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An ^-dimensional space with normal conformal connexion whose group

of holonomy fixes a hypersphere Sn-i is conformal with an Einstein space

with constant scalar curvature which is negative, 0 or positive according as

the sphere is real, point or imaginary.1) If Sn-ι is real., the group of holonomy

induces a group of Mobius' transformations on it. Therefore its image in

the space, a hypersurface Fn-ι, is an (^—1)-dimensional space with normal

conformal connexion. The Riemannian metric induced in Fn-ι seems to us

to be most general.

On the other hand, in J. E. Campbell's book50 we find a theorem that any

Riemannian space Vn-i can be imbedded in some Einstein space An as a

hypersurface. Is the first conjecture true ? What relations are there between

above stated facts ?

In the following paper we shall study these problems.

Article 1 (1—4) deals with such a space with normal conformal connexion

whose group of holonomy fixes a hypersphere, and the image of the

hypershere. In article 2(5—12) attention is turned to solve the problem

whether a given Riemannian space can be imbedded as the hypersurface of

the image in a restricted sense or not. Finally article 3(13—14) deals with

the spaces whose groups of holonomy fix two hyperspheres.

'*> Received March 1st, (1948).

1) S. Sasaki, On the spaces with normal conformal connexions whose groups
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615—622, pp.623 —633,35 (1943) pp. 791—795.

K. Yano, Conformal and concircular geometries in Einstein spaces. Proc. Imp.

Acad. Japan, 20 (1944) pp. 45—53.
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§ 1.

1. According to Mr. E. Cartan,3> let R: (AQiAi,Aoo) be frames of an

^-dimensional space with conformal connexion satisfying the conditions

(1) A* = AZ = A0At=AtAoo=0, AQA^ = 1, AiAj = StJ (/, j = 1, 2, ,n).

We call these frames composed of n + 2 hyperspheres as normal. Then the

connexion is given by the following equations :

I dA0 ~ ω°0A0 -f ω(Ai,

(2) rfA = ω«A0 + ω*Λ - ω^oo, ω* + ω? = 0.

(

where (ωJ, ω\ ω% aή) are Pfaffians.

If the space has no torsion and Ωj> = 0, the equations of structure arej

Suppose the group of holonomy of this space fixes a hypersphere

Let us now represent Sw-i by

C4) X

then by virtue of (2), we get

Accordingly the system of Pfaff's equations

(5) d^ +J?°_^ +
xQ xι χ°°

must be integrable.

Let us now assume that the point Ao does not lie on Sw-i, then x°° Φ 0.

If we put

(5) becomes

3

Hence, for a change of secondary parameters, integrals y°, yι have the

3) E.Cartan,Les espaces a connexion conforme. Ann. Soc. Pol. Math., 2 (1923)

pp. 171—221., Les groupes d'holonomie des espaces generalises. Acta Math , 48

(1926) pp. 1-42.
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variations

sy + y 4 - βj + y ei = o, ̂  = *>o(S)> «ϊ - «?cs), 4 - <4cs>
The last equation shows that/ are transformed by the ^-dimensional group

of similarity. Accordingly we can choose, at'each point, frames such that

(8) / = 0.

Then we have by (7)

(9) rfy° + 2y)ωg = 0,

(10) ω°=y>ω*.

Consequently our spaces are classified into the following two cases I and II :

I. y° = 0.

In this case Sn-i degenerates into the point-sphere An, and by (ΊO^ and (3)

we have

(Π) ω? - 0,

Therefore if we put

(12) ωl = ω^= = ω ; = - <4 ,

(ω*, ωj) is a system of Pfaffians of the Weyl space in terms of normal

frames.

II. / Φ 0.

In this case, we can choose by (9), frames so that y° = 1 or — 1. hence

Sn-i is represented analytically by Λo 4- A^Creal hypersphere) or by — Λo-\- Am

(imaginary hypersphere). By virtue of (10) and (3) we have

(13) α>? = 8ω1' « = l o r - 1), ωg = 0,

( 3 )

Therefore (ω*, ωj) is a system of Pfaffians which defines a Riemannian space

in terms of normal frames.

Now let us suppose that our space is normal, that is, it satisfies conformal

conditions

(14) Aih = AAk = 0,

where AJm is defined by

In the case I we shall have a quantity φ such that ωJ = d Ψ, therefore
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we may put φ = constant. Then, making use of the relations

(16) - (ω{y + [ω* ωζ] = -g-A'» Lωh aft,

Rij = Rihjh, R = i?ίί,

where i?Λfc, ift j and R are the components of Riemann tensor, Ricci tensor

and Riemann scalar curvature respectively. As is well known, we shall have

in both cases the following relation :

(17) «? = - 5ΓZΠ& *>• * + 2 ( , - ! ) ( . - 2 ) * * '

Accordingly, in the case I, we have by (11) and (17)

RiJ = ~2{n - 1) R8t» R = 2 R

As we are considering only the case n > 2, we have i? = 0 from the latter

and consequently we get

(18) Rij - 0.

Accordingly, the Riemannian space with line element ds2 ~ ω' ω* is an

Einstein space with scalar curvature 0.

In the second case, we have by (13) and (17)

« ^ = - ^ 2 Λ » ω " + - 2 ( n - l ) ( » - 2 ) ^

hence we get

that is
(19) i? = - 2θ» (w - 1),

(20) Λ j= - 2 £ ( w - l ) δ ^ .

The last equation shows that the Riemannian space with line element ds2 =

toW is an Einstein space with scalar curvature —2n(n — 1) or 2# (w — 1).

Thus we know that a space with normal conformal connexion whose

group of holonomy fixes a hypersphere Sn-ι is conformal with an Einstein

space whose Riemann scalar curvature is < 0, 0 or > 0 according as the

hypersphere Sn-ι is real, point or imaginary. The converse is evidently

true.

2. In the following lines we shall investigate the space with normal con-

formal connexion whose group of holonomy fixes [a real Sn-i a.nd the

hypersurface FΛ-i which is the image of S«-i in the underlying manifold.
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As the connexion is normal, we have by (2) and (3)

(21) «,° = o, «?= --L-2Rt^ l

(ω!, ωj) is a system of Pfafϊians which defines the connexion of a Riemannian

space, and l& Ws are components of its Riemann tensor.

Let us now restrict our consideration to a neighborhood of Fn-ι. Then

as Sn-ι is reaJ,we shall have x™ = 0 and x: x > 0 on Fn-i. Therefore we

may assume oC1 Φ 0 in that neighborhood. If we put

(22) y = -g-,y>= J ^ , r ^ ^ L ( Λ = i, 2, , » - l ) , •

(5) becomes

>2 - f (y°ωn + / ω? - y°° «2) = o,
(23) I rfy + ω J + y » α + / ω 2 - ^ ^ - y ι C / ω n + y ω S - ^ ω S ) =0,

( d^00 — ωn - yh ωb - 3>~ (yΰ ωn + / ωj - ^^ ω°) = 0,

which are integrable on account of our hypothesis. For a change of secon-

dary parameters, we have by (21)

- yayb e» = 0.

Accordingly we can choose frames so that

(24) >α = 0.

Then (23) turns into

/ df + ωl - / (/ ωΛ - ̂  ωΛ°) = 0,

(25) rfy- - ω» - >'~ ( / ω» - 3;- ω J ) - 0,

( ω̂ ; + / <»a - 3̂ °° ωS = °

Thus our consideration is divided into two cases y° = 0 or 4= 0, that is the

cases where A^ lies on Sn-ι or not. Of course yΌ and y°° are invariants. In

this paper we shall treat with the caεejy0 = 0. Accordingly in the following, we

shall always mean by immersion of a given Riemannian space in an Einstein space

immersion of the former as the hypersurface of the image of the hypersphere

Sn-i under the condition yΰ = 0.

3. Let us put y°° = y, then in our space (5) turns into the following

system of Pfaffian equations:

(26) ωn = dy,

(27) <-y(~W^2 Λ «* + 2(n~lXn~2) *

(28) Rm ωι = 2 ( ^ 1 _ 1 ) Rdy.
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Let us suppose that x1, xι, , xn~ι be integrals of the system of Pfaffian

equations

ω1 = ω2 = - ω'1'1 - 0,

then from (28) we shall obtain
(29) Ran = 0,

(30) Rnn L

Let us now again write the relations (26)—(30) by means of natural

frames (reperes naturelles). Putting

(31) ωa^ftdxb

} -

and denoting natural frames by R* (Λl At Λϊ, At) (λ = 1, 2, . . . ., n - 1),

we may assume that the connexion of our space is given by

j dAl = dxkAl + dy A:,

(32) j dA; - ωf Al -f- ωf A^ + ω*Γ A*^

Then from dA0 = ω''i4ί = /^ dxλAa + </yAw = Jjcλi4J + φ A* we shall obtain

By virtue

and hence

(33)

Putting A

(34)

(29')

(30')

of (2) we get
dAl = df'κ Aa + fl (&>;] Ao + c

we obtain

t = — 4̂co, we get also

flfb Rab, (29) and (30) become
Γ)^ A

f \ . a n —• v/j

oί A -

Therefore making use of new quantities p% such that f"κp% = δ-j, we obtain

from (33)

Thus (27) turns by (29) into

^ ^ ^

Now, if we put

(35)
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it is evident that Γjjf's are ChristoffeΓs symbols given by the following funda-

mental tensor gi3 :

(36) gkμ.

Therefore we obtain from the above equations

Multiplying /* and contracting we have

However, as

we know that for our space the following relations hold goDd with respect

to natural frames:

gλ,α = gjψ {X. y"), gKn = 0, gnn = 1,

RL = 0, i?4 = 2 ( n

2

M l ) Λ*,
and

(38) ψ = w ^ ( - 21% +

(27r) can also be obtained from (ωΛ)' — Cω̂ ωJH — \jdy ωζ\ = 0 taking account

of the coefficient of the term [_dy dxλ~}.

4. Let Vn-i (3>) be the Riemannian space induced on the hypersurface

•K»-i Cjy) : JV = const, from the Riemannian space Vn defined by the metric

dsz = gaiidxadxl} ~\-dydy, and hab (x , y) be the second fundamental tensor

of Fn-\ (y) Then making use of the well known "D-Symbolik " we obtain

(39) Λ* = - Bjβ Dhnj - - Dam - Γ^ = - y ^

where (nθ = (0,0, . , 0,1) mean components of the normal unit vector

and (££) = (0, 0, . . . . , 1, 0, . . .,0) (a = 1, 2, . -., n - 1) ma an those of tangent
a

vectors of Fn-ι (y).

In the following, let i?o6cd be the components of Riemann tensor of Vn-i,

then by means of the formulas of Gauss-Codazzi we have

(40) R*bcd — Robed — hac hbd + fed fee?

(41) R%nbc = Λ α̂δ —"Ẑ δ fee = α̂&; c ~" hac, δ.

On the other hand, we get by (36) and (34)
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(42)

hence we obtain

(43)

bo ~~ x ba Λ ab ~ na*»

*n =z l^*ϋ — P * w — 0
• nb x n>ι A nn >

c ; x bn

Knn — -Krina ~~
ι jτ*i p ί : u _ T^*i T̂ »*α „ ^ ^ -fob tj%

"+" A n» A to x nα L in - " ^ ^ α nt»

where we have put h = ^ . Accordingly, making use of

C44) i?αC = g*d /Seel + /?αtcn

and the relation

(39') ^ |

which is deduced by (39), we obtain

that is,

(45) R*=R-W-Kkt + 2^

By (41) we have

or

(46) i?L= h,a-K}b ,

where comma denotes covariant differentiation.

Making use of the above relations we will now write (29r), (300

(38) by means of the quantities of Vn-ι. First (290 turns by (46) into

(47) Λ*,6-Λ,β = 0,

and (300 turns, by (43) and (45), into

that is
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C 4 8 ) W = 2OΓ^2) (R ~ *" + (2W

(38) turns by (39), (44) and (45) also into

hκμ + Rκμ + 2 h ϊ hιμ- ~ h

~ h

~ 2

that is

(49) - |-fe λ μ = ̂ l 2 - Λλμ - R,μ - 2h\ hiμ + h hκ

However (48) must follow from (49), hence by virtue of (39') we obtain

&L = | _ c^.vhκμ) = 2h\hi + nj2 h-R-2KKi - W

that is

C48') H = *=1 h - 2TF=^2){ ( w - 3 > C i ? - **> - ί« ~

The last equation must be equivalent to (48), hence we get

(50) n-y2 h = I (R - W + hi hi).

Consequently we see that the first and second fundamental tensors gλμ

(x,y) and h\μ(x,y) of Fn-ι(y) are solutions of the differential equations

(39) and (49) where the Riemann tensor of Vn-i (y) appears as known ter-

ms :

(39) -^g,μ=^2h,μ,

(49) JL hκμ = *L=1. hκμ - Rκμ - 2hl hlμ + h hsμ

provided that they satisfy the auxiliary conditions
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(47)

and

C50) h - 2 C / _ _ 2 ) α ? - w + Λί *;) = o.

Conversely, if we consider a Riemannian space Vn with the fundame-

ntal tensor gιf such that the components gκμ?s are solutions of the last equa-

tions and gm = 0,gnn = 1; then in the space with normal conformal connexion

associated with Vu the hypersurface Fn-χ (0) will obviously be the image

of the fixed hypersphere Sn-ι C= An -{- yA^').

§ 2

5. The result of the last section yields the following problem: is it

possible to imbed any Riemannian space Vn-i in a suitable Riemannian

space Vn as the image of Sn-i? Otherwise in what conditions is it possible?

We now pass to study these problems.

As we knew in § 1, the Riemannian space Vn in consideration is confor-

mal with some Einstein space whose scalar curvature is < 0. On the other

hand, J.E.Campbell proved that "any Riemannian space Vn-i can always be

imbedded as a hypersurface in some Einstein space". However, the latter

is of scalar curvature- 0, as this will be shown in a following section.

Consequently this hypersurface will not be the image of Sn-i because in this

case Sii-i becomes a point sphere.

By means of (39'), (49) reduces to

(49') -ψK = -^y- K-K+h K + 20,-2) δ^R ~ W + h : hlX

From now on let us replace n — 1 by n in order to simplify our calculation

and consider the problem of imbedding a Riemannian space Vn in an Einstein

space An+i as the image of Sn. Then our system of equations will be

(51) V ^ μ = "2hκ^

(52) -|L*v = ?L=i A χ - j ζ + Λ Λ J + 2 ( n

I _ 1 ) - ^λ(i? - /̂ 2 + hlkl),

" (53) ^ ' δ ~ h λ = 0,

(54) h — 2(n — 1) (^ ~ ^" + ̂ ί Vi) = °

(λ, μ, . . . α, b, . . = 1, 2, ., w) (w > 1).

In order to study conditions (53) and (54), let us consider the quantities of

the left sides of (53) and (54) in which g\α and h\μ are a set of solutions

of (51) and (52). Then we have
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2YJL fcΛ.p JLfr* - Π* —
•ay λ oxΛoy V ' A ^ 3 y

hence we get from (52)

(55) J L * - β = * ; ^ 1 - , - Λ ^

On the other hand we have by (39) and (39')

?J

2 3 j 1^ V ow axk "όxa

= 2 ΛJ Γ ^

that is

and further we get

ί0') ~By~ι λ/> = ~ Λ>λ.

If we make use of (56) and (57), (55) takes the form

"^Γ^λjα = —hlhia — hl (gac.hλb, c — h\ >b — hlf λ ) + - hlf a

- ΛJ,β + h,ahl + hhl,a+ 2(n-l)(R'κ~

hence we get

(58)

, λ

A» ftj, λ ) .

Now from (51) and (52) we get

(59) | - * ^ * - ^OΓΠ5{C» - 2X1Ϊ - fe2) - » ftί 4

accordingly

- 2X2?, ,v - 2A Λ, λ ) - 2n
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hence we get from (58) and (60)

^-(Ka - h,a) = 5-=^(ftJ,β - Λ,λ) + |?j,β - A i?,λ

+ ΛCAJ f β-Λ> λ).
As it is easily seen from the Bianchi's identity, R^a = ^R,χ, we have the
relation

C6D ^ Oil β - *, Λ) - ( ? - = ^ + ft)(*£ α - Λ, Λ).

In the next place let us consider the quantity of the left hand side of

(54). Making use of geodesic normal coordinate systems, we see, by virtue

of (56) and (57), that

yK~ ZhμKκ"-+ 8* b ^ay

^ δ
 AΛ,, , - ft;, μ -

Aα, b~Ka- h, 0 v ,
that is

C62) ^ i ? = 2 C ^ Sξ 4

Hence, by means of (52), (59) and (61) we obtain

- 1 h ~ orJ-iΛ](n-2)(R- V) ~nh\\

7ϊ Chi Rl + g™ h, ao - ft*

that is, an analogous equation to (61)

(63) |_{fc_τ_^α?_

(*ir + *){* - τci

Thus we get the necessary equations (61) and (63), but these equations

show that the differential equations of our problem do not belong to the

familiar type in differential geometries in which solutions gKμ, and hλμ are
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asked for under the initial conditions such that h(x, 0) = 0, and hj, a(x, 0) = 0.

In the next section we shall change these apparently irregular equations

into another ones which are easy to deal with.

6. First we get by virtue of (52) the relation hv

κ (0)=0. Noticing that

the solutions of the differential equation

are of the form φ = yn~ι F(x) ^^(x), let us put

Then (52) turns into the differential equation with respect to /* i. e.

Let us now calculate -£— Rv

λ in the right hand side of the last equation.

Making use of the equations which appear in the calculation of -g-~ in (62),

we get

"ΛJT" λμ " & ^λμ 7 ha ^\> μα v-i λa> ' ' λM-

or

where Δ* means the second differential parameter of Beltrami. By (64) we

have

(66) h =y(f+ 2 (

 R__

hence we get

in-



ON THE SPACES WITH NORMAL CONFORMAL CONNEXIONS ETC. 207

ι A /? /«δ / ? α & 4δ

' Λ + 2(n-iXn-2)J

On the other hand, we have from the right hand side of (52)

_ j

2 (w - 1) ^ In - 2Y

hence we obtain

n - - 1 ) 2 J J ?

4- 9P7' O- A /"

3»

-4-
2 f'/

V " Λ 2 ( » - l )

If we make use of Δ2 R — 2RVj, Λ = 0, the last equation reduces to

^ ^ \ R * n
(67)

2 ) J [ 2 (w —

2 o r =

- ^."« -K, "+ f>
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Thus we have an analogous equation to (52) with respect to /J. It is

noted that the coefficient of /* is n o w ^ - ^ while that of hv

κ in (52) is ^ — * .

Applying the same method successively this coefficient may be reduced to

. Let us discuss it generally in the next section.

7. By the last section we may set hv

κ(x,y) in the form

where Hv

λ(χ:y) (i = 1, 2, , ^ — 2) are polynomials of &g>, Rn

σ and their

covariant derivatives.

Indeed, substituting (68) in (52), we get

n i

Γ * i 1 ) λ

 C o t t co6 co co

Hence our object will be to define Hζ (i = 1, 2; , w — 2) suitably so
ωΛ

that they satisfy (69) and the equations of H Y as unknown take forms as
O-i)

simple as possible. First let us put

(70) -4-Hι^ΈyjKί
By co I S CM)

Then the terms apparently constant with respect to y on both sides of
(69) cancel out when we define H\ by the relation

or'

or

From the last equation we gain at once

(72) H = //£ =
0 f0) of 2(w-Γ)

Next, from the coefficients of v we shall define HY by
(2) λ( 2 )
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c o o , o ) C2)

that is,

c 2)λ n — o o,vλ

In the last equation we assume that K\ has already been determined. In

order to determine K j we notice, by' means of (71), (62) and (65), that
α,o)Λ

Substituting (63) into the last equation and comparing with (70) (ί = 1) we

see that we may put

O>0)λ "

Consequently we get
(73) Hi = 0,

C2) Λ

whence we get K v

λ = 0 by virtue of (70) (i = 2),

Comparing coefficients of yz in both sides of (69) we see that we may

put

3fl£ + Kv

λ = in - 1) Hj 4- H
( 3 ) Λ ( 1 , 1 ) Λ • C3)Λ (1)

-H H),
vr a) (Ό

or

- 1 ) λ ci3 CD CO* CD

In the last equation we assume that K " has already been defined. However

from the coefficients of v in —— Hΐ we know that we may define
oy or

ζ i , i ) A 71 — 6 { Λ CD CD CD CD CD

R>

- 2) Λ 'λ

R ~ ϊ 2 O.
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or

By substitution we obtain Hi of the form
( 3 ) Λ

M Ή 4(/z-l)

In the following suppose inductively that we have obtained

•CM-s)λ CM-*) λ > a* atPi* t Pj

0'= 1,2, . . . - , ί ^ w - 3 ; y = l, 2, ... .,£ - 1 5 = 1,2, .,./),

which are polynomials of gab, i ζ 'and their covariant derivatives, so that

the coefficients of yι~ι in (69) are zero. Then we shall define H r, taking

account of the cofficients of yp in (69), by

dp + 1) H I + 2 ^ Λ = C» - 1) H 1 + 2
*• = l " ' / i= l

i •*• t ^j, s j_jι, rt a TT

or

σ5) &} - n^p -2" [|cJ-s; - ifeuS; +

1

2Qn 1) λ coα(ρ-o co ĉ -*:

In the last equation we assume that K v

λ has been defined, H£s have

already been defined by our assumption, since 1 ̂  s ^ p. Now we get

3 τTυ _ y

while for ^ ^ 1

^ y ^ » P 1 Pk. ~ y £y ** b i p i p£_]yJ,pA: "t- Λύ, pi ?k - 1



a THE SPACES WITH NORMAL CONFORMAL CONNEXIONS ETC. 211

— J?a ° Λ^ _ X ^ pa, ό IT;
^ c , Pi Pfc-l ^ y X & p Λ ^ ^ H > PI * * * * P r - i c P r + i * ' ' * Pfc-1 ^ L prPk ^

On the other hand, we already knew in (56) and (65) that the following

relations hold good:

— - F " =z h v — hv hv

Accordingly it follows inductively that -^— R^?\ ?k a r e l m e a r forms of

Kt K> o5i •-, K>*i -> ^+2 whose coefficients are polynomials of 7?J,Ri,Λl, ,

R'bxti- cck. Consequently, comparing the above equations with (70), we

may define, by means of the known quantities, K v

κ as follows:

(76) K j = 2 2 O £ft/3 #&) # «7'

where f'a
 p1 p* are linear forms of H c

r> H % Λ1, , H e

Pf Λί • -Λk+9 w h o s e

coefficients are polynomials of R°eJ , R5

e> *Ύ - ak, accordingly K I are

polynomials of gah,R!;, , R?;, Pί P2 ?k- Hence we see that H v

κ can be

defined by (75) without any ambiguity. Thus we can define successively

H1' Hi, - , H I so that the apparent coefficients of v, v2, . , yn-:i in (69)
CO C2)Λ ( H - -0

are all zero.
We see that the apparent coefficients of yn~ίl on both sides of (69) are

12-— 2

(n - 1) H I + 2 κ λ

and

(n-l) H^l+Σ + H H £+ 2(w-rΛCffi ^ ? ~ ̂  H, >}>

then, let us define a tensor
w-3

Cr7r7\ T v ^V1 ) Ίf v I TJ ΊLJ v i

1
I 2 S\V C TJb j-i a TJ Tj \

which depends on R*t ,Rξ, P1 .P Λ_S. Although /f j is out of the obove

extent, it is evident that (76) is also applicable in this case.

From (76) and (72) we see that K v

k = 0 (ί ;> 1). Moreover, there hold
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generally the following relations *

(78) # r = 0, # * = 0, jfiΓ ? = 0,
(20 Q2ίJT CMO

which are easily proved by induction by virtue of (76) and (75). Accor-

dingly, it follows the relation Lv

κ = 0 for n = odd.

Making use of the auxiliary quantities Hv

κ (/ = 1,2, , /2 — 2), let us

rewrite (52). We get by virtue of (69)

(79) Λ- H\ = — L +y^1 V

2 (» — 1) λ co or co
where the quantities in { > are quadratic forms of H I and its covariant

oι-υλ

derivatives.
8. In this section let us consider the condition (53). Although we

get from (68) the relation

we shall prove that factors of the right hand side i/?, o — H, λ = 0 (i = 1, 2,
CO CO

First from (71) we see that

>" m'λ~ ΪΓ^ > P - 2 in-

Now we suppose that the relations

J E Γ J l p - # f λ = O (1 = 3,4,. . . . , P;p<n-2)

hold good, and we shall prove H p

κ o— H ,\ — Q.- From (75) it follows

JΓf L C«,J»-O p co CP-S) p co α»-o

•*- s TTb Tj a ΊJ TJ
~ n _ I ^ ^ α & 6, λ ~" ^ 5 ' ;

and

cp+i) -"Lc s^-o 2 (n —1)\ coαcp-o&ίλ 'c«) o>-o

hence we get

Γ m H,H,X\.
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Accordingly we obtain

CP+1) CP+i) J ^ L C*,P-O C*,P-O

~{H Ht,'-H H ,x-H> HlK + H,aH
COCP-O COCP-O (o (p-o co CP-O

or by our assumptions

C80) (n-p-2X H P)P~ flr

>λ) =
CP+Ό p CP+O

2Γ * fcp- * ' +H>Hlλ-H,aH l.
~ L C * , P - O c*,p-o COCP-O co cp-o -J

However, if we take account of the fact that the following relation holds

good in general

( d TΛ — τ y — τ j i^ -4- T^—— F 6

we have

and further by virtue of (56), (57) and the assumptions, we get

Thus, making use of (68) and (70), we get

jζ p rζ _ TTi TT i Tjp ί TJ a Ί-f a — H

cs,p-oλ>p c*,p-o' co λcp-o' c«)α\ p - o p ϊ C P - O Λ > P CP-O

coλcp-o'p coα cp-oδ ί

Then substituting these into (80), we get

(n-p-2) (HJ,p - H ,λ) = 0.

but, as n — p — 2=4=0 w e have

Thus we have proved that

(81) J ^ , p - ^ f λ = 0 Cί = l ,2 , . . . . ,Λ-2)

Consequently the condition (53) reduces to

(82) H p > p - J Ϊ , λ = 0.

In connection with the last equation we shall consider the condition

We see from (63) and (81), that the following relation holds good :

r-^(HiP~ H ,
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Y( Hio- H,
y ? CO/ W-0 ' C«-D

t h a t is,

(83) - 3 ( # P > P - H , λ ) - V / # ( i f f,P - ff ,χY
. 3y\Qi-vA'p c«-o / j ~ co\c»-υ c»-n /

ί). In this section we shall consider the condition (54). From (68) and

(72) we get

jff co 2(n~l) ^ ^Vc S)
αcί-5)' co c«-o/

We shall prove that Hv

κ satisfy the relations

(84)

When i is odd, owing to the fact H^-Q, these are evidently true. If

i = 2, it follows from (75) that

On the other hand, we get

W - l V c θ A " w " " Λ C D ' CD i a b

and by (71) and (72)

(85) Rl^(n-2)Hv

κ

Hence, by means of (81), we get

K - —Λ HI Rf} = ~"~- flj Hi -f Λ Γ
Ci.i) n - 1 CD* 6 W - 1 C 0 α CD* W - 1Ci.i) n - 1 CD* 6 W - 1 C 0 α CD* W - 1 CD CO

Substituting this in the above equation we see that

(n - 4) H - o-f-f^Vxί^ #2 ~
C 3 ) Δ {72 — 1 ) \ C O CO CO CO

viz.

(3) Z U 2 — -L)\<Ί) CO CD CO/

Now let us suppose inductively that for / = 2,4, ., 2p — 2 (2^ < n — 2)

the relations (84) are true. Then we see from (75) that

(86) Cn-2p-2)H= ^ l ^ - 9 , n

 Λ-H*α H g -
C 2 j υ ~ U S 2 Ό 2 ( w 1 ) c ) C 2 u o

Λ-Hα H g . ? Ί -
US,2PΌ 2 (w — 1) cs) C2u-o 2 (n — 1)

By virtue of the assumptions we get for 5 > 3
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• * • ^ XT1 ( τjh τs a _ ττ ΣT

2 $ ?»
•by & ~ 2 ( » - 1) ay

n — l ^ - 1 IV 3y co Vc«-t-o V oy co/c*-ί-uJ

hence we have

H %- K H

and for s = 1, making use of (72), (62) and (81), we have

(1,22> - 1 ) ft — 1 I C-'i' - 1 f CI ) ' ' (22v - O C 0 )

Accordingly we see that

' K b

α H %- K H

+ Cn-2) H^H%+ H^ H

= --1--Γ%; y \ \ K iH%- K H\
n — 1{_~ ^'fm*_>l(s-ι-L,w-'dϊ co (*-?-1,2i>-3) coJ

+ (w - 2) ̂ 2 «; + H H\

But, we have by (75)

iΓ /f = (n - tf - 2)
c

r τ » j A 5JM / r/fj i r Λ. _ r r FJ 11

)
Cs,y-s) C/+O

~0?,<z-s) C7+1) 2 (W — 1 ) ^ 1 Cs) Cί-s) 00 OZ-<θJ

Substituting these in the above equations we get

K =-^^\(n-2p + l-l)H»aH'l+^\H H ^ Hj;
<«.2*-«> » "" i ^ f L C^-O CO f-[ Us-) W-ί-i-ί) CO

Ί
! ) co c«χ2i»-ί-i-s

_ rn _ 2 ί + / - 1) H H - ^ - r HH> H

ffff1 λ ffff if l l + =-((w2) g Sff?+ if//
I ) co cs) ζ2jp-?-i-oJ J w — 1 1 c2i>-i)Jco C2i>-υ co

-2p + l-l)ί H IHΊ- H H\-
U2i>-0 CO C2»-OCθJ
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2 C U ^ U o C2p-i-i-O CO VP-l-i-sy ^ C O C2P-1-1-O CO

+ - ^ { ^ - 2 ) H*.Hi+ H Hi
n — l ί Q2P-Ό co C2i>-D civ

2p-3

71 — 1 — * [ _ lC2p-0α CO C'2p-0 '

+ * H2P^2ί H bHa— H Hi]
2 co -~ tc2p-i-i-oα cob C2P-Z-I-O co/J

+ -~Ί kn -2) H ZH«+ H H\.
71 — 1 { C22>-O Ci) C2p-O Ciy

By induction, replacing the quantities in the second term in £ ], we see
2p-3

71 ~~ 1 J-ϊ (C2D-0 CO C2D-0 CO

22J-3

~ CO C2P-0 C2P-O CO C2j!>-O CO J*

Making use of this, we have

Σ ί ^ --±^kn-p-l) H*H* + p H HΪ\
f^T l_(ϊ,2jtί-0 71 — 1 1 C2i)-0 CO C2P-O CθJ J

p2jp- l

-0f-2){ # JJHJ- H Hl-(n-l) H H
lC2i?-O CO C2J)-O CO; C-'P-O CO

- 2) #* tf? + £T ̂  = 0,
(2p-]> CO C2P-O COJ

that is,

-~CS,2IJ-O «— 1 ~ I c^-oαco;> c #-o
6 = 1 5 = 1

Substituting this in (86) we see that
2p-l

(n-2p-2).H =-—τrτ\Σ [2(w-ί-1) -ffα-ffί + 2̂  ̂  ^Γ-

-n H"aHϊ~(n-2) H H~\
C2ί)-s) CO. C2ί-O COJ

hence noticing that w — 2p — 2 Φ 0 by hypothesis, we get
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i (
H = • τ y\\ HI Hi- H H

2{ Df l iI i H H\f

f c^-o co CΞP-O coi

thus (84) is generally true.

Accordingly we see that

Thus the condition (54) reduces to
n n+j-l

(88) F~H ~ } T y 2 ί ^ 2 ff " - ^ ^ 1 = 0 .

and the equation (63) may be replaced by an analogous equation as (83) :

10. In the above sections 5-9 we have seen, for n > 2, by virtue of (79),

(82) and (88), that the system of equations (51) -(54) are replaced by

(90) - ^ ^ -

(79) l - ^ i =

d(n—±) Λ\co a) co ox
(82) H^ P, p - H , λ = 0,

(88) F - c ^ - 2(n-l)£yS 2 { .^ \n% ,f~«H*> Q3 J J

and the general solutions ^ t (Λ: , 3;), i/λ/Λ (Λ: , ^) oΐ (90). and (79) satisfy the

equations

As we have already seen in the section 7,

L[ = 0 for Λ = 2m + 1

we can solve (90) and (79) under the initial conditions
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Accordingly, if we can determine the initial functions H v

λ (x) so that they

satisfy the conditions

(91) H l? - H , λ =

and

(92) H-
O l l ) IC*-2) (tt-s

then the solutions £ v ( # , j θ , H\(x,y) will satisfy (82) and (88).

However, as w = 2m 4- 1, (92) becomes

(920 H =0,

hence it will be sufficient to set H K (x) = 0. Thus we obtain a result

that any Riemannian space Vn of n-2rn -f 1 ( m > 2 ) dimensions can be

imbedded in some Riemannian space F»»+i conformal with an Einstein

space as a hypersurface which is the image of S,ι invariant under the group

of holonomy of the conformal connexion associated with Vn+i.

In the case of n=3 the equations (92), etc. lose their meaning, but from

(67) it is evident that L\ = 0. Accordingly the above result remains true.

But in the case of n = 1, we must consider it in a different way from

sections 1—2.

11. Next let us consider the case n = 2m (m > 1). Owing to the form

of (79) it is necessary for the tensor L\ (Rl R;iP1; RZ,P1 P?i_2)

(93) Z,*(*;0)=0.

Accordingly for the space which satisfy this condition, if we can give Hv

κ

(x,0) = Hv

k(x) such that (91) and (92) are satisfied, then the solutions of

(90) and (79) obeying the initial conditions (91) and (92) will satisfy our

system of equations. But there exists always such H X for any Vn. Thus

we obtain a result that any Riemannian space Vn of n~2m dimensions for

which L\ = 0 can be imbedded in some Riemannian space Vn+i conformal

with an Einstein space as a hypersurface which is the image of Sn.

Lastly let us consider the case n = 2. Since the Gaussian curvature is

K = Rnulg: it follows, as is well known, that

Rκμ = Kgκμ. or

and R = 2K, hence we get

Accordingly our system of equations is replaced by

(51) ~ gχμ - - 2AΛ»,
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^ 3y λ y λ λ

(53) Aj,P-A,λ = O,

(54') A+A|A»| - j y # = O, A = AJ.

General solutions of (51) and (520 will sutisfy

(61') J L CAJ, p - ft, A) = ( y + A)(AJ, p - A, λ ) ,

(63') 4r{h+y\n\ -yK} = ( v + A){A +^|AJ| - * £ }

If we substitute fe^ by

(94) A; = yfl,

the above system of equations will reduce to

(52") ~fκ =

and

(61") - ^ (/L P - / , λ) = yf(ft, P - / , A),

(63") | - { / + rΊ/ί l - ^ } >

Hence if we can give a tensor f\ so that / = /£ = K (#) and /J,P —/,λ = 0

for a given fundamental tensor gχμ (^); we shall obtain our solution of

(51")-(54") when we solve (510 and (52") under the initial conditions

g/iμ(x,0) = gλμ(x), fv

κ(x,0) =fχ(x). But it is obvious that we can find

such /•; as stated above.

Thus we have proved the following theorem.

Theorem. For n =2m-\-l (Jn>Y) and 2 any Rieinannlan space Vn,

and for n ~2rn (m>2) any Vn satisfying the condition Lv

k~ti can be imbedded

in a Riemannian space Vn+ι conformal with some Einstein space as a hyper-

surface which is the image of a hyper sphere invariant under the group of
*

Ήolonomy of the space ivith normal conformal connection associated with this

Further the above proof shows that, as h\μ.(x,Q) = 0, this hypersurface

is a minimal surface. For n = 2, V3 is conformally flat as it is evident

from the result of E. Cartan.
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12. In this section we shall show that, similarly as in above sections,

we can treat the problem of imbedding any Riemannian space Vn in some

Einstein space An+\. According to Campbell's work, using our notations,

this problem reduces to the one to solve the following equations

(51*) ~g^^-2hλμφ,

- § : *Σ = Φ ( * *I ~ «Σ) + Φl Φl = gv? Φ> *P

under additional conditions

(53) ftJ,p-Λ,λ = O,

(54*) R-h2 + h\ hi = 0.

If glXμ and Aj satisfy only (51*) and (52*), then for the quantities of the left

hand sides of (53) and (54*), we get

(61*) lξΓ(K P - *, A) = Φ, κ(R - h* + K ft*)

• + φ f t ( Λ j | P - Λ,λ) + γΦ(R- V + ft»ftj),λ

and

(63*) ~-(R-W + KhO =2φh(R-h* + hlhO

- ±g» φ, *(H, p - f t , β ) - 2 ψ ^(ftg, p ~ Λ, δ ) , α.

Hence it is sufficient that there exists at j - 0 a tensor hi satisfying (53)

and (54*). But this is always possible, hence^ there will exist our solution

gKμζXiy) for any gχμ(Λ). Thus we obtain a Vn+i with a line element

dsz = gλμ. (x, jθ dxλdxμ 4- Φ(x,y)dy dy,

where φ(x,y) is an arbitrary function of xλ and jy, and it will be easily

shown that this space is an Einεtein space with vanishing scalar curvature.

§ 3.

In the following section we shall consider spaces with normal conformal

connexions whose groups of holonc my fix a hypersphere Ŝ _j and another

real one S^Lp.and investigate properties of the hypersurface of image of S>7_i»

S. Saεaki4) and K. Yano5) already studied such spaces by another way.

13. According to the section 1, if a space with conformal connexion

has the group of holonomy which fixes a hypersphere S'n-i, the connexion

is represented with respect to normal frames by a system of Pfaffians ω[|,

ω% Gy{\,<0) satisfying the conditions

4), 5) Cf.loc.cit,!).
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0,(95) J < =
(i = 1,2, , w)

and S'w-i is represented by

(96) 6 AQ + A,,

where £ is 0, 1 or — 1, according as SVi is point, real or imaginary.

Moreover if the connexion is normal, that is, if

-Ϊ^X** + 2(n-lXn~2) <

the Riemannian space Vn defined by the line element ds2 = ω'ω; is, as it was

shown in section l,an Einstein space such that

(96) RtJ~ - 2 S(n~ l ) δ o , 1? = - 2 f i w ( « - l ) .

Using only such frames, let us consider another fixed real hypersphere

S"»-i represented by

(4) X = Λ;0 Λ + xi At + Λ -^OC,

then (5) must be integrable. As we consider only a neighborhood of the

image F"n-i of this hypersphere, we may consider that f φ O since S"»-t

is real. Accordingly, as (22), if we put

(5) turns into (23). If we further chccεe frames such that ya = 0, we get

(25) ] rfy00 - ω ί ι - y»cy> ω w - y» ω^) = 0,

Substituting (95) in these, we have

I dy + { ^ (i + y°y°) - y°y0} °>n = o,

(97) j dy°° - {1 +y^- - ey*y~}ωn = 0,

From the last equations we get also

(1 + y y * - Syy-Ϊ dy° + { 6(1 + / r ) - y / } rfy~ =Ό,

or

(l + 2 / ^ o o ) ^ C j 0 + f ^ e o ) - C / + <?^00)ί/Cy0^00) =0,

viz.

c^/i + 2y ) j r » ^ = constant,

or

(98) f = (c2 - £);y~ + V (ca - 2 £ ) y j r + 1

Using the relation
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which follows by substitution of (98.) in (97), we have

(100) ^ =

Putt ing jy00 = j7, w e have

(ω*y = [>'> ω;3 + [>» ω p

r -, ( ^ - 2 £) J? +
[ j

hence we can define a function f(y) such that

(101) (/ω'0' - [Jω\ω'i;\.

Comparing this with the last equation we get

= d log { ^/l qΓ(^ΊΓ^JJy* + c^}

or

(102) f(y) - VΊ + (ca"-"2 6) ψ + σ

Next we denote by #\ Λ:2, ,Λ;ί*~α, the integrals of the following system

of Pfaff equations

(103) ft)1 = ωL = = ω'*-1 = 0,

then it is evident from (99) that we may take (xΊ ,.y) as a coordinate system

in Vn. If we consider in Q01) only variations with respect to y, we obtain

- δ (/«'•' (dj) = ω f (δ)/ω" (J),

accordingly we get

δ (/2 ω« ω«) = - / 2 ω'ft
e (δ) ω" (J) ω''(rf) = 0 ,

and hence we have

f* w" ωa = ryab (x1, , x'1'1) dx° dx\

Thus we see that we can choose a coordinate system such that the line-

element takes the form

( 1 0 4 ) * • = ΐ ^ > - ^ > ^ w ^ + Γ - Ώ
The image of S'Ή-Ϊ is given by y = 0, because the condition that Ao lies

on this hyper sphere y° Ao 4- Λa + y°° Λx is equivalent to y™ = 3̂  = 0. Denoting

the fundamental tensor of F,,. by gϊ,j(x,y), we have

{1 + (ca - 2
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14. Let us consider F'n_x as an (n — 1)-dimensional Riemannian space

Vn-Ί and designate its quantities by *. In order to simplify the calculation

we transform the coordinates (xa ,y) into (X";xn) so that

(106) * = f—τ

and put

(107) - _ _ _

dy

Then it follows

(1040 ds1 = φι {ynb dxa dx1' + dx* dxn},

hence we have

gaί> = Φl 7*>, gvi = 0, gnu == ̂

Accordingly we can find that

or

I1;;,, = Γ t X l ^ - - y«.J~ l o g ^

where ΓJk. and lτ^. are the ChristoffeΓs symbols with respect to g j and ψ

Thus we obtain, in terms of natural frames,

On account of the relations

'

we get the following relations between the components of the Riemann cur

vature tensors:

Rd'ca - R*J'ca — (a-')'1 {jσ.c δ J — Jσ,τ δj},

(108)

Rd'cn z-s: R-OJ ca ~" J\.nlij rs=: 0 .
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Accordingly we get for the Ricci tensor
D JD J) i ID n Dίk ίrΛΛ O\ i

JXao — -K-a cb ~τ Xία CΪI —' -Π. 'αo — \ \ r l — 6) (

< 1 0 9 ) ! Ran = o, Rm = RΛa - - (n -

From (96) and (104') we have

(110) σ"^28Ψz

and

Rac = i?̂ αc - {(Λ - 2) (σθ 2 + σ"} yac= -28(n-l) ψ* Jot,

hence we get

Making use of (110), we have

(n - 2) (σ')2 + σ-/r - 2 6 O - 1> Ψι = (w - 2) {(σ')a - 2 6 ^2} ,

moreover from (106) and (107) we get

therefore we obtain

/ * - 2 8

Accordingly (111) reduces to

(111'.) i?*αc = (Λ - 2) (C3 -

whence we get

(112) R* = (» - 1) (w - 2) (c3 -

Thus we see that the hypersurfaces Fn-i (y) defined by y = const, are

totally umbilical and Einstein spaces and that the orthogonal trajectories of

these Fn-i (y) are conformal circles. For, as x% = const, (Λ = 1,2, , n — 1)

yields

and

dA0^ωn An, d*A = 6 ωw ω» Λ + rfωw i4Λ - ωΛ ωΛ 4^,

the developement of any orthogonal trajectory, is the intersections of the

hyperspheres Au A2, , An-i.
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