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1. Introduction. When we intend to represent a B*-algebra as an operator
algebra on a Hubert space H, we must construct the Hubert space H at
first. In the previous paper [9], we investigated the general method for the
construction of H and especially pursued the space on which a given B*-
algebra is represented as a W*-algebra. In this paper we clarify the relations
between TF*-algebras which are generated from (^-representations of a given
Z?*-algebra A on various underlying spaces (a C*-representation means a
faithful representation as a uniformly closed operator algebra on a certain
Hubert space). A distinguished state of A with respect to a C*-represent at ion
{A#, H}Ό is a state p which permits an expression

CO

(1) fix) = 2 < *V<> φt >
i = l

where ΛΓ* is the representative operator f or x € A and ^ (ι = 1,2, ) are
elements in the underlying space H which satisfy the condition

(2) 2 ' :^ s = 1

i = l

Let S(A*\ Ά) and S{A^,H^ be the sets of all distinguished states with
respect to the C*-representations of A on Hλ and on HΛ respectively and
Mι,M>> be the Wr*-algebras generated from these (^-representations. Then
the main assertion in this paper is following: // S(A#1, HΎ) =D S(A#2, H2),
there exists a normal homomorphism of Mλ onto M>2 and if S(A#ι, Hi) — 5(A#2,
HΊ), MΊ is algebraically *-isomorphic to M2. As an application, an alternative
proof of Y. Misonou's theorem [4] is given in the last section of this paper,
which shows the space-free character of direct product of "R/^-algebras.

2. Weak closures of operator algebras. For every state p of a B*-
algebra A, we can construct a representation Af of A on a Hubert space
HP by the well known method. By af we denote the representative operator on
HP for a € A. Let p, σ be two states of A and {Λ* HP}, {Af, Hσ} be repre-
sentations of A on Hubert spaces Hp and Hσ constructed by p and σ respec-
tively. If there exists an invariant subspace in HP on which the restriction
of Af is unitarily equivalent to the representation {Af, Hσ}, we define an
order for p and σ by p > σ. Then the set of all distinguished states S(A#, H)
with respect to a C*-representation {A4*, H} of A has the following properties
[9, Theorem 1]:

(i) S(A#, H) is weakly dense in the state space ί l of A,

1) The author called it a strongest continuous state with respect to a O-represen-
tation in the previous [9].
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(ii) S(A#, H) is closed by the norm topology of 12.
(iii) S(A#, H) is convex,
(iv) if p € S(A#, H) and p > σ, then σ€S(A#, H).

Conversely, if a subset S in the state space Ω satisfies the condition (i)-
(iv), we can construct a C*-representation of A for which the set of all
distinguished states of A coincides with S. Let R be a collection of states
of A and {Af, HP} be the representation of A by p ̂  R. The representation
{Af, HB} of A by R is the representation on thetdirect sum HE of Hp (p £
R) which coincides with \Af, Hp} on each component space H(. That is, for

a%<ζ A * a n d φ R = ( . . . . , <pp, ...., φ P , . . . . ) ζ H π , ( . . . . , p , ...., p ' , .... £ R )

( 3 ) < τ * ^ = ( . . . . , afcPp, .. ..afφ?,....) € HE.

Especially, when R is all states of A, we describe the above representation
by ίA%HQ}.

THEOREM 1.2) Let {A*1, HΎ}, {Att2, H,} be two C*-representations of a £*-
algώra A on Hubert spaces Hτ and H> respectively and Mh M2 be the weak
closures of these operator representations, furthermore, S(A#1, H{), S(A%*, HΔ)
be the sets of all distinguished states with respect to these C*-representations.
Then there is an algebraical*- isomorphism η from Mτ onto M2 such that
= a** if and only if S(A*\ H±) =

PROOF. Let Sx, SΛ be the sets of all normale states of M1 and M2 respec-
tively. Then, since A#1 is weakly dense in Mλ every state in S(A#1, Hλ) can
be uniquely extended to a state in Si, hence S(Attl, Hτ) can be identified with
Si. Similarly S(Λtt2, h\) is identified with S2. Since the normality of a state
is purely algebraic property, if Mi is algebraically *-isomorphic to M2 satis-
fying ^(tf*1) = a*,, Si = Sa. Hence, in this case, S(A^, H,) = S(Λ*», HΛ).

Next, we construct the representation {MfSvHs ά °f Mτ by the set of
states Si. As SΊ is weakly dense in the state space of M1} this representation
is a O-representation of MΊ. Moreover, as each state σ in Sλ is normal,
the representation {Mfσ,Hά} of MΎ by the state σ is weakly closed. Hence
M ^ on Hs! is weakly closed. For if a directed set m$Sj (a € /) in Mi^
converges weakly to m0 and m*Sι S m0 , a subfamily mAaf € i') in ma

(a ζz I) converges weakly to m in Mv asί Mλ is weakly /closed. Put mfΛ be
the image of m in Mĝ  then clearly mfλ = wυ. We notice the representation
of A is weakly dense in M^. Similarly we construct the representation
{M.^,Hs2} of Mz by S3, which is weakly closed and contains the represen-
tation of A as a weakly dense subalgebra. If S(A#ι,HΊ) = SCA*2,/^), the two
representation of Λ is unitarily equivalent, hence the weak closure of these
representations of A must be unitarily equivalent each other. That is, M^
is unitarily equivalent to Λf2f. This assures the algebraic (normal) isomorphism
between Mi and M2. q. e. d.

2) This theorem can be considered as an extension of the WECKEN-PLESSNER-ROKHLIN
Theorem for non-commutative operator algebras. C. f. M. NAKAMURA and Z. TAKEDA.
Normal states of commutative operator algebras, this journal Vol. 5 (1^53) p. 116
Theorem 5 and Proposition 7.
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LEMMA 1. Let M be the weak closure of a C*-representation A* of a B*-
algebra A on a Hubert space Hand σφ be a state of A defined by an element
φ of H with norm unity. Then the restriction of M on [Mφ], the invariant
subspace spanned by mφ (m € M), is unitarily equivalent to the weak closure
of the representation {Afφ, Hσφ} of A by the state σ>

PROOF. AS A* is dense in M by the strong topology, for any m^M and
ε > 0, there exists a* € A# such as || (m - a*)φ < £, hence [A*φ\ = \Mφ\.

A# is weakly dense in M on the space [Mφ]. As the restriction of A*
on ΓA*£>] and the representation of A by the state σψ are unitarily equivalent,
the weak closures of these algebras are unitarily equivalent each other.
Hence the lemma is proved.

THEOREM 2. Let {A*\Hj}, {A#*,H>}, Mι,M,, S(A#si?i) and S(A**,Hd be
same as in Theorem 1. Then if S(A#1, HJ :=) S(A#2, H2), there exists a normal
homomorphism h from Mi onto M λ such as h(a®1) = a*2 for all a € A.

PPOOF. Put Si, S> be the sets of all normal states of Mi and M2 respec-
tively. Then by Theorem 1, it is sufficient to prove only for the represen-
tations (Mgj, Hsi) of Mτ and (Mgj2, HSi) of M2 constructed by Sτ and S2

respectively. As SiA®1, Hλ) ZD S(Att2, Hz), by Lemma 1 and the constructions
of Hi and Hλ, there exists an invariant subspace in Hst on which the re-
striction of the representation (A%, ffSι) of A is unitarily equivalent to the
representation (Afa, Hs2). Since M*v M*2 are weak closures of A* and A*
on HSl and Hs2 ^respectively, Mfs% on i&2 is unitarily equivalent to the
restriction of M%Ύ on the invariant subspace in Hsτ. Thus we get^the desired
conclusion.

COROLLARY. Let W be the weak closure of the representation Ag of a B*-
algebra A on the Hilbert space Ha and M be the weak closure of a C*-repre-
sentation A* of Aon a Hilbert space K. Then there exists a normal homomorphic
mapping of W onto M.

Thus W is a W*-algebra having a character to be named the universal
weak closure of A. We notice here that the above stated W has been used
in the proof of Sherman's theorem in [8J. W, considered as a Banach space,
is isomorphic to the double conjugate space of A.

As well known [1], [6], the ring of all bounded operators on a Hilbert
space is isometrically isomorphic as a Banach space to the double conjugate
space of the C*-algebras composed of all completely continuous operators
on that space. Then, does there exist for every TF*-algebra a C*-algebra
whose double conjugate space should be isomorphic to the W*-algebra
considered as a Banach space1? The answer is negative even for factors as
shown in the following:

PROPOSITION 1. // a factor considered as a Banach space is isometrically
isomorphic to the double conjugate space of a C*-algebra, the factor is of type
I.
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PROOF. Let Π be the set of all pure states of a C*-algebra C and M
foe the weak closure of the representation {C% Hπ) of C by Π. Then by the
definition Jof the representation (C#, Hπ), the representation (Cf,HJ by a
state 7t in Π can be CDnsidered as a restriction of C^ on an invariant
subspac3 HΛ in Ha and the restriction of M on H% is the weak closure of
•C*. As zr is a pure state, C* is irreducible on HΛ} hence the restriction of
M on H% is of type /. Put e^ the projection to the manifold Hn and e° the
smallest projection in the centre of M such as e^^e^. Then £Λ € Mr and,
as well known [5], Me% is algebraically *-isomorphic to M^. Thus Λftf'i is of
type I. As the supremum of e\(τt 6 Π) is 1, M is of type /.

If a factor A as a Banach space is isometrically isomorphic to the double
conjugate space of a C*-algebra C, A is isomorphic or anti-isomorphic to
the weak closure W of Ag on HΩ [3 Theorem 14]. But as the type of factor
is invariant for anti-isomorphism, we can assume A is isomorphic to W.
Then by Theorem 2 there exists a normal homomorphism of A onto M.
But there is no normal homomorphism except an isomorphism for a factor
since every factor has no non-trivial weakly closed two-sided ideal. Therefore,
if exists such a C*-algebra, A must be of type /. q. e. d.

3. Direct product of operator algebras. T. Turumaru has defined the
direct product AΛ x Aλ of two C*- algebras A1} Aλ and has shown the unique-
ness of the product [10]. This means that the algebraical structure of the
product does not depend on the choice of the underlying spaces on which
the component algebras act as operators. For two PF*-algebras Aτ and A>2

on Hubert spaces Hi and Hz respectively, the C*-direct product of Aτ and
Az in the sense of Turumaru can be seen as a C*-algebra on the Hubert
space Hi x H2. Hence its weak closure on Hτ x Hλ is naturally considered
as a direct product of two W*- algebras AΎ and A2. In the folio wings we
denote this product by AΛ ® A*. Recently Y. Misonou has proved that the
algebrical structure of Aλ (g) A2 does not depend on the underlying spaces
Hi and Hz similarly as the C*-algebra case [4J. That is, if A1} Aλ are repre-
sented as l̂ F*-algebras on another Hubert spaces Kl7Kz respectively, the
•direct product Aλ (g) Aλ on HL x H> is algebriacally ^-isomorphic to the
product on Kz x Kλ. As an application of Theorem 1, we give here an alter-
native proof of this theorem. T. Turumaru has given an another proof of
Misonou's theorem depending on the cross-space theory [10].

Let p and σ be states of C*-algebras A and B respectively then p x σ
is a state on A x B such as

n n

(P x σ ) ( 2 βfc x ** ) = ^ΣpMσ(bk)
n

for elements of the form 2 <fc x ^ i n A x B [10].

LEMMA 2. // Λ, B are C*-algebras with 1 and acting on Hubert spaces
Ή, K respectively, ρ} σ are distinguished states of A on H and of B on K
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respectively, then p x σ is a distinguished state of A x B acting on H x K.

PROOF. By the definition of the distinguished state, there exist two
sequences {<̂ J and {.Ψj} of elements in H and K respectively satisfying

P(β) = 2 < aΦv Ψι> for « 6 A and ^ φL'} = 1,

: 2 ^ bψjj Ψj "> f ° r b €z B

Then

/ ^ λ ^
(p X σ) 1 J7~. #& X bk \ = ^ p(aτ~)σ{bk)

NT N7 "K7 ^ r » I
— -^ί ^L ^ < βfc^/? Φi> *^ DkYjj Ύj ^

= 2 2 2 "̂  ^^iχ ^ - ^ φi

χiirj>

- 2 2 < (2*: x O^* x *«-̂  x ̂  >
As p x σ is a state of A x B

m

A 0 J5, the set of all elements of the form 2 a* x &k, is uniformly dense

in A x B. Hence for every c in A x B,

(p X σ\c) = 2 2 < c ^ x ^)» Φ* x Ψ'J >
ί = l

That is, p x σ i s a distinguished state of A x B acting on the Hubert space
Hx K.

LEMMA 3. Let p and σ be states of \C^-algebras A and B and {Af, Hpy,
{B#, Hσ} be the representations of A and B by states p and σ respectively.
Then the representation of A x B by the state p x σ is unitarily equivalent
to the C*-direct product Af x Bf on Hp x Hσ.

When we construct a representation of A by a state σ, there exists a
linear mapping from A into the representative space Hσ. By aΘ

σ denote the
image of a € A by this mapping.

m n

PROOF. For elements 2 a% x *>*> 2 a% x b% i n Hp x Hσ,

m n m n
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= Σ Σ < <> <*» > < *L K > = Σ Σ
On the other hand,

= (p x o ) ( Y Σ a ) x *; )(Σ« t- x h)\
m n

Hence the correspondence ( 2 ^ x bn Xσ^
 HP^ t 0 2 ^ P X δ?p ̂ H

P

X H* c a n

be extended to an isometric transformation u between H?>σ and i7p X Hσ.
Furtheremore; since

σJ 2 <

- (p χ σ ) i 2 ί 2- (β? χa^ χ

= (P X σ) ( ( 2 ^ X bJ J ( 2 Λ β ί X ^

• ' ) • > .2 « ί x b >) > ( 2 ^ x M
pXσ

As the elements of the forms 2 (χt x ^")*X(r, 2 ^ * x -^ a r e uniformly dense

subalgebra in (A x B)®Xσ, Af x J5* respectively, the proof is easily concluded.

LEMMA 4. // a Hilbert space H is a direct sum of subspaces HΛ (fit € 1) and
a Hilbert space K is a direct sum of subspaces Kβ (β € J), then the direct
product space H x K is the direct sum of subspaces Ha, x Kβ (a € /, β € J).

LEMMA 5. Let R = {pi, (/€/)} and S = {σh (j € J)} be collections of states
of a C*-algebra A on a Hilbert space H and of a C*-algebra B on a Hilbert
space K respectively such that the C*-algebra A acting on H is unitarily
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equivalent to the representation (A% HR) by R [9 Theorem 2j and the C*-
algzbra B acting on Kis unitarily equivalent to the representation (Bf,Hs) by
S. Denote by RQ S the set of states of A x B which can be expressed as p x
<r{ρ € R, σ € S), then the C*-algebra A x B on the Hilbert space H x K is uni-
tarily equivalent to the representation {{A x B)fQS> HBQS} of A x B by R © S.

PROOF. AS the product space of invariant subspaces in H and in K is
invariant in H x K for the product Ax B, the ilemma is evident from
Lemma 3 and Lemma 4.

THEOREM 3. (Misonou [4 Theorem 1]). / / Aι is a W*-algebra on Hilbert
spaces Hi and Kτ and if A* is a W*-algebra on Hilbert spaces H* and Kλ.
Then the direct product Ax (x) A-Λ of Aλ and A^ on Hλ x Hi is algebraically
*-isomorphic to the product of Aγ and A > on Kτ x Kλ.

PROOF. Let S(A, Hτ), S(B, K{) and S(A x B,Hλx K,) be the set of all
distinguished states of A acting on H, of B on Kτ and that of the C*-direct
product A x B on Hi x Kτ. By Lemma 2 if p € S(Λ, Ά) and σ € S(B, Kι),
then p x σ € S(A x B, Hx x Kλ). Hence S(A x B, Hx x Kx) contains S(A, Hi)
© S(B, Kτ). Thus

S(A xB,HιX Kt)zϊ[S(A,Hι) © S(B,ΛΓ,)]
where the bracket means the smallest subset in the state space of A x B
which contains S(A, Hi) Q S(B, KL) and satisfies the conditions (ii)-(iv) in the
introduction.

On the other hand, since a state <τφXφ on A x B such as

<rφχφ(x)= < x (φ x ψ), φ x ψ > for x € A and ! φ x ψ - 1
(where φ € Hlt Ψ € Kx φ = ψ = i), is contained in [S(A, Hi) © S(B, Kλ)]
and by Lemma 5 there exists a collection T of states of the from σ φXψ in
the state space of A x B such as

[Tj - S(A x B,Hxx K,χ [9; Theorem 2],
we get

S(A xB,HιX Kι)cz[S{A,Hd © S{B,K,)l
Hence

S(A xB,Hxx Kι) = [SiAHO © S(B,Kι)l
Since S(A, H) is nothing but the set of all normal states for the TF*-algebra
A and the normality of a state of a W^-algebra is purely algebraical [2],
S(A, Hi) © S(JB, ϋΓi) is independent to Hx and ΛΓL Therefore,

Sί-A xB,Hxx Kλ) - S(il xB,Hzx K2),

Then by Theorem 1, A ® B on̂ £Γi x Kx is algebraically ^-isomorphic to A 0
B on #3 x Kλ. q. e. d.
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