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ON THE GROWTH ORDER OF AN ALGEBROID FUNCTION
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Abstract. For an algebroid function in the unit disk of finite lower order with a defi-
cient value, we can estimate its growth order in terms of the convergence exponent of the points
of the deficient value and other distinct values not lying on a radial system and the maximal
difference of the arguments of adjacent rays.

1. Introduction and main results. We assume that the reader is familiar with the
fundamental results and standard notations of the Nevanlinna theory in the unit disk Δ =
{z; |z| < 1} and in the complex plane C (see [4, 9, 13, 17]). A value a on the extended
complex plane Ĉ = C ∪ {∞} is called a radially distributed value of a transcendental mero-
morphic function if most of points at which the value is assumed distribute closely along a
finite number of rays from the origin. Many people have taken into account how the growth
of a meromorphic function could be affected by distribution of the arguments of its value
a-points in the complex plane.

In 1955, Edrei [3] proved the following theorem.

THEOREM A ([3]). Let f (z) be a meromorphic function in C and such that the roots
of the three equations

f (z) = 0 , f (z) = ∞ , f (l)(z) = 1 (l ≥ 0, f (0) ≡ f )

are distributed on the rays

reiω1, reiω2 , . . . , reiωq (r ≥ 0, 0 ≤ ω1 < ω2 < · · · < ωq < 2π) .

Denote by δ(a, f (l)) the deficiency of the value a of the function f (l), and assume δ(0, f ) +
δ(1, f (l)) + δ(∞, f ) > 0. Then the order λ(f ) of f (z) is necessarily finite and

λ(f ) ≤ β = sup
1≤i≤q

{π/(ωi+1 − ωi)} (ωq+1 = 2π + ω1) .

In 1993, Wu [10] used the Nevanlinna theory of meromorphic functions in angular do-
mains to study this problem and obtained the following theorem.
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THEOREM B ([10]). Let f (z) be a meromorphic function of finite lower order μ in
C. Suppose that arg z = θj (j = 1, 2, . . . , q; 1 ≤ q < ∞; 0 ≤ θ1 < θ2 < · · · < θq <

2π, θq+1 = θ1 + 2π) are q rays in C, such that for any ε > 0 and x = 0,∞, we have

lim sup
r→∞

log n(r,∪q

j=1Ω(θj + ε, θj+1 − ε), f = x)

log r
≤ ρ < ∞ ,

where ρ is a positive number, Ω(θj + ε, θj+1 − ε) = {z; θj + ε < arg z < θj+1 − ε},
n(r,X, f = x) denotes the number of the roots of f (z) = x in the region X ∩ {|z| ≤ r}(X ⊂
C), counting multiplicities. If f (l) has a finite and nonzero deficient value a, then the order of
f (z) satisfies

λ(f ) ≤ max
(π

ω
, ρ

)
,

where ω = min1≤j≤q(θj+1 − θj ).

In 2003, Zheng [19] gave a simple and elementary way to study the growth of transcen-
dental meromorphic functions in terms of their orders when they and their derivatives have
radially distributed values and proved the following theorem.

THEOREM C ([19]). Let f (z) be a transcendental meromorphic function of finite
lower order μ in C such that for some a ∈ Ĉ and an integer p ≥ 0, δ = δ(a, f (p)) > 0. If
for q pair {αj , βj } of real numbers satisfying

−π ≤ α1 < β1 < α2 < β2 < · · · < αq < βq ≤ π

and an integer k > 0, we have

lim sup
r→∞

log[n(r, Y, f = 0) + n(r, Y, f (k) = 1)]
log r

≤ ρ ,

for Y = ⋃q
j=1{z; αj ≤ arg z ≤ βj } and

q∑
j=1

(αj+1 − βj ) <
4

β
arcsin

√
δ

2
, αq+1 = α1 + 2π ,

where β = max{ρ,ω,μ}, ω = max1≤j≤q{π/(βj − αj )}, then λ(f ) ≤ max{ω, ρ}.
In 2006, Chang [1] used another method to study the radially distributed values of mero-

morphic functions and obtained the following theorem.

THEOREM D ([1]). Let f (z) be a meromorphic function in C of finite lower order
with δ(0, f )+ δ(∞, f ) > 0. Suppose that f has no direction of Marty-type except L : arg z =
θj (j = 1, 2, . . . , q; 0 ≤ θ1 < θ2 < · · · < θq < 2π). Then the order of f satisfies

λ(f ) ≤ π

ω
,

where ω = min1≤j≤q(θj+1 − θj ).

The definition of a Marty direction of a meromorphic function can be seen in [1]. In [18],
Zheng suggested that there are three aspects for an algebroid function worthy of consideration,
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one of them being the growth of an algebroid function when some restriction is imposed on
arguments of certain a-points. We considered this problem for an algebroid function f (z)

defined in the complex plane in another article [12]. In this note, we will investigate the
growth of an algebroid function with radially distributed values in the unit disk. Before stating
the result, we give some notations and definitions of an algebroid function.

Let f = f (z)(z ∈ Δ) be the ν-valued algebroid function defined by an irreducible
equation

(1.1) F(z,w) := A0(z)w
ν + A1(z)w

ν−1 + · · · + Aν(z) = 0 ,

where Aν(z), . . . , A0(z) are analytic functions without any common zeros in the unit disk.
Let �A = (A0, . . . , Aν), �∞ = (1, 0, . . . , 0). For any a ∈ C, denote �a = (aν, aν−1, . . . , 1).
Then,

‖ �A(z)‖ = (|A0|2 + |A1|2 + · · · + |Aν |2)1/2 ,

‖�a‖ =
{
(|a|2ν + |a|2ν−2 + · · · + |a|2 + 1)1/2 , a 
= ∞ ,

1, a = ∞ .

Since F(z,w) is irreducible, F(z, a) = �A(z) · �a 
≡ 0, where F(z,∞) = A0(z). Set

log+ x = max{0, log x} .

Define the proximity function to a number a ∈ Ĉ of f (z) on the circle {|z| = r}:

m(r, �a, �A) = 1

2π

∫ 2π

0
log+ ‖ �A(reiθ )‖‖�a‖

|F(reiθ , a)| dθ,

and the counting function of a-points:

N(r, �a, �A) = N(r, 0, F (z, a))

=
∫ r

0

n(t, 0, F (z, a)) − n(0, 0, F (z, a))

t
dt + n(0, 0, F (z, a)) log r ,

where n(t, 0, F (z, a)) is the number of the roots of the equation F(z, a) = 0 in the disk
{|z| ≤ t}, counting multiplicities. In this paper, n(t, a, f (z)) denotes the number of the roots
of f (z) = a in {|z| ≤ t}, counting multiplicities. Put

T (r, �a, �A) = m(r, �a, �A) + N(r, �a, �A) .

Following G.Valiron, we define the characteristic function of f (z) as

T (r, f ) = 1

2νπ

∫ 2π

0
log max

0≤j≤ν
|Aj(re

iθ )|dθ .

By using Valiron’s result (cf. [15]), we get the relation between T (r, f ) and T (r, �a, �A):

|T (r, �a, �A) − νT (r, f )| = O(1) .

The counting function of a-points of f (z) is defined as

N(r, a, f ) = 1

ν
N(r, 0, F (z, a)) .
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Put

δ(a, f ) = 1 − lim sup
r→1−

N(r, a, f )

T (r, f )
= 1 − lim sup

r→1−
N(r, 0, F (z, a))

T (r, �a, �A)
.

The value a is called a Nevanlinna deficient value of f if δ(a, f ) > 0. The order and lower
order of f (z) are defined as

λ(f ) := lim sup
r→1−

log+ T (r, f )

log(1 − r)−1 ; μ(f ) := lim inf
r→1−

log+ T (r, f )

log(1 − r)−1 .

Given a sector Y = {z; α < arg z < β, |z| < 1}. Define the counting function of a-points of
f (z) in Y as

N(r, Y, f = a) = 1

ν

∫ r

0

n(t, Y, f = a)

t
dt ,

where n(t, Y, f = a) is the number of the roots of f (z) = a in Y ∩ {z; |z| < t}, counting
multiplicities. Now we can state our result as follows.

THEOREM 1.1. Let f (z) be the ν-valued algebroid function of finite lower order μ in
Δ determined by (1.1) and such that δ(a, f ) > 0 for some a ∈ Ĉ. Suppose that

arg z = θk (k = 1, 2, . . . , q, 0 ≤ θ1 < θ2 < · · · < θq < θ1 + 2π = θq+1)

are q(1 ≤ q < +∞) radii in the unit disk, and there exist 2ν distinct values ai 
= a(i =
1, 2, . . . , 2ν) such that

lim sup
r→1−

log[∑2ν
i=1 n(r, Y, f = ai) + n(r, Y, f = a)]

log(1 − r)−1
≤ ρ < ∞ ,

where Y = Δ\⋃q

k=1{z; arg z = θk, |z| < 1} and ρ > 1. Then, the order of f satisfies

λ(f ) ≤ ρ + 2 + max
1≤k≤q

(
θk+1 − θk

π

)
.

We complete the proof of Theorem 1.1 with the help of the method in Yang [14] and
Chang [1] and the behavior of algebroid functions in the unit disk. Both the papers investigate
the growth of transcendental meromorphic functions with radially distributed values in the
complex plane.

2. Some lemmas. In this section we give some lemmas which are used in the proofs
of our theorems.

LEMMA 2.1 ([11]). Let ϕ(r) be a nondecreasing and positive real function in (0, 1)

and satisfy

lim sup
r→1−

ϕ(r)

log(1 − r)−1 = � ≤ +∞ .

Then, for any set E ⊂ (0, 1) such that
∫
E

dr
1−r

< ∞, we have

lim sup
r→1−, r∈(0,1)\E

ϕ(r)

log(1 − r)−1
= � ≤ +∞ .
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The proof of Lemma 2.1 can be seen in [11].

LEMMA 2.2. The transformation

(2.1) u(z) = (ze−iθ0)π/δ + 2(ze−iθ0)π/(2δ) − 1

(ze−iθ0)π/δ − 2(ze−iθ0)π/(2δ) − 1
, (0 ≤ θ0 < 2π, 0 < δ < π)

is a conformal map of the sector Ω(θ0 − δ, θ0 + δ) = {z; θ0 − δ < arg z < θ0 + δ, |z| < 1}
onto the unit disc Δ. For any positive number ε satisfying 0 < ε < δ, the transformation (2.1)
satisfies

u({z; 2−1 < |z| < r}∩{z; | argz − θ0| < δ − ε}) ⊂
{
u; |u| < 1 − ε

2
π
2δ +1δ

(1 − r)

}
;

u−1({u; |u| < ρ})⊂
({

z; |z| < 1 − δ

8π
(1 − ρ)

}
∩{z; | arg z − θ0| < δ}

)
.

(2.2)

The inverse transformation of (2.1) is

(2.3) z = eiθ0

[−(1 + u) +
√

2(1 + u2)

1 − u

]2δ/π

.

If we regard (2.3) as a map from the rectangle [0, 1) × [0, 2π) on |u| − arg u plane onto the
rectangle (0, 1) × (θ0 − δ, θ0 + δ) on |z| − arg z plane, then the Jacobian satisfies

(2.4) |J | = O

(
1

(1 − |u|)2δ/π+3

)
, |u| → 1 − .

In fact, the proof of (2.2) has been given by Sun [7] and Zhang [16] respectively. How-
ever, they only prove the case of ε = δ/2. Here, we will prove (2.2) for the case of 0 < ε < δ

by the same method of Zhang [16]. Moreover, we give the proof of (2.4) for the first time.

PROOF. Set z = |z|eiϕ, α = π/(2δ) > 1. From (2.1), we have

(2.5) 1 − |u|2 = 8(1 − |z|2α)|z|α cos α(ϕ − θ0)

|(ze−θ0)2α − 2(ze−θ0)α − 1|2 .

When 2−1 < |z| < r and | arg z − θ0| < δ − ε,

2(1 − |u|) > 1 − |u|2 ≥ 8(1 − |z|)( 1
2)α sin(αε)

(1 + 2 + 1)2 >
8(1 − |z|)( 1

2 )α 2
π
(αε)

(1 + 2 + 1)2 = ε

2α+1δ
(1 − |z|) .

Then, |u| < 1 − ε

2α+1δ
(1 − |z|) < 1 − ε

2α+1δ
(1 − r).

After a simple calculation, we find that when |u| < ρ,

1 − ρ < 1 − |u|2 < 16α(1 − |z|) .

Then, |z| < 1 − δ
8π

(1 − ρ). Thus (2.2) is proved.
Next we will prove (2.4). Write z = reiθ , u = teiφ. Taking the derivative on both side

of (2.3), we get that

dz

du
= eiθ0

α

[−(1 + u) +
√

2(1 + u2)

1 − u

]1/α−1 √
2(u + 1) − 2

√
1 + u2

(1 − u)2
√

1 + u2
.
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Taking the partial derivatives on both side of (2.3), we derive

(2.6)

∂r

∂t
eiθ + i

∂θ

∂t
reiθ

= eiθ0

α

[−(1 + u) +
√

2(1 + u2)

1 − u

]1/α−1 √
2(u + 1) − 2

√
1 + u2

(1 − u)2
√

1 + u2
· eiφ ,

(2.7)

∂r

∂φ
eiθ + i

∂θ

∂φ
reiθ

= eiθ0

α

[−(1 + u) + √
2(1 + u2)

1 − u

]1/α−1 √
2(u + 1) − 2

√
1 + u2

(1 − u)2
√

1 + u2
· tieiφ .

Combining (2.6) with (2.7) gives

∂r
∂t

+ i ∂θ
∂t

r

∂r
∂φ

+ i ∂θ
∂φ

r
= 1

it
,

so that

|J | =
∣∣∣∣∂r

∂t

∂θ

∂φ
− ∂r

∂φ

∂θ

∂t

∣∣∣∣ =
∣∣ ∂r
∂φ

eiθ + i ∂θ
∂φ

reiθ
∣∣2

tr
.

Noticing that

r = |z| =
∣∣∣∣−(1 + u) + √

2(1 + u2)

1 − u

∣∣∣∣
1/α

,

then from (2.7) it follows that∣∣ ∂r
∂φ

eiθ + i ∂θ
∂φ

reiθ
∣∣2

r
= 1

α2

∣∣∣∣−(1 + u) +
√

2(1 + u2)

1 − u

∣∣∣∣
1/α−2∣∣∣∣

√
2(u + 1) − 2

√
1 + u2

(1 − u)2
√

1 + u2

∣∣∣∣
2

t2 .

Therefore,

|J | =
∣∣ ∂r
∂φ

eiθ + i ∂θ
∂φ

reiθ
∣∣2

rt

= t

α2

∣∣∣∣−(1 + u) + √
2(1 + u2)

1 − u

∣∣∣∣
1/α−2∣∣∣∣

√
2(u + 1) − 2

√
1 + u2

(1 − u)2
√

1 + u2

∣∣∣∣
2

≤ t

α2

∣∣∣−(1 + u) +
√

2(1 + u2)

∣∣∣1/α−2 ∣∣∣√2(u + 1) − 2
√

1 + u2
∣∣∣2 1

(1 − |u|)1/α+3

≤ 41/α−2 · (2
√

2 + 2
√

2)2

α2

1

(1 − |u|)1/α+3
.

Thus, as |u| = t → 1−, we have

|J | ≤ 22/α+1

α2

1

(1 − t)1/α+3
.

Hence the proof of Lemma 2.2 is completed. �
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The following lemma is the second fundamental theorem for algebroid functions in the
unit disk, whose proof can be found in [6, 8], and we can obtain the error term S(r, f ) by the
same method as used in meromorphic functions.

LEMMA 2.3 ([6, 8]). Let f (z) be the ν-valued algebroid function in Δ determined by
(1.1) and let a1, a2, . . . , aq be q different values on ̂C. Then, we have

(q − 2ν)T (r, f ) <

q∑
i=1

N(r, ai, f ) + S(r, f ) ,

where

S(r, f ) =
{
O(log(1 − r)−1) if λ(f ) < ∞ ,

O(log(1 − r)−1 + log T (r, f )) , r /∈ F if λ(f ) = ∞ ,

where F is a set satisfying that F ⊂ (0, 1) and
∫
F

dr/(1 − r) < ∞.

LEMMA 2.4. Let f (z) be the ν-valued algebroid function in Δ determined by (1.1).
Suppose that there exist 2ν + 1 distinct complex values ai(i = 1, 2, . . . , 2ν), a such that for
any small ε > 0, we have

lim sup
r→1−

log[∑2ν
j=1 n(r, Y, f = aj ) + n(r, Y, f = a)]

log(1 − r)−1
≤ ρ + 1 < ∞ ,

where Y = {z; θ1 + ε < arg z < θ2 − ε, |z| < 1} and ρ > 0. Then

1

2π

∫ θ2−2ε

θ1+2ε

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθ ≤

(
1

1 − r

)ρ+1/ω+3+2ε

log2
(

1

1 − r

)

holds except a set E ⊂ (0, 1) satisfying
∫
E

dr/(1 − r) < ∞, where ω = π/(θ2 − θ1 − 2ε).

PROOF. By Lemma 2.2, we know that the transformation

(2.8) z = z(u) = ei
θ1+θ2

2

[−(1 + u) + √
2(1 + u2)

1 − u

] θ2−θ1−2ε

π

is a conformal map of the unit disk to the sector Y . Set ω = π
θ2−θ1−2ε

. For t < 1, we have

z({u; |u| < t}) ⊂
{
z; θ1 + ε < arg z < θ2 − ε, |z| < 1 − 1

16ω
(1 − t)

}
.

Since the number of roots of a equation in a region is a conformal invariant, it follows that

n(t, τ, f (z(u))) ≤ n

(
1 − 1

16ω
(1 − t), Y, f (z) = τ

)

= O

(
1

(1 − t)ρ+1+ε

)
, t → 1− , τ = aj (j = 1, 2, . . . , 2ν), a .



416 N. WU AND J.-H. ZHENG

After a calculation, we obtain

N(t, τ, f (z(u))) = 1

ν

∫ t

0

n(x, τ, f (z(u)))

x
dx

= 1

ν

∫ t

1/2

n(x, τ, f (z(u)))

x
dx + O(1)

≤ 2

ν

∫ t

1/2
n(x, τ, f (z(u)))dx + O(1)

≤ O

(∫ t

1/2

1

(1 − x)ρ+1+ε
dx

)
+ O(1)

= O

(
1

(1 − t)ρ+ε

)
, t → 1− , τ = aj (j = 1, 2, . . . , 2ν), a .

(2.9)

For f (z(u)) and complex number aj (j = 1, 2, . . . , 2ν), a we apply Lemma 2.3,

T (t, f (z(u))) ≤
2ν∑
i=1

N(t, ai , f (z(u))) + N(t, a, f (z(u)))

+ O(log(1 − t)−1 + log T (t, f (z(u))))

≤ O

(
1

(1 − t)ρ+ε

)
+ O(log T (t, f (z(u))))

< O

(
1

(1 − t)ρ+ε

)
+ 1

2
T (t, f (z(u))), t /∈ F, t → 1 − .

So that

T (t, f (z(u))) < O

(
1

(1 − t)ρ+ε

)
, t /∈ F, t → 1− ,

and

lim sup
t /∈F, t→1−

log T (t, f (z(u)))

log(1 − t)−1
≤ ρ < ∞ .

By Lemma 2.1, we have λ(f (z(u))) ≤ ρ < ∞. Combining the first case of Lemma 2.3 and
(2.9) gives

T (t, f (z(u))) ≤
2ν∑
i=1

N(t, ai, f (z(u))) + N(t, a, f (z(u))) + O(log(1 − t)−1)

≤ O

(
1

(1 − t)ρ+ε

)
+ O(log(1 − t)−1) ≤ O

(
1

(1 − t)ρ+ε

)
.

(2.10)

Then,

(2.11) m(t, �a, �A(z(u))) ≤ νT (t, f (z(u))) + O(1) ≤ O

(
1

(1 − t)ρ+ε

)
.

Using Lemma 2.2 for the transformation (2.8), we have

u({z; 2−1 < |z| < r, θ1+2ε < arg z < θ2−2ε}) ⊂
{
u; |u| < 1 − ε

2α(θ2 − θ1 − 2ε)
(1 − r)

}
,
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and the Jacobian determinant satisfies that

(2.12) |J | ≤ O

(
1

(1 − r)1/ω+3

)
.

Combining (2.11) with (2.12) it follows that

H :=
∫ r

2−1

∫ θ2−2ε

θ1+2ε

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθdr

≤
∫ 1− ε

2α(θ2−θ1−2ε)
(1−r)

0

∫ 2π

0
log+ ‖ �A(z(teiφ))‖‖�a‖

|F(z(teiφ), a)|
1

(1 − t)1/ω+3
dφdt

=
∫ 1− ε

2α(θ2−θ1−2ε)
(1−r)

0
m(t, �a, �A(z(u)))

dt

(1 − t)1/ω+3

=
∫ 1− ε

2α(θ2−θ1−2ε)
(1−r)

0

(
1

1 − t

)ρ+1/ω+3+ε

dt = O

((
1

1 − r

)ρ+1/ω+2+ε
)

<

(
1

1 − r

)ρ+1/ω+2+2ε

.

(2.13)

Set

E=
{

0<r <1; 1

2π

∫ θ2−2ε

θ1+2ε

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθ >

(
1

1 − r

)ρ+1/ω+3+2ε

log2
(

1

1 − r

) }
.

Now we consider two cases.

Case I. H > 2.
For r ∈ E, we deduce

dH

dr
=

∫ θ2−2ε

θ1+2ε

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθ

> 2π

(
1

1 − r

)ρ+1/ω+3+2ε

log2
(

1

1 − r

)

≥ 2πHκ log2 H
1

1 − r
,

(2.14)

where κ is a positive constant.
From (2.14) it follows that∫

E

dr

1 − r
≤

∫ ∞

2

dH

2πHκ log2 H
= O(1) .

Case II. H ≤ 2.
Since H increases as r → 1−, we obtain

lim
r→1− H =

∫ 1

2−1

∫ θ2−2ε

θ1+2ε

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθdr ≤ 2 .
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For r ∈ E, we deduce

1

1 − r
<

(
1

1 − r

)ρ+1/ω+3+2ε

log2
(

1

1 − r

)
<

1

2π

∫ θ2−2ε

θ1+2ε

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθ .

Therefore, we have∫
E

dr

1 − r
≤

∫
E

1

2π

∫ θ2−2ε

θ1+2ε

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθdr

≤
∫

E∩[0,2−1]
1

2π

∫ θ2−2ε

θ1+2ε

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθdr

+
∫

E∩[2−1,1)

1

2π

∫ θ2−2ε

θ1+2ε

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθdr

≤
∫ 2−1

0

1

2π

∫ θ2−2ε

θ1+2ε

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθdr + 2

π
< ∞ .

Thus the proof of Lemma 2.4 is completed. �

In order to establish the small arc theorem for the algebroid functions, we have the fol-
lowing lemma first. Indeed, the proof has been given in [12]. For completeness, we give the
proof here again.

LEMMA 2.5. Let f (ξ) be the ν-valued algebroid function in Δ determined by (1.1).
Then, for any z = reiθ , 0 < r < R < 1, we have

(2.15) log+ ‖ �A(z)‖‖�a‖
|F(z, a)| ≤ log+(ν + 1)1/2 + R + r

R − r
m(R, �a, �A) +

M∑
t=1

log

∣∣∣∣ 2R

z − bt

∣∣∣∣ ,
where b1, b2, . . . , bM are the roots of the equation f (ξ) = a in |ξ | < R.

PROOF. We will prove that (2.15) holds for every point z. For any z = reiθ , 0 < r <

R < 1, there exists an integer 0 ≤ k = kz ≤ ν, such that

max
0≤l≤ν

|Al(z)| = |Ak(z)| .
Then

log+ ‖ �A(z)‖‖�a‖
|F(z, a)| ≤ log+ (ν + 1)1/2|Ak(z)|‖�a‖

|F(z, a)|
≤ log+(ν + 1)1/2 + log+ |Ak(z)|‖�a‖

|F(z, a)|
= log+(ν + 1)1/2 + log+

∣∣∣∣ Ak(z)

F (z, a)
‖�a‖

∣∣∣∣ .
Notice that both Ak(ξ) and F(ξ, a) are entire functions, ‖�a‖ is a constant number, then

Ak(ξ)‖�a‖
F(ξ, a)
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is a meromorphic function. Now we apply the Possion-Jensen formula to the meromorphic
function Ak(ξ)‖�a‖/F (ξ, a) and have a estimation:

log+
∣∣∣∣Ak(z)‖�a‖

F(z, a)

∣∣∣∣ ≤ 1

2π

∫ 2π

0
log+

∣∣∣∣Ak(Reiφ)‖�a‖
F(Reiφ, a)

∣∣∣∣ R2 − r2

R2 − 2Rr cos(θ − φ) + r2 dφ

+
M∑
t=1

log

∣∣∣∣ R2 − btz

R(z − bt )

∣∣∣∣ .
From the inequality R2−r2

R2−2Rr cos(θ−φ)+r2 ≤ R+r
R−r

, we derive

log+
∣∣∣∣Ak(z)‖�a‖

F(z, a)

∣∣∣∣ ≤ 1

2π

R + r

R − r

∫ 2π

0
log+ |Ak(Reiφ)|‖�a‖

|F(Reiφ, a)| dφ +
M∑
t=1

log

∣∣∣∣ 2R

z − bt

∣∣∣∣ .
From |Ak(Reiφ)| ≤ ‖ �A(Reiφ)‖, we have

log+
∣∣∣∣Ak(z)‖�a‖

F(z, a)

∣∣∣∣ ≤ R + r

R − r
m(R, �a, �A) +

M∑
t=1

log

∣∣∣∣ 2R

z − bt

∣∣∣∣ .

This completes the proof. �

Using the method of [2], we can establish Lemma 2.6, which is called the small arc
theorem for algebroid functions.

LEMMA 2.6. Let I (r) ⊂ [0, 2π) be a measurable set of θ with its measure |I (r)|.
Then for 0 < r < R < 1, we have

1

2π

∫
I (r)

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθ ≤ KR

R − r
T (R, f )|I (r)|

(
1 + log+ 1

|I (r)|
)

,

where K is a positive constant number and is independent of r, θ .

PROOF. Let {bl = |bl|eiβl } denote the sequence of the roots of f (z) = a in the unit
disk. From (2.15), we have

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| ≤ log+(ν + 1)1/2 + t + r

t − r
m(t, �a, �A) +

∑
|bl |≤t

log

∣∣∣∣ 2t

reiθ − bl

∣∣∣∣ , (r < t)

and note that

|reiθ − |bl|eiβl | ≥ r| sin(θ − βl)| (|θ − βl| ≤ π/2) ,

|reiθ − |bl|eiβl | ≥ r (π/2 < |θ − βl| ≤ π) .

Hence ∫
I (r)

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθ ≤ |I (r)| log+(ν + 1)1/2 + |I (r)| t + r

t − r
m(t, �a, �A)

+
∑
|bl |≤t

[∫
I (r)

log

(
2t

r

)
dθ +

∫
I ∗(r,βl)

log
1

| sin(θ − βl)|dθ

]
,

(2.16)
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where I∗(r, βl) denotes the portion of I (r) which belongs to the arc [−π/2 + βl, βl + π/2].
Following the inequality (9.4) of pp.338 in [2], we have

∫
I (r)

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθ ≤ |I (r)|

(
log+(ν + 1)1/2 + t + r

t − r
m(t, �a, �A)

)

+ |I (r)|n(t, a, f )

[
log

(
2t

r

)
+ 1 + log+ π

|I (r)|
]

(0 < r < t) .

(2.17)

By the definition of N(r, a, f ) and T (r, f ),

n(t, a, f ) ≤ N(R, a, f )

log(R/t)
≤ νT (R, f )

log(R/t)
(0 < r < t < R < 1) .(2.18)

We choose t = (r + R)/2. Then combining (2.17) with (2.18), we derive
∫

I (r)

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθ ≤ |I (r)|

(
log+(ν + 1)1/2 + 4ν

R − r
T (R, f )

)

+ |I (r)|νT (R, f )

log(R/t)

[
log

(
1 + R

r

)
+ 1 + log+ π

|I (r)|
]

.

In view of log(R/r) > (R − r)/R, we obtain the result. �

Hayman [5] established Lemma 2.7 for a real function defined in (0,+∞).

LEMMA 2.7 ([5]). Let T (r) be a continuous function of r in (0,+∞) which increases
to +∞ and is of finite lower order μ < +∞. Then, for two arbitrary positive real num-
ber τ1 and τ2 satisfying τ2 > τ1 > 1, the lower logarithmic density of the set G = {r ∈
(0,∞); T (τ1r) ≤ τ2T (r)} satisfies

log denseG = lim inf
r→∞

∫
G∩[1,r]

dt
t

log r
≥ 1 − μ

log τ1

log τ2
,

where μ = lim infr→∞ log T (r)/ log r .

Using Lemma 2.7 and by the method of transformation, we can establish Lemma 2.8.

LEMMA 2.8. Let T1(r) be a continuous function of r in (0, 1) which increases to +∞
and is of finite lower order μ < +∞. Then, for two arbitrary positive real number τ1 and
τ2 satisfying τ2 > τ1 > 1, the lower logarithmic density of the set G = {r ∈ (0, 1); T1(1 −
τ−1

1 + rτ−1
1 ) ≤ τ2T1(r)} satisfies

log denseG = lim inf
r→1−

∫
G∩[0,r]

dt
1−t

log 1
1−r

≥ 1 − μ
log τ1

log τ2
.

PROOF. Set r = 1 − t−1, then T (t) = T1(1 − t−1) is a function defined in (1,∞). The
order and lower order of T (t) equal to the order and lower order of T1(r), i.e.,

lim sup
t→∞

log+ T (t)

log t
= lim sup

t→∞
log+ T1(1 − t−1)

log t
= lim sup

r→1−
log+ T1(r)

log(1 − r)−1 ,
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lim inf
t→∞

log+ T (t)

log t
= lim inf

t→∞
log+ T1(1 − t−1)

log t
= lim inf

r→1−
log+ T1(r)

log(1 − r)−1
.

Since the lower order of T1(r) is μ < +∞, the lower order of T (t) is also μ < +∞. For
any τ2 > τ1 > 1, the set G is mapped onto G̃ = {t ∈ (1,∞); T (τ1t) ≤ τ2T (t)} under the
transformation t = (1 − r)−1. Now by Lemma 2.7, we have

(2.19) lim inf
t→∞

∫
G̃∩[1,t ]

dx
x

log t
≥ 1 − μ

log τ1

log τ2
.

Under the one to one transformation r = 1 − t−1, the set G̃ is mapped onto G, and∫
G̃∩[1,t ] dx/x = ∫

G∩[0,r] dx/(1 − x), then from (2.19) we have

lim inf
r→1−

∫
G∩[0,r]

dx
1−x

log 1
1−r

= lim inf
t→∞

∫
G̃∩[1,t ]

dx
x

log t
≥ 1 − μ

log τ1

log τ2
.

Hence we get the result of the lemma. �

LEMMA 2.9. Let f (z) be the ν-valued algebroid function of finite lower order μ in Δ

determined by (1.1) and such that for some a ∈ Ĉ, δ(a, f ) > 0. Suppose that there exist 2ν

distinct complex values aj 
= a(j = 1, 2, . . . , 2ν) such that

lim sup
r→1−

log[∑2ν
j=1 n(r,X, f = aj ) + n(r,X, f = a)]

log(1 − r)−1 ≤ ρ + 1 < ∞ ,

where X = Δ\⋃q

k=1{z; arg z = θk, |z| < 1}, ρ > 0. Then, for any τ1, τ2 satisfying τ2 >

τ1 > 1, we have

(2.20) lim sup
r∈E1\E,r→1−

log+ T (r, f )

log(1 − r)−1 ≤ ρ + 3 + max
1≤k≤q

{
θk+1 − θk

π

}
,

where E1 = {r; T (1 − τ−1
1 + τ−1

1 r, f ) ≤ τ2T (r, f )} ⊂ (0, 1) and E ⊂ (0, 1) is satisfying
that

∫
E dr/(1 − r) < ∞.

PROOF. From Lemma 2.4 and the condition of Lemma 2.9, it follows that

(2.21)

q∑
k=1

1

2π

∫ θk+1−2ε

θk+2ε

log+ ‖ �A(reiθ )‖‖�a‖
|F(reiθ , a)| dθ

= O

( q∑
k=1

(
1

1 − r

)ρ+1/ωk+3+2ε

log2 1

1 − r

)
,
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where r ∈ (0, 1)\E,
∫
E

dr/(1 − r) < ∞, ωk = π/(θk+1 − θk − 2ε).

Setting R = 1 − τ−1
1 + τ−1

1 r in Lemma 2.6 and noticing that r ∈ E1, we obtain

q∑
k=1

1

2π

( ∫ θk+2ε

θk

+
∫ θk+1

θk+1−2ε

)
log+ ‖ �A(reiθ )‖‖�a‖

|F(reiθ , a)| dθ

≤ K

1 − r
T (1 − τ−1

1 + τ−1
1 r, f )4qε

(
1 + log+ 1

2ε

)

≤ K

1 − r
τ2T (r, f )4qε

(
1 + log+ 1

2ε

)
.

(2.22)

Taking ε = ε(r) = (1 − r)2 in (2.22) yields
q∑

k=1

1

2π

( ∫ θk+2ε

θk

+
∫ θk+1

θk+1−2ε

)
log+ ‖ �A(reiθ )‖‖�a‖

|F(reiθ , a)| dθ

≤ 4qK(1 − r)

(
1 + log+ 1

2(1 − r)2

)
τ2T (r, f )

<
νδ(a, f )

4
T (r, f ), r → 1 − .

(2.23)

Setting in (2.21) ε = ε(r) = (1 − r)2 and adding together (2.21) and (2.23), we derive

m(r, �a, �A) ≤ νδ(a, f )

4
T (r, f ) + O

( q∑
k=1

(
1

1 − r

)ρ+1/ωk+3+2ε

log2 1

1 − r

)
, r ∈ E1\E.

By the definition of δ(a, f ), we have

m(r, �a, �A) >
νδ(a, f )

2
T (r, f ) , r → 1 − .

So that

νδ(a, f )

4
T (r, f ) ≤ O

( q∑
k=1

(
1

1 − r

)ρ+1/ωk+3+2ε

log2 1

1 − r

)
, r ∈ E1\E, r → 1 − .

This leads to

lim sup
r∈E1\E,r→1−

log+ T (r, f )

log(1 − r)−1 ≤ ρ + 3 + max
1≤k≤q

{
θk+1 − θk

π

}
.

The proof is completed. �

3. Proof of Theorem 1.1. Set

K := ρ + 2 + max
1≤k≤q

{
θk+1 − θk

π

}
.

By Lemma 2.9, we have

(3.1) lim sup
r∈E1\E,r→1−

log+ T (r, f )

log(1 − r)−1 ≤ K ,
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where log densE1 ≥ 1 −μ
log τ1
log τ2

,
∫
E

dr
1−r

< ∞, μ is the lower order of f . Obviously, μ ≤ K .
Choose τ2 large enough such that

(3.2) log τ2 > 3K log τ1 ≥ 3μ log τ1 .

So that

lim inf
r→1−

∫
(E1\E)∩[0,r]

dt
1−t

log 1
1−r

≥ lim inf
r→1−

∫
E1∩[0,r]

dt
1−t

log 1
1−r

− lim sup
r→1−

∫
E∩[0,r]

dt
1−t

log 1
1−r

= 1 − μ
log τ1

log τ2
− 0 >

2

3
.

(3.3)

This leads to lim supr→1−,r∈E1\E{r} = 1. Thus r ∈ E1\E, r → 1− can hold.
Set F = E1 \ E. Now we claim that for r → 1−, r /∈ F , there exists a number r ′ such

that r ′ ∈ F and r ′ ∈ [r, 1 − (1 − r)d ], where

d = 1 + 3K log τ1

log τ2
< 2 .

In fact, otherwise, there exists a sequence {rn} such that rn → 1 as n → ∞ and F ∩ [rn, 1 −
(1 − rn)

d ] = ∅ for each n. So that

F ⊂ (0, 1) \
∞⋃

n=1

[rn, 1 − (1 − rn)
d ] .

Assume rn > 1 − (1 − rn−1)
d (otherwise we can consider a subsequence), then∫

F∩[0,1−(1−rn)d ]
dt

1 − t
≤

∫
[0,1−(1−rn)d ]\⋃n

j=1[rj ,1−(1−rj )d ]
dt

1 − t

=
n∑

j=2

∫ rj

1−(1−rj−1)
d

dt

1 − t

= log
1

1 − rn
− (d − 1)

n−1∑
j=2

log
1

1 − rj
− d log

1

1 − r1
.

(3.4)

On the other hand, by (3.3), we have for rn → 1−,

(3.5)
1

d log 1
1−rn

∫
F∩[0,1−(1−rn)d ]

dt

1 − t
≥ 1 − K

log τ1

log τ2
= 1 − d − 1

3
.

Combining (3.4) with (3.5), we have

0 <

n−1∑
j=2

log(1 − rj )
−1

log(1 − rn)−1
≤ d

3
− 1 <

2

3
− 1 .

This is impossible.
Since r ′ ∈ F , we have

T (r ′, f ) <

(
1

1 − r ′

)K+ε
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by Lemma 2.9. Consequently,

T (r, f ) ≤ T (r ′, f ) ≤
(

1

1 − r ′

)K+ε

≤
(

1

1 − r

)(
1+ 3K log τ1

log τ2

)
(K+ε)

.

Taking limitation,

lim sup
r→1−

log+ T (r, f )

log(1 − r)−1
≤

(
1 + 3K log τ1

log τ2

)
(K + ε) .

Letting ε → 0, τ2 → ∞,

lim sup
r→1−

log+ T (r, f )

log(1 − r)−1
≤ K = ρ + 2 + max

1≤k≤q

{
θk+1 − θk

π

}
.

We complete the proof of the theorem.

Acknowledgments. The authors would like to express their many thanks to the referee for the
valuable comments and suggestions in improving this paper.

The first author is supported by the grant (No. 11231009, 11371363, 11326086) of NSF of China.
The second author is supported by the grant (No. 11171170 ) of NSF of China and the research

fund (No. 20100002110012) for the Doctoral Program of Higher Education, Ministry of Education of
China.

REFERENCES

[ 1 ] J. M. CHANG, Radially distributed values of meromorphic functions, J. Math. Anal. Appl. 319 (2006), 34–44.
[ 2 ] A. EDREI AND W. H. J. FUCHS, Bounds for the number of deficient value of certain classes of meromorphic

functions, Proc. London Math. Soc. 12 (1962), 315–344.
[ 3 ] A. EDREI, Meromorphic functions with three radially distributed values, Trans. Amer. Math. Soc. 78 (1955),

276–293.
[ 4 ] W. K. HAYMAN, Meromorphic functions, Oxford Math. Monogr., Clarendon Press, Oxford, 1964.
[ 5 ] W. K. HAYMAN, Angular value distribution of power series with gaps, Proc. London Math. Soc. 24 (1972),

590–624.
[ 6 ] Y. Z. HE AND X. Z. XIAO, Algebroid functions and ordinary differential equations (in Chinese), Science

Press of China, Beijing, 1988.
[ 7 ] D. C. SUN AND J. R. YU, On the distribution of values of random Dirichlet series. II, Chinese Ann. Math.

Ser. B 11 (1990), 33–44.
[ 8 ] N. TODA, Sur les directions de Julia et de Borel des fonctions algébroıdes, Nagoya Math. J. 34 (1969), 1–23.
[ 9 ] M. TSUJI, Potential theory in modern function theory, Maruzen Co. LTD., Tokyo, 1959.
[10] S. J. WU, Angular distribution and growth of meromorphic functions, Sci. China Ser. A 36 (1993), 791–802.
[11] N. WU AND Z. X. XUAN, Common Borel radii of an algebroid function and its derivative, Results Math. 62

(2012), no. 1–2, 89–101.
[12] N. WU AND J. H. ZHENG, On the growth of an algebroid function with radially distributed values, Ann. Pol.

Math. to appear.
[13] L. YANG, Value distribution and new research, Springer-Verlag, Berlin, 1993.
[14] L. YANG AND C. C. YANG, Angular distribution of values of ff ′, Sci. China Ser. A 37 (1994), 284–294.
[15] L. Z. YANG, Sums of deficiencies of algebroid functions, Bull. Austral. Math. Soc. 42 (1990), 191–200.
[16] Q. D. ZHANG, Distribution of Borel radii of meromorphic functions in the unit disc (in Chinese), Acta Math.

Sinica (Chin. Ser.) 42 (1999), no. 2, 351–358.
[17] J. H. ZHENG, Value distribution of meromorphic functions, Springer-Verlag, Berlin, 2010.



ON THE GROWTH ORDER OF AN ALGEBROID FUNCTION 425

[18] J. H. ZHENG, On value distribution of meromorphic functions with respect to arguments I, Complex Var.
Elliptic Equ. 56 (2011), 271–298.

[19] J. H. ZHENG, On transcendental meromorphic functions with radially distributed values, Sci. China Ser. A 47
(2004), 401–416.

DEPARTMENT OF MATHEMATICS

SCHOOL OF SCIENCE

CHINA UNIVERSITY OF MINING

AND TECHNOLOGY (BEIJING)
BEIJING, 100083
PEOPLE’S REPUBLIC OF CHINA

E-mail address: wunan2007@163.com

DEPARTMENT OF MATHEMATICAL SCIENCES

TSINGHUA UNIVERSITY

BEIJING, 100084
PEOPLE’S REPUBLIC OF CHINA

E-mail address: jzheng@math.tsinghua.edu.cn



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /ARA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /BGR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHT (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CZE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DAN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ETI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /GRE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HEB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HRV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HUN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ITA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFFff08682aff0956fd969b6587732e53705237793e306e51fa529b6a5f306b90693057305f002000410064006f0062006500200050004400460020658766f830924f5c62103057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e30593002>
    /KOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LTH (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LVI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NLD (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /POL (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /PTB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUM (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SKY (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SLV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SUO (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SVE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /TUR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /UKR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


