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1. Mr K. Ito has proposed the problem: When the series

(i i) j b w b̂-
fc = 0

converges, does there exist a polynomial P(x) such that
oo

(1.2) ^Σ^

£ being any preassigned positive number? Answering this poblem, we prove
the following theorems.

THEOREM 1. // there is a constant w such that the series

converges; then there is a polynomial P{x) such that

6 being a preassigned positive number.

THEOREM 2. / / there is a positive number uo such that the series

converges, then there is a polynomial P(x) such that (1.2) holds.

2. We suppose that
oo

(2.1) 2 I/WI W < °°

and that /(0) = 0 without any loss of generality. Let us ρut°

(2.2) ml

whose convergence will be justified easily, and may be seen also from the
following estimation. Consider the series

1 This is the discrete analogue of the Bernstein's polynomial, deduced from the
Szasz form.
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Then
co co (fc + 1/2)

/sΣ^«""Σι/(*)-/wι Σ
n=0 * fc=ϋ wi=(fc~l/2)M' "**

where 0(1) is the term tending to zero as u -> oo. The right side sum is
,n-l

(fc + 1/2) 1*

Σ

Σ ^ M " (Σ + Σ ) ι/(*> - /(«)i Σ
say. Now

M = 0 " fc = 0 m = (fc-l/2)w

say. Changing the order of summation in /n,

-21/wι 2 f Σ
fc=0 TO = (fc-]/2)tί n=fc

In the inner summation, the ratio of the consecutive terms is

nl V w
eu

Since n > A -if 1, w? ̂  (A + l/2)«, and then

hence

ίA + 1)!

Thus we have
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"" ΠS * ! v U + l/2;«
which becomes small for large u. Now

Ύ\ f(n)\ ^- e~u" <B V "

Since for large «

becomes small, / l 2 is also.
Let us now estimate 72 by the similar argument.

' oβ (*+l/2)l*

Σ
m~Jc)-l/2)u

say. We have
oo & - 1 + l/2)tt

fc=0

In the inner sum, terms are monotone decreasing, and then the coefficient
of \f{k)\ is less than

fc-l

Now

n!
becomes maximum when

where 6 tends to zero as k -> oo or & -> oo. For such w,

V w V(A'- l/2)« ) \ne»

= / ^ / e(lfF£) _ _
V Λ \u + log((k-l/2)u)
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—' l[2)neu

V « U + log((£-l/2)w))
w h e r e η -> 0 a s u -> oo o r k -> oo. H e n c e , i f t h e r e i s a w s u c h t h a t

oo

<2.3) 2 l/(&)l/wfc< °°>

then /2i tends to zero as n -> oo.

Finally
oo oo (fc+l/2)U

/ 2 2 = jt^j —ϊ™ ^ ^ . |y (w)l ^ j 1 —

= Σι/(»)i-̂ -β""" Σ
n=0 ' m = (

For large u,

and hence IT2 is
Thus we have proved that, for any 6 >0, there is a u such that

oo

3. We suppose that there is a w such that
oo

(3.1) ΣΛ*)*/10* < °°

and consider the series

<3 2) / =
w=0

where Bu(x) is defined by (2.2) whose convergence may easily be verified.

By (2.2),
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OO , W - 1 OO n - l CO

Σ)(Σ+ 2
k=n+l/ xλ=0 λ=w+l

oo n-l n-l co n-l oo oo co n - l co co co

2 + Σ Σ Σ + Σ Σ Σ + «υ
=n+l w=0fc=n+lλ=0 n = Qk=n+l \=n+l

say. Now

/»= Σ -=r β"*""Σ Σ c/(*) -
*

where

n-l w-i

w=0 *

Let us consider a part of Ji:
oo w-i n-l

/» = Σ 4£- e"2

n=ΰ u o λ=0
co n - l n - l

<f 2 —Γ ̂  Σ Σ ^W2 S(#, w, w) S(λ, w, u)
n=o ' fc=ϋ λ=ϋ

^ co n - l n - l

+ 2" Σ -ire"2" Σ Σ Aλm*,«, ^)sα, w, u)

- 2 Z"1 + 2 Z"*>
say.

oo n - l n-l

Zin = Σ -ir *~2ίm Έwysψ, n, u) 2 sα, w,«)

fc = 0

which may be estimated similarly as In. /i12 is also similarly estimated.
The part of JΎ with factor f{k)f{n) is estimated similarly as In and Iu. J.z,
Jz and J4 may be similarly estimated, and hence, for any 6 > 0, there is a
# such that

CO

A- <&
4.

Then

Let us

we can

«=o
put

c M w - e " M a ! Σ >

easily see that

ΣIB.(«)-

(Jfc+l/2)lt

f(*) Σ

C.(«)| ^
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2(B(») -

for sufficiently large M and w, if the condition (2. 3) and (3.1) are satisfied,
respectively. Thus we have proved that if (2. 3) is satisfied, then there are
a constant a and a polynomial P(x\ such that

and that if (3.1) is satisfied, then

XT' / ~ani

n = ϋ

5. Let us put
N

j=0

Then we have

2
fc = 0 W = (fc-1/2)?

For large u

and for large N

becomes small. Hence, if there is a w such that

then
00

2 ic«(»>-./<«)!£
for sufficiently large u, M and N. Similarly, if
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(5. 2)

then

Thus we have proved that, if (5.1) is satisfied for a w, then there is a

polynomial P{x) such that

and if (5.2) is satisfied, then

Thus Theorem 1 and 2 are proved.
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