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1. W. H. Cockcroft [1] discussed the non-asphericity of the two-dimensional
complex K, which is composed of a given non-aspherical two-dimensional
complex Z, and two-dimensional cells attached to L. According to his conse-
quences, if τri(£) is (i) Abelian or (ii) a finite group or (iii) a free group, or
if L contains only one two-dimensional cell, then K is non-aspherical.

In the present note, we consider the w-dimensional complex K (w J> 3),
which is composed of a given non-aspherical w-dimensional complex L, and
w-dimensional cells attached to it. In this case, we shall prove the asphe-
ricity of K in the complete form namely, K is aspherical, if and only if
πr{L) = 0 for 1 < r < n — 1 when n i> 4, πn-ι{L) is a non-zero free πι(L)-
module and Hn(L) = 0, where L is the universal covering complex; L of. Then,
it is shown that L is of the same homotopy type as a set of (n — 1)-
spheres having a point in common.

2. Let L be a connected, w-dimensional CW-complex [3] (n ^ 3). We
shall say, following Hurewicz [2], that L is aspherical, if and only if its
homotopy groups satisfy the conditions

(2.1) τrr(£) = O (r>l).

LEMMA (2.2). L is aspherical, if and only if

(2.3) πr(L) = 0 (1< r ^ ή).

In fact, we need only to show the sufficiency. From (2.3), we obtain,
using the Hurewicz' theorem,

^ πn+ι(L) ^ τrn+ι{L) ^ Hn+ι{L) = 0,

where L is the universal covering complex of L, and Hn+}(L) is its integral
homology group. Using the same arguments as above, we get inductively
(2.1) for every r > n.

Next, let K be a complex such that

(2.4) K = L[){eft

where {e?} is a set of w-cells attached to the (n — l)-skeleton of L.

LEMMA (2.5). If Lis a non-aspherical complex such that n > 4, and if

πr{L) Φ 0 (1< r < n - 1),

for at least one r, then K is non-aspherical.

In fact, we can easily see the non-asphericity of K from a part of the
exact homotopy sequence
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0 = πr+ι(K, L) -> πr(L) -» πr{K).

LEMMA (2. 6). If L is non-aspherical, and if

7tn-χ{L) = 0 (n> 3),

then K is non-aspherical.

In fact, we assume that K is aspherical. Then, from a part of the exact
homotopy sequence

0 - τrn(K) -> πn(K, L) -> *«-,(£) = 0,

we see that πn(K, L) = 0. This holds only when K~L. As L is non-asphe-
rical, this contradicts to the hypothesis that K is aspherical.

Now, under the construction of (2. 4), let us take a set of elements {ai}
of Kn-^L) as follows: Let the characteristic map for en

h be/*: En -> £?, and

let #o € Z?w be a fixed point. Let us take a fixed path /oj from ft(x0) to a fixed
point y0 of Z, for every /. Then pi can be considered as a homotopy of fi(xu),
which can be extended to a homotopy from En into L. The terminal map of
this homotopy represents an element of π«-ι{L) with reference points x0 and
j>o, which we shall call at.

LEMMA (2.7). Let K of (2.4) te aspherical. Then τrn-ι{L) is a free πλ{L)-
madule with the basis {ai}.

PROOF. Let K be the universal covering complex of K, and let L be its

part over L. Then L is evidently the universal covering complex of L. Let

the reference point of τru(K,L), πn-\{L) etc. be y0 ^p~ιyQ, where p is the

projection. Let UQ{<??I7} be w-cells of K which cover ef, and whose indices

ί, q are given as follows: The boundary map of e?q together with a suitable

path from/ .ίOo) to y0 is projected to a map representing ξq oίt(ξq € τri(L)),

where A,q is the characteristic map for e^q. Evidently we obtain

(2.8) K = 2\Jq{7lQh

Therefore πn(K, L) ̂  H*{K, L) is thί free Abelian group with generators

{α*V/} corresponding one to one with {β"ς}. If K is aspherical, then, from
a part of the exact homotopy sequence

_ _ _ d _

we obtain

/*/: ^ ( / ζ Z) ^ πn-i(L),

where d is the homotopy boundary homomorphism, and p is the isomorphism
induced by p itself. From the construction, it is evident that pd(a hq) = ξq oiu
which shows that -βrq tff} (ξq € τnC£)) constitute a set of free generators of
7Γn-i(£). Namely, πn_Λ(L) is a free Tr ĵQ-module with the basis { α j [4].
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LEMMA (2.9). If K of (2.4) is aspherical, then

Hn{L) = 0.

In fact, we obtain the required result from a part of the exact homology
sequence

0 = Hn+,(K, L) -> Hn(LJ -> H»(K) ^ τtn(K) = 0.

3. We shall prove the following main result in this note:

THEOREM (3.1). Let Lbenon-aspherical. Then n-cells {e™} can be attached
to L so that the resulting complex K of (2. 4) is aspherical, if and only if

(i) when n > 4, πr(L) = 0 (1< r < n - 1)
(ii) πn-ι(L) is a non-zero free τrι(L)-module with a basis {aΐ)-

(iii) Hn(L) = 0.

PROOF. AS the necessity is an immediate consequence of Lemmas (2. 5),
(2.6), (2. 7) and (2.9), we shall prove the sufficiency.

Let ft: (En, x0) -»(L,y0) be a representing map of au and let f,q: (En, x0}

-> (L, p~ιyv) be its covering map, where q is an index such that every

path pq from y0 to fi,Q(x0) is projected by p to an element ξq € τrx{L). Let A,?

be an element of πn-t(L) represented by fiq together with p~ι. It is evident

that/βί^ is projected to ξq a,i € τrn-ι(L) isomorphically by p. Let e? be an

n-ce\l attached to L by /<, and let βj^ be attached to Z by fUq. Then ^ q .

represents a generator # ί j Q of the free Abelian group πn(K, L) & Hn {K, L),

where K is given as in (2.8). As' πn(K,L) and πn-ι(L) ^ πn-ι(L) are free-

Abelian groups, whose generators satisfy the condition

d is an isomorphism onto. Therefore from a part of the exact homotopy-
sequence

_ _ d _ _

^(/r, Z) -> «•„-!(£) -> Λrn-i(/O -> πn.x{K, L) = 0,

we obtain

(3.2) πn-i(K)^πΛ-x{K) = Q.

Next, let us consider a diagram

^ ~ c? _
τrn(K,L) >;τn-ι(£)

(3.3) τ| IT

Hn(κ,L)—*Hn-x{L),

where 3 is the homology boundary homomorphism, and T is the Hurewicz.
isomorphism. As d is an isomorphism onto, and as the commutativity holds
in (3.3), 3 is an isomorphism onto. Therefore, from a part of the exact

homology sequence
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o =
we obtain Hn(K) = 0 using (iii), which shows

<3.4) ΛΓ^X) ^ πn(K)s* # „ ( # ) = 0
from (3.2) and the Hurewicz' isomorphism. On the other hand we obtain
7tr{L) ^ πr{K) for 1 < r < n-1 when n > 4. Therefore from (i), (3.2),
(3.4) and from Lemma (2.2), we conclude that K is aspherical.

COROLLARY (3. 5). If L is an n-dimensional compact manifold with finite
.π{(L)f any attaching of n-cells to L does not generate an aspherical complex.

We can see that L is non-aspherical. In fact, if π^L) = 0 for 1 < r < n,

we obtain τrn(L) ^Hn(L) Φ 0, as L is compact and orientable. So, from (iii)
of Theorem (3.1), we can see the conclusion.

COROLLARY (3.6). An (n — T)-dimensional real protective space Pn~ι (n > 3)
cannot be attached by n-cells so that the resulting complex is aspherical.

As Pn~ι = S71'1, the (n — l)-sphere, the conditions (i) and (iii) of Theorem
<3.1) are satisfied. On the other hand, (ii) is not satisfied. In fact, πn-i(Pn~ι)
is not a free ^(P^-O-πiodule, but a relation ξ a + ( — ϊ)na = 0 holds good
for the generator ξ of τn(Pn-1) and a of πn-\iPn~ι).

4. In this section, we shall determine the homotopy type of L, which
satisfies the conditions of Theorem (3.1).

THEOREM (4.1). If a connected non-aspherical n-dimensional complex L can
be attached by n-cells {e1?} so that the resulting complex Kof(2.4) is aspherical,

then L is of the same homotopy type as the (n — l)-spheres having a point
in common.

PROOF. Let us assume that L satisfies (i), (ii) and (iii) of Theorem (3.1).

Let Z be the set of (n — l)-spheres (J S^1 having a point z0 in common,

where the indices (q, i) correspond one to one with (ξq, ai), {od} being a

"basis given by (ii) of Theorem (3.1). Now, we shall define a map

such that

represents an element of πn-\(E), which is the inverse image of ξq (Xt by
the projection p.

Using the Hurewicz' theorem, the only non-trivial group Ήι(L) (i i> 1) is

Ήn-ι{L) from (i), (ii) and (iii); and Hn-\(L) is the free Abelian group, whose

^generators correspond one to one with {ξq ch}. Evidently Hn-\{Z) is mapped

isomorphically onto Hn-ι(L) by the induced homomorphism by g. Therefore,
ί rom [3, Theorem 3], g is a homotopy equivalence.
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From Corollary (3.6), we can see that the condition of Theorem (4.1) is.

not sufficient.
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