Tohoku Math. J.
63 (2011), 665-695

WEB MARKOV SKELETON PROCESSES
AND THEIR APPLICATIONS

YUTING LIU, ZHI-MING MA AND CHUAN ZHOU

(Received December 1, 2010, revised May 9, 2011)

Abstract. We propose and discuss a new class of processes, web Markov skeleton
processes (WMSP), arising from the information retrieval on the Web. The framework of
WMSP covers various known classes of processes, and it contains also important new classes
of processes. We explore the definition, the scope and the time homogeneity of WMSPs, and
discuss in detail a new class of processes, mirror semi-Markov processes. In the last section
we briefly review some applications of WMSPs in computing page importance on the Web.

1. Introduction. In this paper we propose and discuss a new class of processes, web
Markov skeleton processes (WMSP), arising from the information retrieval on the Web.

Intuitively, a Markov skeleton process is a stochastic process which contains a Markov
chain as its skeleton. A web Markov skeleton process is a jump process and also a Markov
skeleton process such that, given the information of its skeleton, the time slots between jumps
are conditionally independent to each other. The dynamics of a WMSP can be described as
follows:

X()—Y9>X1 —Y1—> - Xy —Yg
where {X,,n > 0} is a Markov chain, and {Y,,,n > 0} is the set of time slots between
jumps. The length of each Y,, may depend on the states { X, }, but will be independent of other
Yk, k # n, when the information of {X,,} is known.

The dynamics described above appears in various natural and social sciences, such as
biology, finance, queueing theory, engineering. A direct motivation of investigating such dy-
namics comes from the information retrieval on the Web. The notion of WMSP was recently
invented in [9, 10], in which the authors found that WMSP is a very suitable framework for
modeling the user browsing behavior on the Web. When modeling the user browsing behavior,
the state space E is a collection of web pages, X = {X,,, n > 0} describes the transition be-
havior between pages, which forms a Markov chain with state space E, and Y = {Y,, n > 0}
represents staying times on the pages. The staying time on the current page is a random vari-
able which may depend on the information of the current page and some other pages the user
has visited or will visit, but in general will not depend on the other staying times. The frame-
work of WMSP is very useful for computing web page importance, it provides us a unified
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mathematical instrument applicable to most known algorithms for ranking web pages and
websites, such as PageRank [4, 18, 27], AggregateRank [1, 2, 8], TrustRank [12], Block-level
PageRank [5], PopRank [26], BrowseRank [19, 20, 21], and so on. Moreover, the framework
is essential in designing some new algorithms to handle more complex problems. For ex-
ample, mirror semi-Markov processes, a new class of processes in WMSP family, plays an
essential role in designing MobileRank for computing page importance of the mobile Web
[9, 10]. It is known that the structure of the mobile Web differs a lot from the usual Internet
Web [17].

Theoretically, the framework of WMSP covers various known classes of processes, in-
cluding discrete time Markov chains, time homogeneous continuous time Markov processes
(Q-processes), semi-Markov processes, and others. It contains also important new classes of
processes, such as simple WMSPs, which are of importance in theoretical study, and mirror
semi-Markov processes, which are important in modeling browsing behavior on the mobile
Web. Because of its natural and trackable structure, we expect that in the future there will be
more new classes of processes to be found useful within the framework of WMSP.

In this paper, we explore for the first time the theoretical aspects of WMSP. In the next
section we give a rigorous mathematical definition of WMSP. Along with it we clarify that our
notion of Markov skeleton processes is more general than that which was previously proposed
by Hou et al in [13, 14], because we need to meet the demand of information retrieval on the
Web. In Section 3 we describe the scope of WMSP. Among other things, we include a com-
plete proof that the semi-Markov processes previously discussed in the literature (which we
refer to as classical semi-Markov processes) are special cases of our semi-Markov processes
within the framework of WMSP. Section 4 is devoted to describing the time homogeneity of
WMSPs. The idea employed in this section might be useful elsewhere. In Section 5 we dis-
cuss in detail a new class of processes, mirror semi-Markov processes, which is essential in
modeling the browsing behavior on the mobile Web. In Section 6 we provide two results of
limit distributions, which will be used in computing page importance on the Web. The remark
of Section 7 suggests that the class of simple WMSPs is of importance in theoretical study.
Finally, in Section 8 we briefly review some applications of WMSPs to the web page ranking.
This section might be interesting for those readers who are not familiar with information re-
trieval but who want to know how mathematics can be well used in the study of information
retrieval on the Web.

Before we conclude this introduction, we would like to remark that the study of the
theory of WMSPs is just beginning. Considering the length of this paper, some important
topics, such as the theory of multivariate point process (cf. [16]), martingale methods (cf. [15,
241]), stability and reconstruction problems ([23]), will be discussed in our subsequent papers.
We hope that this paper will stimulate more researches on this important and new class of
stochastic processes.

2. Definition of WMSP. In this section we introduce the notion of web Markov skele-
ton process (WMSP in short). We start with a general definition of Markov skeleton processes.
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Let (£2, %, P) be a complete probability space. Let E be a metrizable Lusin space. We
adjoint an extra point A (the cemetery) to E as an isolated point. Write E for EU{A}and &
for the Borel sets of E. We consider a right continuous stochastic process Z = {Z;,t > 0}
with state space E and life time ¢. Thatis, Z; is a E valued random variable on £2 for each
t > 0 and Z.(w) is right continuous for each w € £2, ¢ is a (0, oo] valued random variable,
Zi(w) € E fort < {(w), and Z;(w) = A fort > {(w). Let (F;);>0 be the natural filtration
generated by Z. Namely, (%;);>0 is the minimal right continuous increasing family of sub-
o-algebras of .# such that % contains all P-null sets and Z; is .%; measurable for each ¢.
Then (2, %, (%#;), P) forms a filtration space, Z is an (.%;) adapted process and ¢ is an (%;)
stopping time. Recall that a random variable t : 2 — [0, o] is called an (.%;) stopping time
(or simply stopping time) if {t < ¢} € .%; for all + > 0. For a stopping time 7, the o -algebra
prior to 7 is defined by #; .= {A € %, AN{t <t} € F forallt > 0}.

Intuitively, a Markov skeleton process (MSP) is a stochastic process which contains a
Markov chain as its skeleton. We propose the definition of MSP as follows. For notational
convenience, we shall sometimes write Z(t) for Z,.

DEFINITION 2.1. Let Z = {Z(t),t > 0} be a right continuous stochastic process
with state space E and life time ¢. With the above notations, we say that Z is a Markov
skeleton process (MSP in short) if there exists a sequence of stopping times {7, },>0 such that
O=m <1 < " <T) < Tyt < -+ < limy 01, = ¢, and {Z(7,)}4>0 forms a
Markov chain, i.e., foralln > 0,m > 1,and By € &, 1 < k < m, it holds that

(1) P(Zey€Be, 1 <k<m|Zyy, Zeys..., Z0,)=P(Zeyyyy € B, | <k <m| Zy,)).

{Z (tn)}n>0 will be referred to as the Markov skeleton or the embedded Markov chain of Z.

We remark that in the literature the notion of Markov skeleton process has been intro-
duced by Hou el al. in [13, 14], and the authors of [13, 14] studied their MSPs intensively. But
the framework of [13, 14] is not applicable to some applications in the research of Internet
information retrieval. Therefore we propose our Definition 2.1 of MSP, which is more general
than the one that proposed in [13, 14]. To simplify the terminology, in this paper we shall call
a Markov skeleton process in the sense of [13, 14] as Hou’s MSP. To compare the two notions,
we restate the definition proposed in [13] as follows.

DEFINITION 2.2 (cf. [13, Definition 1]). Let Z = {Z(¢),t > 0} be a right continuous
stochastic process with state space E and life time ¢. With the above notations, we say that Z
is Hou’s Markov skeleton process (Hou’s MSP in short) if there exists a sequence of stopping
times {7, },>0 satisfying0 =19 < 71 < -+ < Ty < T(uy1) < -+ < £, limy00 T, = £, such
that for all n > 0 and all bounded &19-°° measurable functions f defined on E!9° it holds
that

@) E[f(Z(tn+ )| Z,] = E[f(Z(ta + )| Z5,] -

Comparing (1) and (2), it is easy to verify that Hou’s MSP is always a Markov skeleton
process in the sense of Definition 2.1. But the converse is not true. For example, a mirror
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semi-Markov process, which will be discussed in detail in Section 5 below, is a MSP in the
sense of Definition 2.1, but not a Hou’s MSP.

Let Z = {Z(t), t > 0} be a Markov skeleton process. We use the notations X, = Z(z,),
and ¥, = 1441 — 1y, foralln = 0,1,.... Then X = {X,,n > 0} is a Markov chain
and Y = {Y,,n > 0} is a sequence of positive random variables. Clearly the pair (X, Y) is
uniquely determined by the MSP Z. Conversely, if

3) Z(it)=X, fort, <t <tyy1, foral n>0,

then Z is also uniquely determined by (X, Y). We shall say that a Markov skeleton process Z
is a Markov Skeleton Jump Process if it satisfies (3).

Suppose that we are given a Markov chain X = {X,,n > 0} and a sequence of positive
random variables ¥ = {Y,,, n > 0}. Then a Markov skeleton jump process Z can be uniquely
determined by the following regime:

) Xo 5 x; 5 ox, B
More precisely, we can define a Markov skeleton jump process Z = {Z(t),t > 0} by the
following procedure.

n—1

(&) 70 =0, tn=ZYk forn>1, ;:Zyk.
k=0 k>0

(6) Z(t) =X, for 1, <t <t,41, and Z@F) =A fort>¢.

In what follows we shall write Z = (X, Y) if a Markov skeleton jump process Z is
determined by (X, Y) with the above procedure. We denote by .7 X the o-algebra generated
by X = {X,,n > 0}. We are now in a position to introduce the notion of web Markov
skeleton process, which is the main objective of this paper.

DEFINITION 2.3. Let Z = (X, Y) be a Markov skeleton jump process described as
above. Z is called a web Markov skeleton process (WMSP in short), if given the o-algebra
ZFX the random variables Y, (n > 0) are conditionally independent to each other.

The notion of WMSP appeared recently in [9, 10]. The authors found that WMSP is a
very suitable framework for modeling the user browsing behavior on the Web, and is a very
useful mathematical tool for computing the web page importance. When modeling the user
browsing behavior, the state space E is a collection of web pages, and the WMSP Z = (X, Y)
models a random walk on E. The random variable Z(¢) denotes the current page browsed by
the user at time 7. The process X = {X,,,n > 0} describes the transition behavior between
pages, which forms a Markov chain, and the sequence ¥ = {Y,,,n > 0} represents staying
times on the pages. The staying time on the current page is a random variable which may
depend on the information of the current page and some other pages the user has visited or
will visit, but in general will not depend on the other staying times. To our knowledge the
framework of WMSP covers all the known stochastic processes used in studying the web
page importance ranking. This is why we call it a web Markov skeleton process.
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3. Scope of WMSP. The framework of WMSP is quite broad and convenient. It cov-
ers several existing classes of processes and contains also new classes of processes which are
important either in applications or in theoretical study. Below we list a few special classes of
WMSPs to outline an incomplete picture of its scope.

(A) Simple WMSP. We say that a WMSP Z = (X,7Y) is a simple web Markov
skeleton process, if the conditional distribution of Y, (given .#X) depends only on X,,. More
precisely, we propose the following definition.

DEFINITION 3.1. A WMSP Z = (X, Y) is called a simple web Markov skeleton pro-
cess (simple WMSP in short), if for all # > 0, it satisfies

(7 P(Y, <t|FX)= P, <t|X,), forall n>0.

The class of simple WMSPs contains usual Markov processes as its special cases. See
the two examples below for details.

e Example 1. Discrete-time Markov process. It is a simple WMSP Z = (X, Y) such
that Y, is constant, i.e., P(Y,, = 1) = 1 for all n.

e Example 2. Continuous-time Markov process. Note that a continuous-time Markov
process is always a Markov skeleton process in the sense of Definition 2.1 ( e.g. let T, = n).
Here we emphasize that if a continuous time Markv process Z is time homogeneous with
right continuous sample paths on a discrete state space (i.e. Z is a Q-process), then Z is also
a simple WMSP. In this case we may define t, to be the n-th jump of Z (set 7p = 0) and let
Xn = Z¢,, Yn = t(n+1) — Tu. Conversely we have the following proposition.

PROPOSITION 3.2. Let Z = (X, Y) be a simple WMSP. Suppose that X = {X,,n >
0} is a time homogeneous Markov chain on a discrete space E, which satisfies P(Xp4+1 #
Xn) = 1 forall n > 0, and that there exists a family of positive numbers {Ay, x € E} such
that

P(Y, <t FX)=1—exp{—Ax,t}, forall n>0.

Then Z is a time homogeneous continuous time Markov process.

We leave the proof of the above proposition to the readers.

We remark that the class of simple WMSP contains also processes which are not usual
Markov processes. A simple WMSP is a special example of a semi-Markov process (cf. part
(B) below). It is also a special example of a mirror semi-Markov process (cf. part (C) below).
Moreover, in some circumstance we may reduce the study of a semi-Markov process or a
mirror semi-Markov process to the study of a simple WMSP. We shall come back to this point
later in Section 7.

(B) Semi-Markov process. In our framework, we shall call a WMSP Z = (X,7Y)
a semi-Markov process, if the conditional distribution of Y, depends only on X, and X,,41.
More precisely, we propose the following definition.
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DEFINITION 3.3. A WMSP Z = (X, 7Y) is called a semi-Markov process, if for all
t > 0, it satisfiies

®) P(Y, <t|F*)=P(¥, <t|Xp, Xpy1), forall n>0.

We shall show that our notion of semi-Markov processes is in fact more general than the
one usually defined in the literature. To this end let us refer to the one defined in the literature
as the classical semi-Markov process. A classical semi-Markov process Z is defined as a
continuous time realization of a Markov renewal process. To be precise, let X = {X,,, n > 0}
be a sequence of random variables taking values in E, and Y = {Y,, n > 0} be a sequence of
positive random variables. The sequence (X, Y) is called a Markov renewal process, if

(9) P(Xn+1€BaYn §t|X05-7Xn;Y07--7Yn—1)=P(Xn+1 637Yn§t|xn)a

foralln > 0,B € &,t > 0. A classical semi-Markov process Z = {Z(t),t > 0} is then
defined by the regime (5) and (6) with a Markov renewal process (X, Y). In the literature it
is usually assumed further that the state space E is discrete and (X, Y) is time homogeneous.
See e.g. [3, 6, 7, 25] and references therein for more details.

In the following theorem we do not require that (X, Y) is time homogeneous.

THEOREM 3.4. Let Z be a classical semi-Markov process described as above. Then
Z = (X, Y) is a semi-Markov process in the sense of Definition 3.3.

PROOF. By (9), it is clear that X = {X,,n > 0} is a Markov chain. We need only
to check that given the o-algebra .# %, the random variables Y, (n > 0) are conditionally
independent and their conditional distributions satisfy (8). The latter is a direct consequence
of Lemma 3.5 below. a

The assertion (11) of Lemma 3.5 below might be known in the case where E is discrete
and (X, Y) is time homogeneous. But we could not find a proof available to the stronger
assertion (10) in the case where E is discrete and (X, Y) is not necessarily time homogeneous.
For the sake of the rigor and also for the convenience of the readers, we include a complete
proof here. We use N to denote the set of nonnegative integers.

LEMMA 3.5. Suppose that (X,Y) is a Markov renewal process satisfying (9) with a

discrete state space E. Denote by Fr, = o{Xo, X1, ..., Xn; Yo, Y1, ..., Yu_1} (by conven-
tion ¥, == o{Xo}). Then foreachn € N,m € N, t, > 0,t,41 > 0, ..., tygm > 0, we
have

(10) P(Yn =< In, Yn+l gy S [N Yn+m < th+m | <g\rn \2 jX)

=P(Yy <tu | Xn, Xn1) P(Yns1 < tug1 | Xng1, Xng2) X -+
X P(Yogm < tasm | Xntm, Xngm+1),  a.s.
In particular, for eachm € N,ty > 0,t1 > 0, ..., t,, > 0, we have
(1) P(Yo<to. Y1 <t,....Yn < tw | FX)
=PYo<to|Xo. X1)P(Y1 =01 | X1, X2) - P(Yon < tm | X, Xmms1) . a.s.
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PROOF. Denote by Z(R™) the Borel sets of RT := [0, c0). For Ay € B(R™), A €
BRY),...,A, € B(RT),bpe E,by € E, ..., by € E, we have by (9) that
P(Yn € AnaXn+1 =bn+l | Xo=bo,....,Xu=by, Yo € Ag,...,Yy1 € An—l)
= P(Yn € Ap, Xn1 =bny1 | Xn = bn)
= P(Yn S An | Xn = bn, Xn+l = bn+1)P(Xn+l = bn+1 | X, = bn) .
For notational convenience, we denote by Fg = {Xo = bo,...,Xn = by, Yy €

Ao, ..., Y,—1 € Ay} for the event in .% , and write the above formula in a concise form as
follows,

P (Yo, Xns1 | F2) = P (Y, Xug1 | X)) = P2 (Ya | X, Xn1) P (X1 | Xn)

without explicitly mentioning Ao, A1, ..., Au, bo, b1, ..., byt+1. In the formulae (12), (13),
(14) and (15) below we take the same convention without explicitly mentioning Axs and bys.
For any g € N large enough, we have

(12) PV Xnpw. 1 <k <q|F)
= P (Yo, X1 | Fp) P (Xpih, 2k <q | F) )
=P Yn | Xu, Xn1) P (Xns1 | X0) P (Xngks 2<k <q | Xny1)
=PYn | Xn, Xnt1) P (Xnsk, 1 <k < q | Xa).
Then for any m < g — 1, we have
(13)  P(Yu, Yug1. - Yoim. Xnsk, 1 <k <q | F)
= P (Yo, Xpp1 | FQ)P (Yasts oo Yosm, Xk, 2k <q | Fp) )

= P (Yo, Xp1 | Fp)) P (Yort, X2 | Fy, )

X Q(Yn-i-z’ D) Yn+ma Xn-l—ka 3 S k 5 q | F2n+2))
= y(Yna Xn+l | Fg,l)'."@(Yn-i-m—la Xn+m | F2n+m71))

X P(Yotm, Xok, m+ 1<k <q|Fp )
=PYn | Xn, Xnt1) P (Xng1 | Xn) - P(Yngm—1 | Xngm—1, Xnsm)
x P (Xngm | Xngom=1) P Ynsm | Xntms Xnam+1)
X 3”(Xn+m+k, m+1<k<gq| X,H_m)
=P(Yu | Xn. Xnt1) -+ P Yotm | Xnkms Xnm41) P (Xnghs 1 <k < q | X)),
and on the other hand, we have

(14) P(Yn. Yorts oo, Yogm, Xnsk, 1 <k <q | FQ)
=PYn. Yorts- oo Yogm | FQ Xpgio 1 <k <) P(Xngr, 1 <k <q | F)
Zg(ynaYn+l,---,Yn+m | F-glaXn-l-ka 1§k§Q)=@(Xn+ka 1<k=<gql Xn)-



672 Y. LIU, Z.-M. MA AND C. ZHOU

Comparing (13) and (14), we get
(15) PYn Yosts oo Yoim | FO X, 1 <k <q)

= ,@(Yn | Xn, Xn+l) o gz(YrH»m | Xntms Xn+m+1) .
In the original non-concise form, (15) means thatform < g—1, Ag € Z(R"), A| € B(R™),

cos Apym € B(RT),bo € E,b1 € E, ..., byyq € E, we have
(16) P(Yur1 € Apys, 0<l<m|Yy€Ap, O<h<n—1Xg=br, 0<k <n+gq)
=P(Y, € An | Xp =bp, Xng1 = bpy1) X -+
X P(Yn+m € Aptm | Xntm = bptm, Xnym+1 = bn+m+1) .
Because (R, Z(R™)) is separable, there exists {Cx}x>1 € Z(R™) satisfying B(R1) =
o ({Cx}k>1). Fors € N, s > (m+1), we define B, := 0 ({Cp}1<n<s) and %; := G(Yfl(c%’s),
forall0 <l <n-—1; X,:l(@@), 0<k<n+ s). Then ¥ contains at most countable many
atoms, and each element in ¥ is expressed as a union of some of the atoms. Therefore we
can use (16) to get
a7 P(Yn+l GAn+l,0§1§m|%¢)
= P(Yy € Ap]o(X,1(£). X, ] (&) x -
X P(Yutm € Anim |0 (Xpim (). X, 001 (8)) aus.

Notice that {%;}s>+1 is an increasing family of sub-algebras and \/ -, % = P, V F X,
Letting s — oo in (17), by the well known martingale convergence theorem (cf. e.g. [28]),
we obtain the assertion (10). Letting n = 0 in (10) we get the assertion (11). a

(C) Mirror semi-Markov process. Mirror semi-Markov processes are a new class
of processes in the framework of WMSP. We call a WMSP Z = (X, Y) mirror semi-Markov
process, if the conditional distribution of Y;,, depends only on X, and X, _;. More precisely,
we propose the following definition.

DEFINITION 3.6. A WMSP Z = (X,7) is called a mirror semi-Markov process, if
for all + > 0, it satisfies

P(Y, <t|Xn, Xp_1), forall n>1,

18 P, <t|F% =
(%) Wn=t175) P(Yo <t|Xo), n=0.

Mirror semi-Markov process was invented in [9, 10] and played an important role in
modeling the browsing behavior on the mobile Web. It is a typical example of a Markov
skeleton process in the sense of Definition 2.1 but not a Hou’s Markov skeleton process (cf.
Definition 2.2).

4. Time-homogeneous WMSP. Time-homogeneous web Markov skeleton pro-
cesses are most important both in applications and in theoretical research. For concrete ex-
amples, such as semi-Markov process and mirror semi-Markov process, it is easy to describe
time homogeneity. We found that it is not easy to do so for general WMSPs. In this section
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we shall introduce a general definition of time homogeneity for WMSP. The idea employed
in our definition might be useful elsewhere.

To state our definition, we introduce first the notion of a shift operator on N. Form € N,
we define 6, : N — N by setting 6,,(k) = m + k. The operator 6,, is called the m-step shift
operator on N. For an arbitrary subset S of N, we define S o 6, by setting

(19) Soby=1{0nk):keS={k+mkeS}.

The operator S o 6y, is called the m-step shift of S. Further let S be an arbitrary finite subset
of N with #{k; k € S} = d. We use (X, k € S) to denote a d-dimensional random vector
consisting of random variables {Xy}ies, with subscripts listed in ascending order. That is,
(Xi, k € S) = (Xpy» Xkys - - - Xiy) € E4 with k; € Sforalli and ky < ky < --- < kq. Here
and henceforth E9 := ®g:1 E; with each Ej, identically equal to E. We shall use (E%) to
denote the Borel sets of E<.

Below is our definition of time homogeneity for WMSP.

DEFINITION 4.1. A WMSP Z = (X, Y) is said to be time-homogeneous (after ng), if
its embedded Markov chain X is time-homogeneous, and for each n > 0 there exists a finite
set S, C N with max,> #{k; k € S} < oo, satisfying the following properties:

(20) P(Y, <t| F%) = P(Yy <t| (Xi. k € S)),

21 Spam = Sp 06y, forall m >0, n>ng:=max #k; k<n, ke S,},

n>0

(22) P(Yy <t| (X, k € Sp) € B) = P(Ynym < 1| (Xk. k € Suym) € B),
forall m >0, n>ng, Be BEY, d:=#kkes,).

In the study of time homogeneous WMSP, the concept of the kernel (cf. Remark 4.4
bellow) is quite useful. We are now going to describe it. Let Z be a time homogeneous
WMSP and §,, be specified by the above definition. We set

(23) S,f ={k>nkes,}, d;r =#k>nkesS,},
and
(24) S, =lk<nkeS), d, =#k<nkes,}.

By the property (21), when n > ny, all the d,!’s are the same, which will be denoted by
d*. Also all the d,’s forn > ny are the same, which will be denoted by d~. For notational
convenience, we shall make the convention that EC = ¢ and {(Xy, k € ¥) € A} = 2, where
¢ is the empty set. With the above convention, the expressions (25) and (26) below are still
meaningful whend~ = 0.

Let A e B(EY ), B e BEY), I € B(E)=&,andt > 0. We define for n > no,

(25) A01B(1) :=P((X1,l€SHeB, Y, <t|X,el, (X, keS,)eA),
(26) AFip) =P(Y, <t|Xpel,(Xp.k€S;) €A, (X;.l €S))eB).
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PROPOSITION 4.2. Both ,Qip(t) and s Fip(t) are independent of n. Moreover, if
(n + 1) € S}, then the probability distribution of Z is uniquely determined by the initial
distribution of {Xo, Yo, X1, . .., Yny—1, Xn,} and the family of conditional probabilities
27) (4Qis(0); A€ BET),Be BE), I e BE), 1 >0},

PRrROOF. It follows directly from the property (22) that 4 F;p(¢) is independent of n. By
(25) and the Markov property of X, we get
(28) AQiBM)=P(Yy <t|Xn el (Xi.keS,) €A (X1 €8]) € B)

xP((X;,l€S)eB|Xyel,(Xp,keS,)eA)
=aF18(1) - P,

where Pjp := P((Xl,l € S;F )eB|X,el ) is independent of n by the time homogeneity
of X. Hence 4 Q5 (¢) is independent of n. Conversely, from (28) we get

(29) Prp=lim 4013(t) = P((X;,1 €S)eB| X, €1),
=00
AQiB()
AXIBgf P[B > 0,
(30) Frp(t)y={ "
ATIE 1 if Prp=0.

Therefore, {4 Frp(¢)} and { P;p} are also uniquely determined by {4 Q;p(¢)}, from which the
second assertion of the proposition follows. ]
REMARK 4.3. If (n + 1) € S, from (29) one can re-capture the one step transition

. . o= . ~
function of X by setting B = By x ®z=2 Ey with By running over all the Borel sets of E. In
the case where (n + 1) is not in S;f, it is not clear whether or not we can re-capture the one
step transition function of X. But if we set

SF={k>nmkeSuln+1)}}, dt:=#k>nkeS},
then we can re-capture the one step transition function of X from the family of conditional
probabilities
@1 (4Qis(1); A€ BE), BeBET) 1 eBE), 120).

Actually, all the assertions of Proposition 4.2 as well as the above Remark 4.3 remain
true, if we replace S} by S, d* by d*, and (27) by (31). Note that if (n + 1) is not in S;,
then 4 Fyg(t) will be independent of X, ;1. For example if d* = 0 and hence dt = 1, then
(28) will become

401(1) = P(Xpp1 €B. Y, <t | Xy €l,(Xp,k€S,)€A)
=P(Y,<t|Xy€l Xnp1 €B, (X, keS,) €A
xP(Xn41 € B| Xy €1, (Xp, k € S5 € A)
=P(Y,<t|X,el,(X;,l€S,)€A)x P(Xns1 €B| X, €l

=aF(t)PrB.
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REMARK 4.4. Because of the importance of the family of conditional probabilities
(31), we shall call (31) the kernel of Z, which describes the statistical properties of Z =
(X, Y) after ng. For a given kernel (31) as well as an initial distribution of X and a family of
conditional probability distributions P(Y, <t | (Xx)kes,) forn =0,1,...,n0 — 1, we can
construct a unique (in weak sense) time homogeneous (after ng) WMSP. The details will be
discussed in our forthcoming paper [23].

EXAMPLE 4.5. Let Z = (X, Y) be a time homogeneous WMSP with a discrete state
space E. Denote the transition probabilities by

(32) Pjj:=PXp1 =jlXp=i)=PX1=jlXo=1), forali,je E.

(A) If S, = {n}, then Z is called a time-homogeneous simple WMSP. In this case if we
define

(33) Fi(t) =P, <t| X, =1),
then the kernel of Z is expressed as
(34) Qij(t) ;== P(Xpy1=j.Ya <t| Xy =i)=F;(t)- Py, foralli,jeE, t>0.

B) IfS, = {n,n + 1}, then Z is called a time-homogeneous semi-Markov process. In
this case if we define

(35) Fijt) = P(Yy <t | Xp =10, Xnp1 =J),
then the kernel of Z is expressed as
(36) Qij(t) :=P(Xpp1=j. Yo <t|X,=i)=F;(t) Py, foralli,jeE, 1>0.

C) IfS, = {n—1,n}, then Z is called a time-homogeneous mirror semi-Markov
process. In this case if we define

(37) iFi@) =Py <t|Xy1=1i,X, =),
then the kernel of Z is expressed as

(38) ,'ij(l‘)ZZP(Xn.H:k,Yn§t|Xn_1=i,Xn=j)
iFj(t)- Py, foralli,j,keE, t>0.

We shall discuss in more detail the class of time homogeneous mirror semi-Markov pro-
cesses in the next section.

5. Mirror semi-Markov process. Throughout this section we assume that Z =
(X, Y) is a time homogeneous mirror semi-Markov process with a discrete state space E.
For simplicity we assume further that ¢ := Zkzo Y = oo.
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5.1. Further discussion on time homogeneity. We denote by N the set of nonnega-
tive integers, and by N the set of positive integers.

LEMMA 5.1. Letme N*, s1,....,sme N, 1<si<---<spandAy,...,A, €
B(RT). Suppose that S C N satisfies {0, ..., sy — 1}N S # @. Then for any {i, k € S} C E
and anyn € N*, we have

P[Ys, € A1, ..., Y5, € Ap | {Xk = ik}kes]

= P[Yn+s1 €Ay, ..., Yn+sm € Am | {Xntk = ik}keS] .

PROOF. For notational convenience, we verify only a concrete case where m = 2, 51 =
2,50 =4, S = {1, 5}. The general case can be verified following the same idea. Thus we are
going to verify
(39) P[YZ€A11Y4€A2|X1=i1,X5:i5]

=P[Yu12 € A1, Yuya € Az | X1 = i1, Xnys = is].
Denote by C = {X,+1 = i1, Xn+s = i5}. Without loss of generality we assume that P(C) >

0, otherwise the case will be negligible. By the definition of mirror semi-Markov processes
we have

P[Yni2 € A1, Yygs € Ay | Xpg1 = i1, Xogs = is

1
=——— | P[Yuy2 € A1, Ynys € Ay | FX|dP
P(C)[C [Yat2 1, Ynya € Ao | ]
1
= —/ P[Yui2 € Ay | FX|P[Yoqs € Az | FX]dP
P(C) Jc
1
= —/ P[Yni2 € A1 | Xug1. Xn42 | P[Yoga € Az | Xns3, Xnya]dP
P(C) Jc

1
= — P Y S A X = l s X — l X I _ _
P(C) /C (122: [Yni2 U Xt = i1, X2 = in] X Ix,y =iy Xnso ,2})

X (Z P(Yuis € Ay | Xpg3 = i3, Xnya = ig] ¥ I{Xn+3=i3,Xn+4=i4}>dP
i3.i4
1

=m< Z P[Yni2 € A1 | Xug1 = i1, Xny2 = i2]

i2,i3,i4

X P[Yuya € Ay | Xpy3 = i3, Xnya = ia]
X P[Xnp1 = i1, Xng2 = i2, Xps3 = i3, Xpps = i4, Xpgs = iS])
= Y PlYurz € A1 | Xpp1 = i1, Xny2 = i2)]

i2,13,i4

X P[Yn4a € Az | Xpny3 = i3, Xnya = is]
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P[Xn+2 =i, Xp13 =13, Xppa =04, Xpy5 =15 | Xpg1 = il]
P[Xnts = is | Xu+1 =1i1]
= Z P[Y2€A1 |X1=i1,X2=i2] XP[Y4€A2|X3=i3,X4=i4]

ip,i3,i4

P[X2 =i, X3=1i3, Xa=i4, Xs =is | X1 =1i1]
P[Xs =is| X1 =1i1] '
In the above last step we used the time homogeneity assumption. By the same way we have
P, € A1, Yy € Ay | X1 =iy, X5 = is]
= Z P[Y2€A1 | X1 =i1,X2=i2] X P[Y4€A2|X3=i3,X4=i4]

i2,03,i4

X

P[Xa=i2, X3 =1i3, X4 =1i4, Xs=i5| X1 =1i1]
P[Xs =is | X1 =1i1] '
Hence (39) is verified. O

X

REMARK. The idea employed above is quite useful. Below we shall employ it again
several times. The idea can also be employed for other classes of time homogeneous WMSPs,
which will be discussed in our subsequent paper.

COROLLARY 5.2. In the situation of Lemma 5.1, for any bounded Borel function f on
R™, we have

E[f(Ys, Ysy, ..., Ys,) | {Xk = ikIkes]
= E[f Yutsi: Yotz -+ Ynts) | Xtk = idies] -

PROOF. By the monotone class theorem. O

Forn € N* and A € .Z, we define ,-EZJ(.")(A) = P(A | Xp_1 = i, Xy = j) provided
that P(X,,—1 =i, X,, = j) > 0. Then i@;") is a probability measure on the space (£2, .%#).
For t > 0 we define Z,(") = Z,+:. We may regard 7Zm — {Z,("), t > 0} as a random variable
taking values on R P [0, 00), here and henceforth R P [0, o0) denotes the sample space of all
the E-valued right continuous and piecewise-constant functions.

THEOREM 5.3. The random variable Z™ on the probability space (2, .F, i@;n))

and the random variable Z) on the probability space (22, F, i@;”) induce the same prob-
ability distributions on the sample space R [0, 00).

PROOF. Form e NT,t1,...,t,m > 0andiy,...,i, € E, we have
,-@j"%Zf? =i, .., 20 = i)
= P(Z(rn+t1) =il,..., Z(r,,+tm) =ip| Xpo1=1,X, = ])

= Z P(Zgy 1)) =115 -y Z(tytty) = Ims Ttly) — Tn S 1< Tty +1) — T
L1eN,...I,eN

s s Tty — Tn St < Ttly+1) — Tn | Xp1 =1, X, =)



678 Y. LIU, Z.-M. MA AND C. ZHOU

= Z P(XG1) =01 -+ Xutly) = Ims> Tl — Tn <1 < Tl +1) — Tns
l1eN,...[,eN
s Tatly) — Tn Sl < T+, +1) — Tn | Xn1 =16, Xy =)
= Z Pttty — T <1 < Tali4+1) = Tns o+ o5 Taty) — Tn < Im < T(atip+1) — Tn
L1eN,...I,eN

| Xo—1 =1, Xn = J, X(nt1)) =15 -+ s X(ntly) = im)
XP Xty = i1 o os Xutly) = im | Xn—1 =1, Xy = J)
= Z P(T(i41) = Tt S 11 < TQ4) = T oo os TUy) — T8 = I < T2+41,) — T1
L1eN,...I,eN
| Xo=1i, X1 =/, Xayy) =it X41,) = im)
XP(Xa+1) =15 e s X(Aly) = im | Xo =1, X1 =)

= Z P(Xaiy =ity X(4dy) = Ims Ta4) — T1 S 1< T4 41) — T,
l1eN,...[,eN
e Ty — T <t < T+ — 71 | Xo =1, X1 =)
= Z P(Zrj4e) =115 -5 Lz tty) = Im»> T+ — T S H < TA444+1) — T
L1eN,...I,eN

s T ) — T St < T4, +1) — 71 | Xo =1, X1 =)
=P Zaj4n) =11y Loy ay) = im | Xo =1, X1 =)
:,»ng(.“(Z,(}) =i, .., 2 =iy
In the middle step of the above deduction we employed Corollary 5.2. The proof of the

theorem is completed by applying the monotone class theorem. a

5.2. Renewal theory. Thanks to the results obtained in the above subsection, we can
now develop a renewal theory for mirror semi-Markov processes which is of importance in
various applications.

In what follows we define

(40) D™ (k) := inf{t > Y,; Z™ =k},

and we call D™ (k) the first entry time of Z™ into the state k.
PROPOSITION 5.4. Fori,j, k€ E,t >0andm,n € N*, we have

@1 2PV k) <) =, 2D K <1) =G ),

m+n—1

m
(42) ﬂ}”(xmﬂ =k Y < t) =2 (Xm =k Y Y < t) =00,
S=n

s=1

43) 202D =l = 22" = k) = ).

PROOF. All the assertions follow from Theorem 5.3 and Corollary 5.2. We omit the
details. a
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Note that ; Q%{) (t) :=; Qk(t) coincides with the kernel of Z expressed by (38).
For the sake of future references, we rewrite the formula (37) with our present notations
in the following form.

(44) 2N <0 =20 < 1) =1 F0).

The following lemma will be used in developing our renewal equations and renewal
functional.

LEMMA 5.5. For Ay, Ay € B(RY) andt > 0, we have

n+1
45) igzj(-”(mz =k Y YueAy|Xa=17Y ¢ A1>

m=2

n+1
= jyl(2)<Xn+2 =k, Z Y € Az) ,

m=2

(46) P2 =k Xy =17 € &) = ;2727 = k),

@n PV DPW <11 Xa=111 €AY = ;2P DPU) <1). forall | £k.

PROOF. We prove only (45). The other two assertions can be proved similarly. We have

n+1
igzj('l)<Xn+2 =k, Z YmeA | Xo=1Y € Al)

m=2

n+1
=P<X,,+2=k,ZYmeA2|X0=i,X1=j,X2=l,Y1eAl)

m=2

n+1
:P(YleAl,ZYmeA2|X0:i,X1=j,X2:l,X,,+2:k>
m=2
XP(Xo=i,X1 =j,Xo=01,Xp12=k)
PXo=i,X1=Jj,Xo=1,Y1 € Ay)

n+1
=P(Y1€A1|X()=i,X1=j)XP<ZYm€A2|X1=j,X2=l,Xn+2=k)
m=2
PXppo=k| X1 =j,X2=1)
P(Yie Ay | Xo=1i,X1=)

n+1
=P(Xn+2=k|X1=j,X2=l)XP(ZYm€A2|X1=j,X2=l,Xn+2=k>

m=2

n+1
:P(X,,+2=k,ZYm €Ay | X, =j,X2=l)

m=2
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n+1
=j91(2)<Xn+2 = k, Z Y, € Az) .

m=2

Thus assertion (45) is proved. a

In what follows we shall frequently use the following notations. For ¢t > 0, we take a
partition {up}o<p<s Of the interval [0, ¢],i.e.,0 = ug < u; < -+ < Uy < U1y = t. Write
Aup = (up, ugpyny), forall 0 < h < s, du = maxy [ugy1) — unl, and A[; Q jx(up)] =
i Qi) — i Qjk(up). Write §jp = 1if j =k, and §jx = 0if j # k.

Below is our renewal equations concerning ; fx (t) and ; G ji (¢).

THEOREM 5.6. () ;fix(t) =8l — i Fj(O]1+ X e Jolj fin(t — w)1d[; Qi (w)];

(i) iGjk() = Q) + Y JoliGu( —w)]d[; Q ji(w)].

PROOF. For the assertion (i), employing the right continuity of {Z,(I), t > 0}, and ap-
plying (46), we get
D, 50
iy =120z = k)
:,»9/(.”(2,(“ — kY > 1) +,@§”(Z§” —k, Y <1)

N
: (ORA)
= 8jll =i Fi01+ ) lim 3 2 (Zy ) = koY1 € Aup, Xo = 1)
leE h=0
N

=0ull = Fj01+ ) lim 3 (225, = AL Q)

leE h=0
t
=3k[l —i Fj ()] + Z/o [j fue(t —w)ld[; Qi (u)] .
leE

For the assertion (ii), we can employ (47) to get
iG )= 2 (DD k) < 1)

=2k <. Xa=k+Y i 2DV k) <. X2 =1)
Ik

—_ .M _

=iZ; Y1 =1,X2=k)

N
: 2Dy _ _ _
+§8L1210];),9j DV k) —Y) <t —up, Xo =1,Y € Auy)

= Q@+ lim > (27 DD ®) <t — ) AL Qi (un)))

Ik h=0
t
=00+ Y [ 1[Gkt ~ w00,
1k V0
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Denote by N, (k) the number of visits to the state k by the process Z(! during the interval
(0, t]. We define the renewal functional M (i, j, k; t) of Z as the expectation of N, (k) with
respect to the probability ,-3”;1), namely,

M, j, ki 1) = E[N:(k) | Xo =i, X1 = jl.

Below are our results about the renewal functional.

THEOREM 5.7. (i) M, j.kit) =Y, ,-Qy,?(t).

.. 1

(i) 050 = Yier Jol; O (¢ —w1d[; Q1 (0],

PI}OOF. To prove the assertion (i), we write A, = I{x, ¢ y"_ y,<y forn = L.
Then Ny (k) = Y 2, A,. Therefore,

M, j. ki) =E[N;(k) | Xo =i, X1 = ]]

o
=Y ElA, | Xo=1i,X1 = j]

n=1
(e.¢] n
1
=% (X =k Y <)
n=1 m=1
(0.¢]
= 0% 0.
n=1
To prove the recursion equation (ii), we have

n+1
iQE"/l:rl)(f) = iy;1)<xn+2 =k, Z Yy < t)
m=1
(48) n+1
= Z,@j”(xz =1, Xpp2=k. Y Yu < t) .
I€E m=1

Applying (45), we get

s n+1

1 . 1

NOARIO =Z$§OZ,@; )<X2 =1 Xpp2 =k Y1 € Aup, Y Yo <1t — uh)
leE h=0 m=2

K n+1
. 1
= lim ) (@j )<Xn+2 =k Y Yn<t—up|Xa=17Y € Auh)

leE h=0 m=2

X i‘@](‘l)(XZ =1,Y € Auh))

K n+1
= lim Z (/91(2)<Xn+2 =k, Z Yim <t — uh)z%@](‘l)(xz =1Y € Auh))

m=2
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N

= Jim 37 (O« — un) AL Qjiun)])

leE h=0
t
=> / [0t — w)]1dl; Q1 (w)]. O
leE 0

5.3. Staying times and first entry times. We write ;7; and ; V}; for Y1 and DM k)
respectively when they are viewed as the random variables on the probability space (§2, %,
;9](1)). We call ;T; the staying time on the state j with the knowledge of the previous state
i, and call ; Vj the first entry time into the state k from the present state j with the knowl-
edge of the previous state i. By (44) and (41) we know that their distributions are ; F; (r)
and ;G (¢). We denote their expectations by ;«; and ; u i respectively. With the renewal
equations obtained in the last subsection we can establish the following relation.

THEOREM 5.8. ujk =oj + Zl;ék Pjr - jiik-

PROOF. Taking the Laplace transforms of both sides of the assertion (ii) in Theorem
5.6, we get

iGH () = Q% () + Y jGir(s) - Q% (s).
Ik
By (38), we have ; Q k(1) = i Fj(t) - Pjk. Therefore
iG(s) =i Fj(s) - Pjx + Z/G;kk(s) SHORN TP
Ik

Taking the derivative for s and then letting s = 0, we obtain

itjk = Pji-ioj + Z(,-/le +ij) Pji

1#k
=Zsz i +Z,~M1k - Pji
I€E 1#k
=iaj+Zle'jﬂlk- U

I#k
Sometimes we need to study the staying times and the first entry times without knowing
the previous states. But for a mirror semi-Markov process the conditional distribution of Y,
in general depends on both the current state X,, and the previous state X, _1, which brings us
some extra difficulty. To deal with it we introduce the following quantity:

(49) o = P(Xy1=i|Xy=j), foralln>1, icE, jekE,

provided that P(X, = j) > 0. Note that if P(X,, = j) > 0, then {cf;l)},-eE forms a probabil-
ity distribution on E. We call cf;l) the contribution probability from the state i to the state j
(at the n step). The concept of contribution probability was first introduced and employed in

[9].
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In practice we often wish the contribution probabilities are independent of n. In this
aspect the following simple lemma is useful.

LEMMA 5.9. Suppose that the embedded Markov chain X admits a stationary distri-
bution I1 = (7;)icg with w; > 0 for all i € E, and the initial distribution of X¢ is I1. Then
foreachi, j € E, cl.(j'.') =: ¢jj is independent of n.

PROOF. Let P;; be the transition probability of X. Then by the assumption of the lemma
we have

PiP(X,—-1=i) Pjm

(n) . . ij n j

50 iii=C-.. :P X 1 = X = = = s

(50) Cij Cij Xp—1=10|Xn=)) P(Xn = J) 7

which is independent of . O

When the contribution probabilities cl.(j'.l)
the first entry times without knowing the previous states will be also independent of n. We

summarize it in the proposition below.

s are independent of n, the staying times and

PROPOSITION 5.10. Suppose that for eachi, j € E, cf;.l) =: ¢;j is independent of n.
Then the following assertions hold.
(1) Fj():=PW <t|X1=j)=P¥, <t|Xy=j)=) iFj(t) cij.
icE
(52) Gu(t):=P(DVW) <t|X1=j)=PDPk) <t|Xy=j)=) iGjxlt)-cij.
ieE
PROOF. We prove only the first assertion, the second assertion can be proved similarly.
PWp<t|Xp=j)=) Py <t.Xy1=i|Xy=})
icE
=Y Py <t| Xy =i Xo=)PXy1=i|Xy=])
icE
=Y PM <t|Xo=i,X1=/)P(Xo=i| X =)
icE
ZZ,'FJ'(I)-C,']‘. O
icE
In what follows we assume that the contribution probabilities cl.(j'.')s are independent of n.
We write T for Y1 whenitis viewed as a random variable under the probability P(- | X1 = j),
and write Vi for DD (k) when it is under the probability P(- | X1 = j). We call T; the
staying time on the state j without knowing the previous state, and call Vj; the first entry time
into the state k from the present state j without knowing the previous state. We denote their
distributions by F;(¢) and G j(t) (cf. the above proposition), and denote their expectations
by a; and p j respectively.
The results below will be used in the next section.

THEOREM 5.11. We have the following relations among the expectations.
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() wjk = Dick Cij - il jks
(i) aj =2 g cij - iv),
(i) pjx = oj + D Pjr - jHik.
If in addition the assumption of Lemma 5.9 is fulfilled, then we have further
(V) pyy = HLT
PROOF. The assertions (i) and (ii) are direct consequences of (51) and (52), and the
assertion (iii) follows from (i), (ii) and Theorem 5.8. By the assertion (iii) and the formula

(50) we have,
Z?Tj~,ujk=Z7tj-aj+ZZﬂj~Pj1-j,ulk

jEE je€E JEE I#k

=an~cxj~l—22m-0jl-jum

JEE JEE l#k
IZﬂj S +ZTU - Uik -
jeE Ik

Namely ZjeE Tj - = Mg - [Lkk, thus the assertion (iv) is obtained. O

6. Two results about limit distributions. In this section we discuss two results about
the limit distributions of WMSPs. We show that under certain conditions the limit distribu-
tions of WMSPs are equal to the proportion of their average sojourn times. Hence the limit
distributions play essential roles in computing page importance on the Web.

6.1. Limit distributions for semi-Markov processes. In this subsection we assume
that Z = (X, Y) is a time homogeneous semi-Markov process with a discrete state space E.
Assume further that ¢ := Zkzo Yr = oo and X is an irreducible, recurrent Markov chain.
For fixed state j € E, we define
& = inf{n > 0; X,, = j},
& =inf{n > &; X, = j},

& =inf{n > §,_1; Xy, = j},

Recall that 7, = Z;é Y.

(n) (n)
LEMMA 6.1. Define Vj]r-l = Tgy, — T, and Tjn = Tg,+1) — g, = Yg,. Then
{Vj(j'.'), n > 0} are i.i.d. random variables, and {Tj(n), n > 0} are i.i.d. random variables.
PROOF. The assertions are more or less classical. We give only a sketch of the proof. It
is easy to check that {§,, n > 0} is a set of stopping times of X. By the strong Markov property

and time homogeneity of X we know that &1 — &y, 2 — &1, ... are i.i.d. random variables.
Note that &, &, ... are all & X measurable and Y1, Vs, ... are conditionally independent to
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each other given .Z ¥, from which together with the time homogeneity of Z we can obtain the
desired assertions. a

We denote by F;(t) and G;(¢) the distributions of Tj(l) and Vj(jl), and by «; and uj;
their expectations respectively. The readers may refer to the last subsection, in particular
(51) and (52), to compare the corresponding concepts and notations for mirror semi-Markov
processes.

Theorem 6.2 below is also more or less classical (cf. e.g. p. 217—p. 219 in [7]). We
include a complete proof here because it is our base for deducing the corresponding result on
mirror semi-Markov processes in the next subsection.

THEOREM 6.2. Forfixed j € E, iij(jl) is not a lattice random variable and w j; =
EV/.(/.I) < 00, then f; :=1lim; o P(Z(t) = j) exists and

o _ o Jo liz=ds
(53) fi =L = jim BET
J
’LL// t—00 t

If in addition X admits a unique limit distribution I1 = (7;);cE, then we have further
oI
it

(54) fi= .

Dick %iTi

PROOF. Using the notation Z, = Z%_H, we can regard the process {Z,,t >0} asa

renewal process which starts from the state j and returns to the state j when the next renewal

occurs. The lengths of time period between two successive renewals form a family of i.i.d

random variables {Vj(j'.l)}nzo, and the variable V j(/'.') can be divided into two successive parts:

Vj(]’.l) = Tj(") + T;Z}), where T;Z;) denotes the length of the time period within the n'" circle
during which the process Z; is not on the state Jj. In this way, {Z:,t > 0} can be regarded as
an alternating renewal process taking two values ‘j * and ‘non j’ alternatively in the periods
Tj(o), T;g}), TJ.(I), T;(élj), .... By the theory of alternating renewal processes (cf. e.g. p. 169—

p- 170 in [7] and p. 286—p. 290 in [25]), we have
(1 (1
E(Tj ) _ E(Tj ) _ Olj
(1) 1) (1) o
E(Tj )—i—E(T#j) E(ij) Hjj

lim P(Z; = j)= lim P(Z, = j) =
r—00 r—o0

Denote by th =#{n e N; X, = j, 1, <t}. Applying the strong law of large numbers
we get
1 t j
Johiz=pds _ Jo lz=pds N 100 @y
t NSt wij
verifying the assertion (53).
We now verify the assertion (54). Denote by N](n) the number of times that X visits the

state j in the past n transitions. By the ergodicity theory we know 7; = lim,, oo N/(.") /na.s.

Let p;") be the proportion of staying time on the state j during the previous n transitions.
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(n)

According to (53), we have f; = lim, pj - a.s. Recall that Tj(k) represents the staying

time of the k-th visit on the state j, we may rewrite p( 2

N(n)
(k)
221 T

N() )
22t T
N(n)

N
n (n) Zk

(n) (n)
N N
T(k)

Zi n N(n) Zk 1

pﬁ")

() ®
1T

Taking the limit in the above equation and applying the strong law of large numbers, we obtain

1
”jE(Tj( ) Tioj

j - - 1)
> 7TiE(T,'(1)) Diek i

verifying the assertion (54). a

6.2. Limit distributions for mirror semi-Markov processes. Let Z = (X,Y) be a
time homogeneous mirror semi-Markov process with a discrete state space E. We assume
that ¢ := Zkzo Yy = oo. It can be uniquely determined by the following regime:

Yo Y Y,
Xo =3 X| —> - X, 5 ...

We now let £ = {(i, j); Pij > 0}, X = {X, = (X, Xp41)in = 0} and ¥ = {4131 = O).
Then Z = (X,Y) is a simple WMSP with state space E’, and is a special case of a semi-
Markov process. It can be described by the following regime:

Y Y. n
(Xo. X1) 25 (X1, X2) 23 o (X Xgr) 255
Use the notation N, = max{n > 0; Y ;_, Y& < t} (with the convention max ¥ = 0). Then
the process Z, defined by (5) and (6) with (X, Y) replaced by (X Y ) can be expressed as
7, = X . In what follows the corresponding notations related to Z will be marked by the
superscrlpt .

THEOREM 6.3. Suppose that the embedded Markov chain X admits a unique station-
ary distribution 17 (Jri),-eE with t; > 0 for all i € E, and the initial distribution of Xo is
Il. Let j € E. If (l /)(z 7 is not a lattice random variable and L j)i,j) = EV(l Hij) <
forall (i, j) € E'. Then fi=lim;_ oo P(Z(t) = j) exists and

t
o oI l{z,=jyds
(55) f/ — J — J7v] — llm -[0 {Zs ./} , a.s .
Mjj  Diep®iTi 1~ t
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PROOF. By the assumption of the theorem we can verify that X is irreducible and
recurrent. Applying Theorem 6.2, we have

t
5o 1,5 . ..ds
o A a -
t—00 M(i,j)(i,j) t—00 t
Then
lim P(Z(Yo+1) = j)= lim P(_nga) = (i, )))
e
= lim » " P(Z(t) = (. )))
11— 00
ieE
t
1, .. ..ds
= lim 7&) (2, =)} , a.s.
t—00 t
ieE
t
f 1,50 .ds
= lim 0 =i . a.s.
t—00 t

Employing the notations and results of Theorem 5.11 in Section 5, we have

Z(m,n)eﬁ’ &(m,n)f[(m,n)
(i, j)
Z(m,n)EE"’ mOn * T~ Pyn

T P,'j

i, )i, ) =

_ Z(m,n)EExE m®p * TTp * Cmn

Njc,-j
_ ZneE Onln
JT/'C,'/'
_ M
Cij

Therefore
lim P(z(Yo+n = j)=lim P(|J20) = G. )
ieE
= lim ¥ P(Z() = (. )
ieE
-y )
iop MGG

_ Cij - 4G.))

F Cij MGG

B AL

icg  Mii
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aj ;T
Kjj  Diep %
Hence we get
t
o Jo Uzyyss=i1ds

o
lim P(ZWo+1) = j) = —L = —IF  — Jjy L2027 0 4.
fim, P ) Wjj D ®imi 1= t

Due to the fact that Yy < oo a.s., we conclude that f; := lim, o P(Z(t) = j) exists and

fo o AT Jolzeads 0
Hjj  Xiep®imi 170 t

7. A remark on simple WMSP. A key step in proving Theorem 6.3 is to reduce the
mirror semi-Markov process into a simple WMSP. This idea is powerful and can be applied
to more general cases, which reveals that the class of simple WMSPs is of importance in
theoretical study.

Suppose that Z = (X, Y) is a time homogeneous (after ng) WMSP with a discrete state
space E. Let S,, S,f ,S,,d, d * and d~ be the corresponding notations specified in Section
4. IfS, ={n—d-,...,n—1,n,n+1,...,n+d") foreach n > ng, then we can use the
following method to reduce Z into a simple WMSP.

We define £ = {(1,...,iq);i1,...,iq € E}. For (i1, ...,iq) € E and (j1, ..., ja) €
E , we define

Pj, if ix = jr—1, forall k=2,...,d,

0 otherwise ,

P(Gro - via), Groeeovja)) = :

where P;; is the original transition probability of X. We set
Xn = (XVH»nofd” ey Xn+n0_1, Xn+n0, Xn+n0+1, ey Xn+n0+d+) 5 forall n > 0.

Then the process X = {)A( n, 1 > 0} is a Markov chain on the state space E with the transition
probability:

P = {P((i1s---ia)s Gtse-vsja))} -

We write ¥ = {Yn+,,0, n > O} Then the new process Z=(X,Y)isa simple WMSP
with the state space E. Moreover, Z inherits time homogeneity from Z. By this method, in
some cases we can borrow the results of simple WMSP for the study of a time homogeneous
WMSP, as we have done in the proof of Theorem 6.3. But we should aware that during the
course of inducing a general WMSP Z into a simple WMSP 7, we may also lose some good
properties of the original WMSP. For example, suppose that the embedded Markov chain X of
the original Z is irreducible, and that there exists a pair of states {i, j} C E such that P;; = 0.
Then the new Markov chain X will never reach the states (J1s .-+, ja) of E which contain the
ordered pair {i, j}, and hence the new embedded Markov chain X will become reducible.
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8. Applications to Web page ranking. In this section we explore how the framework
of WMSP can be applied to the study of web page ranking. Recently the authors in [9, 10]
found that the page importance is mainly affected by two factors: the page reachability, the
average possibility that the surfer arrives at the page; and the page utility, the average value
that the page gives to the surfer in a single visit. The page reachability can be quantized as the
value of the stationary distribution of the embedded Markov chain, and the page utility can be
quantized as the mean staying time on a page. Thus the page importance can be represented
as the product of these two trackable factors. We show that the framework of WMSP is very
suitable to analyze the page importance in this way. The framework can cover many existing
algorithms including PageRank, TrustRank, and BrowseRank as its special cases. We show
also that the framework can help us design new algorithms to handle more complex problems.
For example, we can employ mirror semi-Markov processes to design MobileRank, handling
mobile Web which differs a lot from the usual Web structurally.

8.1. PageRank and discrete time Markov processes. PageRank is one of the most
famous link analysis algorithms for the page importance ranking. It was proposed by Brin
and Page in 1998 [4, 27], and has been successfully used by the Google search engine. In this
algorithm, a PageRank matrix is constructed by the link graph, and the surfing on the Web is
modeled as a discrete time Markov chain with PageRank matrix as its transition probability
matrix. It employs a power method [11] to calculate the stationary distribution of the Markov
chain. Accordingly the stationary distribution is interpreted as the PageRank values of web
pages (see Langville and Meyer [18]). Here we briefly describe the discrete time Markov
process employed in PageRank.

We regard the hyperlink structure of web pages on a network as a directed graph G =
(V,E). Avertex i € V of the graph represents a web page, and a directed edge z—; e E
represents a hyperlink from the page i to the page j. Suppose that V| = N. Let B =
(Eij)NxN be the adjacent matrix of G and l;,- be the sum of the i-th row of B, i.e. I;i

ley:l B,-j. If b; = 0, then we let all entries of the i-th row of B equal to 1. By this way we
get a modified matrix B. Denote by b; the sum of the i-th row of B and by D the diagonal
matrix with diagonal entry b;. Now, we construct a stochastic matrix P = D~ B.

When a surfer browses on the Web, he may choose the next page by randomly clicking
one of the hyperlinks in the current page with a large probability « (in practice it is often
set « = 0.85), which means that with probability «, the surfer may randomly walk on G
with transition probability P; while with probability (1 — o), the surfer may also open a new
page from the Web, and the new page might be selected randomly according to his personal
preference @, which means that he walks randomly on G with transition probability e’ ¢,
where e is a row vector of all ones, and ¢ is an N-dimensional probability vector (in practice
it is often set ¢ = e/N for simplicity), which is called the personalized vector. Combining
the above two random walks, an irreducible transition matrix, the so called PageRank matrix,
is formulated as follows,

(56) P=aP+(—a)l¢.
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The browsing behavior of a random surfer is then modeled as a discrete time Markov process
X with the transition matrix P specified by (56). As has being illustrated in Example 1 of
Section 3, it is a special WMSP. In the framework of WMSP, we may write itas Z = (X, Y)
with Y,, = 1 for all n.

In practice, researchers assume usually that the Markov chain X is aperiodic due to the
huge number of web pages. Then by the ergodicity theorem, X admits a unique stationary
distribution I1 = (71, 72, . .., ), which satisfies

N
(57 nN=mp, and )  m=1.

In PageRank, the page reachability is computed as the above stationary distribution I7,
and the page utility is equal to one for all pages under the assumption that all pages are equally
useful for the random surfer, which is indicated by P(Y,, =1 | & X )=1, foralln > 0.

As TrustRank is a modified PageRank by starting the iterative process from a reliable
seed set, it can also be covered by the framework of WMSP. Similarly, other models of
PageRank-alike algorithms can be regarded as special cases of WMSPs.

8.2. BrowseRank family and simple WMSPs. Although PageRank has many ad-
vantages, recently people have realized that it has also certain limitations as a model for
representing page importance. For example, the link graph, which PageRank relies on, is not
a very reliable data source, because hyperlinks on the Web can be easily added or deleted
by the web content creators. It is clear that those purposely created hyperlinks (e.g. created
by link farms) are not suitable for calculating the page importance. To tackle the limitations
of PageRank, recently a family of new algorithms called the BrowseRank family has been
proposed [19, 20, 21].

The BrowseRank algorithm was first introduced in [19], where the browsing behavior
of a random surfer is modeled as a time homogeneous continuous-time Markov process (i.e.
Q-process) {Z;,t > 0}, which is called the user browsing process. By the algorithm one
should collect the user behavior data in web surfing and build a user browsing graph, which
is different from the traditional link graph, refer to [22] for more details. The process takes its
values in the state space V consisting of all the web pages in the user browsing graph. Thus
the user browsing process Z contains both user transition information and user staying time
information. The evaluation of Z, at time ¢ represents the web page that the random surfer
is browsing at the time point ¢, where t may take value in the set R of all the nonnegative
real numbers. Afterwards, a number of variations of the algorithm, which we refer to as
the BrowseRank family, were introduced and discussed in [20, 21]. The browsing processes
modeled in the BrowseRank family are not necessarily Q-processes, but they are all time
homogeneous simple WMSPs as described by Example 4.5 (A) in Section 4.

For a time homogeneous simple WMSP Z = (X, Y), the conditional distribution of
the random variable Y;,, depends only on X,, which means that the length of staying time
on a page depends only on the current page itself. Moreover, by the time homogeneity the
conditional distribution is independent of n. We introduce a random variable 7; representing
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the staying time on the state i. Then the mean staying time on the page i can be calculated by
the following formula,

o == E(T}) = /ootFi(dt)-
0

For a browsing process Z = (X, Y), the embedded Markov chain X is always constructed
to be irreducible and recurrent. Then we can calculate the page importance of web pages by
Theorem 6.2. In particular, if the browsing process Z is a Q-process, then the distribution
function of 7; is given by F;(¢) = 1 — e forall t > 0. Here A; is a parameter which
depends on the page i. In this case the mean staying time on the page i can be explicitly
calculated as follows,

(0.¢] (0.¢] 1
o = E(T}) = / 1 F;(dr) = / e Mldr = —.
0 0 Ai
Let IT be the the unique stationary distribution of X determined by (57). Then the page
importance, which was called the BrowseRank score in [21], can be calculated by (54) as
follows,

fi=02 foralli € E,
A
-1
where 6 = (ZjeET[j/)‘j) .
In fact in [21] the authors discussed 8 variations of BrowseRank algorithms family.
Among them 4 variations (BR(M, -) family) are based on simple WMSPs, and 4 variations
(BR(A, -) family) are based on Q-processes.

8.3. ExtBrowseRank and semi-Markov processes. In the algorithms mentioned
above, the staying time on a page is assumed to depend only on the current page and to
be independent of other pages. As a first approximation this assumption is acceptable. But if
we want to have a more accurate model, we will find that this assumption is too rough. Ac-
tually, when a user is browsing on web pages to search some desired information, sometimes
the staying time will not depend only on the current page, but depends also on the next page.
For example, if he finds a hyperlink directing to a very interesting page, or he is attracted by
a beautiful advertisement displayed on the page, he may immediately jump to the next more
attractive page, without completing his current reading. In this situation we may employ a
semi-Markov process to model the browsing behavior of the user.

Let Z = (X,Y) be a semi-Markov process which is employed to model a browsing
behavior. The (conditional) distribution of the random variable Y,, depends on two successive
states X,, and X1, which means that the length of the n-th staying time depends not only
on the current page, but also on the next page which the user will visit. Suppose that Z
is time homogeneous. Then the distribution will be independent of n. We may introduce a
random variable T;; representing the staying time on the state i by knowing the next state j.
We introduce also a random variable 7; representing the staying time on the state i without
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knowing the next state. By (35) and (36) we have:

0ij (1)

Fij(t)ZP(Tijft)ZP(Yn§t|Xn=iaXn+1=j)= P
i

By the formula of the total probability we have,

(58) Fi(t):= P(T, <t) =Y _ Fij(t)P;j .
JEE

Similarly as the BrowseRank algorithm, we define the page reachability as the stationary
distribution of the embedded Markov chain X if it exists, and define the page utility as the
mean staying time on the considered page. Therefore, the page importance can be calculated
by equations (53) and (54). The stationary distribution /T involved in (54) can be determined
by (57). To compute the mean staying times, we may design the following extension of the
Browserank algorithm, which we call the ExtBrowseRank algorithm.

We denote by «;; the expectation of T;;.

Step 1:  Suppose that the transition probability matrix P of X, and the time information
a;j, foralli, j € E have been estimated from real users browsing log data.

Step 2: Estimate the distribution function of staying time on page i, forall i € E, by
(58) mentioned above.

Step 3: Compute the mean staying time ¢;, foralli € E, by (59) below.

m=/mmmn

0
(0.¢]

(59) = / 1Fij Fij(do)

jeE 0

= Z P,'j Qjj .
JEE
Step4: Compute the page importance scores according to (60) below, which is deduced

also from (54).

i Y jek Piji)

DicE (”i ZjeE Pij“ij) .

8.4. MobileRank and mirror semi-Markov processes. Inrecentyears a new type of
Web structure, namely mobile Web structure, developed rapidly. Mobile Web differs largely
from general Web in several aspects. For example, the topology of the mobile Web graph
differs significantly from that of the general Web graph [17]. Because the owners of websites
on mobile Web tend to create hyperlinks only to their own pages or pages of their business
partners. Consequently there are more disconnected components in the mobile web graph,
and links do not always mean recommendation, but often mean business connection. In this
situation, it is clear that the scores computed by existing algorithms like PageRank may not
reflect the true importance of the pages. By employing mirror semi-Markov processes, the

(60) fi=
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authors in [9, 10] proposed a new algorithm called MobileRank for computing the page im-
portance on mobile Web. Actually they found a new way of calculating mean staying time.
Here we just briefly introduce part of the related work. For more details the reader is referred
to [9, 10].

Let Z = (X, Y) be a time homogeneous mirror semi-Markov process which is em-
ployed to model a browsing behavior on mobile Web. Then the staying time Y, depends not
only on the current page X,,, but also on the inlink page X,,—;. This means that the mirror
semi-Markov process has the ability to make use of the inlink information for promoting or
demoting staying time on the current page. For example, if an inlink is from a partner web-
site, then the user may demote the staying time of visits from the website. Introduce a random
variable ; T; representing the staying time on page i by knowing the previous page k (cf. the
beginning of Subsection 5.3). By (37) and (38) we have
K Qij (1)

CFit) = PGT; 1) = P(Yy < 1lXm1 =k, Xy =) = =7
1

Suppose that the assumption of Lemma 5.9 is fulfilled. By (51) and (50) we obtain

Fi(t) = ZkFi(f)Cki — > ke kFi (1) Primy 7

T
keE !

where {ci;} is the contribution probability introduced in Subsection 5.3 and {m;} is the sta-
tionary distribution of X. Then we can calculate the expectation of F;(t), which is called the
mean staying time on the state i in [9], by the formula below,

m=/wmmn

0
Py e
- “k/rwmo
i 0

TT,
keE

_ Z ki Primi
keE T

Further we can calculate the limit distribution f; := lim;_, o, P(Z(t) = i) of Z by the
formula (55) as follows,

> keE ki Primy
Yicr (Xker ket Pimi)

By Theorem 6.3 we know that f; is the proportion of the average sojourn time on the page i.
Therefore it was used in [9] as the page importance score.

fi= , forall i e E.
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