Tohoku Math. J.
63 (2011), 651-663

STABILITY OF A STATIONARY SOLUTION
FOR THE LUGIATO-LEFEVER EQUATION

TOMOYUKI MIYAIJI, ISAMU OHNISHI AND YOSHIO TSUTSUMI

(Received January 26, 2011, revised May 6, 2011)

Abstract. We study the stability of a stationary solution for the Lugiato-Lefever equa-
tion with the periodic boundary condition in one space dimension, which is a damped and
driven nonlinear Schrodinger equation introduced to model the optical cavity. In this paper,
we prove the Strichartz estimates for the linear damped Schrodinger equation with potential
and external forcing and investigate the stability of certain stationary solutions under the initial
perturbation within the framework of L2,

1. Introduction and main theorem. We consider the stability of a stationary solu-
tion for the nonlinear Schrodinger equation with damping and spatially homogeneous forcing
terms:

9 . 200
(D) —A=—-(14+i0)A+ib"—A+i|lA|"A+ F,
ot 9x2
t>0, xeT=R/2rZ.

Here, A denotes the slowly varying envelope of the electric field, & > 0 denotes the de-
tuning parameter, and » > 0 denotes the diffraction parameter. Let F' > 0 be the spatially
homogeneous input field. In [12], Lugiato and Lefever present the equation (1) to model the
so-called cavity soliton in the ring or the Fabry-Pérot cavity oscillator (see also [1], [2], [3],
[9]). The existence and the stability of spatially nonhomogeneous stationary solutions for (1)
have been studied by the authors [13]. In this paper, we prove the Strichartz estimate for the
linear Schrodinger equation with potential and external forcing and investigate the stability of
certain stationary solutions for (1) given in [13] under the L? perturbation. We decompose the
solution A(¢) of (1) into effective dynamical components, following Buslaev and Perel’man
[6] (see also Soffer and Weinstein [15]) and show the a priori estimates of those effective
dynamical components, which ensure the asymptotic stability of stationary solution for (1).
There are many papers on the asymptotic stability of a family of equilibria in the setting of
nonlinear parabolic equation (see, e.g., Exercise 6 in Henry [11, Section 5.1]). In the case
of nonlinear parabolic equation, the smoothing property and the fractional power of infini-
tesimal generator for the holomorphic semigroup are useful. But, in the case of nonlinear
Schrodinger equation, the Strichartz estimate plays a crucial role, which enables us to treat
the rougher perturbation than the H! perturbation in the previous papers (see, e.g., Ghidaglia
[10], X.-M. Wang [16], and Miyaji, Ohnishi and Tsutsumi [13]).
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THEOREM 1.1. Assume D is a stationary solution of (1) such that the spectrum of
the linearized operator around D for the stationary equation associated with (1) lies in {z €
C; Rez < —a}U{0} for some o > 0 and the eigenspace corresponding to the zero eigenvalue
is a one dimensional subspace in L* spanned by 3, D. Let Ao € L? and let ¢ > 0. For c € R,
we put

D.(x) =D(x +c).
Then, there exist § > 0 and 0 < co < 27 such that if the initial data Ay satisfies
Ao — Dll;2 <8,
we have
sup[ inf |JA(t) — Dcll;2] < ¢,
>0 0=c<2m

IA@#) — Deoliz — 0 (7 — 00),
where A is a solution of (1) with A(0) = Ayp.

REMARK 1.1. (i) Itis known that there exists a spatially nonhomogeneous station-
ary solution of (1) satisfying all the assumptions in Theorem 1.1 (see Theorems 2.1 and 2.2
in Section 2).

(ii)) If we consider the equation (1) and the initial perturbation within the framework
of H', it would be slightly easier to prove Theorem 1.1. Indeed, H' C L in the one
dimensional case and the a priori estimates in H! needed for the proof of Theorem 1.1 follows
from the energy estimates only. We note that Theorem 1.1 can cover the L? perturbation,
which belongs to a bigger class than H'.

The present paper is organized as follows. In Section 2, we summarize results on the
existence of a stationary solution and the spectral analysis of the linearized operator, which
are mainly proved by the authors [13]. In Section 3, we show the Strichartz estimate of the
linear Schrodinger equation with complex potential and shift terms, which plays a crucial role
in the proof of Theorem 1.1. Finally, in Section 4, we give a sketch of the proof of Theorem
1.1.

2. Existence of a stationary solution and linear stability. In this section, we sum-
marize the results on the existence of a stationary solution and the spectrum of the linearized
operator, which have been obtained by the authors [13]. Let the spatially homogeneous sta-
tionary solutions Ag be defined as follows.

@ A z A5
= 0, o = B
STIri0-w s
where « is uniquely determined by the condition
(3) F2P=afl+(@—0)%, 6 <+3.

We now consider the stationary Lugiato-Lefever Equation and change the unknown func-
tion A to B as follows. Set A = Ag(1 + B). Then, B satisfies
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4  0=—(+i0)B+ib*3’B+ia(2B+ B+ B> +2|B> +|BI*B), xeT.

REMARK 2.1. Instead of F, we regard « as a bifurcation parameter. In that case, Ag
and F are determined for given « through (2), (3).

We first state the existence theorem of spatially nonhomogeneous stationary solutions
which bifurcate from the spatially homogeneous stationary solution Ag.

THEOREM 2.1. There existb > 0, V3>0> 0, n >0, neN, By € C such that
the equation (4) has a family of solutions {(x(s), B(s)) € R x H?; —n < § < n} satisfying
the following conditions

B(s) =sBgcosQmanx) +r(s), se€(—n,n),
Ir()llg2 =o(s) (s — 0),
r(s) L span{cos(2mnx)},
r(',.x):r(',—.x), XETv
) =1- 22 o) (= 0)
as)=1— ———=s"+o(s s — 0).
9(2 — 0)2
For the proof of Theorem 2.1, see Theorem 3.1 in [13, pp. 2071, 2072].

We next consider the spectrum of the linearized operator and the linear stability of sta-

tionary solutions given by Theorem 2.1. We set

As(1 4+ B(s)) = w(s) +iz(s), s e (=nn),

where w and z are real-valued functions.
Let L be the linearized operator around (w, z) for (1):

) B —1—2wz —Apg—2Vi+V_
C \Apg +2Vi+ Vo —14+ 2wz
where
Apg=b*32—0,

V:|:=w2 + 72,
THEOREM 2.2. Assume 0 < 0 < 41/30. Then, there exist )’ > 0 andy € C((—7/,
n'); R) such that y (s) > 0 (0 < |s| < 7n'), y(0) = 0 and
o(L)yCc{zeC; Rez <—y}U{0} O<Isl<n).

In addition, when ' > |s| > 0, the eigenspace belonging to the zero eigenvalue of L consists
of the derivative of the stationary solution (w, z), which is an odd function.

For the proof of Theorem 2.2, see [13, pp. 2071, 2072].

REMARK 2.2. We can completely analyze the spectrum of the linearized operator near
the bifurcation point. Because at the bifurcation point, the linearized operator around the
homogeneous stationary solution is reduced to the Sturm-Liouville operator with constant
coefficients.
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REMARK 2.3. Theorem 2.2 implies the linear stability of stationary solutions given
by Theorem 2.1 for 8 < 41/30 within the framework of even functions (in fact, the nonlinear
stability is proved in [13]). In the ODE case, it is well known that when all eigenvalues of
the linearized operator have negative real part except for the zero eigenvalue and every orbit
starting from a neighborhood of stationary solution has a non-empty w-limit set, the stationary
solution is nonlinearly stable (see, e.g., [4, Proposition 1.1]). In the nonlinear PDE case,
the situations are more complicated, but suitable a priori estimates often ensure the similar
conclusion as the ODE case.

REMARK 2.4. It can be proved that when 6 > 41/30, the stationary solution given by
Theorem 2.1 is nonlinearly unstable (see [13]).

3. Strichartz estimate. In this section, we prove the global Strichartz estimate in
time for the Schrodinger equation on one-dimensional torus with linear time-independent
potential and external forcing.

(6) iou=—0*u+Vu+f, t>0,xeT,
(N u(0, x) = up(x).
We assume the following two hypotheses:
(A1) V is acomplex-valued function in L°°(T),
(A2) There exists y > 0 such that
(i@ —V) clzeC;Rez < —y).

REMARK 3.1. (i) We note that (A2) is equivalent to the condition that there exists

y > 0 such that
Re(—i(3; — V)v,v) = y[vl7,. veH'.

This implies that the potential V has a damping effect, which yields the global Strichartz
estimate in time for (6).

(i1)) The linearized equation of (1) has the form : id;u = —Bfu + Viu + Vou. This
includes the conjugate linear term V>u. But the Strichartz estimate of this equation can be
proved in the same way, if we replace (A2) by the condition that there exists y > 0 such that

Re(—i(3; — Vv +iVa, v) = y|vl3,, veH'.

We set
Up() = "%, U@ ="V Ry =(0,00).

We first give two lemmas, which are useful for the proof of the Strichartz estimate of (6), (7).
We begin with the Christ-Kiselev lemma (see [8, Theorem 1.2]).

LEMMA 3.1. Let X, Y be Banach spaces andlet T > 0. Assume K (t, s) is continuous
from [0, T] x [0,T]to B(X,Y)andthat1 < p < q < oc. We put

T
Sf(t)=/ K(t,5)f(s)ds,
0
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t
Sf(@)= / K(t,s)f(s)ds.
0

Assume that
ISfllLaco,y:vy < ClfllLrco,1):x) -
Then, we have

IS flliaco.1y:v) < CllflLeco.1y:x) -

For the proof of Lemma 3.1, see [14, Lemma 3.1].
The following lemma is concerned with the Strichartz estimate of (6), (7) without poten-
tial (see [3, Propositions 2.1, 2.33]), which is traced back to Zygmund [17].

LEMMA 3.2. We have

100 (uollL40.2m)x1) = ClluollL2(ry »

t
/ Uo(t —s)f(s)ds
0]

<C ,
Loz ~ S5 +2m <)

where 1y is an arbitrary real number.
For the convenience of the reader, we present the proof of Lemma 3.2.
PROOF. We show the first inequality. By the Fourier expansion, we have
1 - imx
uy = \/T_n Z uo(m)e'™ |

m=—0oQ

e¢]

2
fo(m) = L / i uo(x)e ™" dx .
V2m Jo

Then, since we have

| — o
Uo(tuo = —z= D dig(m)e™"" =),
2 m=—00
a simple computation yields
2w 4
/f |Uo(t)uol|” drdx
TJ0
L[ [T ot ian
®) =-—5 X // io(m1)ito(ma)ito(m3)ito(m4)
(2m) Y
m3,my

i(m2 2_ 2 2 : _ _
xe i(my+m5—m3 m4)tel(m1+m2 m3—nma4)x ditdx .

On the right-hand side of (8), the integrals vanish unless
m%—l—m%—m%—mizo, mi+my—m3—my =0
mp =ms, nmip =my,
or
my = my, mz =ms3.
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Thus, the right-hand side of (8) is equal to:

2(Xtiotnn?) (X lioma) ) = 2luol}p, -

mi ma

We next show the second inequality. We put

1‘0+27[
G:/ Up(t —s5)f(s)ds.
fo

The first inequality proved above yields

to+2mw
9 1G4 (g, 19427y xT) = C‘ / Uo(—s) f(s) ds
19 LX(T)
On the other hand,
1‘0-‘1-271 2
‘ / Uo(—) £ (s) ds
19 LX(T)
1‘0+27[
=(ro [ vos =556 as)
0]
1‘0+27[
<cC H Uo(s — s') f(s')ds’ :
- ||f||L4/3((t0,t0+2n)><T) /;0 ols =) f(S) s L*((10,10+27) xT)

where (-, -) denotes the inner product of L2((g, fo + 2) x T ). Combining this inequality
and (9), we have

1G] e 12y = CNFN L83t 271 -
This and Lemma 3.1 imply the second inequality. ]

We first consider the Strichartz estimate for (6), (7) without external forcing term.
THEOREM 3.3. Assume (Al) and (A2). Let 0 < y’ < y. Then, we have

le”" U 0ol g, 12y < Clluoll 2y

le” " U @uoll g, x1) < Clluoll 2y -

PROOF OF THEOREM 3.3. The first inequality follows immediately from (A2) and the
standard L? inequality. For the proof of the second inequality, we consider the Cauchy prob-
lem of (6) with initial data prescribed at t = fo, where #9 > 0. By Duhamel’s principle,

u(t) =Uo(t —to)ulto) —iF(t), t=to,

t
F()= / Uop(t —s)Vu(s)ds .
1

0
If we can prove

(10) W 24 (1o, to2my x1y = Clltll oo qag, g2y 221 -
then, for any n € N U {0}, we have by Lemma 3.2

(D Mullpa@rn2nmrysn < Clu@ren)llp2qy + Cllull Loo(2rn.27(mi+1)): L2T)) -
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On the other hand, for 0 < ¥’ < y, (A2) yields

/

y+vy
1U@uoll 2, < € exp(— ol 2y, 12 0.

We use this inequality to bound the two terms on the right-hand side of (11) by

Cexp(—n(y + v m)luoll L2, -
Accordingly, we conclude that for 0 < y’ < y,
(0.¢]

't 2rny'n
le? "ull g,y < D€ Ml L (@rn 2w (ut 1) <D
n=0

o

<CY e M ug 2
n=0

< Clluoll 21y »

which implies Theorem 3.3.
It remains only to prove the estimate (10). We easily see by Lemma 3.2 that

to+2mw
/ Uo(t —s)f(s)ds
1

0

L4((t9,t0+2m) xT)

to+2mw
Uo(t)/ Uo(=s) f(s) ds
fo

L4((to,to+2m)xT)

t0+27[
<c / Uo(—s5)(s) ds

fo

L%(T)
< Clf L1 g to427): 12¢T) -

Lemma 3.1 ensures that the integral operator

t
f Uo(t — )£ (5) ds
0]
has the same estimate as above. Therefore, we obtain

IF N 24t 004+27)x1) = CHV Ul L1 (19, 1004+270): L2(T))
= Cllull oo g.to+2m):22(1)) »
which yields inequality (10). O
We next consider the Strichartz estimate for (6), (7) with ug = 0.
THEOREM 3.4. Assume (Al) and (A2). Let u be the solution of (6), (7) with ug = 0.
Then, forany y’ with0 <y’ < y, we have
le” " ull ooy 2y < Clle”” Fllan @, <)

/t t
e ull s,y < Cle™ fllanm, < -
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REMARK 3.2. It seems likely that ¢’ can be replaced by e on the right-hand sides
of the two inequalities in Theorem 3.4.

PROOF OF THEOREM 3.4. We begin with the proof of the second inequality. We follow
the same strategy as in the case of the homogeneous Schrodinger equation. We take the L2
inner product of (6) and ey and integrate the resulting equation in ¢ to have by (A2)

’ 2 . /.
(12) ||€(y +y)t/2u(l‘)HLzm <Cle” S L4 0,0 xm) X lle” ullpao.nxn > t>0.
We note that Duhamel’s principle yields
13) ut) =U@ —to)u(to) + G(1),

t

G@t) = —i/ Ul —s)f(s)ds
fo

for any 79 > 0. If we can prove

(14 1G24 (G, 10427y x1) = CNS 453 (19, 104+270) <) 5

then, for any n € N U {0}, we have by Theorem 3.3

15) lull L4 @rn2nms1yxn < Cluamllp2qy + CllLFIlL453@rn 20t 1) xT) -
Inequalities (12) and (15) yield the following estimate

a4 12 tol/2
Il 24 2n2m 1y 1y < Ce™ y)n||ewf”L4/3((O,27m)><T)”eytu”L“((O,Znn)xT)
+CN f a3 (2mn, 27 (41)) xT) -

Accordingly, we conclude that for0 < y’ < y,

o]

’ 2 4 +1
le” ull s, xmy < D €™ Pl s 2w 1y 1y
n=0
o0
=CY e f le? ul}/?
= L43((0,27n) xT) L4((0,2mn) xT)
n=0

! 2
e T2 Fll a3 amn 2w n 1)< |

yt 1 y't
=Clle” fllpanw.xm + 5”9 ull 4w, x1) -

This shows Theorem 3.4.
It remains only to prove (14). We first note that G satisfies the following conditions

(16) i0,G=—-0G+VG+f, t>1,xeT,
G(tp,x) =0, xeT.
Therefore, Duhamel’s principle yields

Gt)=—iG1(1) —iG2(t), =19,
t t

Gi(t) = / Up(t —s)VG(s)ds, Ga(t)= / Up(t —s)f(s)ds.
) 1

0
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Furthermore, by (16) and (A2), we have

(17) IGO0y < CUA 43 a0,0x ) IG s g.pxmy » 1> 10
On the other hand, by Lemma 3.2, we have

1G4 rp.t0+2m x1) = CUIG oo g to2mys 2y + 1 45 g2 2 1
By combining this inequality and (17), we obtain (14).

The first inequality follows from (17) and the second inequality was proved above. O

REMARK 3.3. We note that Theorems 3.3 and 3.4 also hold for the linear Schrédinger
equation with shift term:

(18) iu = —82u —ic()dyu+Vu+f, t>0,xeT,
u(0, x) = uo(x),

where c(t) is a continuously differentiable real-valued function. In fact, if we put
Uy(t, 5) = @l98—O=Dd] (4 > ¢ >0,

then we have Lemma 3.2 without any change for Uj (¢, 0). Because the shift term —ic(#)0d,u
only leads to the spatial translation of solutions. The norms appearing in Lemma 3.2 are
invariant under the spatial translation and so the spatial translation caused by the shift term
has no influence on the Strichartz estimate for the Schrodinger equation:

i0u = —0%2u —ié(t)du+ f, t>0, xeT.

Furthermore, the shift term —i¢(¢)d,u has no influence on the exponential decay in L*(T) of
solution, either. This enables us to prove Theorems 3.3 and 3.4.

4. Proof of Theorem 1.1. In this section, we describe the proof of Theorem 1.1.
Let L be the linearized operator around D(x) defined as in (5). We denote the subspace
span{d, D(x))} and its complementary subspace in L*(T) by L(z) and L2 | respectively. We
choose L2 so that L? is an invariant subspace of L. Let 3, D denote the normalization in L2
of 3, D. Let Q and P be the projections from L3(T) to L? and from L%(T) to L2, respectively.
The projections Q and P are explicitly expressed as follows.

Of = f—(f.EY&D,  Pf=(f E)D,
where E is the normalized eigenfunction belonging to the zero eigenvalue of the adjoint op-

erator of L. We choose 2t > ¢1 > 0 such that

[Ao(- +c1) = D)2 = min [[Ag(- +¢) — D)2 .
2 >c>0

Without loss of generality, we may change the initial data Ap(x) to Ag(x + c1), since the
equation (1) is invariant under the spatial translation. We denote Ag(x + c1) by Ap(x) again
and we have

(19) Re(Ap, 0:D) =0.
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It is expedient to work with the real and the imaginary parts of complex-valued functions and
to regard the space L2(T) as a real Hilbert space with inner product Re(-, -). In that case, (19)
implies that Ag is orthogonal to the subspace spanned by d,D. Let w and z denote the real
and the imaginary parts of the stationary solution D(x), respectively. We now decompose the
solution A into effective dynamical components, following Buslaev and Perel’man [6] and
Soffer and Weinstein [15] (for the case of the nonlinear parabolic equation, see Exercise 6 in
Henry [11, Section 5.1]). For the solution A of (1), we make an ansatz as follows.

(20) A, x)=D(x +c@)) +ut,x+c@)+ivit,x+c()), wu,ve L%,

where u(¢, x) and v(¢, x) are real-valued functions, and c(¢) is a continuously differentiable
function with ¢(0) = 0 to be determined later. If we insert the ansatz (20) into (1) and remove
the spatial translation c(¢) by the change of variables, then we rewrite the equation (1) as in
the following form.

2D T — LT +¢(t)QoT =QF(x,T), t>0,xeT,
. (F&.T).E) B

(22) C(t)_—a—(T, 3.E) t>0, a= (0D, E),

(23) TO,x)=To(x) (xeT), c(0)=0,

where

i Re(A - D
o= (1) ez mo = (e =P

F e C*(T x R*; RY,
|F(x. T1) — F(x, T)| < C(T1| + T2l + T + | T2 Th — T
(xeT, T, T,cR?,
o F(x, T1) — 0r F(x, T)| < C(1 +|T1| + |LDITy — T
(xeT, Ti,T»cR%.

Here, |T| = vu? +v2 for T = (u,v) € R*. Let Uq(t,s) (t > s > 0) denote the evolution
operator associated with the infinitesimal generator L — ¢(¢)d, for each c(¢). We note that the
Strichartz estimates such as Theorems 3.3 and 3.4 are applicable to the first and the second
components of the solution 7" of (21) (see Remark 3.1 (ii) and Remark 3.3). In fact, we have

E)QT = ()3, T — é(t) P, T ,

and the term ¢(¢) P9, T can be regarded as a small regular perturbation as long as ¢(¢) is small.
Furthermore, we note that the unique global existence of the solution A(¢) on the time interval
(—n, oo) for the Cauchy problem of (1) with initial data in L2(T) follows from the result by
Bourgain [5], where 1 is a small positive constant depending only on the initial data. For a
given solution A(?), by (20), we set

T(t,x)=A(t,x —c()) — D).
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We insert T into (22) to have by (23)

[T (F&,T),E)
(24) C(t) = ) m dS, t>-—-n.

For a short time, we have the solution c(#) of (24) by the implicit function theorem as long as
T is small. Because a direct computation yields

0 < "(F(x,T), E) )
— | C— ———ds
dc b @ —(T,0.E)
/t (O F(x, T)3xA(s, x —¢), E)
=1- ds
0 a— (T, E)
/t (axA(S,X—C),axE)(]:(.x,T),E)
+ ds
0 (a — (T, 0, E))?

/’ (Fx, 1), 0 E) + (3 F(x, T), E) — (9: D, E)
=1 —+ ds
0 a—(T,0:E)
[P (TRE)F(x, T), E) — (3: D, 0 E) Js
0 (a — (T, :E)’ '

The right-hand side of this formula does not vanish at (¢, ¢) = (0, 0). We note that the right-
hand side of this formula makes sense for |f| < t, provided that for some v > 0, T is in
L®((—1,7); LX(T)) N L*((—=7,7) x T) and T is small in L®°((—1, 7); L2(T)). These facts
and the implicit function theorem imply the existence of c(¢) for a short time. From the above
construction of the function c(¢), it automatically follows that 7' (#) must satisfy (21). Indeed,
the L(z)-component of T satisfies

%(PT):O, t>0, (PT)(0) =0,

which implies that T(f) € L2 for each r > 0. Therefore, if we have proved the a priori
estimates of (7'(¢), c(t)), then we obtain Theorem 1.1.
By the L? estimate, Theorem 3.3 and Remark 3.3, for some 0 < y’ <y, we have

[ et 0T0) | i, 12) < CITollz2.
e’ .1, 0)To) | L. < CliTollz2
(R4 xT)

We put § = C||Tp|| ;2. Later, we choose Tp so small in L?(T) that § is sufficiently small. We
define the space X5 by

{(T,0) € W®Re; L) VLR x T)? x Cy([0, 00));
c© =0, [(T,0)llx, <25},

where Cj ([0, 00)) denotes the space of all bounded continuous functions defined on [0, co)
and

(T, o)llxs = max{”@y tT||L00(R+;L2), lle” tT||L4(R+XT), lle¥ té||L2((o,oo);R)} .
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Let (T, c) € Xs be the solution of (21)-(23). We now prove the a priori estimates for
(T, c), which ensure the global existence of (7, c) and there exists cop € R such that

(25) ITOl 2y — 0,
(26) c(t)y > co (t— 00).

We first show that if § > O is sufficiently small, (7, c¢) is small in Xs. We apply Theorems
3.3 and 3.4, together with Remark 3.3, to (21) and have by the Holder inequality and the
assumption y’ < y
le” Tl oom,:e2) < 8+ C(1e” Tl ae, oy + 1" Tl sk, )
<5+ C@+ 878,
le” Tl ag.xry < 8+ CIe” T aqg, ey + €7 Tz, )
<8+ COB+68%)8
for T € Xs5. We easily see that
L 8+ 8%)8
vi <C———.
lle” " elicy 0,00 = €~ —~¢

Here, if we choose § > 0 such that

(8 +8%)

C6+8)<1, C——
6469 < PReT

<1, a-C§>0,

then we can conclude that
(T, ) llxs =28
This implies (25) and (26), that is, the asymptotic stability of D.
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