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Abstract. For any prime number p, we study local triviality of the ideal class group
of the Z -extension over the rational field. We improve a known general result in such study
by modifying the proof of the result, and pursue known effective arguments on the above
triviality with the help of a computer. Some explicit consequences of our investigations are
then provided in the case p < 7.

Introduction. Let p be any prime number. Let Z, denote the ring of p-adic integers,
and B the Z ,-extension over the rational number field @, namely, the unique abelian exten-
sion over Q contained in the complex number field C such that the Galois group Gal(B ./ Q)
is topologically isomorphic to the additive group of Z . Let

gq=p or g=4

according to whether p > 2 or p = 2. We denote by P, the composite, in C, of cyclotomic
fields of p“th roots of unity for all positive integers a, i.e., Poo = Boo(e?™/9). Given any
prime number / different from p, let F' be the decomposition field of / for the abelian extension
P,/ Q. For each positive integer b, let

£ = e27‘ri/pb.
It follows that P/ F(&1) is a Z -extension. We take a unique positive integer v such that

F < Q@) and [QE): Flle(q),

where ¢ denotes the Euler function. Note that v > 2 if p = 2. Let O denote the ring of
algebraic integers in F, and Z the ring of (rational) integers. Let S be the minimal set of
non-negative integers less than ¢(p¥) = p”~!(p — 1) such that

ocy zg.
mes

Evidently, S is not empty, i.e., 0 < |S| < ¢(p”). Denoting by D the absolute value of the
discriminant of F, put

[F: Q] w1\
@:Jﬁ(m%uw@vm(l—s{ P e >||) ;
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here, for each finite extension K'/K of subfields of C, T,k denotes the trace map from K’
to K, for each algebraic number 6 in C, ||| denotes the maximum of the absolute values
of all conjugates of 6 over @, and for each real number x, [x] denotes as usual the maximal
integer at most equal to x. Now, take any cyclic group I” of order p", and a generator y of I";

={y™; meZ, 0<m < p"}. Let §* denote the minimal set of non-negative integers
less than pY such that, in the group ring of I" over Z,

v—1
A=y?" )Y buy™e Y Zy"
meS weSs*
for every sequence {b,}mes of integers with ", ¢ b, &' € O. We easily see that $* does
not depend on the choice of I" or y. Further, it follows that 0 < |S*| < p". Let N denote the
set of positive integers n which satisfy

2v—1 n—vy1/p(p—1) [F:Q]

2

O a— (qp"™") - @<¢(q) log (qp sin ” + cos g)) .
q ®(q)|S*| p P

Clearly, g divides p2”’1, and N is a finite set. When N # @, we define ng to be the maximal
integer in N; when N = ¢, we define an integer ng > 0 by p" = p>"~!/4. For each integer
a > 0, let B, denote the subfield of B, with degree p?, and h, the class number of B,. In
this paper, we first prove the following result after some preliminaries.

THEOREM 1. Assume thatl{ h,_1. Then the I-class group of B is trivial if

o@ (P T 7\ ¢
Ithy or l>()< g( sm——l—cos—)) .
2 p p

The proof of the above theorem is based essentially upon arithmetic study in [3, 5] on an
algebraic interpretation of the analytic class number formula. The theorem actually improves
amain result of [5] in general, while more precise results for certain specific cases are obtained
in [4, 6] by pursuing several arguments of [3, 5]. We should add that the p-class group of B
is trivial (cf. Iwasawa [9]). Here we make some corrections for [3, 5]. Insead of defining
f(x,u) by [3,1. 19 on p. 258], one should define f(x, u) as the maximal divisor of f(x)
relatively prime to u, with the notation # retained; furthermore, “go = gecd(g, 2¢)” in [3,1. 3
on p.260], “f' = f(l/fg ”in [3,1. 6 on p. 260] and “1//51 (b) = 17in[3,1. 11 on p. 260] should
be “go = f(¥n)/t”, “f(l/fg) | £ and “Yrp(b)? = 17, respectively. Also, “tan(r/2p")” in
[5, 1. 1 on p. 393] should be “tan(z/(2p”))” and “element” in [5, 1. 5 on p. 393] should be
“elements”; for other corrections, see [7, pp. 822, 823], and [8, p. 180].

It is shown in [3, 6] that, if p = 3 and [ is congruent to either 2, 4, 5 or 7 modulo 9, then
the [-class group of B is trivial. Theorem 1 implies the following result among others.

PROPOSITION 1. Assume that p = 3 and thatl = 8 (mod 27) orl = 17 (mod 27).
If 11 h1g or | > 34681575, then the I-class group of B is trivial.

It is shown in [6] that, if p = 2 and if/ =3 (mod 8) or/ =5 (mod 8), then the /-class
group of B is trivial. Theorem 1 also implies the following two results.
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PROPOSITION 2. Assume that p = 2,1 = 9 (mod 16), and either | { h3s or ] >
7150001069. Then the l-class group of B is trivial.

PROPOSITION 3. Assume that p = 2,1 = 7 (mod 16), and either | { h3g or ] >
17324899980. Then the l-class group of B is trivial.

In the latter part of the paper, we deduce the following theorem from several results of
[6] with the help of a (personal) computer.

THEOREM 2. Assume that p =5 and that
l=g¢ (mod?25) forsome ge{2,3,4,8,9,12,13,14,17,19,22,23}.

Then the l-class group of B is trivial.

As to the case where
=g (mod?25) forsome g€ {2,3,8,12,13,17,22,23},

the above result is already shown in [4]. The final result of the present paper is as follows.

THEOREM 3. Assume that p =7 and thatl = g (mod 49) for some integer g in
{2,3,4,5,9,10, 11, 12, 16, 17, 23, 24, 25, 26, 32, 33, 37, 38, 39, 40, 44, 45, 46, 47} .

Then the l-class group of B is trivial.

The proof of this theorem also needs a computer as well as several results of [6]. The
theorem is already proved in [4] for the case where

=g (mod49) withsome g € (3,5,10, 12,17, 24, 26, 33, 38, 40, 45, 47} .

We conclude the present introduction with an optimistic remark. Recently, in the case
p = 2, Fukuda and Komatsu [1] established a criterion for checking the triviality of the /-class
group of B, and, as a consequence, verified that the /-class group of B is trivial whenever
I < 107. In view of the arguments of [1], it might be possible to improve the propositions
stated above. For example, in Proposition 1, there is a possibility of knowing whether the
condition that [ { i3 or I > 34681575 is omitted, namely, whether one always has [ { /13 in
the case [ < 34681575 (for slight improvements, cf. Remarks 1 and 2 in Section 2).

1. Some Lemmas. Letn be any positive integer, which will be fixed in the rest of the
paper. Let E denote the group of all units of B,,. In the case p > 2, we put

n= 1_[ 5"‘-41-1 — Sn_-il—ll _ 1—[ sinQmu/p"th)
u S{l n'j—l - gl_u%‘n_-:-l] u Sil’l(27‘[l/l(1 —|— pn)/pn+1) )

where u ranges over the positive integers such that

uP~'=1 (mod p"tYy, u < p'tl/2;
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in the case p = 2, we put
= Eny3 — 5;4:3
i&ny3 + ién_Jrl3 2n+2
Not only 1 belongs to E by definition, but also 7 is a typical example of what is called a
circular (or cyclotomic) unit of B,. Let R denote the group ring of Gal(B,/ Q) over Z.
Naturally, the multiplicative group B, becomes an i-module and E an $i-submodule of B);.
Now, take an algebraic integer « in Q(&,). Then « is uniquely expressed in the form
p(p")—1
o= Z ams,’,”, ap, - .., Ap(ph)—1 eZ.

m=0

For each p € Gal(B,/ Q), we define an element «, of R by

p(p™)—1
oy = Z amp™ .
m=0
We note as well that h,_ divides h,, i.e., h,/h,—1 is an integer; indeed this fact follows
from class field theory since the prime ideal of B,_; dividing p is totally ramified in B,,.

LEMMA 1. Assume thatn > v andl divides h,/h,—1. Then

n [F:Q]
l<(~)<wlog<£sinz+cosz>> .
2 b4 p p

PROOF. Let o be a generator of the cyclic group Gal(B,/ Q). As [5, Lemma 2] implies
by the assumption that / divides h,/h,—_1, there exists a prime ideal [ of F' dividing / such
that, for any g € [[~!, P is an Ith power in E. Since the norm of /(! for F/Q is [[F:21-1,
Minkowski’s lattice theorem shows that

(1) lal < (vDIFQI=HI/IF:Q1  with some o € 1171\ {0}.
There also exist integers a,, for all m € S which satisfy
) a=) ans.

meS

Now, given any m’ € S,let S = {m € S; m = m’ (mod p’'~!)}. We then see, for any
m € §', thatm = m’ (mod p") if and only if m = m’ and that

0<m—m'+@[m'/p" "1+ Dp" ! <p”.

v=1 or 0 accord-

v—1

Furthermore, for any integer w, we find Tg(g,), ¢ (§,’) to be either p(p"), —p
ing to whether the highest power of p dividing w is either greater than p*~!, equal to p
or smaller than p”~'. It therefore follows from (2) that

/ v—1 1 —
T, o((1 —&"/P Hhema)

o B 77 v—1 v—1
=Y anToe)/0E ™) = Y anToe, &) " /PP = pra,,

meS’ mesS’
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Hence

1 ! v—1 1 e
lan| = 51770 (Tgienr (1 = g PT e g

[F: 0] 7 E N
= 1T g, r((L—&" /7 Fhe ) el

so that, by (1),
[F: Q] 01— . 7 RN
|| < T(«/BI'F‘Q' DWIFLY T o6y p((1 — &7 /P T hemmty)

However, (2) implies that

n—v .
0y = E amo? ™ in R,
meS

and hence
o —1 m
% || < max([[pll, |7~ ) Zmes lanl

Therefore, putting L = log(max(||n||, In=1)), we have

[F: QlL 01— . v—1 _
log ”770[5” =< T(\/BIIF‘Q] l)l/lFAQ] Z ”TQ(E,,)/F((l _ gl[m/[7 ]+1)€v ml .

meS

On the other hand, as in the proof of [5, Lemma 6], [5, Lemma 3] gives

Ilog2 < log|n®* |l .

Thus
1/[F: Q]
l ) [F: Q]L [m/p" =" 1H+1\ £ —
—= < —7 5 2_ITee)r(1 -4 )&,
(\/5 pv 10g2 % Q(S )/ 1 v
Since
n
L < Mlog (qp sin T + cos Z)
2 b4 p )4
by [5, Lemma 4], we then obtain the inequality to be proved. a
In the case p > 2, let v be the number of distinct prime divisors of (p — 1)/2, let
g1, - - ., gy be the prime-powers greater than 1 such that
—p — 1 —_— DRI
2 - gl gv k)

and let V denote the subset of the cyclic group (¢27!/(P=D)y consisting of

T/ g1 L g/ Gy

for all v-tuples (z1, ..., zy) of integers with 0 < z1 < ¢g1,...,0 < z, < g,. We understand
that V. = {1} if p = 3. In the case p = 2, we put V = {1}. It follows that V is a complete set
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of representatives of the factor group (¢>*/#@)/(—1). Let & denote the set of maps from V
to{ueZ; 0=<u<|5*I}. We put

s

M= max m(Zw(a)a — 1)

seV

where 9t denotes the norm map from Q(e?*¥/(P~D) to Q. Next, let p be a prime ideal of
Q¥ /(=Y dividing p. Let I denote the set of positive integers smaller than gp” and
congruent to suitable elements of V modulo qp”. Here

q=p or q=p’
according to whether p > 2 or p = 2. Since the degree of p is 1 and (¢Z*!/(P~D) U {0}
is a complete set of representatives of the residue ring Z[e?""/(P=D]/p, each ¢ € V gives
aunique u € I with u = ¢ (mod qp”) and the map ¢ +— u defines a bijection from V to
I. Note that I contains 1. For each pair (m, #) in $* x I, let &,, , denote the set of maps
Jj : 8% x I — Z such that min(l — 2,1) < j(m,u) < [ and j(m',u’) € {0,1} for every
(m’,u’) in 8* x I\ {(m, u)}. We then let
»6 = U Qsm,u .
(m,u)eS*x1
In the case n > v, putting r = 1 + gp"~", we define

Ay =Y Y wr™jm,u)

meS* uel
for each j € $, whence
A= D> uj(m.u) (mod gp"™").
meS* uel
LEMMA 2. Assume that M < qp"™" and n > v. Take a map j in $). Then the

condition

A()=1S*1) u—1 (mod gp"™")
uel

is equivalent to the condition that
jw, H=I1-1, jm,u)=I
for some w € S* and every (m,u) € §* x I \ {(w, 1)}.

PROOF. The latter condition clearly implies the former. Let us consider the case where
J € Gy u, with (w, ug) € S* x I, under the former condition which can be written as

Z( > —j(m,u)))u —1=0 (mod gp"™").

uel “meS*

In virtue of the bijection V — I defined above, there exists a unique ¢ € @ such that

YEe) =Y (- jim u)

mesS*
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for every (¢,u) € V x I with e = u (mod qp”). We then obtain

Y Y(e)e—1=0 (mod gp"™").

eeV

This yields

m( > v(e)e — 1) =0 (mod gp"™").

eeV
Hence it follows from the assumption M < gp"~" that

m<2¢(8)8—1> =0, ie, > Y(e)e—1=0.

ceV ceV
Therefore, by [3, Lemma 7], /(1) = 1 and ¥(¢) = O for all ¢ in V \ {1}. In particular, we
have up = 1. We thus find that j(w, 1) =1 — 1 and j(m,u) = [ for all (m,u) in S* x I\
{(w, D}. O

For each (m, u) € S* x I and each j € &,, ,, we define an integer B(j) by
B(j) = 11— —-"
=3 ( L)
(m',u’)
where (m', u’) runs through S$* x I\ {(m, u)}. This notation will be used in the proof of the
following lemma.

LEMMA 3. Assume that [ divides hy, | hn—1 and p*° divides qp". Then
qp"" =M.
PROOF. The assumption p?’ | ¢p” yields
nzv, qp"|@p"")’.
By the above divisibility, we have
3 r¢=1l+aqp"" (modgp")
for every a € Z. Put ¢ = ¢¥*/(4P") namely, put
(=81 or §=E&
according to whether p > 2 or p = 2. Let s be an integer such that
sP"=r (mod gp"),

and let o be the automorphism of Q(¢) mapping ¢ to ¢°. When there is no risk of confu-
sion, we identify 9 with the group ring of Gal(Q(¢)/ Q(e*™!/%)) over Z through the natural
identification

Gal(B,/ Q) = Gal(Q(¢)/ Q™)) = (o) .

As [5, Lemma 2] shows under our hypothesis, there exists a prime ideal [ of Q(§,) dividing [
such that nf is an Ith power in E for every B € II™!. Let « be any algebraic integer which is
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not divisible by  but divisible by /[~!. Let t = o”""". The definition of S* then enables us to
take the integers a,,, m € S*, satisfying

n—y

1 —-1ay = Z apo? M

meS*
It follows that
) A—EDa= ) ant)
mesS*

In the case p > 2, since the disjoint union of / and {p"Jrl —u; u € I} is just the set of
positive integers u < p"t! satisfying u?~! = 1 (mod p"t!) and since ¢* = ¢!+7" = g¢,

we obtain
n=[]e" =" " =]]ere™ -,

uel uel

so that, by the definition of o,

noza — Olrr Duertt l_[ l_[(CZMr 1)am )

meS* uel

In the case p = 2,
n=i(¢—1)""", whence 5% =i% l_[ ™" — 1)

meS*

l_[ H(é.urm _ 1)am

meS* uel

Consequently, we always find that

is an /th power in Z[¢]. Hence, in Z[¢], [3, Lemma 5] yields
®) [TIIe¢"™" v =TT [Ic"" =D™" (@mod*.
meS* uel meS* uel

We add that the both sides above are relatively prime to /.
Next, let y be an indeterminate. Define a polynomial J(y) in Z[y] by

G-Dl=y —1+110),

namely, let
-

D! .
©) J(y>=Z( ) () o J()=-y+1

according to whether [ > 2 or [ = 2. Then, for each b € Z and each b’ € Z with {b/ #* 1,
@ =D =" - P — 1417 ) (mod 12).

Therefore, we see from (5) that

[TII¢™" == ] [I¢"" =1+aus@*") (mod*.

meS* uel meS* uel



THE IDEAL CLASS GROUP OF THE Z ,-EXTENSION OVER THE RATIONALS 559

This implies that
Z Zamf@wm) l_[ @™ —1)=0 (mod),
meS* uel (w,u’)

where (w, u") runs through S* x I\ {(m, u)}. Furthermore, for each (m, u) € §* x I and each
integer ¢ with min(/ — 2, 1) < ¢ < [, we have

e T @ =1y = 3 (=BG,
(w,u’) J'
the sum taken over all j' € &,, , with j'(m, u) = c. Hence, by (6),
(7 YYD Daybnu (N =0 (mod 1)
meS* uel jeGy,
here, for each (m, u) € $* x I and each j € &,, ,,
(—1)J m)—1 < /

bm,u(]) = I J(m, i)

) or bm,u(]) =1

according to whether/ > 2 or/ = 2.
Now, contrary to the conclusion of the lemma, we suppose that M < gp"~". It follows
from [3, Lemma 6] that the partial sum in the left-hand side of (7), under the condition

A()=IS* 1Y u—1 (mod gp"™),

uel

is congruent to 0 modulo /. Therefore, by Lemma 2,

Z awl™ " =0 (modl), with Ag= Z Zlurm.

weS* meS* uel

Applying complex conjugation to the above congruence, we have

Z awl™ =0 (modl).

wes*
However, (3) gives ¢ = ¢EY forevery w € S*. We thus deduce from (4) that
1—-&)a=0 (modl), ie, a=0 (modl).
This contradiction completes the proof of the lemma. a
2. Proofs of Theorem 1 and Propositions. By means of the lemmas in the preceding
section, let us prove the former four results stated in the introduction, as follows.
PROOF OF THEOREM 1. Forany ¢ € @,

()T

seV

> p)s -1

seV

3
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with p ranging over all automorphisms of Q(e>/(P~1) and

> ) -1

seV

<M -1+ Y ¥©) < @ - |1SHIL

seV\{1}

Therefore

S*(] p(p—1)
M- <¢(q)2| | ) .

Now assume that the /-class group of B is not trivial. Since / does not divide /,,_1, it follows
that [ divides h,,/ h,s_; for some positive integer n’ > v. In the case where p"/ < p*/q so
that n’ < ng, we have [ | hpn, and Lemma 1 shows that

" [F:Q] o [F:Q]
l<® Mlog ap sinz~|—cosz <@ Mlog ar sinz—l—cosz .
2 b4 p p 2 b4 p p

We next consider the case p"/ > p?Y/q. Together with the above estimate for M, Lemma 3
yields

-1 - 3
' < <so(q)|s*|z>‘”(” Lo gD
2 0(q)]5*]

Furthermore, by Lemma 1,

n' [F:0]
l<@<@log<&sinz+cosz)> .
2 T p p
We therefore obtain

z(qpn’—V)l/(ﬂ(P—l) s (p(q) . qpn’ N T [F:0]
0(q)157] S\ x

which means that n” belongs to N. Hence the definition of ng implies n’ < ng, and conse-
quently,

o [F:Q]
l<® @log ar sinz—i—cosz , L hy, . O
2 b p p 0

The following lemma is useful to continue our proofs.
LEMMA 4. Letd be any positive divisor of p — 1.
(i) If p > 2, then F is an extension of B,_1, the condition [F : B,_1] = d is

v—1
equivalent to the condition that | = géj d (mod p"t1) for some primitive root gy modulo
p?, and in the case [F : B,_1] =d,

1 p'%d
7T T/ 2 ( log2

vfld

P
v—1
D T g r((1 - gmr Hl)év’”)ll)
meS
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(i) If p = 2, then the condtion F = Q(&,) is equivalent to the congruencel = 1+ 2"
(mod 2"+, and implies that

23(u—1)2“*2
~ (log2)? !

(iii) If p = 2, then the three conditions [Q(&)) : F] =2, F = Q(§, — E[l) = Q@)
and | = —1+2""1 #£ 1 (mod 2") are equivalent, and imply that

)

(v=1)2""3—172 2v—2

v—1
Y
v=3, O="—"_—(1+) :2”_zcos—>
(log2)>~* ( ~ 2u

PROOF. We omit most part of the proof which follows from the basic theory of cyclo-
tomic fields. When p > 2 and [F : B,_1] = d, F is a cyclic extension over Q of degree
p"~!d with conductor p", so that the conductor-discriminant formula gives

D = pwp' =" I=Dd/(p=D-1

Combining this with the definition of ®, we obtain the last conclusion of (i).
We next consider the case where p =2 and F = Q(£,). Since

S=1{0,....2"7 ' =1}, & =-1,

it follows that
[m/2v1]

> T r((1 =™ Therm =27,

meS

We also have D = 20=D2""" Hence ©® can be expressed as in the assertion (ii).
We finally consider the case where p =2, F = Q(§, — 5;1) # (i), and hence v > 3.
It readily follows that § = {0, ...,2"~! — 1} \ {2"72}. Forany m € S\ {0},

v—1
1T o r((1— &2 Hhemmy = 21e + (—1y"e||;

further, when m is odd,

22
= 2sin u = 2cos
2v—1 2v—1

1€, + (=D™& | = 2| sin T

and, when m is even,

ged(m, 2"~z

mim
COS ——
v—1

= 2cos
21)71

16, + (=D"&M =2

Hence

v—1
v—1 _ T
> ITgeer( =&™* The ™ =443 "2 cos 7.

meS u=2

However, since F is a cyclic extension over Q of degree 2V=2 with conductor 2", we have
-2 . .
D =20-D2"7"~1 Therefore O is expressed as in (iii). O
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PROOF OF PROPOSITION 1. By the hypothesis of the proposition, [ = gg (mod 3%)
for some primitive root go modulo 32, sothat F = B| = Q& + E;l), v=2,[F:Q0]=3
(cf. Lemma 4), and

O = {ag + (a1 — )& + (a2 — a)éf — aréy — ar&; ; ap, ar, ar € Z} .
In particular, S = {0, 1, 2, 4, 5}. Hence
3+1. . —
3 ITge (=& hem))

mes

8 107 21

4
=3+2‘ 2COS§—ZCOS?T[H-FHZCOST—ZCOS?

21 4
2 — =2 —
cos 9 cos 9 H+

It therefore follows that

(3 + 8cos(27/9) — 8 cos(87/9))>
- 3(log2)3 :
Furthermore, with the same y as in the introduction, we have

®

(1 —y)(ao + (a1 — @)y + (a2 — a)y* — ary* — ary”)
=ap+ (a1 — @)y + (a2 — any* — apy® —ary* — a2y’ + ay” + ary®
for ag, aj, ap in Z. This gives S* = {0, 1, 2, 3,4, 5,7, 8}. Hence

) ) 3n/~1 3432 3
N=3ineZ; n >2, A < ©| log 7 +§ ={2,...,18}, np=18.

Since A is known to be 1 and

318+3/2 1\
O log + = = 34681575,
2 2

we then obtain the proposition from Theorem 1.

REMARK 1. Checking the proof of Theorem 1, we actually deduce the following fact
from Lemmas 1 and 2: If P denotes the set of pairs (n’, ") such that n’ is an integer greater
than 1,/ is a prime number congruent to 8 or 17 modulo 27, and

3=l (34 8cos(2/9) — 8 cos(87/9))> 37432 1\\°
<l < log + = ,
8 3(log2)3 2 2
then not only every (n’,I’) in P satisfies n’ < 18 and I’ < 34681575, but the condition/ { /3
in Proposition 1 can be replaced by the condition that / does not divide &,/ h, _; for any
integer n’ with (n’, 1) € P.

PROOF OF PROPOSITION 2. The hypothesis of the proposition implies that F = Q(&3)
andv = 3. As §* = {0, ..., 7}, (ii) of Lemma 4 yields

N={n'eZ; n>3 2" <0 +2)log2 —logm)*} = {3,...,36}, ng=36.
Therefore, because of the facts

ho =1, [O((36+2)log2 —logm)*] = 7150001069 = 29 - 8713 - 28297 ,
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the proposition follows from Theorem 1. ]
PROOF OF PROPOSITION 3. Since
F=QE-&", v=4, $={0,1,2,3,567),

we have S* = {0,1,2,3,5,6,7,8,9,10, 11, 13, 14, 15}. Hence, by (iii) of Lemma 4,

n'=3

N = {n’eZ; n' > 5, <(~)((n’+2)1og2—1ogn)4} =1{5,...,39}, no=39.

Furthermore, /3 is known to be 1 and
[©((39 +2)log2 — log n)4] = 17324899980 .

Theorem 1 therefore completes the proof of the proposition. a

REMARK 2. We can weaken the conditions of Propositions 2 and 3, as well as the
condition of Proposition 1, in a manner similar to that of Remark 1. Anyhow, once the value
of p and the field F are explicitly given, Theorem 1 provides us with a concrete result such
as each proposition.

3. Proofs of Theorems 2 and 3. Suppose p to be odd in this section. Let R be the
set of positive quadratic residues modulo p smaller than p, i.e.,

m
R:{meZ;O<m<p, <—)=1}.
p

We let

\({m+1;meR}U{l}).

- P
m—1
R={meR;3§m, (—):—1}:
14

Putting
R =R, U0}, R*=R_U{0},

let §+ denote the set of all maps from Ri x I to {0, [}, and §_ the set of all maps from R* x [
to {0, [}. For each pair (m, u) in R} x I, let Qﬁ’f_’“ denote the set of maps j : R} x I — Z such
that min(/ —2, 1) < j(m,u) < land j(m’, u") € {0, 1} forevery (m’, u’) in R% x I'\ {(m, u)}.
Similarly, for each (m, u) in R* x I, let 8" denote the set of maps j : R* x I — Z such
that min(/ —2, 1) < j(m,u) <land j(m',u’) € {0,1} forevery (m’, u’) in R* x I\ {(m, u)}.
We then put

6, = |J et e = |J e

(m,u)eRY xI (m,u)eR* xI
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For each pair (j, j/) in (4 x F-) U (F+ x &_), we define

AG, i =Zu( Yo A+py"jomuw + Y (1+p">’”j/<m,u>),

uel meR% meR*
whence
Aj. EZM( D imauy+ Yy j’(m,u)> (mod p").
uel meRy meR*
We also define

B(j, ) = Z( Yoa—jmuwy+ Y (- j’(m,u»).

uel “meRy meR*

Let d be any integer. For each (m,u) € R} x I, let Pf’“(d) denote the set of (j, j’) in
&’ x F_ such that

AGj.jh=d (mod p"h).

For each (m, u) € R* x I, let P™"(d) denote the set of (j, j/) in F4 x &™* such that
AGj.jh=d (mod p"*).

In the case [ > 2, we put

spwiwasd) =Y (w Y (DI OOTEGD 0, u)
uel (.i"ePL" (@)

S D S )

meRy (j,jHeP!" (d)

ssiwsd) =Y (wr Y (=D COTBUD 10, )
uel (. jHeP™ @)

twa YD (—1>f’<m’”>+3<f*f’>j%>)
meR— (j, jHeP" (d)

for each (w1, w2) € Z x Z; here, for each integer g relatively prime to /, g denotes the
positive integer smaller than / such that gg = 1 (mod /). In the case [ = 2, we put

sp(wi,wy; d) =) <w1|7>2’“<d>| +uwy Y |7>1““(d>|> :

uel meRy

s_(wi,wysd) =) <w1|730’“(d)| +wy Y IP’"’“(d)|>

uel meR_



THE IDEAL CLASS GROUP OF THE Z ,-EXTENSION OVER THE RATIONALS 565
for each (w1, wy) € Z x Z. Further, putt = 1 or¢ = 0, according to whether p = 1 (mod 4)
or p =3 (mod 4). Take a pair (c1, ¢2) of integers for which
c1>0, 2c1>¢c>0,
and / divides the integer

L— (=D D2p ,
2 CH .

C% —cCcic +
We can now restate [6, Lemma 10] as follows.

LEMMA 5. Assume that [F : Q] = 2 and | divides h, [ h,_. Take any pair (d,d") of
integers withd = d' (mod p"). Then either

sy(cr — 2,025 d) —s—(c1 — ez, ¢25 d)
=s1(c1 —c2,c2;d)—s_(c1 — ez, c2; d)  (mod [)
or
sy(cr, =25 d) —s—(c1+ (L = Deg, —c25 d)
=si(c1,—c2;d) —s_(c1+ (. — 12, —c2; d) (mod ).
PROOF OF THEOREM 2. In virtue of [4, Proposition 1], we may suppose that/ = g
(mod 25) for some g € {4, 9, 14, 19}, namely, F = Q(\/g). We then find that
v=1, O={a+b& +b&;abeclZ,
and that, in the group ring of I" over Z,
A=y)a+by*+by*y=a—ay +by? —by* fora,beZ.
In particular, |S*| = 4. Since V = {1, i}, it follows that
fn( PR ZOLES 1) =@ = D>+ y@)
sev

for every map v in @. The definition of M therefore gives M < 32/>. Hence Lemma 3 (or
[6, Lemma 8]) shows that 5" < 3212, i.e., 5"/2/(4+/2) < 1 if [ divides h,,/ h,—1. Furthermore,
by [6, Lemma 6], we have

5 /5 + 1) ((n +1)log5 —logm + 112/1250)2
2V/5 log?2
if I divides hy,/h,—1. Now, let P be the set of pairs (n’, I") such that n’ is a positive integer, [’

is a prime number congruent to either 4, 9, 14 or 19 modulo 25, and
s (f5+1)4<(n/+ 1)10g5—1og7t+7t2/1250)2
<!l' < )

42 25 log?2

Every (n’, ") € P then satisfies

/

n <14, ' <26959.
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Suppose next that (n, /) belongs to P. To complete the present proof, let us see that / does
not divide h,/h,—1. Let ug be the positive residue of 25" modulo 5", As 2 is a primitive
root modulo 25, we can take as p the prime ideal of Q (i) generated by 5 and i — u, so that
we have I = {1, ug}. In addition, R* = {0, 1} and R* = {0, 4}. Therefore, for each (J, j’)
in (&1 x ) U Fs x 6.),

AG.J) =1 +5) 0. 1) + 10 (0, u0)) + (1 + 5" (1, 1) + uoj (1, uo))
+ 70, 1) + 10" (0, uo) + (1 + 5"*(j' (4, 1) + uoj' (4, u0)) .

Hence, given an integer d, we know for instance that to determine 732’ ! (d) is none other than
to solve the congruence

(145" (1 +uoy2) + (145" (y3+u0ya) + s + uoys+(1+5)* (v7+uoys) = d (mod 5"
in eight variables yi, . .., yg under the conditions
yref{l,....,.[ =1}, y2,...,y8€{0,1}.
Meanwhile,
B(j.j) = jO. 1)+ j(0,u0) + j(1, 1)+ j (1, up)
+ 70, 1)+ (0, up) + j'(4,1) + j'(4,u9) (mod 2)

for each (j, j/) in (&4 x F—) U (F+ x &_). Since 5 is a quadratic residue modulo /, there
exist just two positive integers z < [ satisfying zZ2 —z — 1 = 0 (mod [). Let zo be the smaller
one of such z. We may let (c1, c2) = (20, 1). Put, foreach d € Z,

sid)=s4(zo—1,1;d) —=s_(zo—1,1; d), s2(d) = 54(z0, —1; d) —s_(20, —1; d).

By Lemma 5, it now suffices for our proof to find a pair (d, d’) of integers with d = d’
(mod 5™) such that

si(d) #s1(d) (mod 1), s:(d) #s2(d") (mod ).

However, using Mathematica on a personal computer, we have determined ’Pf’”(l),
P (1 +5") for all (m,u) € R% x I and P™" (1), P (1 4 5") for all (m,u) € R* x I;
further, with the help of the computer again, we have computed s(1), s;(1 + 57), s2(1),
s2(1 + 5"), and verified that

si() #s1(1+5") (mod 1), s2(1) #s2(1+5") (mod /)

unless (n, [) is equal to either (1, 59), (2, 19) or (4, 929). Similarly to the above, we have also
checked that

51(2) #512+5") (modl), s52(2) #s2(2+5") (mod 1)
if (n, 1) is equal to either (1, 59), (2, 19) or (4, 929). In passing, when (n, ) = (1, 59),
s1(1) —s51(14+5)=0 (@mod59), s(1)—s2(1+5) =47 (mod?59),

51(2) —512+5) =32 (mod359), 52)—s52024+5)=46 (mod59);
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when (1, 1) = (2, 19),
si(D) —s1(14+55) =4 (mod 19), s3(1) —s2(1+5) =0 (mod 19),

512) —512+5%) =16 (mod 19), 5(2) —s552+5) =15 (mod 19);
when (n, 1) = (4, 929),
si(D) —s1(1+5% =304 (mod 929), s2(1)—s2(1+5% =0 (mod 929),

12 =512 +5 =914 (mod 929), $(2) — 522+ 5% =360 (mod 929).

The theorem is thus proved; but we finally add a lemma which is useful in our calculations of
s1(1) —s1(14+5") and s2(1) — s2(1 + 5") modulo I. Let Y denote the set of all pairs (x1, x2)
in

(1, ..., 4 =13\ {1,21,31}) x {0,1,21,31, 41}
or in
{0,1,21,31,41} x ({1,...,4l —1}\ {[,21,31})
satisfying
x1+uoxy =1 (mod5").
Obviously (1, 0) belongs to Y.

LEMMA 6. Assume that (n,l) € P, and take any integer n’ in {1, ..., 14}. Then the
condition that Y = {(1, 0)} if n = n’ implies that

si(1) £s1(14+5") (modl), s2(1) #s2(1+5") (mod I)
whenevern > n'.
PROOF. Letting
P(d) = < U Pf’”(d)) U ( U Pm’”(d))
(m,u)eR% x1 (m,u)eR* x1

foreach d € Z, take any (j1, j;) € P(1) and any (j2, j5) € P(1 +5"), so that
J1O, D)+ ji(1, D) 4 710, D) 4 ji(4, 1) 4+ uo(j1(0, uo) + ji(1, uo) + j(0, uo) + ji (4, uo))

=1 (mod5"),
7200, 1) + ja(1, 1) + j5(0, 1) 4 jp(4, 1) 4+ u0(j2(0, uo) + j2(1, uo) + j3(0, uo) + j5(4, uo))

=1 (mod5").

Assume that n > n’ and that Y = {(1, 0)} if n = n’. The definition of Y as well as the choice
of ug then induces ¥ = {(1, 0)} in the case n > n’. Hence we easily see that

AR x ) = ji(RE x I\{(0, D) = {0}, jj(0O,1) =1,

20, D=1, jpRL < I\{(0,D}) = j3(RE x I) = {0},
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P =P W) =1{G, i)}, PA+5 =PLA+5" = (o, j5))-
Thus
st =—(z0 — D(=1)FBUNID = —z0 4 1, s1(1 4+ 5") = (20 — 1)(—=1)TBG2ID = 71,

s2(1) = —z0(=D"FUL = 20, 5(14+5") = 29(= D' PRI = 5.
In particular, since zo(zo — 1) = 1 (mod /), both s;(1 + 5") — s1(1) = 2(z0 — 1) and
s2(1 +5™) — s2(1) = 2z¢ are relatively prime to /. O

REMARK 3. With Mathematica, to find whether Y = {(1, 0)} or not is much easier
than to find, for every (j, j') in (&4 x F-) U (F+ x &_), whether A(j, i) =1 (mod 5"*1)
or not. Moreover, Y almost always coincides with {(1, 0)} if n is relatively large; for instance,
in case (n,l) € Pandn > 12, one has Y # {(1,0)} if and only if (n,]) = (12, 8839) or
(n, 1) = (13, 8839).

PROOF OF THEOREM 3. By [4, Proposition 2], we may only consider the case where
F = Q(+/—7), namely,
=g (mod49) forsome g€ {2,4,9,11,16,23,25,32,37,39,44,46}.
In this case,
v=1, O={a+bé +b&l+bEl; a belZ,
and, in the group ring of I" over Z,
(1 —y)a+by +by>+byH=a+ (b —a)y —by> +by* —by> fora,beZ.
Let w = 7/3, so that V = {1, w, a)z}. As |S*| =5, it follows for any ¥ € @ that

fﬂ( D o v©)s - 1)

seV

= (WD) =1+ ¥@)* =@ 1) —1+ ¥ (@) (¥ (@) + ¥ (@) + @ (@) + ¥ (@?)?
< %((w(l) — 1+ ¥ ()? + W () + ¥ (@*)?) < 100>

Hence we have M < 100/2. This implies, by Lemma 3 (or [6, Lemma 8]), that 7" < 10072,
i.e., 7"/2/10 < [if divides h,/ h,_1. Let P be the set of pairs (n’, I') for which n’ is a positive
integer, [’ is a prime number congruent to some integer in {2, 4,9, 11, 16, 23, 25, 32, 37, 39,
44, 46} modulo 49, and

72 144 ((n’ + 1) log7 — logm + n2/4802>2
<!l < .
10 V21

Then each (n/,1") € P satisfies

log2

n <13, ' <44543,

and [6, Lemma 6], together with an argument above, shows that (n, /) belongs to P if / divides
hy/hp—1.
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Now, assume (n, /) to be in P. Let ug be the positive residue of 37" modulo 7", Since
3 is a primitive root modulo 49, we may take as p the prime ideal of Q(w) generated by 7 and
w — ug. We then see that I = {1, ug, ug — 1}. Furthermore, R* = {0, 2,4} and R* = {0, 4}.
Hence, for any (j, j/) in (&4 x F_) U (F+ x &),
A(j.j") = A+ 7" 0. 1) +u0j (0. uo) + (o — 1) (0, ug — 1))

+ A+ TG @) 4 10 (2, u0) + (o — 1) (2, up — 1))

+ A +7 (@ 1) 4 uoj (4, uo) + (wo — 1)j (4, up — 1))

+ 70, 1) + 100, uo) + (uo — 1)j'(0, ug — 1)

+ L+ 74 @ D) + w0 (3, uo) + (o — 1)) (4, up — 1)) ,

B(j, j)) =140, 1)+ j(0,u0) + j©,uo — 1)+ j(2,1) + j (2, uo)
+jQouo =D+ j@ D+ j@, uo) + j@ uo— 1)+ j'0, 1)
+ 70, u0) + /0, uo — 1) + j'(4, 1) + j' (4, u0) + j'(4,uo — 1) (mod 2).

Noting that —7 is a quadratic residue modulo /, we may let (c1, ¢2) = (20, 1) where zg denotes
the smallest positive integer such that z% —20+2=0 (mod /). Let us put, foreachd € Z,

s1(d) =s4(zo—1,1; d) —s_(z0,1; d), s2(d) =54(20,—1;d) —s5_(z0—1,—1; d).

As in the proof of Theorem 2, with Mathematica, we have computed s1 (1), s;(1 4+ 7"), s2(1),
s2(1 + 7"), and checked that

st(D) #si(1+7" (@modl), sp(1)#Zso(1+7" (modl)
unless (n,1) € {(2,23), (3, 107), (4,23), (4, 37)}. We have also verified that
512) #512+7") (modl),  52(2) #52(2+7") (mod )

if (n,1) € {(2,23), (3,107), (4, 23), (4, 37)}. Hence, by Lemma 5, [ does not divide h,, / h,—1
and consequently the theorem is proved.

Similarly to Lemma 6 for the proof of Theorem 2, the following supplementary lemma
is quite useful in our calculations of s1(1) — s;(1 + 7"*) and s2(1) — s2(1 + 7") modulo /; the
proof of the lemma is almost the same as that of Lemma 6.

LEMMA 7. Assume that not only (n,l) € P butl > 2. Let n’ be any integer in
{1,...,13}, andlet Y’ denote the set of triplets (x1, x2, x3) of non-negative integers for which

X1+ uoxy+ (wg—Dx3=1 (mod 7"
and either (x1, x2, x3), (x2, x3, x1) or (x3, X1, X2) belongs to
(1,....50 —1}\{/,21,31,41}) x {0,1,21,31,41,51} x {0,1,21,31,41, 51} .
Then the condition that Y' = {(1,0, 0)} if n = n’ implies that
si(D) #s1(1+7" (modl), s2(1) #s2(1+7") (mod )

whenevern > n'.
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REMARK 4. Inthe case p =7, §* is the union of {m +1; m € R%}} = {1, 3,5} and
R* =0, 4}, so that

A()=A(jy.jo). B(j)=B(y.j-) (mod2)
for each j € $, where j; denotes the restriction of j to {1, 3,5} x I and j_ the restriction of
jto{0,4} x I.

Note added. After the submission of a manuscript of this paper, Professor K. Komatsu
informed us that Propositions 2 and 3 hold without our additional assumptions, namely, if
p=2andif/ =7 (mod 16) or/ =9 (mod 16), then the /-class group of B is trivial (for
the details, cf. Fukuda and Komatsu [2]).

Acknowledgment. The authors express their thanks to the referee who made helpful comments on
the paper.
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