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Abstract. Polyharmonic functions f of infinite order and type t on annular regions
are systematically studied. The first main result states that the Fourier-Laplace coefficients
Jk,1(r) of a polyharmonic function f of infinite order and type O can be extended to analytic
functions on the complex plane cut along the negative semiaxis. The second main result gives
a constructive procedure via Fourier-Laplace series for the analytic extension of a polyhar-
monic function on annular region A(rq, ry) of infinite order and type less than 1/2r; to the
kernel of the harmonicity hull of the annular region. The methods of proof depend on an ex-
tensive investigation of Taylor series with respect to linear differential operators with constant
coefficients.

1. Introduction. Let G be a domain in the euclidean space R?. A function f :
G — C is called polyharmonic of order p if f is 2p times continuously differentiable and
AP f(x) = O forall x € G, where A = 82/8xf 4+ 4+ 82/8x§ is the Laplace operator
and AP the p-th iterate of A. Polyharmonic functions have been investigated by several au-
thors (see e.g. [11, [10], [11], [12], [13], [16], [20], [21], [28], [33], [34], [35], [38]) and they
have recently many applications in approximation theory, radial basis functions and wavelet
analysis (see e.g. [6], [22], [23], [24], [29]).

Aronszaijn introduced in 1935 the concept of a polyharmonic function of infinite order
(see [3] and [26]). On the one hand, this class of functions contains the class of classical
polyharmonic functions of all finite orders p, and on the other hand it retains many proper-
ties of the latter class, e.g. analytic extendibility to the harmonicity hull; the monograph [2]
is devoted to this subject and additional information can be found in the research book of
Avanissian [4]. Important examples are eigenfunctions of the Laplacian, i.e., functions sat-
isfying the equation Af(x) = Af(x) for some A € C, or so-called metaharmonic functions
(e.g. [40]).

Let us recall that a function f : G — C is polyharmonic of infinite order and type T > 0
if, for any compact set K C G and for all ¢ > 0, there exists a constant Cg > 0 such that

(1) max |A” f (x)] < Ci«2p)(T + £)*?
xe
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for all natural numbers p. An equivalent way to express this inequality is to require that for
any compact subset K of G the inequality

®) Tim max 7 A0SO
p—> xekK Cp! —

holds. [4, Theorem 1.4] characterizes real-analyticity in terms of estimates of the Laplacian.
Namely, an infinitely differentiable function f : G — C is real-analytic if and only if for any
compact subset K of G there exists a constant Cg and a constant g such that

A3) max [A” f(x)| < Ck @2p)(tx)*F
xe

for all natural numbers p. Thus polyharmonic functions of infinite order and type t are real-
analytic and they allow the explicit control of the constant tg in (3).

In the present paper we shall study polyharmonic functions of infinite order on the annu-
lar region

A(ro, 1) = {x eRYry < x| < r1} for 0 <rg<ry <oo.

In this case tools from harmonic analysis, like the Fourier-Laplace series, are available. Our
first goal is to describe properties of the Fourier-Laplace coefficients fi ; of a polyharmonic
function f of infinite order. Let us recall some basic notations: Let

Yii(x), forl=1,...,a,

be an orthonormal basis of the a;-dimensional linear space of harmonic homogeneous poly-
nomials of degree k > 0, which are orthonormal with respect to the scalar product

f. it = / F©)5@do,
Sd—l

where $9~! = {x € R’; |x| = 1} is the unit sphere (see [5], [22], [32], [39]). Let f be a
continuous function on the annular region A(rg, r1). Then the Fourier-Laplace coefficients
fr.1 of f are defined by

“) fear) = /S @)Y @)do for r € (ro. 1)
The formal series

oo ag
(5) 33 i)Y 6)

k=0 I=1

is called the Fourier-Laplace series of f. The special case of a harmonic function f defined
on A(ro, r1) shall serve us as a guiding example: We have

apr® 4+ Berk=4+2 for d >2, ord=2, k>1

on the open interval (rg, r1), for suitable complex coefficients oy and f. More generally, it
is known that if f is polyharmonic of order p and d is odd then there exist polynomials py ;
and g ; of degree p — 1 such that f; ;(r) = rkpkyl(r2) + r‘k_d+2qk,1(r2) (see [38], [41] or
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[22]). Thus for odd dimension f; ;(r) extends to an analytic function on the punctured plane
C* := {z € C; z # 0}, while for even dimension we can only infer that f ;(r) is an analytic
function on the slit plane C \ (—oo0, 0].

The first main result of this paper states the following: The Fourier-Laplace coefficients
Jx.1(r) of a polyharmonic function f : A(rg,r1) — C of infinite order and type 0 possess
analytic extensions to the slit plane C \ (—o0, 0] (cf. Theorem 20 below). For odd dimension
we can sharpen the result: There exist entire functions pi ; and g ; such that

@) fea(r) = r* i) +r 020,

forall r € (ro, r1). In particular, it follows that the Fourier-Laplace coefficients fi ; defined on
the interval (rg, 1) can be analytically extended to the punctured plane C* := {z € C; z # 0}.
We refer to Theorem 23 below.

The second main result of the paper addresses the problem of extending analytically
a polyharmonic function f : A (ro,r1) — C of infinite order and type T > 0 to a suitable
domain in C¥. It is well known that polyharmonic functions of infinite order and type ¢ = 0
defined on a domain G in R can be extended analytically to the so-called kernel G of the
harmonicity hull G (see [2], [4], or for a generalization [9]). In the case of the annular region
A (rg, r1) we can give an explicit formula for the analytic extension via Fourier-Laplace series
and, as a by-product, we show that it suffices to assume that the function f is polyharmonic
of infinite order and type T < 1/2r; instead of the stronger assumption of type t = 0. We
refer to Theorem 25 and Theorem 26 below.

In order to make the results more precise we recall some basic notations in complex
analysis in several variables: For z = (z1,...,24) € C? define Izlzc,, =zl> 4+ |zal?
and g (z) := z% + -+ zﬁ. The upper and lower Lie-norm L4 : C? — [0,00) and L_ :
C? — [0, o0) are defined by

Ly (2) = \/|z| lzlga — lg (z)|2

The Lie-ball of radius R € (0, oo] is defined by Bg = {z € C% L, (z) < R} and it is also
called the classical domain of E. Cartan of the type IV, we refer to [2, p. 59], [17] or [31] for
further details.

In the above terms our second main result says that a polyharmonic function
f : A(ro,r1) — C of infinite order and type t < 1/2r; can be extended to an analytic
function on the domain

{zeChry<L_(2) < Li(z) <ri}\q ' (—00,0]).

The proof depends on a Laurent type decomposition of the function f: for odd dimension
d > 1 we show that there exists an analytic function f; defined on {z eC Ly(2) < rl}
and an analytic function f> defined on {z € C%ry < L_(2) < Ly (z) < 1/2t} such that the
function F defined by

FQ=a+E++2) e
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is an analytic extension of f. A similar result is formulated in Section 7 for even dimension.

The paper is organized as follows: In the Section 2 we recall some basic facts about the
action of the Laplace operator A on Fourier-Laplace series. For polyharmonic functions of in-
finite order we obtain estimates of derivatives of the Fourier-Laplace coefficients with respect
to certain linear differential operators depending on the radius r. The results in Section 3 be-
long to the main technical merits of the paper: They are devoted to an extensive discussion of
the so-called fundamental function of a linear differential operator with constant coefficients
and the concept of a generalized Taylor series with respect to the corresponding fundamental
functions, the climax being Theorem 16 below. These results are crucial for the main goals of
the paper and are also of independent interest.

Section 4 contains the first main result about the analytic extendibility of the Fourier-
Laplace coefficients for polyharmonic functions of infinite order and type T < 1/2rp, and
Section 5 discusses the special case of odd dimension. In Section 6 we discuss the analytic
extendibility as described above for odd dimension, and in Section 7 the case of even dimen-
sion is addressed. The paper concludes with an Appendix concerning estimates of generalized
derivatives of odd order by even orders in the framework of linear differential operators with
constant coefficients.

Throughout the paper it is assumed that d > 2. By wy;—1 we define the surface area of
S¢=1 with respect to the rotation invariant measure d6.

2. Basic estimates and examples. By C” (G) we denote the set of all functions
f : G — C which are continuously differentiable up to the order m. It is well known
that the Fourier-Laplace series (5) converges absolutely and compactly in A (rp, r1) to f if
f € C"(A(rg,r1)) form > % (d — 1). We refer to [18] for questions of convergence of
Fourier-Laplace series and the cited literature therein.

Let f € C°° (A (ro,r1)) and let fy;,k € No,I = 1,...,ax, be the Fourier-Laplace
coefficients defined in (4). Recall that a; is the dimension of the space of all harmonic homo-
geneous polynomials of degree k.

For x € A (rp, r1) we use spherical coordinates x = r6 where 6 = x/ |x|andr = |x]|. It
is not difficult to establish the formula

oo ag

®) (APF) o) =D Y LY (fra) () - Yis 0)
k=0 I=1
where the series converges absolutely and uniformly on compact subsets of A (rg, r1) and L,f
is the p-th iterate of the differential operator
_d*> d-1d kk+d-2)
T dr? rodr r2
(see [22]). It follows that the (k,[)-th Fourier-Laplace coefficient of A” f is equal to
LY fii (r), ie., that

©) Ly

(10) Ly (fir) (f’)=/ (AP f) (r0) Yi 1 (6)do

Sd—1
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for any r € (rg, r1) . Parseval’s formula yields

oo ak
/SH a7 5 o) a0 =3 S |LE fiea O < 0

k=0 I=1

forany r withrg < r < ry.

THEOREM 1. Let f € A (ro,r1) — C be polyharmonic of infinite order and type
Tt > 0. Then for each subinterval [a, b] of (ro, r1) and for all ¢ > 0 there exists a positive
number Cq p ¢ such that, forallk € No,l =1, ..., ax, forallr € [a,b] and p € Ny,

ILY (fiei) ()| < Capen/@a—t @p)! (z +)*F .

PROOF. Let [a,b] C (ro,r1) and K (a,b) := {x € R%;a < |x| < b}. Then (10) im-
plies that

xeK (a,b)

(1) Ly (fer) (D] < max |APf(x)]- /Sd_l |Yi1 (0)] a6

for all r € [a, b]. The integral on the right-hand side in (11) can be estimated by the Cauchy
Schwarz inequality

/ |Ye: 0)]d6 < \// 1d9\// Y, 0) do = JaaT.
§d-1 §d-1 §d—1

Now the result follows from the definition of a polyharmonic function of infinite order and
type T > 0 given in (1). O

The rest of this Section is devoted to an instructive example: For a real number « and a
harmonic homogeneous polynomial Y (x) of degree k € N, define the function

Hop (0) = (x3 + -4+ x3)" - Y (x) = [x** - Ve (x) .

Obviously H, x can be defined on the annular region R \ {0}. In the next result we restrict
Hyg k to the annular region A (rp, r1) with ro > 0 and we shall show that Hy x is polyharmonic
of infinite order and type at most 1/ry.

THEOREM 2. Fora € Noora =1 — %d —k 4+ j with j € Ny the function Hy i
is polyharmonic of finite order. If « € R is different from these numbers, then Hy , as a
function on the annular region A (ro, r1) with ro > 0, is polyharmonic of infinite order and
type at most 1/ry.

PROOF. A straightforward calculation provides the formula
A(1x* Y (%)) = 20 Qo +d — 2+ 2k) - [x** 72 ¥y (x) .
Hence AP (|x|2"‘ Yy (x)) = Ca,p [x|2¢~2P ¥} (x) where

Cop =20 R —2)---Ra—2(p—1))
cQRa4+d—-242k)---Qu+d—-2+2k—-2(p—1)).
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Thus A? (1x|** Y; (x)) = Oif and only if 2¢ —2j = 0 or 2 +d — 2 + 2k — 2j = 0 for some
j=0,..., p—1.Thismeans thato = j forsome j € {0,...,p — l}ora = l—%d—k—i—j
for some j € {0, ..., p}. Hence the first statement is proven.

Next consider the power series f (z) = Z;oz | Ca,p2?/ (2p)!in the complex variable z.
Assume that @ # jand o # 1 — %d — k + j for all natural numbers j € Ng. Then the
convergence radius R can be computed by the ratio test

. Ca,p/ Cp) 2p+1)2p+2) _
R=lm ——————— = lim =
P> ¢y pr1/ 2p+2)! poo 2 —2p) Qo +d—2+4 2k —2p)

The convergence radius formula yields R = limp—o0 {/|ca,p| / (2p)! = 1. Moreover,

2p, AP (|x|2a Yy (x))| 2| Cap | 2p 2p, 2 1
(12) \/ ) = ) V1Y (0 1x]7 - 0

Let now K C A (rp, r1) be a compact subset. Since Y is continuous it is bounded on K, say
by M. Clearly |x| > ro for x € K. Thus we can estimate

. 1 1
WY 0l Y 1P - = Ve

for all x € K. Using this estimate in (12) and taking the limit p — oo, we see that Hy j is
polyharmonic of infinite order and type at most 1/rg. O

3. Linear differential operators with constant coefficients. In this section we shall
review some results about linear differential operators with constant coefficients (see e.g.
[15]). Mainly we shall study Taylor-type expansion of a C°°-function with respect to a linear
differential operator with constant coefficients. Some material can be found in [37] but we
shall need a deeper analysis of this topic. We shall give a self-contained presentation in order
to facilitate the readability of the paper and to fix notations.

Let Ao, ..., A, be complex numbers, and define the linear differential operator with con-
stant coefficients L by
(13) LZ:L}LO A, = <i—)\.0)-'-<i—)»n>.

""" " dx dx

The space of all solutions of Lu = 0 is denoted by
(14) EGg, i) 1= {f cC®(R);Lf = 0} .
Elements in Ey,,... 5, are called exponential polynomials or sometimes L-polynomials, and
X0, - .., Ay are called exponents or frequencies (see e.g. Chapter 3 in [8]).

In the case of pairwise different A;, j = 0,...,n, the space E,,....»,) is the linear
span generated by the functions e*0%, ¢*1*, ... e**. In the case when A; occurs m; times
in Ay, = (Ao, ...,A,), abasis of the space E(;,,. . 4,) is given by the linearly independent

functions

(15) xSe** for s =0,1,...,mj—1.
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In the case that g = --- = A, = 0, the space E(;,,...x,) 1S just the space of all polynomials
of degree at most n, and we shall refer to this as the polynomial case.

3.1. The fundamental function. It is well known that for A, = (Ag,...,A,) €
C"*! there exists a unique solution @4, € E(;,....,) to the Cauchy problem

®p, == 0)=0 and @\’ (©0) =1.
We shall call @,, the fundamental functionin Ey,, ... 1, (see e.g. [30]). An explicit formula
for @4, is
1 e)CZ

(16) Dy, (1) = o—

- dz,
2wi Jr, (2 —Xo) -+ (2 — An)

where T, is the path in the complex plane defined by I, (¢) = rell,r [0, 2], surrounding
all the complex numbers A, ..., A, (see Proposition 4 below). Note that (16) implies the
useful formula

d
(17) (E - )\n+1> D (igrinr) X)) = Plag.ccii) (X) -
The fundamental function can be seen as analogue of the power function x” in the space
E(,...,.,: In the polynomial case, i.e., Ao = - - - = A, = 0, the fundamental function is
1 n
(18) d)pol,n (x) = ;x .

In general, explicit formulae for the fundamental function are complicated. However, in the
case of equidistant exponents one can compute the fundamental function in a very simple way
(see [27]):

EXAMPLE 3. Assume that Ay = o« + wk for k = 0,...,n, and complex numbers
w # 0 and «. Then
11 11 &«
(19) ¢equin (x) — __eax (ewx _ l)n _ _ n e(a+kw)x (_l)n—k .
’ n! o" n! o™ k
k=0
Indeed, it is easy to see that Pequin (0) = -+ = @) (0) = 0and ®L, (0) = 1, and the

right-hand side of (19) shows that @equin € E,....1,)-

In the following we shall give estimates of the fundamental function which seem to be new.
Our estimates are based on the Taylor expansion of the fundamental function @ 4, which will
be described as follows:

PROPOSITION 4. The function ®,,... 1, defined in (16) satisfies (Dgf()) ~~~~~ ) 0 =0
fork =0,...,n— 1. Fork > n the formula

(k) n
0 qb()»o,‘.‘,)\,,) 0) = Z )%0 C Al

50+ t+sp+n=k,
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)\,1)(0):)&0+"'+)\4n~

,,,,,,,,,,

PROOF. For z € C with |z] > |Aj

, the geometric series

o s+1
P _1 :ZM <1>
e A I B AN

=0

converges. Thus we obtain from (16) that

o o0 1 exz
= ... —_— SO DECEEY Sn _—
P(rg,.niin) (X) = Z Z 2i / )‘0 M zS0+Fsatn+1 dz.
50=0  5,=0 r
By differentiating one obtains
x 0 k,xz
*) _ ! 0. s L€
(p(?»o ..... An) ()= Z Z i / Ao b 250+ Fsptn+1 dz.
50=0  5,=0 r
For x = 0 the integral is easy to evaluate and the result is proven. O

In the following proposition we give the first estimate for the fundamental function:

PROPOSITION 5. Let Ao, ..., A, be complex numbers and M, = max{|A;[;j =
0, ..., n}. Then the inequality

1
@21) |@ 60, m) @ < Piaghiin (12]) < = |z|" Ml
holds for all 7 € C.

PRrROOF. Using (20) we can estimate the Taylor coefficient

e¢]

= Y ol

so+-+sp+n=k so+--+sp+n=k

|<p((1;3 ) (O | = Z |A(S)0 A

.....

S . k . k
which is obviously equal to <D((|£O|W|M) (0). Since @4, (2) = Y 1oy b

Gty (O X/ k! we

can estimate
1
|¢(}\,0,‘.‘,)\n) (Z)| = Z K ‘

k=n

k
D (0)‘ Nzl = Dagl, il (120) -

Since [1j| < M, forall j = 0,...,n, we can estimate [o[*0 - - - |, | < MO Using
(20) for |Ag|, ..., |An| we obtain for k > n

® : o
Pligl,iah @ = D ol al’ S(

k—n+ n)Mk_n.
k
so+-+spn=k—n

We conclude that

[e.e]

I (K B g
Plol.lib (121) SZF k—n My n:Z(k-i-i’l)! k M,

k=n k=0
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= i Ml = el M
ol kP T a '
k=0
The proof is accomplished. O
Suppose now that Ag, A1, ..., is a bounded sequence of complex numbers. Then (21)
implies that
(22) lim /n!|®4, ()] < |z] .
n—oo

In the special case that the exponents A, are equal to 0, a stronger conclusion is valid. Namely,
by using the explicit formula (18), we know that the limit in (22) exists and

i "n! = i nflon| —
Jim Ynl[Ppory ()] = lim /12| = |z] .
Next suppose that the estimate |A,,| < Bn holds for all natural numbers and some 8 > 0. Then
(21) yields the estimate

Him 1 | lg‘Zl
(23) nll>nolo nl|@y, (@) < |z]eP™.

The estimate (23) seems to be satisfactory. However, the example of the equidistant points
An = now shows that this is not the optimal estimate. Namely, by using (19) we infer that

. 1
lim nn!ld)equi,n(Z)l = —|€wZ -1 < |z|e|w|lz‘ .
n—00 ||

Next we shall provide a similar estimate for general exponents A, obeying an estimate of the
form |A,| < Bn.

PROPOSITION 6. Let Aj and ; be real numbers satisfying 0 < Aj < puj for j =
0,...,n.Then @4, (x) is real for all x € R and @ 4, (x) > 0 for all x > 0. Moreover

for all complex numbers z.
PROOF. By (20) the Taylor coefficients of @y, ... »,) (x) are real, so @,.....a,) (X) is
a real number for real x. Clearly 0 < A; < u; implies that 0 < Aj.j < ,uj.j for any natural
numbers;, j =0,...,n. Thus 0 < )»30 A < /LBO -~y for any (o, ..., Sy) € NSH. By
formula (20) we have
(k) (k)
0= o O =P 1O

(10,
for all k € Ny. It follows that 0 < @(....a,) (Iz]) < Puy,..., ) (IZ]) . The proof is finished

by combing the last inequality with (21). O
THEOREM 7. Let A,,n € Ny, be complex numbers such that Timy,— 00 |20l /n < B.

Then for any ¢ > 0 there exists a number « > 0 such that

e(+e)Blzl _ 1)”

olz]
(24) n!|®4, ()] <e ( To5
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for all natural numbers n and for all complex numbers z. In other words,
ePlzl

(25) dm Jnli@a, @) < —5—

PROOF. Let & > 0. Then there exist ng such that [A,| < (1 4 &) Bn for all n > ny.
Take o > 0 large enough so that [A,| < (1 + ¢) Bn + « for all natural numbers n. Define
Un = a + (1+¢)Pn for all n, so [A,| < u, for all n € Ng. Propositions 5 and 6 and
Example 3 show that

e(+e)Blzl _ 1)"
14+¢e)B
This shows (24) and clearly (25) is a simple consequence of (24). O
The next theorem is our main result in this subsection and it will be used in later sections:

THEOREM 8. LetB > OandA,,n € No, be complex numbers such thatlimy,_, oo [Anl/
n < B. Let a, be complex numbers for n € Ng and define R* through

ap

1
(26) — Tim /"

R* n—00

n!

If R* > 0, then the series Y o an®a, (z — X0) converges compactly and absolutely in the
ball with center xo and radius

1
—In(1+4+ BR™).
B
PROOF. Letp < (1/8)In(1 + BR*). Then (e’g" — 1) /R* < B. Take now & > 0 small
enough so that
eU+e)br _ 1

7 (I+e) (R —e)

B.

Since 1/R* < 1/ (R* — ¢), formula (26) shows that there exists a natural number ng such

that
l n
<
“(7=)

for all n > ng. By Theorem 7 there exists a natural number o > O such that

(1081l _ 1\"
(1+e)p )

for all complex numbers z and for all natural numbers n. The last two inequalities lead to

o0 00 (+e)6p _ 1 \"
e
an®y, (z —x0)| < e ( )
Z | nPan € O)| n:Zno (14+e)B(R*—¢)

n=ng

an

n!

n' |¢An (Z)| S ea‘Z‘ (

valid for all z with |z — xo| < p. This series converges in view of the estimate (27). ]
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EXAMPLE. LetA, =n+1forn € Ng, and consider the constant function f (x) = 1.
Then

d d
ap = (a —?»o>-'- <E —?»n—l) f@xo)=(=D"Ao- Ayt = (=D nl.

Thus im0 v/lay| /n! = 1. Further @4, (x) = ¢* (¢* — 1)" /n!. According to Theorem 8
(with xg = 0 and 8 = 1) the series

- _ - n _x; x n__ x 1 _

(28) ganmn (x)_g(—l) e —1D"=¢e m_1

converges for all complex numbers z with |z| < In2. Of course, this can be seen directly
for real x. Namely, if e* — 1 < 1 (which means that ¢* < 2, so x < In2), the se-
ries obviously converges. On the other hand, for ¢* — 1 > 1 we do not have conver-
gence. Theorem 16 below provides the following interpretation: The constant function 1
has the Taylor series expansion (28) on (— In 2, In2) with respect to the differential operators
(d/dx —Xo)---(d/dx — Ap—1) .

An analogue of Theorem 8 can be proved for a bounded sequence of exponents A, (see
Theorem 9 below), either by using Proposition 5 or by applying Theorem 8 for g > 0 arbi-
trary. In the latter case, the rule of L’Hospital

In(1 4+ BR*) ) R* .
m —

= lim —— =
B—0 B g—01+4+ BR*
can be used for computing the correct radius of convergence:
THEOREM 9. Let A,,n € Ny, be a bounded sequence of complex numbers. Let a,
be complex numbers for n € Nqo and define R* as in (26). If R* > 0 then the series

Z?,o:() an® 4, (2 — x0) converges compactly and absolutely in the ball with center xo and
radius R*.

It is a natural and interesting question whether in (25) the limit exists. We mention two
results addressing this problem but we omit the proofs since we shall not need them in the
following.

THEOREM 10. Suppose that A,,n € Ny, is a bounded sequence of real numbers and
Ap = (Ao, - .., An) . Then the following limit exists for all x > 0:

lim /n!®,, (x) =x.
n—0o0

THEOREM 11. Let Ay,n € N be a sequence of real numbers such that the limit
limy,— o0 An/n = B exists. Then the following limit exists for all x > 0:

o _
nll)n;o,/nfb,\n (x)

ePr —1
B




210 0. KOUNCHEV AND H. RENDER

3.2. Taylor series for linear differential operators with constant coefficients. Let
A0, - .., A, be complex numbers. As analogue of the n-th derivative ™ (¢) of a function
f (t), we define in the setting of linear differential operators

d d
0 (4 sa) (L) 10

To avoid overburdened indexes, we dropped the dependence on A; in the above notation
D™ f (1) . For n = 0 we define D© f (1) = f (r) . We shall also use the notation

d
Dyf @) :=—f (O =2f )

which should be distinguished from the notation D f.

The main result of this subsection is Theorem 16 providing a Taylor type expansion of
a smooth function according to the fundamental functions @, (x — x¢). As a preparation we
need the following well-known result whose proof is included for convenience of the reader
(cf. e.g. [37]).

THEOREM 12. Let Ay, A1, ..., Ay be complex numbers and define Ay = (Mg, ..., Ak)
fork € {0,...,n}. Assume that f : [xo,xo + y] — C is C"*! for some y > 0. Then for
anym <nandx € [xo,xo+y]

X

@) F @)=Y DYf o) Pacte =0+ [ DTS00, -y

k=0 0
PROOF. We shall prove the statement by induction over m. For m = 0 this means that

*rd
f @)= f (x0) @) (x — x0) +/ (E - ko) f @) @iy (x —n)dt.
X0

Since @) (x) = €0, this is equivalent to

fx) — 0 £ (xg) = / ' (i - Ao> f () e dp = tor / T4 (e7™" f (1)) dt,

xo \dt xo dt
which is obviously true since

d

il (e—)»()tf (t)) — e—)»()t <i

R R —?»0) f@.

Suppose now that the statement is true for m < n and we want to prove it form + 1 < n. It
suffices to prove that

A :=/ DV gty . @y, (x —1)dt

0
is equal to

X
B i= D" o) @y (00 + [ DL 0 -y

X0
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Using the recursion @DL‘M () = P4, )+ Ant19a,,, () in (17), one obtains

d
(P = 0) = =@ (=) = =P, (= 1) = 1@, (1)

and therefore D, ., @4, (x —1) = —=P4,, (x —1). Thus

1

X
Ap =~ / DO F @) Doy (P ey (x =) d
Xi

0

Proposition 13 below applied to g = ®4,,,, (x — 1), £ = D"V £ () and A = Ay gives

X
Ap==D"Vf@0)ydy,, (x =115 +/ Dy, D™V f (1) @y, (x —1)dt,

X0

and the result is proven since Dy, D"V f (1) = DU+ f (1) O

PROPOSITION 13. Let A be a complex number and let f, g : [a, b] — C be continu-
ously differentiable. Then for any xg, x € [a, b] with x > x¢, holds

/ f @) -D_g(t)dt=f(1) g Iy, —/ D f(@)-g@)dt.
x0

X0

PROOF. Partial integration yields [ fg'dt = f - g |, — [; f'gdt. Then

X X X X
| rwpagwai=[ ror @ ordi=rat,~ [ sodien [ 5o gar.
X0 X0 X0 X0
which gives the statement. O

The next result gives a simple sufficient condition such that the “Taylor polynomial”,
defined by (31) below, converges to f. This criterion is based on estimates of derivatives
D@ £ (1) of even order motivated by the results in Section 2 for the Fourier-Laplace coeffi-
cients of a polyharmonic function of infinite order. It is also instructive to compare the result
with the classical polynomial case (see e.g. [19] for a different approach).

THEOREM 14. Let A,,n € Ny, be complex numbers such that lim,— oo [Anl/n < B
for some B > 0. Assume that f € C* [xo, xo0 + y] with y > 0 satisfies the following
property: there exist constants 0 > 0 and C > 0 such that

(30) D f @y <C-@n)!-o™
forallt € [xo,x0+ ylandn € Nqo. Then
2n—1
31 s2a-1(x) := Y DW f (x0) D4, (x — x0)
k=0

converges uniformly to f (x) on the interval [xg, xo + 8] for a suitable positive § < y.
PROOF. Defines, = Y j_o D® f (x0) @4, (x — x0) . Then f (x) = s, (x) + Ry (x) by

Taylor’s formula (29) where

(32) Ra (x) = / DUy, (v 1) dr

0
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For the convergence of 52,1 (x) to f (x), it suffices to show that Ry,,—1 (x) — 0 forn — oo.

Note that the integration parameter ¢ in (32) satisfies xg < ¢ < x, sowe havex—¢ > 0and 0 <

x —t < x — xo. We shall show uniform convergence R,—_1 (x) — O for all x € [xg, xo + §]

where 6 > 0 will be specified later. Clearly we have |x — | < x —x9 < xo+ 6 —xo <. By

Theorem 7, for given ¢ > 0 there exists a natural number o > 0 such that
2n—1

ealx—tl e(1+8)/3\x—t| -1 eﬁa e(1+8)/38 1
|¢A2”71 (x_t)|§ (2n—l)!< 1+e)p ) = (2n—1)!< 1+e)p )

for all natural numbers 7. This in connection with (30) leads to the estimate:
|Ran_1 (x)] < C |x — x0| 2n)lo2" e S14e)Bs _ 1\ 21!
2n—1 = 0 ! (2n_ 1)' (1+8)’3 '

Now we make § > 0 so small such that (¢! 7% — 1)/ (1 + &) B < 1. Then Roy— (x)
converges uniformly on [xg, xo + 8] to zero. O

2n—1

PROPOSITION 15. Let A,,n € No, be real numbers such that lim,_ oo | A /n < B
for some B > 0. Let f € C*® [xo, X0 + y] with y > 0 and assume that there exist constants
C > 0and o > 0 such that

(33) D@V (1) | < C - @2n)lo? forallt € [x0, X0+ ¥].
Then for every ¢ > 0 there exist constants C> > 0 and § > 0 such that
(34) DD F (1) ] < C22n+ D! (o + )P
forallt € [xo, xo + 8] and for all natural numbers n.

PROOF. Letgg > 0. Then there exists &« > 0 such that
(35) [An| <a+B(1+eo)nforalln € Ng.

Let y > 0 and ¢ > 0 as in the proposition. Clearly we can find § > 0 small enough so that
2§ <y, and

(36) U+ 6 4,
The assumption (33) implies the estimate
(37) |D (1) |+ DD f(s)| < € 2n+2)l0* (1 +0?)

for all s, t € [xg, xo + 28] . Theorem 32 in the appendix provides the estimate

D@D £ (x) | <2max {% 8} e(Panl+[2ana])
- 8

><< max _|D@Vf () |+ max |D(2"+2)f(t)|>
t€[xg,x0+24] te[xg,xp+248]

for all x € [xg, xo + §]. Now (35) and (37) imply that

|D(2n+1)f (x) | < 2max{§’ (S} Ce20¢5+ﬁ(1+€0)5+4ﬂ(1+60)n5 (2n + 2)'02}’1(1 + 02)
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for all x € [xp, xo + 8] and for all n € Ny. The statement is now obvious since (36) implies
that

(2n + 2)e4ﬂ(1+80)n80,2n S A (O_ + 8)2}’!
for a suitable constant A and for alln € Ny. O

The next theorem is the main result of this subsection:

THEOREM 16. Let r,,n € No, be real numbers with the property that 1im,— oo [Anl/
n < B forsome 8 > 0. Let f € C®[xp,xo + y] with y > 0 and assume that there exist
constants C > 0 and o > 0 such that

DV f ()] < C-2n)lo™
forallt € [xo,x0 4+ y] andn € No. Then the series

> D™ f (x0) @4, (z — x0)

n=0

defines an analytic extension of f and it converges compactly and absolutely in the disc in C

with center xo and radius
1 B
—In{1+—].
B o

PROOF. By Proposition 15, for each ¢ > 0 the estimate |D(")f (xo)| < Cn! (o +¢&)"
holds for all natural numbers n. Thus

n,

<o +e¢.
n—0o0

D™ f (xo)|
n!

Now let & go to 0. By Theorem 8, > 2 D™ f (xo) ® A, (2 — xp) converges for all z as stated
in the theorem. By Theorem 14, the series represents the function f. O

4. Analytic extensions of Fourier-Laplace coefficients. Let us recall that fi; (r)
is the Fourier-Laplace coefficient of the function f € C (A (rg, r1)) defined for all values
r € (ro,r1), cf. formula (4). Using the transformation r = ¢’ with v € (logrg, logr;) we
can define a function

fer ) = fia(e?).

Let us look at a simple example:

EXAMPLE 17. Let f (x) = log|x| be defined on the annular region R \ {0}. Re-
calling that Yy 1 (6) = 1/./wa—1, the Fourier-Laplace coefficient fy ; defined in (4) satisfies
Jfo.1 (r) = Jwg—1logr. Thus fy 1 has an analytic extension to the slit plane C \ (—oo, 0] and
fo.1 (v) = Jwa—1loge® = J/wz_1v is defined for every complex number v € C.

The next observation is very useful: the differential operator L,’: defined in (9) in Section

2 can be transformed to a linear differential operator with constant coefficients in the variable
v for r = e”. We cite the following theorem ([22, Theorem 10.34]):
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THEOREM 18. Let0 < rg < r| < oo and let g : (rg,r1) — C be a C*®-function.
Define

7 : (logrg,logr)) — C, G®):=g(e’).
Then
(LY (9] (") = e P [Mr,p )] (v)

forany v € (logrg, logry), where

p—1 d p—1 d
(38) Mk,pzl_[(E—(k+2j)>H(E—(—k—d+2+2j)).

j=0 j=0
For given k € N and dimension d, let us define the exponents

(39) haj (kd) =k +2jand Ayt (k,d) = —k —d +2+2j for j € No.

For notational simplicity we will often suppress the dependence on k and d and we simply
write A, with n € Ng. In accordance with the notations in Section 3, we shall define

D™y (v):= (i — Ao> (i - xn_l) 9(v).
dv dv

Now we will prove the following result:

THEOREM 19. Let f : A(rg,r1) — C be polyharmonic of infinite order and type
T > 0and define fi1 (v) := fr.1(e’) for v € (logrg, logry). Then, given vg € (logrg, logry)
and ¢ > 0, there exists a constant C > 0 such that

(40) |D(n)ﬁc,l (v0) | <C-n!- [evo (t +8)]n
foralln € Noand forallk € No,l =1, ..., a.

PrROOF. Clearly, A,, n € Ng, defined as above, are real numbers with the property that
limy, 00 |An| /n = 1. Let v € (logrg, logry) and & > 0. We want to apply Proposition 15 for
B =1 and to the function ka and 0 = e™ (1t + ¢). Thus we want to show that the following
estimate holds: There exists ¥ > 0 and C > 0 (independent of k, /) such that

IDCP fei )] < C-@p)[e” (x + )]
for all v € [vg, vo + y] and p € Ng. Theorem 18 shows that
(41) DCP fi 1 () = My p(fir) ) = €' LE (fii) (")

for all v € (logrg,logry). Let us take y > 0 and &; > 0 small enough so that "1 (74
e1) < e (t+e¢e)and vg + y < logry. Theorem 1 shows that, for &1 > 0 and for the
subinterval [vg, vo + ] C (logro, logry), there is positive number C such that

LY (fer) () | = C@p)! (x +&1)*F
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forall v e [vg, vo + ylandall p € No,k € No,l =1, ..., a. Since e’ < e""7  we obtain
from (41) the estimate

|DCP fri )| < |7 (fia) (€¥)] < CPPE) 2p)! (z + 61)*
<cep)!fe” @ +o]”.
Thus the assumptions of Proposition 15 are satisfied and the theorem is proven. a
Here is the main result about the analytical extension in the present section.

THEOREM 20. Let f : A (ro,r1) — C be polyharmonic of infinite order and type T >
0 and define fi; (v) := fir(e®) forv € (logro, logry). Then, given vy € (logrg, logry) , the

series
o0

Y D™ fii (v0) - By (v — vo)

n=0
defines an analytic extension of f’};,z, and it converges compactly and absolutely in the disk
with center vy and radius
1
In (1 + ) .
ev . t

If f is polyharmonic of infinite order and type 0, then fk,z (v) is an entire function and the
Fourier-Laplace coefficient fi | possesses an analytic extension to the slit plane C_ := C \
(—OO, O]

PROOF. Theorems 19 and 16 show the first statement. If f is polyharmonic of infinite
order and type 0, the convergence radius is infinite and fi; is entire. Now define ¢ (z) =
Jk.1 (log 2) for all z in the slit plane C_. Then for r € (rg, r1) we have

9(r) = Jea (ogr) = fei(€'*®") = fia () .
O
5. Analytic extensions of Fourier-Laplace coefficients for odd dimension. As-

sume that the dimension d of the underlying euclidean space is odd. Then for any fixed
k € Ny the exponents

(42) haj (k) :=k+2j and dajy1 (k)= —k—d+2+2j

defined in (39) are pairwise different and |A,, (k) — A, (k)| > 1 for all m # n. Since A, (k)
are pairwise different, the defining equality (16) for the fundamental function @,, implies that

(CES B DI here g) (b 00) = [ ] (4 60 — 14 )
. (V) = —— where g, (A; = Ai (k) — Ag .
= (2 () ! !
SEj

Here the polynomial
n

g ) =] (—2))

j=0
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is the symbol of the linear differential operator L defined in (13) for which the notation L (A)
would be more traditional.

If f is polyharmonic of infinite order and type T and vo € (logrop, logr;) then, according
to Theorem 20, the series

(0.¢]
fea (€¥) = fea () =Y D™ fii (vo) @ (v — v0)
n=0

converges for v in a neighborhood of vy. It follows that

( Z Z > et (k)-(v—vo)
fr D™ fi1 (v0) —F——
n=0 j=0 ()L (k))
Substituting e” = r back we arrive at
—4j(k)vo .
fea () = ZZD( ) ft (w0) 0
paryr 4; (5 ®)"

In the following, we want to prove that this double series converges compactly and absolutely,
even for complex values r, in the punctured plane C* provided that f is polyharmonic of
infinite order and type 0.

First we need an estimate for |g, (A;)|:

PROPOSITION 21. Let Ao, ..., Ay be real numbers such that |,y — At| > a > 0 for all
s,t €{0,...,n},s #t.Then for g, (z) = (z — o) - - - (2 — An) we have

|
lan (x )|_zl—>x (Z) # forall j=0,...,n

7 —
PROOF. We may assume that Ag < -+ - < A,. Then

. qn (2)
lim = = (A —Ag) - (A —Aj—1) (A — A1) - (A7 — )
z—>Aj(z—Aj) (J ) (J J )(] J+1) (J n)
Using Ag < - -+ < A, we obtain an estimate for Ay4; — Ax as

Al — Me = Mgl — Agi—1 + Appi—1 — Appi—2 F A2 — - A1 — A = 1o

Finally we obtain

oan: 1
> ((nn'—

G -

qn (2)

(z—2;)

lim

Z—>Aj

> o jln— j)! =

d

The next result strengthens Theorem 20 for odd dimension d > 1. For example, in the
case that f is polyharmonic of infinite order and type 0, it follows that the Fourier-Laplace
coefficients possess an analytic extension to the punctured plane C* instead of the slit plane
C \ (—00,0]. In Theorem 23 below we shall give an explicit representation of the Fourier-
Laplace coefficients giving a proof of formula (7) mentioned in the introduction.
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THEOREM 22. Letd > 1 be odd and Xj (k) as in (42). Let f : A(ro,r1) — C
be polyharmonic of infinite order and type t < 1/2rg. Then for any vy with ry < e <
min {ry, 1/2t}, the series

)\j(k)v()
Ajk)

(44) Fri(2) == D™ f; (v)i
k,l ’;)g k,l 0 (A (k))

converges compactly and absolutely in the annulus {z € C;0 < |z| < 1/2t} and Fy (r) =
Sk (r) forallr € (ro, min {ry, 1/27}).

PROOF. Let K be a compact subset of {z € C; 0 < |z| < 1/2t}. Then there exists p €
(0,1/27) with K C {z € C;0 < |z] < p}. Let vg satisfy ro < €' < min{r(, 1/27}. If
necessary, we can make p larger such that

Z

45) e <p<1/27.

Then 2pt < 1 and therefore there exists ¢ > 0 such that 2p (t +¢) < 1. Theorem 19
provides the estimate

|D™ fi 1 (vo) | < Cnle™ (v +¢)"
Since 1/ |g;, (1;)| < 2"/n!, we obtain

J()O

A(z) = ZZ D™ fi 1 (v vo) — Zi® ZCe"“‘Q” (t +¢) Z |ze _“°|A i®
n=0 j=0 ()L (k)
Moreover
n [2/2] ‘
Dol < (e e ) Y e
Jj=0 j=0

Clearly |Ze_“0|2j < (pe‘”o)zj for |z| < p and for j = 0,...,[n/2]. Since pe™" > 1 by
(45), we estimate (,oe‘“")zj < (pe™™)" and we obtain

—k—d+2

)Y Cn+1) @2t +e)p)

n=0

A@ = (Jze[" + |ze™]

for all z € K. This series converges since 2p (t +¢) < 1. O

THEOREM 23. Letd > 1 be odd and X (k) as in (42). Let f : A (ro,r1) — C be
polyharmonic of infinite order and type T < 1/2rg. Then for each k € No,l = 1,..., ak,
there exist complex numbers ay ; with j € N such that

o o0

k 2j —k—d+2 2j

(46) fei @ =2 ari 22 + 27N g 0102
j=0 j=0
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converges compactly and absolutely in the annulus {z € C; 0 < |z| < 1/2t}. The power se-
ries
o0
1 2 i
@) = Zakzzjz I oand £ (@)=Y ariojnz?
j=0
have convergence radius at least 1/27.
PROOF. 1. First we define the coefficients ay ; ;. Since T < 1/2rp, there exists vy €

(logrg, log (1/27)) and we can assume that ¢ < rj. Then e’ < 1/27 and we can find e > 0
such that €' (7 4+ &) < 1/2. We put

o0 ~
D™
47) ay,,; = e ik 2 M
ay (xj (k)

n=j

Using the estimate (40) in Theorem 19, we see that

| DM fi s (vo) = n
E ———| <C E Y (t +
n=j qlil ()\'J (k)) n:j [e (T 8)]

n!

@, (v )]

and the last series is converging using the ratio test for b, := n!/ |q,’1 (A j (k))|

bn+1 n+ 1

= 1
GG

and the fact that e (7 + &) < 1/2. So far we have proven that the coefficients ay ; ; are well
defined.
2. Using (47) and the fact that 1/ |g}, (A; (k))| < 2"/n!, we obtain

o0
. —j(k)vy vo n_ =ik [2e™ (z + 8)]
“ |ak’l’1| = ;; [26 o 8)] - ' 1 —2e% (7 + 8)

Using the definition of A5 (k) and 241 (k) , we obtain the estimate

Cjwy R+
1 —2e%(t+¢)’
(a2 + )T
1 —2e% (t4¢)°

(49) |Clk7[72j| <Ce

(50) |ari2j+1| < Ce

It follows that lim; _, 2{/|ak 1,2/l <2(r +e¢)and limj_ o {/|ak 1,2j+1] < 2(t + ¢) for any

¢ > 0, from which we conclude that the power series f} ) and iy 2 have convergence radius
at least 1/27.
3. By Theorem 22 the series

e~ (o

P 7 1 (k)
ZZ Fia (o) vy (k))

n=0 j=0
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converges compactly on each compact subset K of {z € C; 0 < |z] < 1/27}. So we may
rearrange the series and the series

o
D™ fi. 1 (vo)
Z Aj(k) ,—Aj(k)vo Z Z Aj(k)
e ag ZJZ
o — ay (2 (k)
converges compactly in {z € C; 0 < |z] < 1/27}. The decomposmon (46) follows by split-
ting the sum over odd and even indices. The proof is complete. O

REMARK 24. The coefficients ay  ;j do not depend on the special value vy since the
coefficients in (46) are unique. The coefficients ay s j in (47) are well defined provided that f
is polyharmonic of infinite order and type < 1/ro. However, for the estimate (48) we needed
that the type 7 is smaller than 1/2ry.

6. Analytic extensions of polyharmonic functions of infinite order for odd dimen-
sion. We recall some notations and basic facts. We have defined g (z) := z% + -+ zg for
2=(21,...,2z4) € C? and clearly the following inequality holds for all z € C? :

lg @1 < |21+ + |zal* =t lzlg -

Note that g (z) is the analytic extension of Ix|> = xlz—i—' . '—i—xﬁ. The Lie norm L4 (z) € [0, 00)
is defined by the equation

Ly (2)? |Z|Cd + |Z|?;d —lg@)* for zeC?

(see e.g. [2], [4], [31], [36]). Note that |z]ca < L4 (z) forall z € C4. In [25] the following
estimate is established (see also [14]):

Ak

k
6 Yl = (kPR g @P) =

=1

2k

for all z € C?. Using the Cauchy Schwarz inequality, one obtains

ay ag
(52) Yii )| < Va Yer @ < —%— (L (o))
;| 11 ()| < Var ;| il (2)] Tom b
Now we define
L_(2): —\/|z| —/12lga |q(z)|2

forz € C4. Then0 < L_ (z) < L, (z) and it is easy to see that
Ly (z)L_(2) =g (z)| forallz € C“.
In analogy to the Lie ball we define the Lie annulus as the set
Z(ro, ry) = {z €eC%rog<L_(z) and L, (z) < rl}.

In [4, p. 95] it is shown that A (r0, 1) is the harmonicity hull of the annular domain A (rg, 1) .
It can be shown that A (rg, 71) is connected. On the other hand, the complement of A (rg, 1)
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in C? is connected as well, in contrast to the fact that the complement of the annular region
A (ro, r1) in R consists of two connected components.

It is known that a polyharmonic function of infinite order and type O can be extended
to a multi-valued analytic function on the harmonicity hull (see [2]) and to a single-valued
analytic function on ker(Z (ro, 1)), the kernel (in [4, p. 131] noyau) of the harmonicity hull
(see [4, p. 135] for details) which is clearly contained in the set A (ro,71) \ g~ ((—0o0,0]).

We present now our main result about analytical extendibility of polyharmonic functions
of infinite order and type 7 < 1/2r; on the annular region A (rg, 7).

THEOREM 25. Letd > 1 be odd and let f : A (ro,r1) — C be polyharmonic of
infinite order and type T < 1/2r1. Then there exist analytic functions
fi: {Z € Cd; Li(z) < rl} — C,
frifzeChirg<Lo(x)<Li(x) <1/2t} > C
such that
2—d)/2
FQ=hH@+@E++2) " he
is an analytic extension of f. Here F is defined for all 7 € Z(ro, D\ g ! ((—o0,0]).
PROOF. 1. Letusrecall that f (x) = > ;o Zzail Ji1 (r) Y1 (0) for x = r0, and let
Aj (k) be asin (42). By Theorem 23, each Fourier-Laplace coefficient f; ; (r) can be expanded
in a series of type Z?io ak,z,jr)‘f'(k), and hence

0o ap oo

(53) F@O=>3" a i Ov o) .

k=0 I=1 j=0

Moreover Yy ; (x) = rk Yk 1 (0) for x = r6. We consider even and odd indices j in (53) and
define two functions fi and f> such that f (x) = fi (x) +r>~% f (x), where

o0 dk (0.¢]
H@=Y 3" arir Y (x),

k=0 I=1 j=0

oo ag o0
L@ =Y 3" ariojir Y (x)

k=0 I=1 j=0
We shall show that fj (x) can be analytically extended for all z with L4 (z) < r; and that
f2 (x) can be analytically extended for all z withrp < L_ (z) and L4 (z) < 1/2t.

2. The function r? = x12 + -+ xﬁ has the analytic extension g (z) = z% + -+ z%,
forz = (z1, ..., zq) € C¢. The polynomial Yk.; (x) has the analytic extension Y ; (z) .

Next we show that
00 ar o0

Fi) =YY Y ar2jq @) Y ()

k=0 I=1 j=0
converges absolutely for all z with L4 (z) < p forany 0 < p < ry. Since p < r; and
T < 1/2r1, we can find vg € (logrg, logry) such that p < e < 1/27. Choose ¢ > 0 such
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< L% (z) < p*and

that 2¢™ (t + ¢) < 1. We use now (49) and the estimate |g (z)| < |Z|Cd
we obtain

2 L
POl S @l o 2O

vo
k=0 =1 j=0 Zet (t +¢)

Since pe " < 1 and 2¢™ (t + ¢€) < 1, the series Z?io 2 (t + &) p)* converges and
there exists a constant C such that
oo Ak

IFL@l<C1 Y. Ve @] e < ¢ Ze‘k”‘)f— (Ly @)

k=0 =1

where we have used (52). Since Ly (z) < p and pe™™ < 1, we see that the last sum
converges.
3. Itremains to show that

o0 ary o0
Fr@) =YY" ar12j119 @ Y 2)

k=0 /=1 j=0

converges compactly in {ro < L_ (z) and L4 (z) < 1/2t}. Let pg and p; be positive num-
bers such that ro < pg and p; < 1/27, and assume that L_ (z) > pg and L4 (z) < pi.
Choose vy such that rg < " < pg, so e"/pg < 1. Moreover we can assume that "0 < 1/27
in view of our general assumption ry < 1/27. Then there exists € > 0 such that

(54) 2 (t+¢)<1 and 2(t+e)p1 <1.

The estimate (50) gives

o0 a0 2 2j+1 )
IF@l<CY )" Ze“*dm% lg (@17 |V (2)] -

— Uy
(=0 1=1 =0 1 —2e% (1 +¢)

Since |q (2)| < L2 (z) < plz, we estimate

[2(1 + &) py ]2+
() <C KD 10 (7K v (2 :
2 @) ];); lg @I |kl()|zm 1 —2e% (T +¢)

The last series converges since 2 (7 + €) p1 < 1, and is bounded by a constant, say Cj.
Further (52) implies

F <cc (k+dyvy Gk ak (L+ (Z))

Recall that L4 (z) L— (z) = |q (2)] , so we can estimate L4 (z) /|q (z)| = 1/L- (z) < 1/po.
Hence

k
ag evo
P ()| <CCp Y el —— (—)
Z =

k=0 £0

and this series converges since ¢™ /pg < 1. The proof is complete. a
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Let us illustrate the theorem for the case of a harmonic function f on the annular region
A (ro,r1) . Then f is of type O and the conclusion is that we can decompose f as a sum
f1 @) + x> £ (x), where f] (z) is analytic on the Lie ball and f> (z) is analytic for all z
with L_ (z) > rp.

7. Analytic extensions of polyharmonic functions of infinite order for even dimen-
sion. In this section we assume that the dimension d is an even number. Let k € Ng be
fixed. Then the exponents A2; (k) =k +2j and 241 (k) = —k —d + 2 + 2 j may be equal
and the description of the exponential space E,,....»,) defined in (14) is different from the
odd case. Clearly ey 2; (v) := ¢*2/®V are solutions and for odd indices 2j + 1 we obtain the
solutions

ex2j1 (v) == 1 OVif ag50 (k) ¢ {k +21:1 € No}
ex2jr1 (v) = v- OV )5 (k) ek + 2131 € No} .
Then, for suitable coefficients d;, the fundamental function @, (v) is an exponential polyno-
mial of the form
l eUZ

- dz.
2wi Jr, (2 —2A0) -+ (2= An)

(55) @, (v) =) djer j (v) =
j=0

If f is polyharmonic of infinite order and type T and vy € (logrg, logr;) then, using Theorem
20, the series

o n
(56) fea(€") = fir @) =>_">"D™ fii (vo) - dj - ex j (v — vo)

n=0 j=0
converges for v in a neighborhood of vy. Now one may try to formulate results analogous
to those given in Sections 5 and 6 where the system ¢*/®)V for j € N is now replaced
by e, j (v) for j € No. A quick inspection of the proofs shows that one only needs an
appropriate estimate for the coefficients d; which in the odd case have been equal to 1/g,, (A j)
for j =0, ..., n. Below we shall show that the coefficients d; in (56) satisfy the estimate

2”

(57) |dj|§m,

which is a little bit weaker than in the odd case but still good enough to prove convergence of
the involved sums. We shall leave the details to the reader and formulate only one result for
the even case:

THEOREM 26. Letd be even and let f : A (ro,r1) — C be polyharmonic of infinite
order and type T < 1/2r1. Then there exist analytic functions

fitlze €l L@ <n) > C,
fr:{z e C%ry<L_ (z) and Ly (z) < 1/2t and q (z) ¢ (—00,0]} - C
such that

2-d)/2

F@ =A@+ @+ +23) £ @
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is an analytic extension of f.

Now we proceed to the estimate of the coefficients d;. They can be computed by the
partial fraction decomposition of the integrand in formula (55). The next result addresses this
problem:

PROPOSITION 27. Let g, ..., us and vy, ..., v, be distinct real numbers, n := 2r +
s + 1, and define

0n(2)=(z— o) (2 — ps) 2 =) (2 — 1) .

Then the coefficients aj and cj in the partial fraction decomposition

1 ul aj - bj - Cj
=) oottt ;
On@) e wj me—vi o @)
are non-zero and are given by
2
. Z—V;
aj, =l andcj0 = lim &= vp)
=ujy On Z) i=>vjy On (2)

If |vjy — | = 2forall j =1,....s,and |vj, —v;| = 2 forall j = 1,....r with j # jo,
then
|bj0| =(r-=0 |cj0| :
PROOF. It is easy to see that 1 = lim;—,; aj,On (2)/ (z—mjy) and 1 = limg
cjyOn @ /(z—v jo)z . Further b}, can be computed by residue theory:
2
1 d (z—vj
resy;, = —( i) (vio) -
On(z) dz QOn(2)
Let us define Pj, (z) = Qn (2) / (z — vjy)” . Clearly

(58) bjy =

) BT On (2) . i
PJO (UJO) B Zl_l’rgo (Z - Vjo)2 B Cjo .
Then (58) is equivalent to
o ii . _ -2 12 . _ l P]/O (vj())
bio = dz Pj, (i) = =i ()] P (50) = Pjy (vjo) Py (Vi)

Moreover
N

P;O (vjo) _
Pjo(”jo)_Z +ZZ

iy
j=0 Mo T HJ J#jo

Vio —
Since |vj, — uj| = 2 and |vj, — v;| > 2, we see that
‘P;O (vjo)

1 1
<-@6+D+r== (s+1+2r) —n<n—1
Pjo(”jo)

2
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It follows that
n—
1bjy] < ————= = —Dlcjyl.
| Pjy(vjoy) |
The proof is complete. O
We can order the real and distinct numbers uo, ..., &g, V1, ..., v according to their

values, say Ag < -+ < Ag4,. Clearly |Aj — Ak| > o := 2 for all kK # j. The exponents A ;
have either multiplicity m; = 1 orm; = 2, and mo + - - - + my4, = n. Then

On (2)

li == (A= 20)" (A = Am) T (g = Ag) T (A = )
Z_lglj (z—)»j)m’ ( J 0) ( J J 1) ( J J+1) ( J S+r)

The proof of Proposition 21 shows that Ay4; — Ax > [ - «. Thus

lim On (Z)m_ > M0 M0 LML gL L L g (5 e — )T = Aj.
i (2 =)™

The factor @ = 2 occurs n — m; times in the integer A;, which is greater than or equal to
n—2.Sincem; > 1forl =0,1,...,s +r, we have clearly a factor

J+r—pl=jle—r—1=pl<jlm—r— )
in the expression A ;. Further m; = 2 for at least r — 1 different factors in A ; which are non-

zero integers; so the product of these number is bigger or equal to /! (r — 1 — [)! for some
natural number/ € {1,...,r — 1}. Thus we conclude that

noo(m—r)l (r —1)!

5 (7)

|Aj| = 2" 2jt(n—r = PUL(r—1-D!=2

Since (”7) < 2"~ and (rjl) < 2"~1 we obtain

((n—=1)! - (n—l)!'
(n—]) - on

r—1

Aj| =27 (=) (r = DI =2"

It follows that |a;| < 2"/ (n — 1)! and |c;| < 2"/ (n — 1)!. Further |b;| < (n — 1) |c;| and
we conclude that |d;| < 2"/ (n — 2)!.

8. Appendix: Estimate of derivatives of odd order. In this section we collect and
prove some results about linear differential operators which are needed in the paper. The
following version of Rolle’s theorem is well known and the short proof is included for conve-
nience of the reader.

THEOREM 28 (Rolle’s Theorem). Let f : [a,b] — R be continuous and differ-
entiable on (a,b). For . € R define the differential operator D) f = df/dx — Af. If
e f (a) = e *P f (b), then there exists € € (a, b) with D) f (&) = 0.

PROOF. Define g (x) := e " f (x). Then g (a) = g (b) . By the theorem of Rolle there
exists £ € (a, b) with ¢/ (§) = 0. Now ¢/ (x) = f' (x)e ™ —Af (x)e™ = e Dy f (x).
So ¢’ (§) = 0 implies that D, f (¢§) = 0. O
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The following result is an analog of the mean value theorem which is indeed a conse-
quence when we let A go to 0.

THEOREM 29. Let f : [a,b] — R be continuous on [a, b] and differentiable on
(a,b), and let & # 0 be a real number. Then there exists & € (a, b) with

ra b) — Lb
)

PROOF. Define for A # 0 a function {» by
f ) -0 f @)

e)Lb ra

Then ¥ (a) = f (a) and ¥ (b) = *®~9 f (a), s0 e (b) = e f (a) = e Y (a).
By Theorem 28 there exists £ € (a,b) with D,y (§) = 0. Note that D, (™ — ™) =
1t — o (e — *) = ret, so we have

(eAx o eAa) )

v =fx) -

—e

b) — A(b—a)
0= D3y &) = Dif (§) - TP T @5

_ eha
This gives the statement in the theorem. O
We need the following simple lemma.
LEMMA 30. Let A # 0 be a real number and a < b. Then
elM(b—a)
<2
- b—a

PROOF. Recall that e* — 1 > x for all x > 0. In the first case suppose that A > 0. Then
A(b—a)>0and

eAa _’_e)\,b
era _ ghb

e)Lb _ e)La — eka(ek(b—a) _ 1) > e)hak b—a).

Further ¢* < ¢’ since A > 0. Hence
e)\a _’_e)\b 26”7 ek(b—a)

A < A =2 .
eM —era T Tera) (h—q) b—a

For A < 0 we argue very similarly: ¢** — el = b (e_)‘(b_“) — 1) > M A (b—a).
Further ¢*? < ¢ since A < 0 and

e)\a _{_e)Lb - 2e)La _, ek(a—b) _, elkl(b—a)
et —etb = b A(b—a)  TM(b-a) TIAl(b-a)’

d

Next we want to give an estimate of first derivative D, f in terms of f and the second
derivative Dj,,, f. For the case Ao = A1 = O this is a well-known result (see [37, Theorem
2.4]) and its extension to exponential polynomials is not difficult:
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THEOREM 31. Let Ao, A1 be real numbers and f : [a, b] — C be twice continuously
differentiable. Then the following estimate holds:

(ol +HAiD(b—a)
b —
PROOF. Assume at first that Ag and A; are not zero and that f is real-valued. We apply

Theorem 29 to f and A = XA, so there exists & € (a, b) such that

M4 f (b) — M f (a)

e)\ob — ekoa

|Dy, f(a) | <4 max {1/ @] 1f 0)}+2 max | Dy, Dy £ (0] (b—a)e™ (0=,

do = Dy, f (&1) .

Then Lemma 30 yields the estimate

loa rob
ENEGIE ﬁ ol max {1 @], | B
ool —a)
<25 max (I @], |f B)])

Now apply Theorem 29 to the interval [a, &1] for A = A; and the function D, f. Then there
exists & € (a, &1) C (a, b) such that

eM9Dy, f (1) — 151Dy, f (a)

= D), Dy, f (&2).

erMél — phia
Thus e*151 D, f (a) = M9 Dy, f (1) — (151 — €*19) /0y x Dy, Dy, f (£2) and
| )»1(11—51)|
|Dso f (@)| < 175V | Dy, f (ED)| + | Day Day f (82)] ™

We estimate
oHia— &)_1 & i (a — &) it
Sl e A1) n! —Z w079

n=l1 n=1

A |t

<(b- )Z — b—a)"' = (b —a)eMO-,

Thus
elrol(b—a)
| Do f (@) < 21100 — = max{If @ 1f 0)}+[ D3, Diy f @)] (b — @) 100

Next consider the case that f is complex-valued. Decompose f into its real and imaginary
part, say f = f1 + if> with real-valued functions fi, f>. Then

(59) |Dio f @) < | Day i @] + | Dao 2 (@)] -

Now estimate each summand in (59) as above. Since |fj (t)| <|f ()| and |D;\1 D, fj (t)| <
| Dy, Dyy f ()| (note that Dy, Dy, f1 is the real part of D;, Dy, f), we obtain the estimate
with the factor 2. The case of arbitrary real numbers Xy and A; follows from a continuity
argument. O
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THEOREM 32. Let Ay, m € N be real numbers and f € C*® [xo, X0 + y] withy >
0. Assume that 0 < 28 < y. Then the estimate

|DE" D (x) | < 2max{g, 8} e(Paml+1ham1])8
- 1)

< max D@ f(t)|+ max 8]|D(2’"+2) f(t)|>

te[xg,xp+24] te[xg,xp+2
holds for all x € [xo, xo + 8] .

PROOF. We use the estimate in Theorem 31
(hol+1n D (—ay Max{Lf @I, | f D)1}
b—a
+ 2 max |DA1DA0f (z)| (b — a) 1lb-a)
tela,b]

|Dso f(a)| < 4e

for the function

d d
UMVU%=QE—M)m<E1%m4>f@

for the exponents Ao := Ay, and A1 := A4, and fora = x and b := x + § where it is
assumed that x € [xg, xo + J]. It follows that ¢ € [x, x + 8] is in [xg, xo + 28] . Then

Kiumm)wmvu>

< ie(\)\2rn|"r|)‘2m+'|)‘S max |D(2m)f(l)|
dx ~ 8

telxg,x0+26]

+25  max __|[DP"D g (1) |elPanaild,
te[xg,x0+28]

Using the trivial inequality el*2n+118 < e(h2nl+[220+11)8 the statement follows. O
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