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ON THE GROWTH ORDER OF AN ALGEBROID FUNCTION
WITH RADIALLY DISTRIBUTED VALUES
IN THE UNIT DISK
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Abstract. For an algebroid function in the unit disk of finite lower order with a defi-
cient value, we can estimate its growth order in terms of the convergence exponent of the points
of the deficient value and other distinct values not lying on a radial system and the maximal
difference of the arguments of adjacent rays.

1. Introduction and main results. We assume that the reader is familiar with the
fundamental results and standard notations of the Nevanlinna theory in the unit disk A =
{z; |z] < 1} and in the complex plane C (see [4, 9, 13, 17]). A value a on the extended
complex plane cC=cCcu {oo} is called a radially distributed value of a transcendental mero-
morphic function if most of points at which the value is assumed distribute closely along a
finite number of rays from the origin. Many people have taken into account how the growth
of a meromorphic function could be affected by distribution of the arguments of its value
a-points in the complex plane.

In 1955, Edrei [3] proved the following theorem.

THEOREM A ([3]). Let f(z) be a meromorphic function in C and such that the roots
of the three equations

f@=0, f@=00. fP@=1 20 fP=p
are distributed on the rays
rel e . rel® (r>0,0<w; <wp <--- < wg <2m).

Denote by 8(a, D) the deficiency of the value a of the function £, and assume 80, f) +
81, fO) 4+ 8(co, f) > 0. Then the order A(f) of f(z) is necessarily finite and

AMf) < B = sup {n/(wit1 —wi)} (wg+1 =21 +w1).
l<i<q
In 1993, Wu [10] used the Nevanlinna theory of meromorphic functions in angular do-
mains to study this problem and obtained the following theorem.
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THEOREM B ([10]). Let f(z) be a meromorphic function of finite lower order | in
C. Suppose that argz = 0;(j = 1,2,...,q;1 < g <00;0 <61 <O < -+ <6y <
27,0441 = 61 + 2m) are g rays in C, such that for any ¢ > 0 and x = 0, 00, we have
logn(r, ujzlsz(e,- +e&0j41—8), f =x)

lim sup =p <00,
r—00 logr

where p is a positive number, 2(0; +¢&,0j41 —¢) = {z2;0; + ¢ < argz < 041 — ¢},
n(r, X, f = x) denotes the number of the roots of f(z) = x in the region X N {|z| < r}(X C
C), counting multiplicities. If f© has a finite and nonzero deficient value a, then the order of
f(2) satisfies

b4

A(f) < max (—, p) ,

1)

where @ = minj< <4041 — 0;).
In 2003, Zheng [19] gave a simple and elementary way to study the growth of transcen-

dental meromorphic functions in terms of their orders when they and their derivatives have
radially distributed values and proved the following theorem.

THEOREM C ([19]). Let f(z) be a transcendental meromorphic function of finite
lower order . in C such that for some a € C and an integer p > 0,8 = 8(a, fP) > 0. If
for q pair {a;, B} of real numbers satisfying

—T<ar<Pi<wmy<Pr<---<og<pBy=<nm
and an integer k > 0, we have
. logln(r Y, f = 0) + (Y, fO = 1]
lim sup <p
r—00 logr

forY = U3:1{Z? aj <argz < Bj}and

’

q

4 . |6
Z(O‘Hl - Bj) < Earcsm\/;, g1 =01 + 2,

j=1
where f = max{p, . i}, = maxi < j=q{w/(Bj — )}, then A(f) < max{w, p}.

In 2006, Chang [1] used another method to study the radially distributed values of mero-
morphic functions and obtained the following theorem.

THEOREM D ([1]). Let f(z) be a meromorphic function in C of finite lower order
with §(0, )+ 6(oco, f) > 0. Suppose that f has no direction of Marty-type except L : argz =
0;(j=12,...,q:0< 61 <0 <--- <0 <2m). Then the order of f satisfies

TGOS
w
where @ = miny< <4041 — 0;).

The definition of a Marty direction of a meromorphic function can be seen in [1]. In [18],
Zheng suggested that there are three aspects for an algebroid function worthy of consideration,
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one of them being the growth of an algebroid function when some restriction is imposed on
arguments of certain a-points. We considered this problem for an algebroid function f(z)
defined in the complex plane in another article [12]. In this note, we will investigate the
growth of an algebroid function with radially distributed values in the unit disk. Before stating
the result, we give some notations and definitions of an algebroid function.

Let f = f(2)(z € A) be the v-valued algebroid function defined by an irreducible
equation

(1.1) F(z,w) == Ag@w” + A1(@w" ™"+ + A,(2) =0,
where A, (2), ..., Ag(z) are analytic functions without any common zeros in the unit disk.
Let A = (Ag,...,Ay), 50 = (1,0,...,0). Foranya € C, denote d = (a”,a""', ..., 1).
Then,
IA@I = (Aol* + A1 + - + AP/,
la| = (al® + a2+ +la*+ DV?, a#oo,
1, a=00.

Since F(z, w) is irreducible, F(z, a) = A(z) -a # 0, where F(z, 00) = Ag(z). Set

log® x = max{0, logx} .
Define the proximity function to a number a € C of f(2) on the circle {|z]| = r}:
. 1 27 Are NG
m(r, @, A) = —/ log+ 1ACeDal ;o
27 Jo |F(ret?, a)|
and the counting function of a-points:

N(r,d, A) = N(@r,0, F(z, a))

:/r nt,0,Fz,a) —n©0,0, Fz.a) \ 6o F(z,a))logr,
0

t

where n(t, 0, F(z,a)) is the number of the roots of the equation F(z,a) = 0 in the disk
{|z] < t}, counting multiplicities. In this paper, n(¢, a, f(z)) denotes the number of the roots
of f(z) = ain {|z| < t}, counting multiplicities. Put

T(r.a,A) =m(r,d, A) + N(r.a, A).

Following G.Valiron, we define the characteristic function of f(z) as
1 2 .
T(r, f) = —/ log max |Aj(re’9)|d9.
v Jy 0<j<v

By using Valiron’s result (cf. [15]), we get the relation between T (r, f) and T (r, a, A):
IT(r.d@, A) —vT(r, /)l = O(1).

The counting function of a-points of f(z) is defined as

N(r,a, f) = %N(r, 0, F(z,a)).
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Put
N(r,a, . N(r,0, F(z,
8, f)=1 —limsupM =1 —hmsupw.
ro1— T f) r>1—  T(r,a,A)
The value a is called a Nevanlinna deficient value of f if §(a, f) > 0. The order and lower
order of f(z) are defined as
log* T(r, log" T'(r,
ACS) = limsup & LD oy liming 108 T
ro1— log(1 —r)~1 r—1- log(1 —r)~!
Given a sector ¥ = {z; ¢ < argz < B, |z| < 1}. Define the counting function of a-points of
f(z)inY as

v t

where n(t, Y, f = a) is the number of the roots of f(z) = a in Y N {z; |z] < t}, counting
multiplicities. Now we can state our result as follows.

N(ny,fza)zl/’wdh
0

THEOREM 1.1. Let f(z) be the v-valued algebroid function of finite lower order u in
A determined by (1.1) and such that §(a, f) > 0 for some a € C. Suppose that

argz=0 (k=1,2,...,9q,0<601 <0 <--- <0y <6 +2m =06411)

are ¢(1 < g < 400) radii in the unit disk, and there exist 2v distinct values a; # a(i =
1,2,...,2v) such that

 logly n(r Y, f =a) +n(rY, f =a)]
lim sup
r—1— log(1 —r)7!

where Y = A\ UZ:l{Z? argz = 6k, |z| < 1} and p > 1. Then, the order of f satisfies

<p <00,

AMf) < p+2+ max (M> )
1<k<q T
We complete the proof of Theorem 1.1 with the help of the method in Yang [14] and
Chang [1] and the behavior of algebroid functions in the unit disk. Both the papers investigate
the growth of transcendental meromorphic functions with radially distributed values in the
complex plane.

2. Some lemmas. In this section we give some lemmas which are used in the proofs
of our theorems.

LEMMA 2.1 ([11]). Let ¢(r) be a nondecreasing and positive real function in (0, 1)

and satisfy

. @(r)
limsup —————— = p < 4+00.
P log(l—n) 1~ °

Then, for any set E C (0, 1) such that fE flTrr < 00, we have

lim sup L=Q<+OO.

ro1—, re\E log(l —r)~! -
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The proof of Lemma 2.1 can be seen in [11].
LEMMA 2.2. The transformation

(Ze—ieo)n/é 4 Z(Ze—iﬁo)n/(&?) -1

QD u@= (ze—100)7 /5 — 2(ze—100)r/ () _ |

, (0<6y<2m,0<68<m)

is a conformal map of the sector §2(6y — 8,600 + 8) = {z; 60 — 6 < argz < 6y + 6, |z| < 1}
onto the unit disc A. For any positive number ¢ satisfying 0 < & < §, the transformation (2.1)
satisfies

. u({z; 271 < |z] < r}N{z; |argz — 6yl < § —¢}) C {u; lul <1 — 22%8—+15(1 — r)} ;
u™ (s [ul < phC <{z; lz] < 1— %(1 - p)}ﬂ{z; largz — 6o| < 5})-

The inverse transformation of (2.1) is

¢ = eiao[—(l +u)+ 20T+ u%T””

(2.3) T—

If we regard (2.3) as a map from the rectangle [0, 1) x [0, 2) on |u| — argu plane onto the
rectangle (0, 1) x (6g — 8, 00 + §) on |z| — arg z plane, then the Jacobian satisfies

1

In fact, the proof of (2.2) has been given by Sun [7] and Zhang [16] respectively. How-
ever, they only prove the case of ¢ = §/2. Here, we will prove (2.2) for the case of 0 < ¢ < §
by the same method of Zhang [16]. Moreover, we give the proof of (2.4) for the first time.

PROOF. Setz = |z|e!?, « = 7/(28) > 1. From (2.1), we have

8(1 — |z]%)|z|% cos (¢ — o)
|(ze=f0)2 —2(ze= M) — 112

(2.5) 1—u)®=

When 2! < |z| < rand |argz — 6p| <& — &,
8(1 —IzD(;)sin(ee)  8(1—[2D()"F@e) ¢
(14+2+1)? (I+2+D2  20+ls
Then, |u| < 1 — ﬁ(l —lzh <1-— ﬁ(l —r).
After a simple calculation, we find that when |u| < p,
1—p<1—1ul® <16a(l —|z]).

Then, |z] < 1 — 8%(1 — p). Thus (2.2) is proved.
Next we will prove (2.4). Write z = re’?, u = te'?. Taking the derivative on both side
of (2.3), we get that

dz _ &% [—(1 +u) +/20 +u2)}”°“1\/§(u + ) —2/T+u?
- d—wVT+u?

21— Jul) > 1 — |ul* > (1—1z]).

du o 1—u
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Taking the partial derivatives on both side of (2.3), we derive

8rl 0
o1 9+l§re9
(2.6) (14 u) +v2(1+u?) M= 1\/_(M+1)—2V1+” oi%
o a|: l—u :| (1 — w21+ u? 7
8r —i—l%reg
8(/) d¢
@7 190[ (1+u)+\/2(1T}”°‘ Vo ) 2V
o l—u (1 —u)®V1 +u? '

Combining (2.6) with (2.7) gives

30,

so that
gi|rae _arae|_ |ige” +iggre”’
Jat d¢p  d¢ Ot tr
Noticing that

1/a

‘—(1+u)~|—\/2(1—|—u

then from (2.7) it follows that

e +idhre®t (1 4wy + V20 T ud) |V (u+1)—2m
r ol 1—u (1 —w)?V1+u?
Therefore,
B i0|2
] = +rlta¢re |
= +uw)+ V20 +ud) | V2 + 1) = 2VT 2 [
T ol 1 —u l—u)zm
t

41/01 2. (2vV2+2V2)? 1

o2 (1— |M|)1/°‘+3 '

Thus, as |u| =t — 1—, we have
22/a+1 1
o2 (1— t)l/a+3 :

I/l <

Hence the proof of Lemma 2.2 is completed.
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The following lemma is the second fundamental theorem for algebroid functions in the
unit disk, whose proof can be found in [6, 8], and we can obtain the error term S(r, f) by the
same method as used in meromorphic functions.

LEMMA 2.3 ([6, 8]). Let f(z) be the v-valued algebroid function in A determined by
(I.) and let ay, ay, . . ., aq be q different values on C. Then, we have

q
(q—2v)T(r, f) < Y N(rai, /) + 50, f),

i=1
where

s fy = | Ologd =n7h if A(f) <00,
T 0Qog(l =)+ 10g T(r ), r ¢ Fif M(f) =00,
where F is a set satisfying that F C (0, 1) and fF dr/(1 —r) < oo.

LEMMA 2.4. Let f(z) be the v-valued algebroid function in A determined by (1.1).
Suppose that there exist 2v + 1 distinct complex values a;(i = 1,2, ...,2v), a such that for
any small ¢ > 0, we have

_ log[Y 3 n(n Y, f =a)) +n(r Y, f =a)]
lim sup
r—1— 10g(1 _r)_l

<p+1l<oo,

where Y = {z;01+ ¢ <argz <6, —¢,|z| < 1} and p > 0. Then

1 6r—2¢ A i0 = 1 p+1/w+3+2¢ 1
2 log™ |A(re P)IIIICIIIdQ < < ) logz( )
21 Jo 426 |F(re't, a)l 1—r 1—r

holds except a set E C (0, 1) satisfying fE dr/(1 —r) < oo, where w = /(0 — 61 — 2¢).

PROOF. By Lemma 2.2, we know that the transformation

67— —2¢
o [—(1 +u) + 20+ u%}ﬂ'

1—u

(2.8) z=z(u)=e

is a conformal map of the unit disk to the sector Y. Set w = Oz—gﬁ' Fort < 1, we have

1
z({u; lu| < t}) C {z;01+5<argz<92—8,|z| < l—m(l—t)}.

Since the number of roots of a equation in a region is a conformal invariant, it follows that
1
nt,t, fw)) =n|l—-—(>0-0.,Y, fe)=r1
16w

1 ;
=0 (Gmgrm) - 1o TmwU=12 e
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After a calculation, we obtain

t
NG, T, fw) = %/O de

_ l/’ nx T FE@) o

Y 1/2 X

t
29 <2 / n(x. 7, f@))dx + 0(1)
2

1)1/

! 1
<0 (/1/2 T —x)P+1+€dx) +0()

1 .
0z - 11 Tmal=12

For f(z(u)) and complex numbera;(j =1,2,..., 2v), a we apply Lemma 2.3,

2v
T, f(zw)) < ZN(L ai, f(z(w)) + N(t,a, f(z(u)))

i=1
+ O(log(1 —1)~' +1og Tz, f(z())))

1
-0 (W) + 0o T(t, fz))))

1 1
<0 <m) +§T(t, fzw), t¢F, t—1—.

So that

T(t,f(z(u)))<0( t¢F, t—1—,

1
(1- t)"“) ’
Jim sup log T'(z, f(z(u))) <
1¢F, 11— log(l —n!
By Lemma 2.1, we have A(f(z(u))) < p < oco. Combining the first case of Lemma 2.3 and
(2.9) gives

and

p <00,

2v
T, f(zw)) < ZN(I, ai, f(zw) + N(t,a, f(zw))) + Olog(l —1)™")
(2.10) i=1
1 -1 1
Then,
(2.11) m(t,d, Azw))) < vT(t, f(zw)) + O0() < O (ﬁ) )

Using Lemma 2.2 for the transformation (2.8), we have

u{z; 27 < |z| < r, 0142e < argz < 6p—2¢}) C {u; lul < 1-— (1- r)} ,

&
24(0, — 0, — 2¢)
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and the Jacobian determinant satisfies that

1
Combining (2.11) with (2.12) it follows that

A i0
H- / / ot |A(re 9)””a”dedr
2-1 Jo, 426 |F(rei, a)|

—sga——s= (1—7) ip
e —rs) IAGz(re'®)) | 1d] 1

log™ deodt
/ ./0 o8 |F(z(tei?),a)| (1 —rp)l/e+3 ¢

1= 2@, 91 wg—o=2e) 1 =7) R
m(t, a, A(z(u)))

IA

N T
1- pe 91 23)(1 r) 1 p+1/w+3+¢ 1 p+1/o+2+e
= / — dt =0
0 1 —1 1—r
p+1/o+2+2¢
< .
()
Set

1 0,—2¢ A' i0 > 1 p+1/w+3+2¢ 1
=10<r<l1; — log™ 7” (re.)||||a||d9> log2 .
2 1—r

01+2¢ |F(rei?, a)l I—r

Now we consider two cases.

Casel. H > 2.
For r € E, we deduce
dH _ (%7 A lal
dr 0,426 |F(rel?, a)|
1 p+1/w+3+2¢ 1
(2.14) > 2 log2  —
1—r 1—r

, 1
> 2 Hilog’ H—.
—r

where k is a positive constant.
From (2.14) it follows that

dr o dH
=< ———-=0().
gl—r 2> 2mHklog"H
Casell. H <2.

Since H increases as r — 1—, we obtain

A i0
lim H = f / og+ 1AL IACeDMal 4o, 5
2-1 Jo, 426

r—1— |F(rei?, a)|
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For r € E, we deduce

1 1 p+1/w+3+2¢ 1 1 0, —2¢ A’ NI
3 log? - _/ log* |A(re ')IIIIaIIdQ
1—r 1—r 1—r 27 Jo, 42 |F(re'®, a)l

Therefore, we have

A i0
/ / / ot |A(re )IIIIalldgdr
1—r = Jpon e [F(re, a)|

—2¢ i0
A
-/ fogr JACEIIGN o
EN[0,2-1] 2 0142¢ [F(ret?, a)|

07 —2. e i0 e
+/ L[ et 1ACeDlal
E

n-11 27 Jo, 426 |F(rei?, a)|

2-1 i
A 2
/ / g+ JAGe 9>||||a||d9dr+_ 3
21 Joy12e |F(rei?, a)| x>

Thus the proof of Lemma 2.4 is completed. O

dodr

In order to establish the small arc theorem for the algebroid functions, we have the fol-
lowing lemma first. Indeed, the proof has been given in [12]. For completeness, we give the
proof here again.

LEMMA 2.5. Let f(§) be the v-valued algebroid function in A determined by (1.1).
Then, for any z = ret? 0 <r < R < 1, we have

- . M

IA@)llall 12 = 2R
2.15)  loght —" = <log™(v+ 1)!/? + mR i, A)+ ) log|——
(215)  log" Zm s <logh (v + 1) R ( ) ; S
where by, by, . .., by are the roots of the equation f(§) = a in |€] < R.

PROOF. We will prove that (2.15) holds for every point z. For any z = re’?,0 < r <
R < 1, there exists an integer 0 < k = k, < v, such that

max |A;(z)| = |Ax(2)] -
0<i<v

Then
1 =~ 1/2 >
+ 1A@all < log* -+ DA @) al
|F(z,a)l |F(z,a)l
|Ak()]llal
<logt(v+ D2 4 logt —1——
& ® RG]
Ar(2)
=log* (v + D2 + log* Arlz
g g F( )
Notice that both A, (£) and F (&, a) are entire functions, ||d|| is a constant number, then

Ar@®)lall
F(&, a)
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is a meromorphic function. Now we apply the Possion-Jensen formula to the meromorphic
function Ag(&)||a||/ F (£, a) and have a estimation:

L A@lal <_1_/Q”k)+ Ar(Re')|ja|| R% —r? do
Fea) |22y 8 |F(Re?®, a) |RZ=2Rrcos(® —¢) +r2
R —th
+ Z og RG = Re =) Ol

R2—;2 < R+r
RZ—2Rrcos(@—¢)+r2 — R—r’

Ax(@)all 1 R+r/2” |[Ar(Re! ¢)|||a||
+|2tDlaly 1 Jog* LoKTe Al log
Fea) |~ 2nR=r), °® T[F(Re?,a ¢+Z

From the inequality we derive

From |Ax(Re'?)| < | A(Re!?)]|, we have

- M
A R L= 2R
| el KA R a A+ Y log
F(z,a) R—r po z—b;
This completes the proof. O

Using the method of [2], we can establish Lemma 2.6, which is called the small arc
theorem for algebroid functions.

LEMMA 2.6. Let I(r) C [0,2m) be a measurable set of 6 with its measure |I(r)|.
Then for 0 <r < R < 1, we have
L[ gt MACEDNIEN
27 J1gr) |F(rei, a)| ~ R-

1
T(R f)ll(r)|<1+log e )|>

where K is a positive constant number and is independent of r, 6.

PROOF. Let {b; = |b;|e'f'} denote the sequence of the roots of f(z) = a in the unit
disk. From (2.15), we have

L IAGe®)al

log G o] <logt(w+ D2+ m(t A)+Zlog . (r<?
retv a b=t

and note that

Ire’? — ||| = risin@® — I (10 — Bil <7/2).

Ire’ — bl = r (/2 <10 — Bl < 7).

Hence

A@re?)|a t+r .-

/ bylg—%ﬁlwsuum%ﬂwHﬂﬂ+m0| m(t.a, A)

2.16) 1 |F(re'?, a)| t—r

+Z[/ 1og<2)d9+/ log;de}
1) r gy Isin@@ =Bl ]

i<t
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where I*(r, B;) denotes the portion of I (r) which belongs to the arc [—7/2 + B;, B; + 7/2].
Following the inequality (9.4) of pp.338 in [2], we have

Arel®
/ tog™ ACEOMIAN ) 1) (log+(v~|—1)1/2 L ——m(.a. A))
2.17) 10r) |F(re',a)l t—

+|I(r)|n(taf)[log<2>+l+log |1()|:| O<r<t).

By the definition of N(r, a, f) and T (r, f),
N(R,a, T(R,

(2.18) n(t,a, f) < ( af)Sv( ) O<r<t<R<1).
log(R/t) log(R/t)

We choose ¢t = (r + R)/2. Then combining (2.17) with (2.18), we derive

IAGre®) | ld] < 4v
looet —— """ 40 < |I(r lo+v+11/2+—TR,
fm) & Frer.a 40 <101 (log" 0+ D) ——TR.f)

VT(R, f) < R> - }
1 1 14+ — 141
+ 10k (R/)[Og o) e

In view of log(R/r) > (R — r)/R, we obtain the result. O

Hayman [5] established Lemma 2.7 for a real function defined in (0, +00).

LEMMA 2.7 ([5]). Let T(r) be a continuous function of r in (0, +00) which increases
to +00 and is of finite lower order @ < +o00. Then, for two arbitrary positive real num-
ber 11 and 1) satisfying 12 > t1 > 1, the lower logarithmic density of the set G = {r €
(0,00); T(t1r) < 12T (r)} satisfies
log 71

dt
logdenseG = lim infm >1— ,
E— r—00 logr log 7

where . = liminf, o log T (r)/logr.
Using Lemma 2.7 and by the method of transformation, we can establish Lemma 2.8.
LEMMA 2.8. Let T1(r) be a continuous function of r in (0, 1) which increases to +00
and is of finite lower order u < +o0o. Then, for two arbitrary positive real number 11 and
Ty satisfying ©y > t1 > 1, the lower logarithmic density of the set G = {r € (0, 1); T1(1 —
rl_l + rrl_l) < 1pT1(r)} satisfies

di
T 1
logdenseG = 11m1nfm >1- °gn

r—1- log 11Tr - log 7 ’

PROOF. Setr =1—¢"", then T(z) = T;(1 —t~") is a function defined in (1, 00). The
order and lower order of T (¢) equal to the order and lower order of 71(r), i.e.,
og" T(1) logt (1 —17h log™ Ti(r)

1
li — =1 _,
l,nli‘.fp logt ltnli‘ip logt ,n_ljlip log(1 —r)~1
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log" Tt log* Ti(1 — ¢! log* T
fiminf & T _ i igplog A =0 e tog 1)
1—>00 log¢ 1—00 logt r1- log(1 — )1

Since the lower order of T7(r) is u < 400, the lower order of 7'(¢) is also u < +o0o. For
any 7o > 11 > 1, the set G is mapped onto G = {t € (1, 00); T(71t) < 12T ()} under the
transformation t = (1 — r)~!'. Now by Lemma 2.7, we have

Janun & 1
(2.19) liminf SO0 X 5y 08T
t—00 logt - log v
Under the one to one transformation r = 1 — t_l, the set G is mapped onto G, and

f&m[l,z] dx/x = me[O’r] dx /(1 — x), then from (2.19) we have

. me[o r 1@5 . fém[l 1 [i_x log 7y
hmlnf’71=hmlnf7’2 1-— .
r—1-  log . 100 log ¢ log 7o

Hence we get the result of the lemma. O

LEMMA 2.9. Let f(z) be the v-valued algebroid function of finite lower order p in A
determined by (1.1) and such that for some a € C, §(a, f) > 0. Suppose that there exist 2v
distinct complex values a; # a(j = 1,2, ..., 2v) such that

. log[Y 32 n(r. X, f =a;) +n(r. X, f = a)]
lim sup

< 1 ,
. log(1 — )] spri=ee

where X = A\Uzzl{z; argz = 6k, |z| < 1}, p > 0. Then, for any 11, T2 satisfying o >
71 > 1, we have

log* T'(r, )
(2.20) fim sup L(VQ <0 +3+ max {M}
reE\E,r—>1— 10g(1 —V) 1<

where Ef = {r; T(1 — 17"+ 17'r, f) < ©T(r, £)} € (0,1) and E C (0,1) is satisfying
that [ dr/(1 —r) < oco.

PROOF. From Lemma 2.4 and the condition of Lemma 2.9, it follows that

q Ory1—2¢ A (ol
1 k+1 A
Z / log* |Are 'e)llllallde
1 2w Ox+2¢ |F(re'?, a)l

q 1 p+1/wp+3+2¢ 5 1
=0 1 ,
=) )

k=1

(2.21)
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where r € (0, )\ E, fE dr/(1 —r) < 00, wg = 7w/ (Ok+1 — O — 2¢).
Setting R =1 — rl_l + rl_lr in Lemma 2.6 and noticing that r € E, we obtain

Xq: 1 (/9k+28 /9k+1 ) . ||A(re’9)||||5||d9
k=1 27.[ 6, 0k+1 2¢ |F(V€i9, a)'
(2.22)

IA

—1 -1 + 1
—T(l -1 +1 1 fAge|1+log" —
—r 2¢e

IA

K 1
T (r, f)dqe <l +10g+ —> .
—r 2¢e
Taking ¢ = e(r) = (1 — r)? in (2.22) yields
Z </0k+2£ /0k+1 > 4 ”A}(reiﬁ)” ”“1'” "
=2\ O —2¢ |F(rel?, a)|
1
<4gK(1—r) (1 +log™® m) T, f)
vS(a /)
<

(2.23)

LT f), r—> 1 — .

Setting in (2.21) e = ¢(r) = (1 —r)?and adding together (2.21) and (2.23), we derive

- S , q 1 p+1/wr+34+2¢ 1
m(r,d, A) < #T(n f)+0<2( ) log® —) reE\E.
—-r

P 1—r 1

By the definition of §(a, f), we have

oo 8
m(r.d, &) > 29 f)T( ., ro1-.
So that

5 q 1\ P+l ekt342e 1

vota, f)T( £ =< <Z<1_r> 1og2:), reEN\E.r—1-.

k=1
This leads to
log™ T Ok+1 — 6
lim sup L(r]? < p+3+4+ max {M} .
reEN\E,r—1- l0g(1 —r) I=k=q T

The proof is completed. o

3. Proof of Theorem 1.1. Set

6 -0
K :=p+2+ max {M} .
1<k=q T
By Lemma 2.9, we have

logt T'(r,
3.1 lim sup L(”_? <K,
reEN\E,r—1- log(1 —r)
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where logdensE; > 1 — ,uigig e 2 d—’ < 00, u is the lower order of f. Obviously, u < K.

Choose 17 large enough such that

(3.2) logt > 3K logt > 3pnlogr .
So that
lim inff(Elel”]H > lim inffEqul—’ — lim sup fEm[o,r]1 11
(3.3) rols o log r>l= log = - log
1 2
=1- " 0811 -0 —
log 7o 3

This leads to limsup,_,;_ ,.cg\g{r} = 1. Thusr € E4\E,r — 1— can hold.
Set F = E; \ E. Now we claim that forr — 1—,r ¢ F, there exists a number r’ such
that /' € F and 7’ € [r, 1 — (1 — r)¢], where
3K1
d=14220°81 _»
log 7o

In fact, otherwise, there exists a sequence {r,} such thatr, — 1l asn — oo and F N [ry, 1
(1 — rp)?] = @ for each n. So that

FcO D\ 1= =r)?.
n=1

Assume r, > 1 — (1 — r,—1)? (otherwise we can consider a subsequence), then
/ dt / dt
- S -
FO[0,1-(1-r,)d) 1 =1 7 Jjo,1-1=r,)?) \U'} i i==rpd) 1 =1

3.4 2/1\ (I=rj— D4 1—[

1
=1 d—1 1 —d1l
og —— —( )Z og - 0g T
On the other hand, by (3.3), we have forr, — 1—,
1 dt 1 d—1
3.5) 71/ A g 2BT .
dlog = JFao.1-(-rna 1 =1 log 3
Combining (3.4) with (3.5), we have
n—1 -1
log(1 —r; d 2
Z log(1 —rj)—" <~ 1<Z-1
= log(1 —r,)~! = 3 3

This is impossible.
Since r’ € F, we have

1 K+e
T, f) < (—)
1—7r
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by Lemma 2.9. Consequently,

1 K+e 1 (1+311<0?f;1 )(K+s)
Te.H<T¢. N<(—s7) <(— .
1—r 1—r

Taking limitation,

log™ T(r, 3K1
limsup 28 TN (1 4 3Klogm

rs1— log(1 —r)~ log 2
Letting e — 0, 70 — 00,

log™ T(r, Ok+1 — 6
Feo>l— 1og(1—r)—1 1<k=q T

)(K+8).

We complete the proof of the theorem.
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