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The notion of the Hilbert algebras was introduced by H. Nakano (87
and W. AmbroseT17, independently, and their relations were studied by O.
Takenouchi [13]. Recently R. Godement [4] has introduced the double unitary
representations of a unimodular locally compact group by the central Radon
measure of the positive type, but their research is clearly reduced to the
one of the maximal Hilbert algebras.

The object of the present paper is to obtain the decompositions of the
maximal Hilbert algebras of the finite class by the method due to Godement
in the theory of the double unitary representations of a group [4]. But
it is remarkable to obtain the irreducibility of the decompositions without
any separability condition, and these results may be suggestive to the
central decompositions of the arbitrary W*-algebras.

As we have extended the notion of the 4-oparation, introduced by J.
Dixmier [2], to the arbitrary W*-algebras in the previous papers [10,117,
we can decompose the arbitrary maximal Hilbert algebra in this way, but
we cannot yet prove the irreducibility in this case. Therefore, we shall
discuss these problems in the form of the extension of the Plancherel
formula to a unimodular group in the next paper [12].

Finally, some related problems are announced by Takenouchi [13], but
it seems to be necessary to introduce the separability condition there.

1. Fundamental properties of Hilbert algebras.

Following Nakano [8],

DErFINITION 1.1. A linear manifold U of a Hilbert space § is called a

Hilbert algebra, if (1) A is dense in ; (2) A is an algebra with complex
coefficients ; (3) for any a< there is an adjoint element ¢* € A such that
(1.1) <ab,c>=<b,a*c>, <bac>=<b,a*>;
(4) for any @ € U there exists a positive number &, such that |ex| < aq| x|
forall x € %; (5) by (1) and (4), for every @ € U we obtain uniquely a bounded
linear operator L, on & such that L,x = ax for all x € . (6) For an element
x€ §, if Lax= 0 for all ¢ € A, then we have x = 0.

DerNiTION 1.2. A Hilbert algebra U is said to be maximal, if there is
no extension except itself, that is, a Hilbert algebra containing % as a
subalgebra.

As can be easily verified, we have ([8; §17)
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Lemma 1.1. (1) La,w = Lg*; (2) Lgn= aLa, Lowy = La + Lb, Lay = LaLy; (3)
<ab>=<ba >, la*|= lal.

By (3) of the above lemma, we know that, if we put Sa = a* for all
ac U, then S is an involution in 9.V

We see easily (by the above definition and lemma): for any @ € U, there
exists a positive number B, such that |xa| < Ba | x| for all x € A. Therefore
we obtain uniquely a bounded linear operator R, on &, and

(1.2) Lib= Ra=ab fora bcil
Thus we can define the operators L., R, for any x € § by
(1'3) Lza = Rax, nga = Lax for ac< S)I;

if these operators L, and R, are bounded, then we say x € § is a bounded
element. For the bounded elements of §, the following facts are known
(C13, 817 and 4; Chap.I0):

LemMA 1.2, (1) If x is bounded, then Sx is bounded and

(1.4) Rs: = R*, Ls.= Lz*.

(2) L, and R, are related by

(1.5) Rsy = SL.S, Lss = SR.S.

(3) For the bounded x,y, the product:

(1.6) xy= Lsy = Ryx

is well defined and xy is also a bounded element in 9 satisfying
(1.7) Lyy= L.Ly, R. = RyR..

Thus we know that the set 2 of all bounded elements forms an algebra
containing U as a subalgebra. Moreover, Takenouchi [13; Theorems 1 and
27 has proved that for each Hilbert algebra U, there exists a unique maximal
Hilbert algebra ’i, and this Y is characterised by the set of all bounded
elements of 9. ‘

In the sequel we treat only a maximal Hilbert algebra ), in §, and de-
note Ly = {Lx: a € £} and Ry = {Ry; a € £,}, and the W*-algebras? gener-
ated by L, and R, will be denoted by L. and R, respectively. Then, the
following facts are known (cf.[13; §1 and §37 and [4; Chap. L)

LemMA 1.3 1)L, € L, R, € R;if A € L (or € R), then Axis also bounded
and
(1 8) AL, = LAw, (AR:r = Rm)y
1.9) LA = Lspsr. (ReA = Rs o).
(2) Lylor Ry) is a two-sided ideal in L. (or R).

Then the following important theorem is proved by [13; Theorem 5]
(which is proved analogously by [4; Theorem 17).

THEOREM 1.1. R"=L and L' = R.

1y The involution S issuch an operator on § that S2=1I, (Sz, §))=(y, #) and S(ev
+8/)=x8c+BS, for r,y€H. '

2) By a W*-algehre, we shall mean a weakly closed operator algebra in a Hilbert
space, and by a C*-algebra a uniformly closed one, in the terminology of Segal [it].
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‘Therefore Z = R L is the center of the R and L.
Next we shall show

THEOREM 1.2. R=SLS.

Proor. It is sufficient to prove that if P be a projection in L, then
SPS is a projection in R, because S is an isometry and the set of
projections in a W*-algebra R is uniformly dense in R®». Let P€ L be a
projection, then clearly (SPS)* = SPS, (SPS)* = SPS, so that SPS is also a
projection.

< SPS Lux,y > = < SP(SLax),y > = < Sy, PR x* >

= < Sy, R*PSx > = < Ray*, PSx >,

< Ly SPSx,y > = < SPSx,Ls*y > = < R,y*,PSx >,
‘therefore we have SPS € R, that is, the proof is completed.

Some other properties of the maximal Hilbert algebra can be proved
here, but these will be discussed in the following paper [12], related to the
extension of the Plancherel formula to the unimodular locally compact
-group.

2. The 4-operation.

The 4-operation in a W*-algebra is introduced by Dixmier [27] and this
notion is successfully applied by Godement [47] to the double unitary repre-
sentation of a group. We shall foillow the method of Godement with some
modifications.

LeMMa 2.1. Let U be a unitary operator in L, then V = SUS is a unitary
-operator in R.

Proor. < (SUS)(SUS)t,y > = < SUSx, SUSy > =< x,y>. SUS€R
will be easily proved by the method analogous to Theorem 1.2.
For these pairs of unitary operators U and V, we define

DEFINITION 2.1. x €  is called central if

{2.1) UVx=x for all U € L.
Denote the set of all such elements by $/. But as remarked by Godement
{47, there exists a case of &’ = (0).

Then by the ergodic theorem, (analogously to [4; Theorem 37), we have

THEOREM 2.1. Let x € 9, and let K, be the smallest closed convex hull
of UVx (U € L) then Kx has a unique common point 3¢ with £'; ' is a
projection of x to ', and x' is characterised by the one of the minimal
norm in K.

Clearly the operation x->x! is a linear continuous mapping of on £,
which is reduced to the identity on £'.

LeEMMA 2.1. The b-operation conserves the boundedness of . In order that

3) J.von Neumann, Zur Algebra..., Math. Ann,202(1932),p. 391.



210 H. SUNOUCHI

abounded a € ) should be in ', it is necessary and sufficient that
(2.2) L. = Rs,
that is, Lo € Z.

Proor. Let a.c€ $ be bounded, thenby Lemma 1.3, UVa is also bounded!-
let B, is such a number that |xa! < B, [ x|, then for a bounded x,

|L;UVa| = |VLUa| = [ VLsss @l = || Lsoess @] < Ba||SU*Sx | = Bal %/,
this inequality can be extended to the convex hull K,; especially we have
(2.3) [ Leat || <Ba [ %],
this shows @' is bounded, and |R.’|<|R.|. The relation (2.2) can be-
proved as follows: let a< &', then UVa = a,that is, Ua = V*a. As be-
well-known, the set of all the unitary operators U € L generates L%, so-
that

< Ly,a,y > =lim < Ua,y > =lim < V*a,y > =lim < a,SUS y >

=lim < USy,Sa > = < L,Sy,Sa > = < a,SL,Sy > = < R:.a,y >,
that is, Lo = Rs,. L,€Z will be easily verified, so that we obtained the-
proof.

By this lemma and the properties stated before, we obtain by the reasons
similar to Godement [4; Chap.I. §1I7,

THEOREM 2.2. Let a € § be bounded, and consider the smallest weakly
closed convex set K, generated by ULU', in L, then X, intersects the center
L! =Z N\ Ly at a unique point L} .

Proor. As we can easily see, Lyr, = ULU"!, so that the proof is suffi-
cient by the one of [4; Theorem 47]. Therefore we have

LEMmMA 2.2. In Ly we can define the h-operation possessing the following:
Droperties: (1) L% =L, ,(2) La€Z, then L} = La, (3) (LeLo) = (LiLa) ,
(4) if L, is hermitean (or hermitean positive) then L is also. (5) if L, € Z,
then (L.L,) = LaL% for L,eL,.

But it may occur to be L! =0 for any L, € L.

Now, we shall assume that L. be of the finite class, in the sense of
Dixmier [2], that is, for any partially isometric operator W& L, W*W
= I implies WW* = I, where I is the identity operator in L. In the sequel
we shall say such a Hilbert algebra is of the finite class. Then by the-
Dixmier theorem [2; Theorem 107, L has a 4-operation to Z, moreover we-
see by [2; Theorem 187, the above 4-operation in L, coincides the one of
L. That is, we have

THEOREM 2.3. Let L be of the finite class, then Li has the h4-operation
40 Z, and for L, < Ly,L! = L' .

3. Decomposition of a maximal Hilbert algebra of the finite class.
As be proved by Godement [4; Lemma 157, in a W *-algebra M of the:

4) J.von Neumann, loc cit. Theorer: 2.
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“finite class, there exists the one-to-one correspondence between the maximal
-two-sided ideals m in M and the maximal ideals mf in its center Z; if we
introduce a trace® X of M by

(3.1) X(A)= X (A1),

where X is a character of Z, then the above one-to-one correspondence is
.characterized by the correspondence of the traces of M and the characters
of Z, given by (3.1). In this sence we shall call such traces the characters
of M.

It is well-known that the set of all characters of Z is a compact (totally
.disconnected) Hausdorff space Q in the weak topology; if we introduce the
weak topology in the set of all characters X of L, then by the above re-
marked, we obtain a homeomorphism between Q and X, so that X becomes
compact. Let us now contract the character X in X to the *-algebra L,
then we can consider this as a trace oy on Ly; if we introduce also the
weak topology in the set of all traces o on L. obtained by such process,
then the mapping X-»o, is continuous, and X is compact,so that the image
"X, of X is also compact. Omitting the trace o=0 on L, we obtain a locally
compact space X, which plays a role of the dual object of the required
.decomposition.

Now following Godement [47] we shall introduce

DrmNiTION 3.1. A doudle unitary representation of a *-algebra A is a
structure {9, L4, R4, S} satisfying the foilowing conditions:

a)  is a Hilbert space,

b) A>L,, A>R, are two continuous representations of A, on ), such
-that L = Ls*, and L.Rp= RsL4 for A,B € A,

¢) S is an involution of § such that R, = SL,S.

As o€ X is a trace of the *-algebra L, we obtain a double unitary
representation of Ly these notions of the double unitary representations
was already studied by Nakamura [7] for the C*-algebra with a unit ele-
ment, but the most part of his results holds true in the arbitrary *-algebra
with a trace. That is, u,(o)={Lso(L*Lx) = 0} is a two-sided ideal in L,
-therefore we obtain a canonical mapping U,>»x(c) on the quotient aigebra
Lo/Uo(O‘). Put
(3.2) < x(a), ¥(o) > =a(L*Ly,),

-then this is an inner product on the quotient algebra; completing with this
inner product, we obtain a Hilbert space $(o). Moreover if we put

«3.3) L o)y(c) = xy(c), Rulo)y(c)= yx(c),

3.4) S(x(a)) = (Sx)a),

‘then the system {$)(o), L«(c), Ra),S} becomes the double unitary representa-
‘tion of Ly, by the quite analogous reasons to the one of [7]. Thus we can cor-

5) By a trace ¢ of a *-algebra A is a linear functional of A satisfying o( A*.4)=0 and
«0(AB)=0(BA),for 4,BEA.
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responed to each o € X a Hilbert space (o). Since we have introduced in
X the weak topology, for each L, <€ L, o(L,) is a continuous function
with respect to o; the vector-function x(c), defined on X to (o), is continu-
ous: by the construction mentioned above, the set of x(o) is dense in (o),
so that the vector functions x(¢) form a fundamental family of the continuous
vector-functions /A in the sense of Godement [3; Chap.III]. In the sequel we
shalil freely use the notions of the continuous sums of the Hil ert spuces
proposed by Godement. Now our present object is

THEOREM 3.1. Lot &, be the maximil Hilbert algebra in a Hilbert spa-e
9, then there exist a locally compact space X and a Rcdon measure u on X,
possessing the following properties:

a) for any x,y € §,,

3.5) < X,y > =f < %o),y(a) > d;l(a),

X
b) 9 is isomorphic to L3.

The proof of the Theorem 3.1 is mostly dependent on the Godement's.
but we shall use the *-algebra L, instead of his L,,, which is the *-algebra
of the all continuous fonctions with the compact supports on a group: there-
fore we shall sketch the proof. For details,see [4- Chap.I, § V.

That is,by the same reasons to [4- Chap.I, § V,2], we see: let F(c) be
a continuous functions on X vanished at the infinity, there corresponds an
operator Lr € Z; the mapping F->L, is the unitary representation of the
*-algebra generated by such functions; moreover, if F(o)= o(L,),then L

= L! . Then we have

LemMA 3.1. Let F(o) be a continuous function on X with a compact
support, ther we can take a L,Fé Ly such that F(o) = rr(L,F).

Proor. Suppose F be zero outside of a compact set K, then for each
point o, € K there exists a x € , such that x(o,)+0, therefore the con-
tinuous function o(L,*L,) is not zero in a neighborhood of o; and non-
negative. By the well-known theorem of the partition of the unit®, there
exists a L, € Ly such that o(ZL,) = 1 on K; so that
(3.6) Fo)= G(o)o(L,),
where G(o) is a continuous function on X, zero outside of K. Therefore,
by the above remarked, we have
3.7) Ly= LsL}.

But L! = L' € Ly (Theorem 2.3) and Ly is a two-sided ideal in L. (Lemma.

1.3), so that Lr € Ly, that is, Ly is defined by a bounded element x and
we heve F(o) = o'(L,F).

The construction of the Radon measure on X is quite analogous to

6) N.Bourbaki, Topologie Génsrale, Chap. IX, p.45.
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Godement’s; that is, for the conitnuous functions with a compact support
F, take a such real G satisfying /G = F, and put

3.8) I(F) = < Xp, %¢ >,

then we can see that /(F) does not depend on such G, and I(F) is a linear
functional of the positive type on the space of the continuous functions
with compact supports; therefore we obtain a unique Radon measure on X
such that

(3.9) IF) = f F(o)du(o).
X
Méreover, we have
(3.10) 1(FG) = f F(oYG@)dpo) = < %e 55 > .
As we have shown that x>/ is a projection of % to & in Theorem

2.1, and as &), is dense in &, the rest of the proof runs along the same
line to the proof of the Theorem 10 of [47]. Therefore we omit the proof.

4. The irreducibility of the decomposition.

As the trace o on the *-algebra L, is introduced by

(4 1) O—X(.L"f) = X(Lm), for L, e Ln,
where X is a character of L; hence if we denote
(4.2) uX) ={A € L; X(A*A) = 0},

then u(X) is a maximal two sided ideal in L, as be remarked in §3. By the
isomorphism theorem of the algebras, we have the isomorphism between ILi,
w(oy) and L/u(X), because L, is a two-sided ideal in L such that L,Nu(X)
#+(0). Therefore, if we introduce the double unitary representation {(X),
LX), R,(X),S} of the L. by a character X, then {9(c), LAo), R.(c), S} is
isometrically isomorphic to {$(X), LX), R.(X), S} so that we see the ir-
reducibility of the double unitary representation {$)(o), L.c), R{c), S} of
L,. By the way, we can also see that, if X(L,)=%=0 for L, € Ly,. then the
character X on L is uniquely determined by the values on L.

The W*-algebras L and R are isomorphic, because R = SLS (Theorem
1.2), sothat L and R, or more clearly,L, and R, play the symmetric parts
essentially. Moreover, in the case of the finite class, L! = L! Rf = R,
and L = R4 for any bounded element x € § as shown in Lemma 2.1 and
Theorem 2.3.; if we introduce a character X on R by the character X of
Z, then we see
4.3) - X(L,) = X(R,) for any bounded xc).

Therefore, by the above remarked, the vaiues of the characters on the
corresponding elements of L. and R coincide. As the double unitary repre-
sentation of a C*-algebra by a bounded trace is uniquely determined within
the isomorphisms [7; Theorem 17), so that if we identify the double unitary
representations of I, and R by the same character X, then we can consider
that LX) are the unitary representation of L. and R.X) are the one of R.
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By this consideration we arrive at the quite similar notions to the central
decemposition of a W*-algebra, which are studied by Godement [3], Kondo
[5,67 and Neumann [9].

Let & be isomorphic to L3, and denote this isomorphism by x~x(X).
Then we shall introduce

DEFINITION 4.1, A bounded linear operator A on 9 is called decomposable,
if and only if, Ax~A(X)x(X) for any x € §, where A(X) is a bounded linear
operator on each §(X); this correspondence will be denoted by A~A(X).

DEFINITION 4.2 Let M be a W*-algebra on $ and M(X) be a W*-algebra
on H(X), M is called decomposable if A € M is equivalent to A~A(X),
A(X) € M(X); denote this correspondence by M~M(X). This decomposition
is called the factor decomposition if M(X) are factors except a null set.

Let us now identify $ with L%, and correspond to A € L an operator-
Junction Ly(X) on X, then clearly (Ax)(X) = Li(X)x(X) on X, for any x&§),,
that is, for any x~x(X) € 4; as 4 is dense in L%, we obtain
(4.4) (Ax)X) = LAX)%(X) a.e. for x € D,
this shows that A € L is decomposable. Moreover, this operator-function
L4X) is continuous, in the sense that L.X)x(X) is continuous as a vector-
function for x(X) € 4. Similar facts remain true for the operators in R.

Let Aec L and B€ R, A~L,X), B~Rg(X), and let L(X), R(X) be the
W*-algebras generated by LX) and Rx(X), respectively, then L, X)Rs(X)

= Re(X)LX) for all X € X, so that we have
(4.5) L(X) 2R(X), R(X)y =2L(X).

Conversely, if a decomposable operator A has its component T4(X),
permutable with L(X) a.e., then we see that A is permutable with L, that
is, A€ R. Let A~R4(X), then R(X) = T«X) a.e.; therefore we can write
L~L(X), R~R(X) in the sense of Definition4.2. Finally, our double unitary
representations are obtained by the characters, so it is irreducible; clearly
this implies
(4.6) LX) NRXY = aI(X).

From (4.5) and (4.6), we see that I.(X) and R(X) are factors for all X € X".

As remarked above, the double unitary representations of *-algebras
I, and R, and the W*-algebras L and R are isometrically isomorphic;
therefore summarizing above, we obtain our final

THEOREM 4.1. Let 9, be the maximal Hilbert algebra of the finite class
in a Hilbert space £, and let Ly and R, be the *-algebras formed by the L,
and R., correspondingto x € £, respectively. Then there exist a locally compact
space X and a Radon measure ;AL on X, and we obtain the isomorphism between
$ and L% as shown in Theorem 3.1. Furthermore, with respect to this

7) F.]J.Murray and J.von Neumann, On rings of operators, Ann.of Math., 37(1936),
Lemma 3 1.2,p. 138.
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isomorphism, we obtain the irreducible decompositions of the maximal Hilbert
algebra 9.

By the way, we have obtained

THEOREM 4.2. Let ©, be the maximal Hilbert algebra of the finite class
in a Hilbert space 9, and let L. and R be the W*-algebras generated by the
L, and R,. Then we have the factor decompositions of the W*-algebras L.
and R,

It is remarkable that the above theorem is deduced without any separ-
ability condition, and contains no ambiguity of the null set.

If we assume, furthermore, that § is separable, then more precise
results will be obtained, but we shall not enter these problems here.
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