upper
limit of integration, integrable boundedness. The existence and uniqueness of solution to set-
valued differential equations in M-type 2 Banach space is obtained by a method of successive
approximations. We show that the approximations are uniformly bounded and converge to
the unique solution. A distance between nth approximation and exact solution is estimated
and a continuous dependence of solution with respect to the data of the equation is proved.
Finally, we construct a fuzzy stochastic Lebesgue integral in a Banach space and examine
fuzzy stochastic differential equations in M-type 2 Banach spaces. We investigate properties
like those in set-valued cases. All the results are achieved without assumption on separability
of underlying sigma-algebra.

1. Introduction. To model evolutionary behavior of dynamical systems governed by
random forces stochastic differential equations are used [18, 24, 46, 51]. Their infinite dimen-
sional extension is widely treated in [14], where a comprehensive theory of abstract stochastic
differential equations in Hilbert spaces is presented. In [8] stochastic integration in M-type 2
Banach spaces has been introduced. The extensive studies on stochastic integration and sto-
chastic differential equations in Banach spaces can be found e.g. in [8, 9, 10, 52]. Applications
of stochastic differential equations range over financial and insurance mathematics, biology,
physics, engineering, control theory. However in many situations, owing to vague informa-
tions on considered system, states of the system cannot be described by single, precise values.

Instead of this, some sets of possible values are available or linguistic variables are used to
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describe a set of values. Such uncertainty is known as contingent uncertainty driven by set-
valued mappings, other names are vagueness, imprecision, fuzziness. This is a second source
of uncertainty (besides stochastic uncertainty) which is encountered in studies of dynamical
systems. Two sources of uncertainty were studied in the subjects of set-valued Markov pro-
cesses [19, 20], convergence of set-valued random variables [21, 29, 33, 47], definition and
properties of fuzzy random variables [26, 45, 48, 49]. The stochastic and contingent uncer-
tainties have also been combined in considerations of stochastic differential inclusions (see
[1,2,3,4,6,12,25,27, 31, 55]).

In this paper we study somewhat different new tools which can be applied in handling
dynamical systems subjected to stochastic and contingent uncertainties. Namely, we are in-
terested in set-valued stochastic differential equations considered in the framework of the
martingale type 2 Banach spaces X (M-type 2 Banach spaces). As distinct from stochastic
differential inclusions where solutions are single-valued stochastic processes, solutions to set-
valued stochastic differential equations are considered to be set-valued stochastic processes
satisfying some measurability conditions and their sample paths are continuous with respect
to the Hausdorff metric in the set of nonemtpy closed bounded and convex subsets of the un-
derlying Banach space. Some studies in this direction were proposed in [32] in the setting of
the space R? and in [41, 54] in the setting of an M-type 2 Banach space. In these papers some
theorems on existence and uniqueness of solution were proven. They were established under
assumptions that Lipschitz and linear growth conditions are satisfied by drift and diffusion co-
efficients of the equation. It was also justified that diffusion coefficient should be single-valued
rather than set-valued to consider well possed set-valued stochastic differential equations with
solutions being the set-valued stochastic processes. In [41, 54] the Banach space-valued sto-
chastic Itd integral has been used, where the integrand is an operator-valued stochastic process
and the integrator is an X'-valued Wiener process. In this paper, as in [41, 54], we study such
equations with set-valued drift and single-valued diffusion. However we allow the coefficients
to be random, which makes our equations to be truely nonautonomous. Instead of initial value
in the form of set-valued random variable X, we consider an initial set-valued stochastic pro-
cess . All our results are achieved without assumption on the separability of underlying
sigma-algebra A with respect to the probability measure P, whereas such a condition is very
importantin [41, 54]. The set-valued stochastic Lebesgue integral used here is defined in a dif-
ferent way from that proposed in [41, 54]. The presented properties of this integral are useful
in proving the results concerning set-valued stochastic differential equations, i.e., existence

and uniqueness of solution and continuous dependence of solution on data of the equation.
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Instead of linear growth condition we impose a weaker condition of a boundedness type. We
further study fuzzy stochastic differential equations in M-type 2 Banach spaces. An initial
research in this subject is contained in [34, 35, 36, 37, 38, 39, 40]. In this paper in a Banach
space setting, we introduce a notion of fuzzy stochastic integral with respect to the Lebesgue
measure. It is needed to formulate and study, for the first time, the fuzzy stochastic differential
equations in M-type 2 Banach spaces.

The paper is organized as follows: In Section 2 we collect some background material
to make the paper self-contained. We recall the definitions and some known properties con-
cerning measurable multifunctions, set-valued stochastic processes, fuzzy sets, measurablity
of fuzzy mappings, fuzzy stochastic processes and stochastic integration in M-type 2 Ba-
nach spaces with respect to Banach space-valued Wiener process. In Section 3 we define
a set-valued stochastic Lebesgue integral in a Banach space and give some of its properties
which are used for considering the set-valued stochastic differential equations. We prove,
in Section 4, existence and uniqueness of solution to such the equations by a usage of the
Picard-type approximations sequence. We estimate the distance between nth approximation
and exact solution. Also we show that the solution depends continuously on the equation’s
data. In Section 5 we construct a fuzzy stochastic Lebesgue integral in a Banach space. Then
we state some properties of this integral. Finally, in Section 6, we study the fuzzy stochastic
differential equations in M-type 2 Banach spaces. The results concerning solutions to such

the equations, which are parallel to those of Section 4, are presented.

2. Preliminaries. Let (X, | - || ) denote a separable Banach space (in the paper by
X we will also denote M-type 2 Banach space or separable M-type 2 Banach space thus the
meaning of X will change from time to time, but each time we will state clearly what is meant
by X). By IC? (X) we mean the family of all nonempty, closed, bounded and convex subsets
of X. The set ICf. (X) endowed with the Hausdorff metric Hy becomes a complete metric
space (cf. [5, 11, 23]). Let us recall that

Hy(A, B) := max {sup disty (a, B), sup disty (b, A)} ,
acA beB

where disty (a, B) := binIg lla — bl x. In the set ICf (X) one can define addition and scalar
€

multiplication:

A+B:={a+b:acA,be B}, r-A:={ra:aec A}, A,BeICf(X), reR.
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Then (le,’ (X), +, ) has a semilinear structure. The following property will be used fre-
quently. For nonempty subsets A, A2, By, By of X it holds

Hy (A1 + Az, By + By) < Hy(Ay, By) + Hy(A2, By) .

Denote [ := [0, T], where 0 < T < oo. Let (R, A, {A}ie1, P) be a complete fil-
tered probability space satisfying the usual hypotheses, i.e. {A;};<s is an increasing and right
continuous family of sub-o-algebras of 4 and Ag contains all P-null sets.

Let M be a set of .A-measurable mappings f: Q — X'. The set M is called decompos-
able if for every fi, f» € M andevery A € Aitholds fil4 + frlg\a € M.

A set-valued mapping (multifunction) F': Q — ICf. (X) is said to be .A-measurable (or

measurable, for short, or set-valued random variable) if it satisfies:
{weQ:FlwNO #£@} e A foreveryopenset O C X

Define Zp := {A being nonempty closed subset of X : A N O # @} for every open subset
O of X. LetC := {Zp : O isopensubsetof X’}. It is known (see [54]) that multifunc-
tion F: (2, A4) — (ICf(X ), 0(C)) is measurable if, and only if, it is .4|o (C)-measurable,
where o (C) is the o-algebra generated by C. A measurable multifunction F: Q — ICf. X)
is said to be LP-integrally bounded (p > 1), if there exists h € L”(2, A, P;R) such that
llallx < h(w) for any a and w with a € F(w). It is known (see [22]) that F is L?-integrally
bounded if, and only if, ® — |F(w)|x is in L?(L2, A, P; R). Two measurable and L”-
integrally bounded multifunctions Fp, F> are considered to be identical if P-a.e. it holds
F1(w) = F>(w). The set of measurable and L?-integrally bounded multifunctions endowed
with the metric A,(F1, F2) (= E (H;(Fl, Fz))l/p is a complete metric space. For some
comprehensive expositions in this subject we refer the reader to [11, 23, 42].
A mapping F: I xQ — ICf.(X) is said to be a set-valued stochastic process if F(z, -):
— ICf (X) is a measurable multifunction for every ¢t € I. If F(¢, -) is A;-measurable mul-
tifunction (for each ¢t € I) then F is called {A,}-adapted. A set-valued stochastic process F
is said to be measurable if F(-,-): I x Q — IC? (X) is B(I) ® A-measurable multifunction,
where (/) denotes the Borel o -algebra of subsets of /. If set-valued stochastic process F' is
measurable and {4, }-adapted then it is called nonanticipating. It is known that F is nonantic-

ipating if, and only if, F (-, -) is measurable with respect to the following o -algebra A/
N={AeBI)®A: A" € A, forevery t eI},

where A’ := {w € Q: (t, w) € A}. A set-valued stochastic process F: I x  — ICf(X) is
said to be Hy-continuous if P-a.a. its sample paths, i.e. the mappings F (-, w): [ — IC?(X),
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are continuous with respect to the metric Hy. A measurable set-valued stochastic process
F: 1 xQ — ICf. (&) is called LP-integrally bounded, p > 1, if the mapping (¢, w) +—
|F(t, w)| x belongsto LP (I x 2, B(I)RA, A x P; R), where A denotes the Lebesgue measure
on (I, B(I)). Two measurable and L”-integrally bounded processes Fy, Fo: I x Q2 — ICf X)
are considered to be identical if (A x P)-a.e. it holds F;(t, w) = F>(¢, w).

A generalization of the notion of set is the notion of fuzzy set [53]. The latter gained
popularity and applicability in systems analysis in industrial mathematics [16, 30, 44, 56]. A
fuzzy set u of the space X is understood as a mapping u: X — [0, 1]. In this way, by means
of characteristic function, every ordinary subset of X is a fuzzy set. Let F(X) denote the set
of all the fuzzy sets of the space X'.

For a € (0, 1] the set [u]y := {x € X : u(x) > «} is called a-level of u, and the set
[ulo := cly{x € X : u(x) > 0} is called the support of u. Here cl y stands for the closure in
(X0 lx)-

By ]—"f.’ (X) we mean the set of fuzzy sets u for which it holds [u], € ICf. (&) for every
a € [0, 1]. One of the metrics used in F Lh (X) is the uniform Hausdorff metric Dy defined as

Dx(u,v) := sup Hy([uly, [v]e) for u,ve F2(X).
ael0,1]

The following Skorohod metric D§( is also useful
D%, (u, v) == inf max { sup |A(f) —t|, sup Hx(xy(t), xu(k(t)))} ,
reA 1€[0,1] 1€[0,1]
where A is the set of strictly increasing continuous functions A: [0, 1] — [0, 1] with A(0) =
0, A(1) =1, and x,, xy: [0, 1] — ICf.(X) are the cadlag representations for fuzzy sets u, v €
F(X) (see [13] for details). The metric space (F2(X), D) is complete and non-separable
and the space (Ff X)), Dg() is a Polish metric space.

The addition @ and scalar multiplication ® in Ff? (X) are defined levelwise, i.e.
[ @ vle = [ule + V], [2Oulg =h-[ule for u,veFIX).
The triple (]—"Z,’ (X)), &, @) has semilinear structure and
Dy (uy @ vi,uz ®v2) < Dy (1, uz) + Dy (v1,v2) for uy,uz, vi,v2 € FP(X).

A fuzzy mapping u: Q — .7-'5’(2( ) is said to be measurable (or the fuzzy random vari-
able) if [u]y: Q — ICf. (X) is a measurable multifunction for « € [0, 1], where [u]y(w) =
[u(w)]y. It is known (see [13]) that u: 2 — ]-'f()() is measurable if, and only if, u: (2, A)

— (Ff X)), B DS, ) is A|B DS, -measurable, where S DS, is the o-algebra generated by the
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topology induced by D§(. A measurable mapping u: 2 — .7-'Cb (&) is said to be LP-integrally
bounded (p > 1) if & > |[u(w)]o|  is in LP(Q, A, P; R).

Similarly to the set-valued case, f: I x Q — .FZ.’ (X) is called a fuzzy stochastic pro-
cess if [flo: I X Q — ICi,’ (X) is a set-valued stochastic process for ¢ € [0, 1], where
[fla(t,w) = [f(t, w)]q. Also, a fuzzy stochastic process f: [ x Q — ]—'f,’()() is {A}-
adapted (measurable, nonanticipating, respectively) if [ f]o: I X Q2 — ICf.(X ) is {A;}-adapted
(measurable, nonanticipating) for « € [0, 1]. A fuzzy stochastic process f: I x 2 — ]-'L’.’ (&)
is called D y-continuous if its sample paths are continuous with respect to the metric Dy.
A fuzzy stochastic process f: I x Q — .7-'Cb (&) is called LP-integrally bounded, p > 1,
if (1, w) — |[f(t,a))]o|X isin LP(I x Q,8() ® A, A x P;R). Two measurable and
LP?-integrally bounded fuzzy stochastic processes fi, f> are considered to be indentical if
(A x P)-a.e.itholds fi(t, w) = fo(t, w).

In the sequel we recall some foundations of the stochastic integration in Banach spaces
[8,9, 14, 41, 52] applied in the single-valued and set-valued stochastic differential equations.

Let X denote a separable Banach space, H a separable Hilbert space which is continu-
ously and densely embedded into X, and p denote a Gaussian measure on Borel o-algebra
B(X) of subsets of X’ such that

* l * * *
/Xexp{«/—_l(x,x )}u(dx):exp{—inx ”%—l}’ x*eX*CH.

The Hilbert space H is called the reproducing kernel Hilbert space of (X, u), and the triple
(X, H, ) is called the abstract Wiener space (cf. [9, 41]).

Let B(&X; X) denote the set of all bounded linear operators from & to X, and let
L2(X; X) := L*(X, B(X), u; X) be the set of all Borel measurable mappings f: (X, B(X))
— (X, B(X)) such that the norm

1/2
I f 2,2y = (/X LfGl% u(dX)> < o00.

It is known (see [41]) that B(X'; X) is a subspace of L2(Xx; X).

Similarly as before, let (2, A, P) be a complete probability space and let (X, H, 1) be
an abstract Wiener space. A continuous stochastic process W: I x 2 — X is called the
X-valued Wiener process if

i) W@©)=0as.,
(i) the law of random variable r~'/2W (r) equals p for every t € (0, T],
(iii) the random variable W () — W (s) is independent of o {W (1) : u € [0, s]}.
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A Banach space (&, || - || x) is called M-type 2 (cf. [9]) if there exists a constant Cy > 0
such that for every X-valued martingale {M}} it holds

supE[[My |3 < Cx Y ElMi — M1 1% -
k
k

It is known that every Hilbert space is an M-type 2 Banach space, and the Lebesgue function
spaces L?, p > 2, are M-type 2 Banach spaces which are not Hilbert spaces.

Let X be a separable M-type 2 Banach space and (X, H, i) an abstract Wiener space.
By L*(I x Q, N, 1 x P; B(X; X)) we denote the set of all nonanticipating operator-valued
stochastic processes f: I x Q — B(X; X)) such that Ef] ”f”i%/\f;)()dt < 00. Then for
f e L*(I x Q N, A x P;B(X;X)) and t € T one defines (cf. [10, 41]) the stochastic
1t6 integral of f with respect to X'-valued Wiener process denoting this integral as usual, i.e.
fot f(s)dW(s). It has been proved that

P1) fot f(s)dW(s) is a random variable belonging to L2(Q, A;, P; X) and such that

t
B[ £0awe = b,
0
(P2) the stochastic process J : I x Q — X defined by
t
Tw = ([ Feawe)w
0

is continuous and nonanticipating, also . is a martingale,
(P3) forevery ¢ € I it holds

t 2 t
@1 IEH/O f@aw| < CX]E/O 1S 172,205
(P4) forevery ¢ € I it holds

2.2) E sup
uel0,]

u 2 t
fo F©aw)|, < CxE /0 £ )12y

3. Set-valued stochastic integral with respect to the Lebesgue measure. Let X
be a separable, reflexive Banach space. Consider a measurable and L'-integrally bounded

set-valued stochastic process X: I x Q — ICf(X ). Then
| X(t,w)|xy <m(t,w) foraa. (t,w)el x Q,

where m: [ x € — Ry is a measurable stochastic process with property E || ;m(s)ds < oo.
By Fubini Theorem there exists a P-null set Ny such that for ® € Q \ Ny the mapping
X(G,w)y: I — ICf (X) is B(I)-measurable and L'-integrally bounded. Hence for v € Q\ Ny
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we can define the Aumann integral with respect to the Lebesgue measure (see e.g. [7, 22]) as

/X(s,a))ds = {/x(s)ds tXx € S(X(-,a)))}
I I

where S(X (-, w)) is the set of all mappings x: I — X which are measurable and Bochner
integrable selections of X (-, ). It is known (see [22]) that S(X (-, ®)) is nonempty, bounded,
convex, weakly compact and decomposable subset of L! I, (D), »; X).

Since X (-, w) is ICf(X )-valued and L'-integrally bounded, we obtain (see [22]) that
[; X (s, w)ds € KE(X). If we additionally define [, X (s, w)ds := {6} for v € Nx then we
get a definition of [, X (s, w)ds for every w € Q. In the sequel we shall show that

Qowr /X(s, w)ds € Kb (x)
1

is a measurable multifunction. Indeed, denoting by s the support function for X (¢, ®) (see

e.g. [23]) and applying Proposition 2.2.39 in [23] we obtain that for every x* € X*
IxQ3 ¢ wr—sx* X(t,w)eR

is a measurable stochastic process. Moreover, it is L!-integrally bounded because for every
x* e X*and every (f,w) € I x Q

s(x*, X (t, @) < sup{llx*flas - Ixlla s x € X (1, 0)} < [Ix*|l s - m(t, ).
Hence @ 5 w — [;s(x*, X(s,w))ds € R is A-measurable. Applying Proposition 2.5.2
in [23] we get [;s(x*, X(s,))ds = s(x* [, X(s,)ds). Hence we obtain the
A-measurability of s (x*, f 1 X (s, -)ds). Now, due to Proposition 2.2.39 in [23] we conclude

that w — f ; X (s, w)ds is a measurable multifunction.

DEFINITION 3.1. The set-valued stochastic integral over interval [z, ] C [ with re-
spect to Lebesgue measure for measurable and L'-integrally bounded set-valued stochastic
process X: I x Q — ICf.(X ) is a measurable multifunction denoted by frt X (s, -)ds and

defined as follows
t
/ X(s,w)ds = / 112,7() X (s, w)ds if w € 2\ Nx
T 1
and

t
/X(s,a))ds = {0y} if w € Nx.
T

In a similar way we can define this integral over intervals [z, ), (7, t], (7, t). However,

since A is non-atomic, they are all equal to frt X (s, -)ds.

REMARK 3.2. IfY: I x Q — K.(X) is a measurable and L'-integrally bounded set-

valued stochastic process, where IC.(X’) denotes the collection of all nonempty closed and
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convex subsets of X, then we get Y (¢, w) € ICf(X ) for a.a. (t,w) € I x Q2. Therefore for
a IC.(X)-valued Y, without any difficulty, proceeding as above we can define the set-valued

stochastic integral with respect to the Lebesgue measure.

Obviously, set-valued stochastic integral with respect to the Lebesgue measure, which
is a measurable multifunction, can be well defined for all processes X: I x Q — ICf. X)

which are measurable and L”-integrally bounded, p > 1. Moreover, we have the following
property.

REMARK 3.3. For a measurable and L”-integrally bounded process X: I x Q —
ICf. (X), similarly to the derivations of measurability of @ f ; X (s, w)ds we can prove that

the set-valued stochastic process (¢, w) — J (¢, w) is measurable (i.e. 8(/) ® A-measurable),
where J: I x Q — K5(X) is defined as J (t, ») 1= fé X (s, w)ds.

The definition of set-valued stochastic integral with respect to the Lebesgue measure is
different from that one in [41, 54]. It is similar to the definition used in [32]. This allows us
to achieve some desired properties of this integral without assumption that the o -algebra A is
separable with respect to the probability measure P. Such condition is crucial in [41, 54].

Now we present some useful properties of the set-valued stochastic integral with respect

to the Lebesgue measure.

PROPOSITION 3.4. Assume that X: 1 x Q — IC’Z(X) is a measurable and
L'-integrally bounded set-valued stochastic process. Then for every w € Q and every t,t,1 €
I, T <t <n,itholds

t
/ X(s,a))ds—i—/nX(s,a))ds=/nX(s,a))ds.

T t T

PROOF. The assertion is obvious for @ € Ny. Consider w € Q2 \ Nx. Then fora €
f; X (s, w)ds + [" X (s, w)ds we obtain that there exist xj, x> € S(X(-, )) such that a =
f; x1(s)ds + [" xa(s)ds. Since S(X (-, w)) is decomposable, we get x € S(X (-, w)), where

x(s) = x1(5)10,11(5) + x2(8) s, 71(5), sel.

Observe that [ x(s)ds = a. On the other hand (" x(s)ds € [ X (s, w)ds. Hence the
inclusion ! X (s, @)ds + [ X (s, w)ds C [ X (s, w)ds follows.

Now, let us take a € fr" X (s, w)ds. Then there exists a selection y € S(X (-, w)) such
that a = [ y(s)ds. It is easy to see thata = [ y(s)ds + [ y(s)ds. Since [ y(s)ds €
frt X (s, w)ds and [[" y(s)ds € [ X (s, w)ds, we geta € frt X(s, w)ds + [' X (s, w)ds. O
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PROPOSITION 3.5. Assume that X: 1 x Q — le(X) is a measurable and
L'-integrally bounded set-valued stochastic process. Then for every w € Q the mapping
I>t— J(t,w) € ICf.(X) is Hy-continuous.

PROOF. For w € Ny the continuity of J(-, w) is obvious because we have J (-, w) =

{6x}. Forw € Q\ Ny and T < r we can write, using Proposition 3.4,

T T t
Hy (J(t,w), J(t,w)) = Hy (/ X (s, w)ds, / X (s, w)ds + / X (s, w)ds)
0 0 T

t
/ X (s, w)ds

T

Due to Theorem 4.1 in [22] we get

<

X

t
Hy (J(t,w), J(t, w)) g/ | X (s, w)|xds.

The last expression converges to zero when |t — t| — 0, because X (-, w) is L'-integrally
bounded. Hence the assertion follows. O
PROPOSITION 3.6. Assume that X,Y: 1 x Q — ICf(X) are measurable and LP-

integrally bounded, p > 1. Then P-a.e. it holds: for every T <t

u u t
sup H;(/ X(s,a))ds,/ Y (s, @)ds) < (t—r)p_I/ HE(X (s, ), Y (5, ))ds

u€lr,t]

and
t t t
Hj}(/ X(s,a))ds,/ Y(s,co)ds) g(t—z)P—I/ HE (X (s, w), Y (s, ®))ds .

PROOF. Consider w € (2\ Nx) N (2 \ Ny). Then the multifunctions X (-, w), Y (-, w)
are (I)-measurable and L /15( n (A)-integrally bounded. For t < ¢, by Theorem 4.1 in [22] and

Jensen’s inequality, we have

u u u p
sup Hfé(/ X(s,a))ds,/ Y(s,a))ds) < sup </ Hy(X(s,w), Y(s, a)))ds)
uelr,t] T T uelr,t] T

< sup (u—1)P7! / HY (X (s, 0), Y (5, w))ds

uelr,t]
t
g(t_t)p_l/\ H‘f(-(X(S,(l)),Y(S, C()))ds
T
Hence, also the second inequality follows. g

COROLLARY 3.7. Under assumptions of Proposition 3.6, for every T <t it holds

u u t
E sup H;}(/ X(s)ds,/ Y(s)ds) <(t— I)P—lE/ HE(X(5), Y (s))ds

u€lr,t] T
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and

t t t
EH;(/ X(s)ds,/ Y(s)dS)<(t—T)p_l]E/ Hy (X (). Y (5))ds .

T
PROPOSITION 3.8. AssumethatX: I xQ — ICé,7 (X)) is measurable and LP -integrally

bounded, p > 1. Then the set-valued stochastic process J : I x Q — ICé7 (X) is LP-integrally
bounded.

PROOF. By Remark 3.3, the set-valued stochastic process J: I x Q — ICf (X) is mea-
surable. Note that

t
/ |J(t,a))|det P(dw):// /X(s,a))ds
IxQ2 1JQ21J0

t
<f/ ﬂH/ X (s, )|} ds P(dw)dt
1JQ 0

ng’/ /lX(s,a))Ides P(dw).
QJI

p
P(dw)dt
X

By the assumptions, the last expression is finite. 0

REMARK 3.9. If a set-valued stochastic process X: I x Q — ICi,’ (X) is nonantici-
pating and L”-integrally bounded (p > 1),then J: I x Q — IC? (&) is nonanticipating and
LP-integrally bounded.

4. Set-valued stochastic differential equations in M-type 2 Banach spaces. Let X
be a separable, reflexive, M-type 2 Banach space, (X, ‘H, ) an abstract Wiener space, W: I x
Q — X an X-valued Wiener process defined on a complete probability space (€2, A, P) with
filtration {A;} satisfying usual conditions, the law of random variable 12w (1) is equal to
ufort € (0, T].

In this section we shall consider the set-valued stochastic differential equations, i.e. the

relations of the integral form
t t
4.1 X(@)=®@) +/ F(s, X(s))ds + {/ G (s, X(s))dW(s)} , tel,
0 0

which shall hold P-a.e. and where ®: I x Q@ — K2(X), F: I x Q x Kb(X) — Kbx),
G: I x Q x ICf,’ (X) — B(X; X). The first integral is set-valued stochastic integral with
respect to the Lebesgue measure (which is different than that used in [41, 54]) and the second
integral is single-valued stochastic Itd integral in Banach space X. Note that we consider
random coefficients F, G. In [32, 41, 54] they are not random. The initial data include also a

set-valued stochastic process ® instead of a measurable multifunction.
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DEFINITION 4.1. By asolution to (4.1) we mean a set-valued stochastic process X : 1
X Q — ICf.(X ) which is {4;}-adapted, H y-continuous and satisfies (4.1). A solution X : I x
Q — ICf.(X) is unique if P-a.e. it holds: Hy (X (¢), Y(t)) = O for every t € I, where
Y: I xQ— K5(X) is any solution to (4.1).

In the investigations of the equation (4.1) we assume that the following conditions are
satisfied.
(Al) ©: I x Q — ICi,’ (X) is a nonanticipating, Hy-continuous set-valued stochastic
process such that IE sup, ., |<I>(t)|%,( < 00,
(A2) F: I x Q x IC’Z(X) — ICf.(X) is N ® o(C)|o(C)-measurable, G: I x Q x
K2(X) — B(X; X)is N ® o(C)|o (B(X; X))-measurable,
(A3) there exists a constant K > 0 such that P-a.e. it holds

Viel YA, Beki(X) HY(F(t,w,A), F(t,w, B)) < KH%(A, B),
VielIVA BekKlX) |Gt o A) -Gt o, B)||iz(X,X) < KH(A, B),
(A4) there exists a constant M > 0 such that P-a.e. it holds

Viel max{|F(t, o {0xD]%

G(t, w, {9x}>||22(x;x>} SM.

Instead of the linear growth condition, which was assumed in [32, 41, 54], we impose the
boundedness condition (A4).

In the derivations of existence of solution to (4.1) we shall use the method of successive
approximations. Therefore we define the sequence {X,,};2 , of set-valued stochastic processes

as follows
4.2) Xo(t) =P(t), tel,

and forn=1,2,...

t

t
(4.3) Xn(t) = @) ~|—/ F(s, X,—1(s))ds + {/ G (s, X,,_1(s))dW(s)} , tel.
0 0

LEMMA 4.2. Assume that ©, F, G satisfy conditions (Al)—(A4). Then every approxi-
mation X,, is a nonanticipating, L*-integrally bounded, H x -continuous set-valued stochastic

process.

PROOF. Note that Xg: I x Q — IC{’.(X), which is defined as Xo(t) = ®(¢) fort € I,
possesses properties described in thesis of the assertion. It is immediate. Assume that X,,_ is
nonanticipating, L>-integrally bounded and H y-continuous. We shall show that X,, has these

properties, too.
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Due to (A2) the mappings F (-, -, X,—1(-, ")) : I X Q2 — ICf(X) and G(-, -, Xp—1(,)): [
x Q — B(X;X) are the stochastic processes which are N'|o(C)-measurable and
N|B(B(X; X))-measurable, respectively. Further observe that, by (A3) and (A4), we get

E / |F(t, Xuo1())5dt <2E f H3(F(t, Xuo1(1)), F(t, {8 1))dt + 2E / |F(t, ) 5dt
1 1 1

<2KIE/ | Xn1 ()| 5dt +2MT < 0.
1
Similarly we have

E /1 IG(t, X1 (D172, 1)t < 2E /1 I1G(t, Xu1(®) = Gt (02NN . 20yt
+ 28 [ 160 02D et
<2K]E/ | Xp—1(0)|3dt +2MT < co.
1

Hence the integrals in (4.3) are well defined and form some nonanticipating and L?-integrally
bounded set-valued and B(X; X)-valued stochastic processes, respectively. Thus X, is
nonanticipating and L?-integrally bounded. By Proposition 3.5 and property (P2) of stochas-

tic Itd integral in Banach spaces, we infer that X,, is Hy-continuous. 0
LEMMA 4.3. Under assumptions of Lemma 4.2, for every n € N it holds

Esup | X, ()3 < (M + MaTEsup [ ®(1)|3,) exp{MaT}
tel

tel

where My = 3Esup,¢; |®(1)|% + 6TM(T + Cx), My = 6K(T + Cx).

PROOF. Fort € I we have
K 2

E sup |X,(s)|% <3Esup|®(s)|3 +3E sup / F(r, Xp_1(r))dr
s€[0,¢] sel s€[0,¢][J0 X

2

N
+3E sup / G (r, X1 (M)W (r)
s€[0,¢] 0

Applying Corollary 3.7, (2.2), (A3) and (A4) we have

X

t
E sup |Xn(S)I3(<3]ESUP|¢(S)|3(+3tE/ |F(r, Xue1 ()% dr
0

s€[0,¢] sel
t
+3CAE / 1G G, Xumt Dy
) ,

<3Esup |®(s)[5 +6:M (1 + Cy)

sel

t
+6K(t + CX)E/ | Xn—1 (1) 3dr
0
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<3Esup |®(s)[3 +6TM(T + Cy)

sel
6K(T~|—CX)/ E sup |Xn— 1(s)|Xdr
s€[0,r]
Hence, for every k € Nand every t € |
max E sup |X, (s)l <M+ M, max E sup |X 1(s)| dr.
1<n<k s€f0,¢] A= 0 1<n<gk s€[0,r] " &
Applying the inequality
max E sup |X 1(s)| ]Esup|d>(s)| + max E sup |X, (s)|
sk seqo T Yk o *

we arrive at
t

max E sup |X, (s)|X M1+M2TEsup|<I>(s)|%Y+M2 1max E sup |X, (s)|Xdr

I<n<k 5e(0,1] sel 0 Isn<k 5e(0,r]

By Gronwall’s inequality we get

max E sup |X, (s)|X <M1 +M2TEsup|d>(s)|X> eM! for tel.
Isn<k se[0,1] sel

Now the assertion follows easily. 0

We are in a position to formulate the main result of this section.

THEOREM 4.4. Assume that @, F, G satisfy (Al)—(A4). Then the set-valued stochastic

differential equation (4.1) possesses a unique solution.
PROOF. We will exploite the sequence defined in (4.2) and (4.3). For ¢ € I we have

E sup H3(X1(s), Xo(s))

s€[0,t]
s s 2
<E sup / F(r, ®(r))dr + {f G(r, <I>(r))dW(r)}
s€[0,:]11J0 0 X
s 2 s 2
<2E sup / F(r, CID(r))dr + 2E sup / G(r,®(r))dW(r)
s€[0,¢]1J0 s€[0,¢] X
s
<4E sup H/%( </ F(r, ®(r))dr, / F(r, {OX})dr>
s€[0,1] 0 0
s 2
+4E sup / F(r, {0x}dr
s€[0,t]11J0 X
s s 2
+4E sup / G(r,d(r)dW(r) — / G(r,{0xHdW(r)
s€[0,:]1 110 0 X
K 2
+ 4E sup / G(r,{0x}HdW(r)
s€f0,:]111J0 X
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By Corollary 3.7, (2.2), (A3) and (A4) we get

E sup H3(X1(s), Xo(s))
s€[0,¢]

t t
<4 / H3.(F(r, ®(r)), F(r, {8x)))dr + 4E / |F (r, {82 )) |3 dr
0 0
t
+HACRE [ 160 00D = GO 0D,y

t
+4CKE /0 1G( 16ADI 7

ths

where L = 4(T + Cx)(M + KEsup,¢; [®(1)[3).
Note that forn € Nand ¢ € I we obtain
t
E sup Hy(Xn41(5), Xa(s)) < 2K (T + CX)/ E sup Hy(Xu(s), Xn—1(s))dr .
s€[0,¢] 0 s€l0,r]
Thus
T}’l
(“4) E sup H3 (X (1), X1 (1) < LR2K(T + C)"™ ' —-.
tel .
By Chebyshev inequality we have

= “n" '

P <sup H/%(Xn(t), Xn—1(1)) > 4_") < LI2K(T 4+ Cx) '
n!

tel
Now by Borel-Cantelli lemma
P (sup Hy (X, (1), Xp—1(2)) > 27" infinitely often) =0.
tel
Hence there exists 2. € A such that P(2;) = 1 and forevery w € Q. there exists ng = ng(w)
such that

sup Hy (X, (¢, w), X1 (t, w)) < 27" for n > nyg.
tel

This implies that for every w € 2. the sequence {X, (-, w)} is uniformly convergent to an
H y-continuous multifunction X (-, w): I — ICi,’ (X). To complete the definition of X to
entire 2, for o € Q \ Q. we can set X (-, w) as a freely chosen multifunction from I to
ICf. (X). By estimations and convergences proven above we obtain that X (¢, -): Q — ICf. X)
is A;-measurable and L>-integrally bounded multifunction. Hence X (-, -) is nonanticipating,
L’-integrally bounded and H y-continuous set-valued stochastic process.

In the sequel we show that X is a solution to (4.1). Note that for every ¢ € I we have

t t
IEH)% <X(t), Q1) + / F(s, X(s))ds + {/ G(s, X(s))dW(s)})
0 0
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<2EH (X (1), Xa (1))

t
+ 4EH?, <f F(s, Xn_l(s))ds,/
0 0

t t
/ G(s, Xp—1(8)dW(s) — / G(s, X(5)dW(s)
0 0

t

F(s, X(s))ds)

2
+45]

X
By Corollary 3.7, (2.1) and (A3) we obtain

t t
EH%C (X(t), D) + / F(s, X(s))ds + {/ G(s, X(s))dW(s)})
0 0
<2EH}(X (1), Xy (1)) + 4TE f HY (F (s, Xn-1(5)), F(s, X(5))) ds
I
+4CyE /1 1G5, Xa1(5)) = G(s, XDy, 5
<2EHZ (X (1), X (1) +4(T + Cx)K f EH3 (Xn—1(s), X(s))ds .
I
Since EH/,ZY(X,[ (), X)) "% 0 and sup,, Esup,; | X, (t)|%( < const (due to Lemma 4.3),
we infer, by the Lebesgue dominated convergence theorem, that
fEH)Z( (Xn_1(s), X(s))ds = 0.
I

Hence EHZ (X (0, ©() + 3 F(s, X())ds +{ fj G(s. X()dW ()| ) = 0 for every 1 €

I. This implies that for every fixed ¢ € I it holds
t

Hy <X(t), (1) + /r F(s, X (s))ds + {/ G(s, X(s))dW(s)}) =0 P-ae.
0 0

By Hx-continuity of the involved processes we get that P-a.e. for every ¢ € [ it holds

t

t
Hy <X(t), (1) +/ F(s, X(s))ds + {/ G (s, X(s))dW(s)}) =0.
0 0

Finally we prove uniqueness of the solution X. Suppose thatY: I x Q2 — ICf. (&) is also

a solution to (4.1). Then forevery ¢t € [

E sup H3(X(s), Y(s))

s€[0,¢]
<2E sup H3 </ F(r,X(r))dr,/ F(r,Y(r))dr)
s€[0,¢] 0 0
s s 2
+2E sup /G(r,X(r))dW(r)—/ G(r, Y(r)dW(r)
s€[0,t] 0 0 X

t
<2K(T+CX)/ E sup H%(X(s), Y(s))dr.
0 s€[0,r]
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Due to Gronwall’s inequality we infer that E supg¢o H/%( (X(s),Y(s)) =0forevery t € I.

This leads us to the conclusion that P-a.e. it holds

sup Hy (X (s), Y (s)) =0

sel

which ends the proof . O

PROPOSITION 4.5. Under assumptions of Theorem 4.4 for the solution X to (4.1) and

th

the n*"* approximation X,, it holds

[2KT(T + Cx)I"

EsupHX(X (), X(1)) <2LT exp{4KT(T + Cx)} Py ,

tel

where L = 4(T 4+ Cx)(M + KE sup,; |d>(t)|g(). In particular,

E sup H;(Xn(t), X(@) —>0 as n— oo.

tel

PROOF. Note that for everyt € 1

t
E sup H3(Xa(s), X(5)) <2K(T + Cy)E / H3(Xp—1(r), X (r))dr
s€[0,¢] 0

t
<4K(T~|—CX)/ [E sup HZ(X,_1(s), Xn(s))
0 s€[0,r]

+E sup H/’Z\,(Xn(S),X(S))]d”-
s€[0,r]

Therefore, by (4.4),

E sup H3(Xu(s), X(s)) <2LT 2KT(T + Cx)I"

s€[0,7] n!

+4K(T+CX)/ E sup H3(X,(s), X (s))dr .
s€l0,r]

Hence we arrive at the inequality

2KT(T + Cx)I"
E sup Hy(Xu(s), X(5)) < 2LT[ (T +Cx)l AK(T+C)t

s€l0,¢] n:

for every ¢t € I, from which the assertion follows. O
In the sequel we show that the solution to (4.1) depends continuously on the data of the

equation. Consider the equation (4.1) and the equation

t t
4.5) X(1) = @) +/ F(s, X(s))ds + {/ G(s,f((s))dW(s)}, tel.
0 0
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PROPOSITION 4.6. Assume that ®, ®, F, F, G, G satisfy (Al)—(A4). Then for the so-
lution X to (4.1) and the solution X to (4.5) it holds

Esup H3(X (1), X (1))

tel

< [3Esup H3((1), @(1)) +6TE/H§((F(S, X (s)), F(s, X(s)))ds
1

tel
+ 6CXJE/HG(S, X(s)) — G(s, X(s))”iz(X;X)ds} exp{6KT(T + Cx)}.
1
PROOF. Fort € I we have

E sup H3(X(s), X (5))
s€[0,¢]

<3Esup H3(d(s), D(s))

sel
+3E sup H% </S F(r, X(r))dr, /S F(r,X(r))dr)
s€[0,¢] 0 0
s s 2
+ 3E sup / G(r,f((r))dW(r)—/ G(r, X(r)dW ()
s€[0,t] 0 0 X

<3Esup H(D(s), (s)) + 6TE/ HA(F(r, X(r), F(r, X (r)))dr
1

sel

+6CXE/I 1G(r, X () = G, X ()2, 37

t
+6K(T+CX)/ E sup H3(X(s), X(s))dr .
0 s€l0,r]

Using Gronwall’s inequality we are led to the end of the proof. ]

Consider the equation (4.1) and the equations
t

t
@6)  Yult) = Du(1) + / Fo(s, Ya(s))ds + { / G5, Yo (s))dW(s>} el
0 0
n eN.
COROLLARY 4.7. Assume that ®, ©,, F, F,,, G, G, satisfy (Al)—(A4). Suppose that

E sup H§((¢n(t), o) >0 as n— o0,
tel

and for every A € ICf (X))

IE/H)Z((Fn(s, A),F(s,A) > 0 as n —> o0,
I

E/IHGn(s, A)—G(s,A)||i2(X;X) — 0 as n— 00.
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Then for the solution X to (4.1) and the solutions Y, to (4.6) it holds

E sup H;Z((Y,,(t), X(@) — 0 as n—> 0.
tel

5. Fuzzy stochastic Lebesgue integral in Banach spaces. In this section we define
a notion of a fuzzy stochastic Lebesgue integral and investigate some its properties.
Let X be a separable, reflexive Banach space. In what follows we shall construct fuzzy

stochastic Lebesgue integral. The following known lemmata (see [43]) will be useful.

LEMMA 5.1. Letu € F(X). Then
(1) [u]al D [M]Olzforo < o] < %] < l’
(i) [ule = oo [u]a,, where {a,} C [0, 1] and oy /' «.

The converse of this lemma also holds.

LEMMA 5.2. Let M C X be a set and let {C,, : a € [0, 1]} be a family of subsets of
M such that
i) Co=M,
(ii) Co; D Cq, for0 < a1 < a2,
(i) Cy = ﬂ;’lil Cu,, Where o, /' a. Then there exists a unique u € F(X) such that

[ule = Cqy for every a € [0, 1]. Moreover

sup{fee : x € Cy}, if xeM,
0, if x¢gM.

A first aim of this section is to define a fuzzy stochastic Lebesgue integral for fuzzy

ulx) =

stochastic processes x: [ x Q — ]—'f.’()().

THEOREM 5.3. Letx: I x Q2 — -7:? (X) be a measurable and L' -integrally bounded
fuzzy stochastic process. Then there exists a unique (up to equality P-a.e.) fuzzy random
variable U: Q — .7-'61.’ (X) such that for every o € [0, 1]

[U(@)]a = /[x(s,w)]ads, w e,
1

where the right-hand side is the set-valued stochastic integral with respect to the Lebesgue

measure.

PROOF. By Fubini’s theorem there exists N, € A with P(N,) = 0 such that for w €
Q \ N, the mapping x(-, w): I — ff.’()( ) is B(I)-measurable and Ll-integrally bounded.
Hence for every € [0, 1] the mapping [x(-, w)]o: I — ICf(X ) is B(I)-measurable and

L /15 ( 1)(A)-integrally bounded. Thus for fixed w, similarly as in Section 3, we can define the
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set-valued Lebesgue—Aumann integral of [x (-, w)]4 over I, i.e.
/[X(s,w)]ads = {/j(S)ds tJ € S([X(',w)]a)}
I I
and [,[x(s, ®)]ads € K2(X).
Let O < oy < ap < 1. Then, by Lemma 5.1, [x(s, @)]a, C [x(s, )], foreverys € I.
Hence S([x (-, ®)]a,) C S([x(:, @)]g,) which implies that

/[X(s, )],ds C /[x(s,a))]alds.
1 1

Let {oy} C [0, 1]and &, /" . Then S([x (-, w)]a;) D S[x(, @)]a,) D -+ D S(x (-, w)]a).
Hence S([x (-, )]o) C (2 SUx(, @)]a,)-

Letj() € ﬂftil S([x (-, w)]g,)- It means that for every n € Nitholds j(s) € [x(s, ®)]q,
Ar-a.e. Hence j(s) € ﬂ;’;l[x(s, )la, A-a.e. Since j is integrable and A-a.e. it holds j(s) €
[x(s, @)]a, we get j(-) € S([x(-, w)]y). Therefore we obtain

(5.1) S([x( o)e) = [ SUx(, )la,) -

n=1

In the sequel we shall show that

/[x(s, w)]ods = ﬂ /[x(s, ®)]a,ds .
! n=1"1

Leta € [;[x(s, ®)]lods. Then there exists j(-) € S([x(-, w)]o) such thata = [, j(s)ds. On
the other hand, by (5.1), for every n € N we have j(-) € S([x(-, w)]s,). Hence

ae() {/Ii(s)ds Hi() € S([x(~,a))]an)} ,
n=1

which means that [, [x(s, w)]eds C (o= [;[x(s, ®)]a,ds.

Leth € (2 [;[x(s, @)1a,ds. Then for every n € N there exists j,(-) € S([x(-, )1a,)
such that b = [} ju(s)ds. Obviously, {j,()}>°, C S([x(-, w)]a,). Since S([x (-, ®)]y,)
is a weakly compact subset of L!(I, B(I), »; X) then there exist {jne (¥, and j() €
S([x(-, ®)]q,) such that

Jni () kiio j(-) in the weak topology of LI(I, B(I), 1, X).

Since the linear operator V : L, B, r; X) — X, defined as V(f(-)) := f, f(s)ds, is

norm-to-norm continuous, by Theorem 5.3.15 in [17] we obtain

V (jin, (+)) gy V(j(-)) inthe weak topology of X .
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We have V (j, (-)) = b forevery k € N. Hence fl j(s)ds = b. It remains to show that j(-) €
S([x(-, w)]a). Let £ € N. Note that {jn, (1), k = €} C S([x(-, ®)]a,,) and S([x(, ®)]a,,)
is weakly closed. Hence j(-) € S([x(, w)]an@) for every £ € N. Due to (5.1) we obtain
J () € S(x(:, @)]a).

Now, applying Lemma 5.2 we can state that for every w € €\ Ny there exists a unique
fuzzy set U(w) in Ff? (X)) such that

[U(@)]e = /I[X(s, w)]ads .

For w € N, letus set U(w) = ((Ax)), where {{(a)) is the characteristic function of singleton
{a} C X. In this way we defined mapping U: Q — F2(X).

Remembering that x: I x Q — .Ff (X) is a measurable and L'-integrally bounded
fuzzy stochastic process, we obtain that for every « € [0, 1] the set-valued stochastic process
[x]a: IXQ2 — ICf.(X) is measurable and Ll-integrally bounded. Hence w — f[ [x(s, w)]ads

€ ICé,7 (&) is a measurable multifunction for every « € [0, 1]. This means that
Q30— U) e FP(X)

is a measurable fuzzy mapping. 0

DEFINITION 5.4. The measurable fuzzy mapping U : Q2 — .7-'Cb (&) described in The-
orem 5.3 is called the fuzzy stochastic Lebesgue integral (over interval /) of the measurable
and L'-integrally bounded fuzzy stochastic process x: I x Q — ]-'L’.’ (X). This integral will
be denoted by [, x(s, -)ds or just by the symbol [, x(s)ds.

Of course we can consider the integrals of the form

/ x(s,)ds = / 16(s)x(s, )ds ,
G 1

where G is a measurable subset of /. In particular, for 7, € I, T < t, we have ftt x(s, )ds =
f[ 11,1 (s)x (s, -)ds. Obviously, the fuzzy stochastic Lebesgue integrals f[ 1, q()x (s, )ds,
Ji Y ($)x (s, )ds, [, 1z,n(s)x(s, -)ds they are all equal to frt x(s, -)ds.

REMARK 5.5. Lety: I x Q — F.(X) be a measurable and L'-integrally bounded
fuzzy stochastic process, where F.(X) denotes the collection of all fuzzy sets u € F(X)
such that [u], € K.(X) for every ¢ € [0, 1]. Then we obtain y(¢, w) € ]-"Z,’(X) for a.a.
(t,w) € I x Q and similarly as above we can define the fuzzy stochastic Lebesgue integral
of the F.(X)-valued y.



370 M. MALINOWSKI

REMARK 5.6. Letx: [ x Q — .7-'Cb (&) be measurable and L”-integrally bounded,

p > 1. Then the fuzzy stochastic process
t
I xQ2>5((tw)+— / x(s, w)ds € ff’(X)
0
is measurable.

REMARK 5.7. Ifx: 1 x Q — ]-'f (&) is nonanticipating and L”-integrally bounded
(p=1),then] x Q> (t,w) — fé x(s,w)ds € .Ff (X)) is nonanticipating and L”-integrally
bounded.

Some properties of the fuzzy stochastic Lebesgue integral will be stated below. We omit
their proofs, because they are modifications of the derivations presented in Section 3 for set-

valued cases.

PROPOSITION 5.8. Assumethatx: I xQ2— .7-"6}.’ (X) is a measurable and L' -integrally
bounded fuzzy stochastic process. Then it holds

t
/ x(s, w)ds @ /nx(s,a))ds = /nx(s, w)ds
T t T

foreveryw € Qandeveryt,t,nel,t <t <.

PROPOSITION 5.9. Assumethatx: I xQ2— .7-"6}.’ (X) is a measurable and L' -integrally
bounded fuzzy stochastic process. Then for every w € Q2 the mapping I > t +— fot x(s,w)ds €
ff (X) is Dy-continuous.

PROPOSITION 5.10. Assumethatx: I xQ— .7-"6}.’ (X) is measurable and LP-integrally
bounded, p > 1. Then the fuzzy stochastic process I x Q > (t, w) > fé x(s, w)ds € ]-'f()()
is LP-integrally bounded.

In the next properties concerning the fuzzy stochastic Lebesgue integral and the examina-
tions of fuzzy stochastic differential equations, it is important to guarantee that the mapping
Q> w+— Dy(u(w),v(w)) € R is arandom variable, where u, v are the fuzzy random
variables. We observe that for the measurability of the mapping w — Dy (u(w), v(w)), the
stochastic process [0, 1] x 2 3 (o, w) > Hy([u(w)]y, [v(®)]y) should be separable. In such
a case the mapping o +— SUPye[0,1] Hy ([u(w)]y, [v(w)]y) will be a random variable. This
property is not obvious for the fuzzy random variables u, v taking on values from .Ff (X).

Therefore we must consider the following class of fuzzy sets

FE?(X )= {u € .7-'5 (X) 1 a — [u]qy is left continuous with respect

to the Hausdorff metric Hy } .
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Notice that the set FE?(X ) is nonempty. The class IC? (X) can be embedded into ]—'Cﬁ()( ).
Also the class of fuzzy sets which have nonempty, compact and convex «-cuts form a subset
of ]-",Cf. (X). This is indicated below. Denote

FC(X) = {u € ]-"Z.’(X) : [u], are nonempty, compact
and convex subsets of X', o € [0, 1]}.

LEMMA 5.11. It holds
FC(X) c by,

PROOF. Itis enough to show that for u € FC(X) the mapping o — [u], is left contin-
uous with respect to the Hausdorff metric Hy. Let o € (0, 1] and {ax} C [0, 1] be such that
ar /" a. By Lemma 5.1 foru € FC(X)

[t]ey D [Ulgy D [Ules D -+

Therefore there exists the Kuratowski limit Limg_, oo[t]s, and Limg_ 0oltt]le, = ﬂ,fozl [1]a,
(see [28], page 339). On the other hand, by Lemma 5.1, ﬂ,fozl [t]o, = [uly. Hence

Limg o ooltt]e, = [l -
Now, by Proposition 1.19 in Chap. 7 of [23], we infer that
Hy ([ulay, [ule) — 0 as o S a,
which means that o — [u], is left continuous. O

Notice that for u, v € ]-73?(2() and {ax} C [0, 1], @ € (0, 1] being such that oy " o we

have

Hy ([u @ vlg;, [u @ vle) < Hy([uly, [ula) + Hx ([Vle;, [Vle) —> Oask — oco.
Hence we obtain the following property.

REMARK 5.12. The set fﬁf()() is closed under operation @.

LEMMA 5.13. The metric space (]-Zé’(X), Dy) is a complete metric space.

PROOF. As we mentioned in Preliminaries, (]—'f.’ (X), Dy) is a complete metric space.
We will show that FL2(X) is a closed subset in (FZ(X), Dy). Let {u,}°° , C FL(X) be the
sequence that converges to u € ]-'f()() in the metric Dy . Let {ak},‘:il C[0,1],ax € (0, 1] be
such that o /" . Since

HX([M]aks [u]e) < HX([u]akv [Mn]ak) + HX([MVL]O[kv [unle) + Hx ([unla, [1]a)
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we obtain Hy ([ulg,, [#]le) — 0 as k — oo. Therefore u € FE?(X). Hence closedness of

FLL implies completness of the metric space (FL2(X), D). O

For the fuzzy random variables u, v: Q2 — ]'7312 (&) it is possible to obtain that w +—>

Dy (u(w), v(w)) is a random variable. We show this in a collection of lemmata below.

LEMMA 5.14. Letu,v € .7-732’()(). Then the mapping o — Hxy([uly, [Vly) is left

CONtinuous.

PROOF. Due to the Radstrom theorem [50] the family of nonempty, closed, bounded
and convex subsets of X' can be embedded isometrically by an embedding j into a corre-

sponding real normed linear space E. We have

17 ([l ) = j ([lee) = (G ([0)e ) = J (0l DN I (Qet)e ) = J (Qeda) | E 4117 (v ) = J (le) £ -

Since the right-hand side of the inequality above equals Hy ([u]o,, [#]le) + Hx [V, [V]a)
and u,v € ]—Zﬁ(?(), we get

J () — j(vley) — j([ule) — j([vle) stronglyin E, as op /.
This implies that || j ([u]e; ) — j (Ve ) |E —> 11 ([ule) —j ([v]e) | E as ax 7 . Consequently
Hy ([uly, [Vlg) — Hx([Ula [v]e) as o “a,
which ends the proof. O

LEMMA 5.15. Letu,v: Q — ]-Zf. (X) be the fuzzy random variables. Then for every
o € [0, 1] the mapping w — Hxy ([u(w)]ly, [V(w)]y) is a random variable.

PROOF. By definition of the fuzzy random variable, for fixed « € [0, 1] the mappings
o+ [u(w)]y and w — [v(w)]y are the set-valued random variables. Hence each one of these

set-valued random variables has the Castaing representation, i.e. for every o € Q2
[u(@)]le = clx{fno(@) :n €N}, [v(®)]e = cly{gna(w): neN},

where f o, gn.o for n € N are some random variables and selections of [u], and [v]y, re-

spectively. Hence for every w € Q

Hy ([u(w)]a, [v(®)]a)

= max({sup inf || fx o (@) — ge.a (@)l sup inf || fi o (@) = go.a(@)]la}.
keN ¢eN reN keN

Notice that the right-hand side above represents a random variable, so is the mapping o +—
Hy ([u(w)]a, [v(@)]a)- O
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LEMMA 5.16. Letu,v: Q — FE?(X) be the fuzzy random variables. Then the map-

ping w — Dy (u(w), v(w)) is a random variable.

PROOF. By Lemmata 5.14 and 5.15 the mapping (o, w) — Hy ([u(w)ly, [v(®)]a)
is a stochastic process with left continuous sample paths. Therefore it is a separable sto-
chastic process (see [15]). Let S denote a separant (a countable set) for this process. Then
SUpgeqo,1] Hx ([u(@)]a, [v(w)]a) = supyes Hx ([u(w)]a, [V(®)]e). By Lemma5.15 the right-
hand side represents a random variable, 5o is @ > supye(o,1] Hx ([u(®)]a, [v(®)]e). Since

SUPy 0,11 Ha ([u(@)]a, [v(@)]e) = Dx (u(w), v(w)), the proof is completed. O

COROLLARY 5.17. For the fuzzy random variables u, v: Q — FC(X), the mapping

o +— Dy u(w), v(w)) is a random variable.

Now we proceed with some properties of the fuzzy stochastic Lebesgue integral which
are useful in the investigations of fuzzy stochastic differential equations in M-type 2 Ba-
nach spaces. From now on we consider the fuzzy stochastic processes taking on values
from ]—Zf. (&), since for any fuzzy stochastic processes x, y the measurability of the map-

ping w — Dy (x(t, w), y(t,w)), t € I, will be needed.

PROPOSITION 5.18. Letx: [ x Q — FE?(X) be a measurable and LP-integrally

bounded, p > 1. Then the fuzzy stochastic process (t, w) — fé x(s, w)ds is measurable and
takes on values from ]-Zf. (X).

PROOF. By Remark 5.6 we get the measurability of (¢, w) — fé x(s, w)ds. Also we
have fotx(s, w)ds € ]—'f.’()(). Let {ax} C [0, 1], @ € (0, 1] be such that oy * «. Now for
fixed (¢, w) € I x Q we get

t t t t
Hy ([/ x(s, a))dsi| , |:/ x(s, a))ds:| ) =Hy </ [x(s, @)]ads, / [x (s, a))]ads>
0 <73 0 o 0 0

t
<Alﬁﬂﬂ&whwhwwmww

T
<A (5, ). [(5, 0)la)ds,
and by the Lebesgue dominated convergence theorem fOT Hy([x(s, ®)]ey, [x (s, @)]e)ds — 0
as k — oo. This implies that [j x (s, @)ds € FLE(X). a

REMARK 5.19. Letx: ] x Q — ]-",Cf. (X) be a nonanticipating and L”-integrally
bounded, p > 1. Then the fuzzy stochastic process (¢, w) > fé x (s, w)ds is nonanticipating
and takes on values from ]—Zﬁ (X).
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Due to Remark 5.12 we can rewrite Proposition 5.8 with FE? (X) instead of .7-'Cb (X). Also
the Propositions 5.9 and 5.10 are true if we replace Ff? (&) with Fﬁf. (&X). Such properties
will be needed in the context of fuzzy stochastic differential equations considered in the next

section.

PROPOSITION 5.20. Assume that x,y: [ x Q — -7:515 (X) are measurable and L?-
integrally bounded, p > 1. Then P-a.e. it holds: for every T < t
u u t
sup Dgg </ x(s,a))ds,/ y(s,a))ds) < (t— r)p_I/ Dgg(x(s,a)),y(s,a)))ds
uelz,t] T T T

and

t t t
DQ(/ x(s,a))ds,/ y(s, w)ds) < (t— t)p_I/ Df((x(s, w), y(s, a)))ds.

COROLLARY 5.21. Under assumptions of Proposition 5.20, for every t < t it holds
u u t
E sup D;(/ x(s)ds,/ y(s)ds) < (@t — r)l’—lE/ Dgf(x(s), y(s))ds
uelr,t] T T T

and
t t !
EDQ(/ x(s)ds,/ y(s)ds) <(t— z)P—I]E/ D% (x(s), y(s))ds .

6. Fuzzy stochastic differential equations in M-type 2 Banach spaces. Let X be
a separable reflexive M-type 2 Banach space. We will consider fuzzy stochastic differential

equations which are understood as the following integral equations

t

t
6.1) x(t) = ¢ () 69/ f(s,x(s)ds & <</ g(s,x(s))dW(s)>>, tel,
0 0

which hold P-a.e. and where ¢: I x Q — JFLU(X), f: 1 x Q x FLL(X) — FL(X),
g: I x Qx FLO(X) — B(X; X). The first integral is the fuzzy stochastic Lebesgue integral
and the second integral is the single-valued stochastic It6 integral in Banach space X'.

Such equations are some generalizations of the set-valued stochastic equations consid-
ered in Section 4. Here, we present the studies (parallel to those included in Section 4) on the
equation (6.1). The derivations are very similar to those presented for the set-valed stochastic

equation (4.1). For a clarity we include some sketches of the first proofs only.

DEFINITION 6.1. A fuzzy stochastic process x: [ x Q — ]—Z’g (&) is called the so-
lution to (6.1) if it is {A;}-adapted, D xy-continuous and satisfies (6.1). A solution x: I x
Q — ]-Z’C’(X) is unique if P-a.e. it holds: Dy (x(¢), y(¢)) = O for every t € I, where
vl xQ— FE?(X) is any solution to (6.1).
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To obtain the existence and uniqueness theorem for solutions to (6.1) we will impose the
following conditions:
(al) ¢: I x Q2 — ]-Zf.(X ) is a nonanticipating, D y-continuous fuzzy stochastic pro-
cess such that E sup,; |[¢ (t)]0|fy < 00,
@2) f: 1 x Q2 x FE’C’(X) — FE’C’(X) isN ® ﬁvang(-measurable, g: I x Q2 x
FLL(X) — B(X; X)isN®B ps, |0 (B(X: X))-measurable,
(a3) there exists a constant K > 0 such that P-a.e. it holds

Viel Yu,ve LX) D3 (ft,o,u), f(t,w,v) < KD%u,v),
Viel YuveFLhX) [gt.0.u0) = gt 0.0} q.0) < KDR.v),
(a4) there exists a constant M > 0 such that P-a.e. it holds
viel max [/ o (0x)Dhl3 |90 @ (0xN ]2} <M

To use the method of the successive approximations we define the sequence {x,},>, of

the fuzzy stochastic processes
(6.2) xo(t) =¢(), tel,

andforn=1,2,...

t t
(6.3) xp (1) = ¢ (1) 69/0 J (s, xp—1(s))ds @ <</0 g(s,xn—l(S))dW(S)>>, rel.

LEMMA 6.2. Assume that ¢, f, g satisfy conditions (al)—(a4). Then every approxi-
mation xp: I X Q — fﬁf (X) is a nonanticipating, L*-integrally bounded, D x -continuous

fuzzy stochastic process.

PROOF. By the assumptions on ¢, the initial approximation xp: I x 2 — ]-Z’C’ (&) is
such as it is stated in this lemma. Assume that x,,_1 is nonanticipating, L?-integrally bounded
and D y -continuous.

The compositions f(-, -, xp—1(-,)): I x Q — .7-73?()(), gC, - xp—1(G, ) I x Q —
B(X; X)are N|B DS, -measurable and N'|8(B(X; X))-measurable, respectively. Next by (a3)

and (a4) we obtain
B [ 17 51 Olofedr =B [ DR (7510, (s
< ZKE/ Dxa—1 ()]0l 3pdt +2MT < co.
Also I

E /I 190t 201 ()25t <2KE /1 En1 (OTol3eds +2MT < oo
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Therefore the first integral which appears in (6.3) is a nonanticipating and L>2-integrally
bounded fuzzy stochastic process and the second integral is a well-defined &X’-valued Itd sto-
chastic integral. Hence x, is nonanticipating and L>-integrally bounded. Since the integrals

are continuous we conclude that every x, is D y-continuous. O

LEMMA 6.3. Under assumptions of Lemma 6.2, for every n € N it holds

E sup D3 (x4 (1), ((6x))) < (M1 4+ MaTEsup |[¢(0)]o|%) exp{MaT},

tel tel
where My = 3Esup,¢; |[¢(1)]ol% + 6T M(T + Cx), My = 6K(T + Cy).

PROOF. Due to Corollary 5.21, (2.2), (a3) and (a4) we have forr €

t
E sup D% (xa(s). ((0x)) < M; +M2/ E sup D% (xn—1(s), ((Bx)))dr .
s€[0,7] 0 s5€[0,r]

Hence, for every k € N and every t € I we can infer that

max E sup D% (xx(s), ({(9x)) < M1+M2TESUP|[¢(S)]OI%(
1<n<k s€[0,7]

+ My | max E sup D% (xa(s), ((6x)))dr .
0 Isnsk sef0,r]

Using Gronwall’s inequality we obtain

max E sup D% (xa(s), ({0x))) < <M1+M2TIEsup|[¢(s)]o|%Y) Mt
Isn<k gef0,1] sel

for t € I, which leads us to the end of the proof. O

THEOREM 6.4. Assume that ¢, f, g satisfy (al)—(a4). Then the fuzzy stochastic differ-

ential equation (6.1) has a unique solution.

PROOF. By Corollary 5.21, (2.2), (a3) and (a4) we have (fort € I)

E sup D% (x1(s), xo(s)) < Lt
s€[0,¢]

where L = 4(T 4+ Cx)(M + KEsup,; |[¢(t)]o| ). Further, for n € N and ¢ € I we obtain
E sup DX(x,,H(s) x,(8)) <2K(T + CX)/ E sup DX(xn(s) Xp—1(8))dr .
s€[0,1] s€[0,r]

Therefore

(6:4) E sup D (0 (1), %1 (1) < LK (T + Ca)l'
n

tel
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Hence we can infer about the existence of a fuzzy stochastic process x: I x Q — FE? (X)
which is nonanticipating, L%\/(A x P)-integrally bounded, D y-continuous and P-a.e. it holds
sup Dy (x,(t, w), x(t,w)) - 0 as n — 00.

tel

By Corollary 5.21, (2.1) and (a3) we have forevery ¢ € 1

t t
ED% <X(t),¢(t) EB/O Sf(s, x(s))ds €B<</0 g(s,X(S))dW(S)>>)
S2ED% (x(1), x4 (1)) + 4(T + Cx)K / ED% (xa—1(5), x(s)) ds,
1

and since the right-hand side of this inequality converges to zero as n — 0o, we obtain for

every fixedr € 1

t t
Dy <X(t), o) 69/ f(s,x(s))ds @ <</ g(s, x(s))dW(s)>>> =0 P-ae.
0 0

Since the processes appearing above are D y-continuous, we get that P-a.e. it holds

t t
x() =¢) @/ f(s, x(s)ds @ <</ g(s,x(s))dW(s)>> for tel.
0 0

Hence x is a solution to (6.1). Suppose that y: I x Q — ]-732 (X)) is also a solution to (6.1).
Then forevery t € 1

t

E sup D% (x(s), y(s)) <2K(T +Cx) | E sup D% (x(s), y(s))dr.
s€[0,¢] 0 s€[0,r]

This allows us to infer that P-a.e. it holds sup,.; Dx (x(s), y(s)) = 0 which means that x is
the unique solution to (6.1). O

PROPOSITION 6.5. Under assumptions of Theorem 6.4 for the solution x to (6.1) and

th

the n*"* approximation x,, it holds

2KT(T + Cx)]"
n! ’

E sup D% (x, (1), x(1)) < 2LT exp{4K T(T + CX)}[
tel

where L = 4(T 4+ Cx)(M + KE sup,; |[¢(t)]0|g(). In particular,
EsupD%((x,,(t),x(t)) -0 as n— 0.
tel

Let us consider the equation (6.1) and the equation

t t
(6.5) f(t):q?(z)@/ f(s,f(s))ds@<</ §(s,55(s))dW(s)>>, rel.
0 0
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PROPOSITION 6.6. Assume that ¢, @, f, f, g, § satisfy (al)—(a4). Then for the solu-

tion x to (6.1) and the solution x to (6.5) it holds

E sup D3 (X(1), x (1))
tel

(6.6)

< [311«: sup D3 (¢(1), ¢ (1)) + 6TE / D3 (f(s, x(5)), f(s,x(s)))ds
tel 1

+ 6CXE/I||§(s, x(s)) — g(s, x(s))niz(x;x)ds} exp{6KT (T + Cy)}.

Now let us consider the equation (6.1) and the equations

t t
Yu(®) = ¢ (1) @/0 Su(s, yn(s))ds @<</0 In (s, )’n(s))dW(s)>>s tel,

n e N.

COROLLARY 6.7. Assume that ¢, ¢n, f, fu, g, gn satisfy (al)—(a4). Suppose that

Esup D% (¢u (), ¢(1)) — 0 as n — oo,

tel

and for every u € FLb(X)

E/D%((fn(s,u),f(s,u)) -0 asn— o0,
1

E/ “gn(sa“) _9(5, u)“iZ(XX) — O as n — 0.
I 3

Then for the solution x to (6.1) and the solutions y, to (6.6) it holds

E sup D%((yn(t),x(t)) -0 asn— 0.
tel
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