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The category of paracompact normal spaces is a sufficiently broad
class in which some methods of algebraic topology may be applied. It is
well-known that this category contains all metric spaces, compact normal
spaces and fully normal Hausdorff spaces. Simplicial complexes with the
weak topology and CW-complexes in the sense of J.H.C. Whitehead 5,
§ 57 especially play important roles in the algebraic topology. Author [3,
Lemma 47, J.Dugundji [2, Theorem 4] and D.G.Bourgin [1, Theorem 37
have been proved that any simplicial complex with the weak topology is
paracompact. The purpose of the present note is to prove that any CW-
complex is paracompact.

1. Notations. Let X be a space and W be a subset of X and U =
{V;} be a family of subsets V; < X and f: Y>X be a continuous map of a
space Y into X, We shall use the following notations -

B = {V;} (V; denotes the closure of V; in X),
% n W: {VJ n W}> St(W;Q}'):: U VJ(VJ n W:‘: ¢7 Vf S Q3)7
St(B) = {St(V;; V)|V, € B}, f-7V) ={f (VplV; € B}.
And U > 9 means that each element of U is contained in some element of
L.
Let E* be the subset of n#-dimensional Euclidean space defined by
—-1=x=<1 t=1,....,m).
The boundary of E” is denoted by S*-!. For a point x&€S™~! and a real
number (0 <¢=<1) let (x, ¢) denotes a point which divides the segment
joining x to the center 0 = (0, .- ..,0) of E* in the ratio ¢:1 — .

For a given point (x, %) (x, € S*~!, 0< # < 1) let V be an open set of
S*~! which contains x, and let & be a number such that 0 < £ < min (¢, 1 —
t). Then the open set W(x, t)) ={(x, t)lx €V, |t —t]| < &} is called a
regular open set of E" with the center (x, #,) and the bottom B [W(x, 2,)]
=V and the breadth §[ W(x,, t,)]= &.

2. Two lemmas. Here we shall prove two lemmas which are used
in the proof of our main theorem.

LEMMA 1. Let P be a union® of at most (n + 1)-dimensional element E',
which are mutually disjoint. Let W = {U.} be any open covering of P. Let

1> Numbers in brackets refer to the references cited at the end of this note.
2) P is topologized so that each Ex with its own topology is both open and closed
in P.
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B = {V;} be a given open covering of n-skeleton P* such that for each element
Vi of B there corresponds an element U,c;, of W which contains the star set
St(V;; B) and for each (n+ 1)-element E*, B E'ﬁ"’ is a finite covering.
Then there exists an open covering I8 = {1V,;, W,) which satisfies the conditions :

1) W,NP*=V, and W.cC P — P,
" (2) WM N EH is a finite covering,
(3) St (28) > U and in particular St (W;; ) < Uaco.

This lemma will be easily obtained from the following lemma.

LemMmA 1. Let E be an n-element and S its bounlary. Let 1 = {U,} be
any open covering of E ani let B = {V} be a given finite open covering of
S such that for each element V of B there corresponds an element Uacy of U
which contains the star set St (V;;B). Then there exists a finite open covering
W={W, W, such that W;NS=V;, W.CcE-S, StB >U and in
particular St (W;: ) < Uach.

PrROOF. We may assume that E = E*, S= S*-!. For a fixed element V;

of B, let Vy, -...,V,, be element of B such that V; NV, + ¢.
We set

p
U; = ﬂo Uaiip N Uaiiy.
ha

By the assumption St (V;; %) < U.cp, hence we have V; < U.yy. Therefore
there exists a real number #y(0 < 7, < 1) such that for any x € S, if x€ V;
and 0 <?=2f then (x, 1) € U}

Now we set

W,={(x, Hlx€V, 0<t<t},
W, ={(x, Hlx €V, 0=t< 24}

Since Ul is an open covering of compact metric space E, there exists a
positive number € such that any subset W of E with the diameter d(W) < &
is contained in some element of 1.

Next, for each point (x, t,) (x € S) let W*(x, %)) be the intersection of
all elements of {*W,} which contain (x, #). Then W*(x, #) is non-empty
open set. Therefore there exists a regular open set W(x, #,) such that
W (x, t)) < WX, ty) and d[W(x, t)]1=<p = €/6. Since S, = {(x, t)|x € S} is
compact, S; is covered by finite elements of {W(x, #)|x € S}, say {W(«.,
)} (@=1,....,q). Let 28,=Min é§ [W(x., £,)] and we define W and ‘W by

W.={(x t)x € B, |t—1t]< &)
W= A% Hlx€ B, |t—1t] <28},

where B, is the bottom of W(x., #).

For each point (x, #) ({i =, + &), let W*(x, t,) be the intersection of
all elements of {W} which contain (x, #,). Then W*(x,#) is a non-empty
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open set. Hence there exists a regular open set W(x, #) such that W(x, #)
< WHx, ;) and SLW(x, t.)] < &8/2. Since S, = {(x, 2)|x € S} is compact, S,
is covered by finite elements of {W(x, #;)|x € S},say{W(xs, t)}B =1, -.--,7).
Let &, = Min {8LW (x5, t,)]} and we define W, by

8

where Bg is the bottom of W(xg, #).

For' each point(x, ) (x€ S, &, + & <t =<1) we associate a spherical
neighborhood W' (x, t) with the diameter < §:/2. Since E = {(x,t)[x € S,
t1+ 6, <t =<1} is compact, E’ is covered by finite elements of {W'"'(x, t)]
x€S, h+8=<t=<1), say {W;} (y=1,--..,9).

Now we set

W={W, W, W5, W,
then 28 is a finite open covering of E. By the construction it is obvious
that

W, N W;{ =¢, W.NW,) =¢, W;NS=V,;, W, Wg, W)/ <E-S
and

AW, =<p, dlW,1=p, DLW,/ I=<p.
Hence
d_St (Wg; W)1=<3p< 4,
diSt(W,; )1 <3p < 8,
therefore St(Wj; 28) and St(W,’: W) are respectively containd in some
element of U.

Also it is clear that V. N V; = ¢ W | W; % ¢.

If We W, +d, then V, 1 V; =% ¢, hence W: < U; < Uacy).

If W\ W,=+¢, then V; 1 Vi+ ¢, where xo € V,. Hence W, W*
(%a, 1)) S U, < Uac,y. Therefore St (W, ; W) < Uuph. Similarly we know that

St (W_:38) is containd in some element of 1.
Hence the covering 28 is required. Q.E.D.
Now let K be a CW-complex and ilet the cells in K be indexed and
with each m-cell e} €K{m= 0,1, -...) let us associate an m-element E}' as
follows. The points in £ shall be the pair (x, e') for every point x in
E™, and E? shall have the topology which makes the map x->(x, ') a

homeomorphism. No two of these elements have a point in common and we
unite them into a topological space?

P= | E™

Ne N
Let f*: E™->e, be a characteristic map for e” and let f: P->K be the map
which is given by f(x, ¢™ =f" x for each point (r, ¢") € P. Since e” has
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the identification topology determined by s7 it follows that the weak

topology in K is the identification topology determined by /. Let P* and K»
denote the #n-skeleton of P and K. Then f-Y(K”)= P* and f|P**'—P* is
topological.

LEMMA 2. Using the above notation if V, W are any subsets of K" then
VAW =¢af(V)NFW)=*¢.

~ PROOF. Since V<V, f(V)=f-XV), hence 7 /(V)=fFXV)=fXV)
Hence if /=(V) N f~{(W) % ¢ then /~YV) N f~(W) = ¢. Therefore VN W =
é.

Conversely let us assume that V (| W > p. Then there exists a cell
et€ K containing the point p. Let gy = f|E® — E ™ then ¢ is a topological
map of E™ — E™ onto e”. Hence thereexists the unique pointg € E — En
such that ¢(g) =p. Since f~(V)Df-KV)N[Er —E"]= g X V)=g -XV),
fXV)>gq. And similarly //(V) > q. Therefore /-1(V) N F-XW) > q.

3. The main result. We shall prove the following our main theorem.

THEOREM. Any CW-complex is paracompact.

Proor. Let K be a CW-complex and P, f: P>K be the same as
preceding. Let ll; be a given open covering of K.

For a fixed integer #» we assume that there is an open covering %" =
{V}} of K* which satisfies the conditions:

(1,) for each element V7 of B there corresponds an element Ua(: of
U, such that St(V;;B") N Uaey,

(2,) for each cell Ei(r <n +1) f~YB") N ET is a finite covering.

Let us put U =/"(Uy), V= f-4(B*). Then, by Lemma 2, (1,) implies
that St (f~((V7);:8) ©f~"(Uucp). Theretfore, by Lemma 1, there exists§a
covering W = {W;, W,} of P *! such that

W; N Pr=f-YV, W, Pt — pr
and
(A) St () > U and in particular St(W;; B) < f~(Uacs),
and VY E "r <n+ 2) is a finite covering.

We put V7l =f(W,;), Vi+'=[f(W,), then f~'(Vi*)=W; f[-4(Vr+)
- = W,. Therefore V*+! = {V"+1, V7*'} is an open covering of K"*!' and
4B+ = W, Hence from Lemma 2 and (A) we have

St (Br+1) < U, and in particular St (V+4; 8% < Uy,
Therefore the covering B7+! satisfies the conditions (1,+;) and (2,.:).

For » =0, since K° is discrete, the covering B° = U, N K° is satisfies
the conditions (1,) and (2,). Starting with V?, it follows by induction on #
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that there is a sequence of covering V"= {V},..--, V2 }(po € Jo, ----, pa€
Ju) of K™ such that St(V} ;") C Usppand Vit U K = V(i =0,....,n—1;
p. € J). If we put

B={Vo, Vor,"---,} (po€Jos M EJ1y ---.)

where
Vpk = U Vflk:
n=k

then ¥ is an open covering of K and it is obvious that St ¥ > U,. Thus it
‘has been proved that any open covering of K has a star refinement. Hence
K is fully normal. By the definition of CW-complex K, K is a Hausdorff
space, hence, by [4, Theorem 173, K is paracompact. Q.E.D.
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